m Definitions: Here we list the definitions we use in the
Mathematica file.

= g=g_{\mu\nu}; invg=g™{\mu\nu};
Yemag=g_{\mu\nu}Ye\mu}Ye \nu};

Ymmag=g_{\mu\nu}Ym*\mu}Ym?*\nu}; RgradYe=r
\nabla_{\mu}Ye_{\nu};

econtra=e*{\mu}, mcontra=m”{\mu},Rcontra=r*{\mu},
Tcontra=t"\mu};

Tol=TM0l} {\mu\nu}, Tot=T*{0t} {\mu\nu},
T1m=TM1m} {\mu\nu}, T1e=T*1e} {\mu\nu}

hgq = hA{O I’}, hoo = hA{O m},
P[X]_{\mu\nu\rho\sigma}=\nabla_{\mu}\nabla_{\nu}
X _{\rho\sigma}

R=R_{\mu\nu\rho\sigma}

g={{-1,0,0,0)}, {0, 1, 0, 0}, {0, 0, r?, 0}, {0, 0, 0, r?Sin[6]%}}
{{-1,0,0,0}, {6,1, 0,0}, {0,0,r* 0}, {0,0,0, r’sin[6]?}}]

invg = Inverse[g]

{(-1.0,0,0), (0,1,0,0}, {e,0, 5,0}, {0, 0,0, CS—CM@LZ}}

cord := {t, r, 6, ¢};
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dim = Dimensions[cord] [[1]]

T = Table[Sum[((1/2) »invg[[a, b]]) *
(D[gl[b, €11, cord[[d]]] + D[g[[b, d11, cord[[c]]] - D[g[[c, d]], cord[[b]]]),
{b, 1, dim}], {a, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

{{{e,0,0,0},(0,0,0,0}, (0,0,0,0}, (6,0,0,0}},

{{e,0,0,0}, {0,0,0,0}, (6,0, -r, 8}, {0,0,0, -rSin[e]*}},
(16,0,0,0), (0,0, [, 0], {0, |, 0, 0}, (9, 0,0, -Cos[o] Sin(0] )},
(te,0,0,0), (6,0,0, 1], (0,0, 0, Coto]}, {0, , cotle], 6} }]
Yr := {0, Y[6, ¢], O, O}

Ye := [;]Z r{e, 0, D[Y[e, ¢], 6], D[Y[e, ¢], ¢1}
¢ (r+1)

Yemag = Assuming[l > 08&Y'[6] € Reals&&Y'[O] >0,
1
3

FullSimplify[ (Sum[invg[[i, j1] Ye[[i]] Ye[[j]], {i, 1, dim}, {j, 1, dim}])z]]

Csc[o]2Y®@ (g, 912+ Y L0 (o, ¢]2
e

econtra =

Ye[[j]]

Assuming [/ > @, FullSimplify[Table[Sum[invg[[i, j1] Y > {35 1, dim}], {i, 1, dim}]]]
emag

{@ 0 Y(l,e) [9’ d)" CSC[@]ZY(G’]') [9; dﬂ
r‘\/CSC[Q}ZY<e’1) [0, 12 +YL® (o, ¢]2 r\/cSqe]ZY“’:D (6, ]2 +YL2 [0, ¢]2

1 );{e, o, ~TPIYI0: 21, 9] '\ g5n161rv(6, 4], 61}

Ym := [—
¢ (r+1) sin[e]

Ymmag = Assuming[¢ > @8&Y ' [6] € Reals&&Y'[6] > O,
1
3

FullSimplify[ (Sum[invg[[i, J11Ym[[i]]Ym[[j]], {i, 1, dim}, {j, 1, dim}])z]]

Csc[o]2Y®@l [0, 912+ Y L0 (9, ¢]2
e

mcontra =

ym[[J]]

Assuming [/ > @, FullSimplify[Table[Sum[invg[[i, j1] v
mmag

> {35 1, dim}], {i, 1, dim}]]]

(e, 0, - Csc[o] Y@V [0, ¢] Csc[o] Y9 [0, ¢] )
P\/Csc[e]zY“”l) (6, ]2 +YL2 [0, ¢]2 r‘\/Csc [612Y®:1) (g, ¢p]2+Y L9 [0, ¢]2

Tol = Table[Y[6, ¢] KroneckerDelta[2, i] KroneckerDelta[2, j], {i, 1, dim}, {j, 1, dim}]
{{e, 0, 0,0}, {6,Y[0, ¢], 0, 0}, {0, 0,0,0}, {0,0,0,0}}
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Tol[[1, 1]]
(<]

Tle = ( 2 ]Z_E{{OJ 0, 0, 0}, {0, 0, D[Y[6, ¢], 6], D[Y[6, 01, 01},
¢(r+1)) 2

{e,D[Y[e, ¢], 6], 0, 0}, { @, D[Y[6, ¢], ¢], 0, O} }

— 1 y(,e 1 y(e,1
N (1+7) yhete, ¢ r 7 (1+0) Y@ehie, ¢]
{0,0,0,0}, 0,0, >
{ fo,0, — }

—1  y(1,0) —1  y(e,1)
AN v (6, o] rlTam Y [0, ¢]

o,

divTle[j_] = Table[Sum|[ (invg[[i, k]]) » (D[Tle[[i, j]1], cord[[k]1] -
(sum[r[[m, k, 1]] » Tle[[m, j1] + T[[m, k, J1] * Tle[[i, m]], {m, 1, dim}])),
{i, 1, dim}, {k, 1, dim}], {j, 1, dim}] // FullSimplify

1 1 2v(0,2) (1,0) (2,0)
{0, - /5,757 (Csclo12Y®2 [0, 9] +Cot[0] Y2 [0, 9] + Y29 [0, ] ),

3 1
274242

1
27+ 242

Y®O 10, 01, 3 Y®Yie, ¢]}

—D[Y[G, d’] F) 4’]
sin[e]

T1m=[ = ]’_5{{0,0,0,0}, {e, e, , sin[e1D[Y[e, ¢1, 61},

¢ (r+1)
{0, Z-DIYL6, 21, 0]
’ sin[e]

, 0,0}, { 0, Sin[e] D[Y[e, ¢], 6], O, O} };

divTim[j_] = Table[Sum|[ (invg[[i, k]]) » (D[TAm[[i, j]1], cord[[k]1] -
(Sum[r[[m, k, 1]] » TAm[[m, j1] + T[[m, k, J1] « Tle[[i, m]], {m, 1, dim}])),
{i, 1, dim}, {k, 1, dim}], {j, 1, dim}] // FullSimplify

1
27+ 242

1
274242

{e,0, -3 Csc[o] Y@V [0, ¢], 3 sin[e] Y9 [6, ¢]}

Tot = ﬁ r2 {{e, 0, 0, 0}, {0, 0, 0, 0}, {0, 0, Y[6, #], 0}, {0, 0, 0, Y[6, #] (Sin[e])?}};

divTot[j_] = Table[Sum[(invg[[i, k]]) * (D[Tot[[i, j11, cord[[k]1] -
(Sum[r[[m, k, 111 * Tot[[m, J1]1 + T[[m, k, J1] » Tot[[i, m]], {m, 1, dim}])),
{i, 1, dim}, {k, 1, dim}], {j, 1, dim}] // FullSimplify

o, - V2 Y[e, 0] Y™O[e, 0] Y©Y[e, ¢] )
2 r\ 3 \/7 3 \/?

RgradYel := r Table[ (D[Ye[[i]], cord[[j]1]] - (Sum[T[[k, J, i]] Ye[[k]], {k, 1, dim}])),
{i, 1, dim}, {j, 1, dim}] // FullSimplify
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RgradYe :=
Rgradvel[[i, j]] +Rgradvel[[j, i]])

" > {1, 1, dim}, {j, 1, dim}] // FullSimplify

Table| (

1
1 f+1))\z
T2e := RgradYe + w/_ Tle + (( i%l] ’ Tot // FullSimplify
2

hy = hgs [t, r] Yr+ hgy[t, r] Ym // FullSimplify

1
7+ 12

{e,Y[o, ¢] hy[t, r], -r Csc[o] hy[t, r] Y@ [0, ¢],

1
7+ 12

r sin[e] ha[t, r] Y2 [0, ¢]}

hs = ho[t: r‘] Y[G, d’];

PIX_] :=
Table[D[ (D[X[[c, d1], cord[[b]]] - (Sum[T [[f, b, c]]1 X[[f, d]] +T [[f, b, d]1]1X[[c, 11,
{f, 1, dim}])), cord[[a]]] - Sum[T [[e, a, b]] (D[X[[c, d]], cord[[e]]] -

(sum[r [[f, e, c]]1 X[[f, d]] +T [[f, e, d]]X[[c, ], {f, 1, dim}])), {e, 1, dim}] -
sum(r [[e, a, c]] (D[X[[e, d]], cord[[b]]] -
(Sum[r [[f, b, e]] X[[f, d]] +T [[f, b, d]] X[[e, f]], {f, 1, dim}1)), {e, 1, dim}] -
Sum[r [[e, a, d]] (D[X[[c, e]], cord[[b]]] -
(Sum[T [[f, b, c]1]1 X[[f, e]] +T [[f, b, e]]1 X[[c, 11, {f, 1, dim}])), {e, 1, dim}],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}];
P[Tol][[1, 1,1, 1]]
0
R[X_] :=
Table[ (P[X][[b, c, a, d]] -P[X][[a, ¢, b, d]1] +P[X][[a, d, b, c]] -P[X][[b, d, a, c]11),
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}];

R[hol[t, r] TOl][[1, 1, 1, 1]]

0

Rcontra = {0, 1, 0, 0};

Tcontra = {-1, 0, 0, 0};

sp := TensorProduct[Tcontra, h,] // FullSimplify

ss := TensorProduct [hs Tcontra, Tcontra] // FullSimplify

ss = TensorProduct [hs Tcontra, Tcontra] // MatrixForm

Y6, ] he[t, r] © 0 ©
0 0 0 0
(] 0 0 0
0 0 0 0
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m R {Oeme}

Sum[Tcontra[[a]] econtra[[b]] mcontra[[c]] econtra[[d]] R[ss][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] econtra[[b]] mcontra[[c]] econtra[[d]] R[sp][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

_ 1
r? \/CSC[Q}ZY(G’“ (e, $12+YL2 (9, ¢]2

1
7+ ?
ha[t, r] (Csc[0]2Y®Y [0, ¢]?+Csc[0]2Y @Y [0, ¢]
(Csc[6]2Y®3 [0, ¢] +Cot[o] YV [0, 9] + Y [, ¢]) + Y1 [0, ¢]
(Y29 16, ¢] +Csc[0]* (-2Cot[0] Y@ [0, ¢] -YBO [0, ¢] + Y2 [0, ¢]) +
Cot[o] Y*? 6, 6] +Y>? (6, 0])))

(rha@Y [t, r] (Csc[o]?Y@V [0, 912+ YO [0, ¢]2) +

Sum[Tcontra[[a]] econtra[[b]] mcontra[[c]] econtra[[d]] R[hol[t, r] TOl][[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] econtra[[b]] mcontra[[c]] econtra[[d]] R[hot[t, r] Tot][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] econtra[[b]] mcontra[[c]] econtra[[d]] R[him[t, r] TIm] [[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

% = 12 5 @ ¢, r) \JCsc (612 Y@ (6, 312+ YL [g, ]2
+

Sum[Tcontra[[a]] econtra[[b]] mcontra[[c]] econtra[[d]] R[hle[t, r] T1le][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] econtra[[b]] mcontra[[c]] econtra[[d]] R[hte[t, r] T2e][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

m R {erem}

Sum[econtra[[a]] Rcontra[[b]] econtra[[c]] mcontra[[d]] R[ss][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
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Sum[econtra[[a]] Rcontra[[b]] econtra[[c]] mcontra[[d]] R[sp]l[[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[econtra[[a]] Rcontra[[b]] econtra[[c]] mcontra[[d]] R[hol[t, r] TOl][[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

Sum[econtra[[a]] Rcontra[[b]] econtra[[c]] mcontra[[d]] R[hol[t, r] TOl][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
0

Sum[econtra[[a]] Rcontra[[b]] econtra[[c]] mcontra[[d]] R[hot[t, r] Tot][[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

%]

Sum[econtra[[a]] Rcontra[[b]] econtra[[c]] mcontra[[d]] R[him[t, r] TIm][[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

- L ﬁhlm[t, r (2Csc[e]2y(0,1) 0, 012+
r.Z \/CSC[@JZY(exl) [e) (1)]2 JrY(l,e) [9, ¢]2 27 +27¢

Csc[0]2Y®V [0, ¢] (Csc[o]?Y®P [0, ¢] + Cot[o] Y BV [0, ] + Y1 [0, ¢]) +
Y®9 (6, ¢] (Csc[e]? (-2Cot[e] Y®? [0, ¢] -Cos[20] YO [0, ¢] + Y2 [0, ¢]) +
Cot[6] Y*? (6, ] +Y3 [0, ¢]))

Sum[econtra[[a]] Rcontra[[b]] econtra[[c]] mcontra[[d]] R[hle[t, r] Tle][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

%]

Sum[econtra[[a]] Rcontra[[b]] econtra[[c]] mcontra[[d]] R[hte[t, r] T2e][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

m R {Orem}

Sum[Tcontra[[a]] Rcontra[[b]] econtra[[c]] mcontra[[d]] R[ss][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0
Sum[Tcontra[[a]] Rcontra[[b]] econtra[[c]] mcontra[[d]] R[sp][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1 1
r2a\| ¢+ 2

(-ha[t, Pl +rhy @Y [t, r]) (Csc[0]?Y®? [0, ¢] + Cot[0] YO [0, ¢] +Y > [0, ¢])

Sum[Tcontra[[a]] Rcontra[[b]] econtra[[c]] mcontra[[d]] R[hol[t, r] TOl][[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify



graviton_4D_final.nb | 7

Sum[Tcontra[[a]] Rcontra[[b]] econtra[[c]] mcontra[[d]] R[hot[t, r] Tot][[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

Sum[Tcontra[[a]] Rcontra[[b]] econtra[[c]] mcontra[[d]] R[him[t, r] TAm] [[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

% YY) 12 2 him™® [t, r] (Csc[0]2Y(®? [0, ¢] + Cot[0] Y2 [0, ] + Y29 [0, ¢])
\ 27+

Sum[Tcontra[[a]] Rcontra[[b]] econtra[[c]] mcontra[[d]] R[hle[t, r] Tle][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

Sum[Tcontra[[a]] Rcontra[[b]] econtra[[c]] mcontra[[d]] R[hte[t, r] T2e][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

,f,z (-h2[t, P1 +rhy @D [t, r]) (ﬁ)1 Mlz,z him®:® [t, r] (,3,2)_1

- + // FullSimplify
r? r

2h[t, r] —2rh, @D [t, r] +4/2 rhim®9 [t, r]

2 p2 417
{+f

m R {Oerm}

Sum[Tcontra[[a]] econtra[[b]] Rcontra[[c]] mcontra[[d]] R[hol[t, r] Tol][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

Sum[Tcontra[[a]] econtra[[b]] Rcontra[[c]] mcontra[[d]] R[hot[t, r] Tot][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

Sum[Tcontra[[a]] econtra[[b]] Rcontra[[c]] mcontra[[d]] R[him[t, r] TIm][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1 1 1,0
- him-@ [t, r
r (Csc[o]2Y®@b [0, $]2+Y L0 [0, ¢]2) \ 27+2¢2 [ ]
2y (

(Y29 16, 912 (Csc[0]%Y®2) [0, ¢] + Cot[0] YO [0, ¢]) -2Csc[0]*Y &Y [0, ¢]
Y®O 16, 9] Y2 [0, ¢] +Csc[0]2Y®Y [0, ¢]% (2Cot[6] YH [6, 9] +Y > [0, ¢]))




8 | graviton_4D_final.nb

Sum[Tcontra[[a]] econtra[[b]] Rcontra[[c]] mcontra[[d]] R[hle[t, r] Tle][[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1 1
r (Csc[e}sz,l) [0, 12 +Y(LO [g, (MZ) \/ECSC[Q]

hie™® [t, r] (Cot[e] Csc[6]2Y®Y [0, ¢]%-Csc[0]2Y @ [0, ¢)2 YV [0, ¢] +
YOO 10, ¢12Y B [0, 0] + YOV [0, 9] YO [0, ¢] (Csc[012Y @2 [0, 9] -Y>? [0, ¢]))

Sum[Tcontra[[a]] econtra[[b]] Rcontra[[c]] mcontra[[d]] R[hte[t, r] T2e][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1 1 3 (1,0) (1,1)
- Csc[6 hte t, r r hte t, r
r(Csc[e]12Y@D [0, 12+ Y10 [, ¢]2) \| ¢+ 72 (61 | [ el [t, r1)

(Cotio] Y@ (6, 012 -Y®V [0, 912 Y2 [0, ¢] +Sin[0]2 Y1 [0, ]2 YL [0, ¢] +
Y©®1e, ¢] YR (6, ¢] (V¥ [0, 0] -Sin[6]?Y ¥ [6, ¢]))

m R {Omre}

Sum[Tcontra[[a]] mcontra[[b]] Rcontra[[c]] econtra[[d]] R[sp]l[[a, b, ¢, d]1,
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] mcontra[[b]] Rcontra[[c]] econtra[[d]] R[hot[t, r] Tot][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] mcontra[[b]] Rcontra[[c]] econtra[[d]] R[him[t, r] TIm][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1
27+ 242

him®® [t, r] (Csc[0]2Y®Y [0, ¢]
(Y (6, ¢] (Csc[e]?Y®? [0, ¢] - Cot[6] YO [0, ¢]) +2Y™O [0, 9] YTV (6, ¢]) +

Y®O e, 612 Y2 [0, m)]/ (r(Cscle]?Y®Y (e, ]2+ YL [6, ¢]7))
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) 1 1 ham@o g,
r (Csc[e]2Y®@1 [0, $]12+Y 1O [0, ¢]2) \ 2/+242

(Y9 16, ¢1% (Csc[0]* Y2 [0, ¢] + Cot[0] YO [0, ¢]) -2Csc[0]>Y(®D [0, @]
Y®9 [0, ¢] YD [0, ¢] + Csc[0]2 YD [0, $]2 (2Cot[6] YO [0, $] +Y>? [0, 1)) -

[ 2,1—2(2 him®® [t, r] (Csc[0]12Y®Y [0, ¢]
\/ +

(Y®V e, ¢] (Csc[e1?Y®? [, ¢] - Cot[o] YO [6, ¢]) +2YO [0, ¢] YV [0, ¢1) +

Y0 g, ]2V [0, ¢>])]/ (r (cscro12Y® e, ¢1%+ Y™ [0, ¢]1%)) // Fullsimplify

% = 12/2 hin 9 [t, r] (Csc[0]2Y®2 [, ¢] + Cot[o] Y19 (6, ¢] +Y>? [0, ¢])
\ 274

m R {0rOe}

Sum[Tcontra[[a]] Rcontra[[b]] Tcontra[[c]] econtra[[d]] R[ss][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

L (holt, 1] =rho @2 [, r]) \/Csc 612 Y@V (6, 9]+ Y22 [0, 9]

Sum[Tcontra[[a]] Rcontra[[b]] Tcontra[[c]] econtra[[d]] R[sp]l[[a, b, ¢, d]1,
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

%]

Sum[Tcontra[[a]] Rcontra[[b]] Tcontra[[c]] econtra[[d]] R[hol[t, r] TOl][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

(%]

Sum[Tcontra[[a]] Rcontra[[b]] Tcontra[[c]] econtra[[d]] R[hot[t, r] Tot][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] Rcontra[[b]] Tcontra[[c]] econtra[[d]] R[him[t, r] TIm][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] Rcontra[[b]] Tcontra[[c]] econtra[[d]] R[hle[t, r] T1le][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1 2 yv(0,1 2 1,0 2 2,0
- /2/+2/2 \/Csc[e] Y@l g, p12+Y1® [0, ¢]? h1e®? [t, r]
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Sum[Tcontra[[a]] Rcontra[[b]] Tcontra[[c]] econtra[[d]] R[hte[t, r] T2e][[a, b,
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

c,dll,

m R _{OrOm}

Sum[Tcontra[[a]] Rcontra[[b]] Tcontra[[c]] mcontra[[d]] R[ss][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] Rcontra[[b]] Tcontra[[c]] mcontra[[d]] R[sp]l[[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

| 25 escle12v @i e, 6124 Y1 (6, 9] hy MY [t, r]

Sum[Tcontra[[a]] Rcontra[[b]] Tcontra[[c]] mcontra[[d]] R[hol[t, r] Tol][[a, b,
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] Rcontra[[b]] Tcontra[[c]] mcontra[[d]] R[hot[t, r] Tot][[a, b,
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] Rcontra[[b]] Tcontra[[c]] mcontra[[d]] R[him[t, r] TIm] [[a, b,
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1 2y (0,1) 2 (1,0 2 2,0
- /2/+2/2 \/Csc[e] Y (6, ¢12+YL9 [0, ¢]2 him%9 [t, r]

Sum[Tcontra[[a]] Rcontra[[b]] Tcontra[[c]] mcontra[[d]] R[hle[t, r] Tle][[a, b,
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] Rcontra[[b]] Tcontra[[c]] mcontra[[d]] R[hte[t, r] T2e][[a, b,
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

c,dl],

c,d]l,

c,d]l,

c,dll,

c,dll,

m R _{OrOr}

Sum[Tcontra[[a]] Rcontra[[b]] Tcontra[[c]] Rcontra[[d]] R[ss][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

-Y[6, ¢] hg'®?) [t, r]
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Sum[Tcontra[[a]] Rcontra[[b]] Tcontra[[c]] Rcontra[[d]] R[sp]l[[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

Yo, ¢] hy BV [t, r]

Sum[Tcontra[[a]] Rcontra[[b]] Tcontra[[c]] Rcontra[[d]] R[hol[t, r] TOl][[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

-Y[©, ¢] hol®? [t, r]

Sum[Tcontra[[a]] Rcontra[[b]] Tcontra[[c]] Rcontra[[d]] R[hot[t, r] Tot][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

%]

Sum[Tcontra[[a]] Rcontra[[b]] Tcontra[[c]] Rcontra[[d]] R[him[t, r] TIm][[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

%]

Sum[Tcontra[[a]] Rcontra[[b]] Tcontra[[c]] Rcontra[[d]] R[hle[t, r] Tle][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

%]

Sum[Tcontra[[a]] Rcontra[[b]] Tcontra[[c]] Rcontra[[d]] R[hte[t, r] T2e][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

m One can remove
ho using equation of motion . We will evaluate R_

{0 rOr} again using equation of motion R_ {rr} = 0.

m R {Orer}

Sum[Tcontra[[a]] Rcontra[[b]] econtra[[c]] Rcontra[[d]] R[ss][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] Rcontra[[b]] econtra[[c]] Rcontra[[d]] R[sp]l[[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

L (-haft, 1+ rhy @Y g, r]) \[Csc 612 Y (6, 912+ Y20 [0, 9]

Sum[Tcontra[[a]] Rcontra[[b]] econtra[[c]] Rcontra[[d]] R[hol[t, r] TOl][[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

—%hola’e) [t, r]~/Csc[0]2Y @D (6, 612+ Y10 [g, ¢)2
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Sum[Tcontra[[a]] Rcontra[[b]] econtra[[c]] Rcontra[[d]] R[hot[t, r] Tot][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] Rcontra[[b]] econtra[[c]] Rcontra[[d]] R[him[t, r] TAm] [[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] Rcontra[[b]] econtra[[c]] Rcontra[[d]] R[hle[t, r] T1le][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1 1

r\l 2¢+2¢?

x/Csc [012Y®Y 1o, ¢]2+ Y12 [0, ¢]* (2h1e™®? [t, r] +rhle™V [t, r])

Sum[Tcontra[[a]] Rcontra[[b]] econtra[[c]] Rcontra[[d]] R[hte[t, r] T2e][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

m R {Ormr}

Sum[Tcontra[[a]] Rcontra[[b]] mcontra[[c]] Rcontra[[d]] R[ss][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] Rcontra[[b]] mcontra[[c]] Rcontra[[d]] R[sp][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1 1
r2a\| ¢+ 2

(ha[t, r] -r (@Y [t, Pl +rh @2 [t, r])) Jesc[e12 Y@ [0, $12+ V(10 [0, ¢]2

Sum[Tcontra[[a]] Rcontra[[b]] mcontra[[c]] Rcontra[[d]] R[hol[t, r] TOl][[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] Rcontra[[b]] mcontra[[c]] Rcontra[[d]] R[hot[t, r] Tot][[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] Rcontra[[b]] mcontra[[c]] Rcontra[[d]] R[him[t, r] TIm] [[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1 1

A 2rian \/Csc[e}zY(e’” [0, 612 +Y®D [0, $1% (2h1m ™ [t, r] + rhim™Y [t, r])
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. L 1 (2h1m™® [t, r] + rhin®D [t, r])
Assuming[/ € Integers&&/ > @, FullSimplify|- " -
2¢+2/¢ r

1 (halt, r]-r (h, @V [, Pl +rh @2 [, r])) 1]
? + 2 r2

~[[2ha1t, Py e (<20 @Y £, P) - 200 @2 [t ) +4/20 (20100 (£, r] 4 rhIn @D [t r])))/

(2r2 ¢ (1+) ))

Sum[Tcontra[[a]] Rcontra[[b]] mcontra[[c]] Rcontra[[d]] R[h1le[t, r] T1e][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] Rcontra[[b]] mcontra[[c]] Rcontra[[d]] R[hte[t, r] T2e][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

m R {0eOe}

Sum[Tcontra[[a]] econtra[[b]] Tcontra[[c]] econtra[[d]] R[ss][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
1
- r2 (Csc[0]2Y®Y (o, ]2+ YO [0, ¢]2)
(rY[e, 61 he®V [t, r] (Csc[0]2Y @Y [0, ]2+ YO [0, ¢]2) +
hel[t, r] (Csc[0]2Y®M (o, ¢] (Y@ [0, ¢] (Csc[0]?Y(®?) [0, ¢] - Cot[o] Y29 [0, ¢]) +
2Y®9 10, 9] YEV 10, ¢]) + YO [0, 012Y>O [0, ¢]))

Sum[Tcontra[[a]] econtra[[b]] Tcontra[[c]] econtra[[d]] R[sp]l[[a, b, ¢, d]1,
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
1
r (Csc[612Y®D [0, $]2+ Y19 [0, ¢]2)

Y[o, ¢] (Csc[0]2Y®Y [0, 012 +YLO (6, ¢]2) hy B2 [t, r] -

y 1/2 Csc[o] h, »? [t, r] (Cot[o] Csc[0]? Y@V [0, ¢]° - Csc[0]?Y @Y [0, ]2 YV [0, ¢] +
+

Y& e, 912 ¥ B [0, 9] + Y@V [0, 9] Y2 [0, 9] (Csc[0]2Y®? [0, ¢] -Y2 [0, ¢]))

Sum[Tcontra[[a]] econtra[[b]] Tcontra[[c]] econtra[[d]] R[hol[t, r] TOl][[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
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Sum[Tcontra[[a]] econtra[[b]] Tcontra[[c]] econtra[[d]] R[hot[t, r] Tot][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
_ Y[, ¢] hot®® [t, pr]

V2

Sum[Tcontra[[a]] econtra[[b]] Tcontra[[c]] econtra[[d]] R[him[t, r] TIm] [[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] econtra[[b]] Tcontra[[c]] econtra[[d]] R[h1le[t, r] T1le][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

%]

Sum[Tcontra[[a]] econtra[[b]] Tcontra[[c]] econtra[[d]] R[hte[t, r] T2e][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
1
2 (Csc[6]2Y®D [0, $]2+ Y10 [0, ¢]2)

hte®® [t, r] |\/f (1+7¢) Y[6, ¢] (Csc[0]12Y @D [0, ¢12+Y DD [0, ¢]?) +

1
7+ 12

(Cscro12Y@ b [0, 0] (Y@ [0, ¢] (Csc[6]2Y®?) [0, ¢] - Cot[6] YHO [0, ¢]) +

2Y®0 10, 9] YV [0, 9]) + YO [0, 617 Y2 [0, ¢])

m R {0eOm}

Sum[Tcontra[[a]] econtra[[b]] Tcontra[[c]] mcontra[[d]] R[ss][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
1
r2 (Csc[e]2Y®Y (6, ]2+ Y0 6, ¢]2)
Csc[6] he[t, r] (Cot[e] Csc[0]?Y @b [0, ¢]% -Csc[0]?Y @V [0, 612 YV [0, ¢] +
YO g, ¢]2Y M [0, ] + Y@ [0, 6] YO [6, ¢] (Csc[6]2VI®2) (6, ¢] - Y29 [6, ¢]))

Sum[Tcontra[[a]] econtra[[b]] Tcontra[[c]] mcontra[[d]] R[sp]l[[a, b, ¢, d]1,
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

(Y®V 1o, 0] (Csc[0]2Y®? [0, ¢] - Cot[0] YO [0, ¢]) +2Y 2 [0, 9] YV [6, ¢]) +
Y®O 10, ¢12Y29 [0, m)]/ (r(Cscre1?Y® [0, 12+ Y19 [0, ¢]7))

Sum[Tcontra[[a]] econtra[[b]] Tcontra[[c]] mcontra[[d]] R[hol[t, r] Tol][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
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Sum[Tcontra[[a]] econtra[[b]] Tcontra[[c]] mcontra[[d]] R[hot[t, r] Tot][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] econtra[[b]] Tcontra[[c]] mcontra[[d]] R[him[t, r] TIm] [[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] econtra[[b]] Tcontra[[c]] mcontra[[d]] R[h1le[t, r] T1le][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

%]

Sum[Tcontra[[a]] econtra[[b]] Tcontra[[c]] mcontra[[d]] R[hte[t, r] T2e][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

> = 3 hte (2:0)
N Csc[@]® hte'>? [t, r
Csc[0]2Y @1 (o, $]2+ YL [0, ¢]2 | ¢+ /2 (8] [ ]

(Cot[o] Y@V [0, 91 -Y &Y [0, ]2 YV [0, ¢] +Sin[0]2 YL [0, ]2 YY) [0, ¢] +
Y®Y 1o, 9] YO [0, 6] (Y®? [0, ¢] -Sin[6]2Y>? [0, ¢]))

m R {Oeem}

Sum[Tcontra[[a]] econtra[[b]] econtra[[c]] mcontra[[d]] R[ss][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] econtra[[b]] econtra[[c]] mcontra[[d]] R[sp][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
1
r2 \/Csc[e]zY(O’” [6, $12+Y1L:0 [0, ¢]?

1
e

(rha®Y[t, r] (Csclo]?Y @V [0, ¢12+ YO [0, $]%) + hy[t, r] (Csc[0]?Y@ [0, ¢]2 +

Csc[0]2Y®V [0, ¢] (Csc[0]?Y®P [0, ¢] + Cot[0] YB [0, ] +Y®V [0, ¢]) +
Y®O (e, ¢] (YO [6, ¢] +Csc[o]? (-2Cot[0] Y*? [0, ¢] -Y O [6, ¢] + Y2 (6, ¢]) +
Cot[o] Y2 [0, 6] +Y>9 [0, ¢])))

Sum[Tcontra[[a]] econtra[[b]] econtra[[c]] mcontra[[d]] R[hol[t, r] Tol][[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] econtra[[b]] econtra[[c]] mcontra[[d]] R[hot[t, r] Tot][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
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Sum[Tcontra[[a]] econtra[[b]] econtra[[c]] mcontra[[d]] R[him[t, r] TAm] [[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1 1
27+2¢2

him:® [t, r] \/cSc[e]va’l) (6, ¢12+YL9 g, ¢]2

Sum[Tcontra[[a]] econtra[[b]] econtra[[c]] mcontra[[d]] R[hle[t, r] Tle][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

%]

Sum[Tcontra[[a]] econtra[[b]] econtra[[c]] mcontra[[d]] R[hte[t, r] T2e][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

m R {Oeer}

Sum[Tcontra[[a]] econtra[[b]] econtra[[c]] Rcontra[[d]] R[ss][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] econtra[[b]] econtra[[c]] Rcontra[[d]] R[sp][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
1
2 (Csc[6]2Y @V [0, $]2+Y L9 [0, ¢]2)

{r‘ y 1/2 Cot[o] Csc[6]3Y®Y [0, ¢]3h, @Y [t, r] +Csc[6]3Y @Y [0, ¢]2
+

1
7+ ¢

hi[t, r] (Csc[o] Y®? [6, ¢] -Cos[6] YO [0, ¢]) - h, @Y [t, r] YU (6, m] +

Csclo] Y@V o, 9] Y19 [0, ¢] [2Csc[O] he[t, r] YV [0, ¢] +

[t, r] (Csc[e]?Y®2) [0, ¢] - Y29 [o, m)] +

/+/2
YL (g, ¢]2 “1/2 Csc[6] h, @L [t, r] YD [0, ¢] + h[t, r] Y29 [0, m] +
,/+/2 Csc[0]*hy[t, r] (Cot[o] Y@V [0, ¢1°-Y @V [0, ¢]2Y Y [0, ¢] +Sin[6]?
o 16, 012Y®Y 16, ] + Y&V [0, 0] YO [0, ¢] (Y®? [0, ¢] -Sin[6]?Y>? [6, ¢>1))J

Sum[Tcontra[[a]] econtra[[b]] econtra[[c]] Rcontra[[d]] R[hol[t, r] TOl][[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

Y[6, 1 hol™®9 [t, r]
r
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Sum[Tcontra[[a]] econtra[[b]] econtra[[c]] Rcontra[[d]] R[hot[t, r] Tot][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

Y[6, ¢] (hot™®® [t, r] + rhot®Y [, r])

V2 or

Sum[Tcontra[[a]] econtra[[b]] econtra[[c]] Rcontra[[d]] R[hle[t, r] T1le][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1
274242

hie™® [t, r] (Csc[6]2Y @1 [0, ¢]

(Y®Y 1o, ¢] (Csc[0]2Y®? [0, ¢] -Cot[0] YO [0, ¢]) +2Y 0 [0, 9] YV [6, ¢]) +

Y®O 16, $12Y29 (6, ¢]) /(r (Csc[o12Y @V [0, 912+ Y1 [0, ¢]?))

Sum[Tcontra[[a]] econtra[[b]] econtra[[c]] Rcontra[[d]] R[hte[t, r] T2e][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
1
2r (Csc[0]2Y®D [0, ¢]2+ YL [0, ¢]2)

(hte™®® [t, r] + rhte™® [t, r]) [ 2 (1+¢) Y[O, ¢] (Csclo]?Y @V [0, ]2+ YO [0, ¢]%) +

1
e

(Cscro12Y® M [0, 9] (Y®V [0, ¢] (Csc[0]2Y®? [0, ¢] - Cot[0] YO [0, ¢]) +

2y 16, 9] YBV [6, ¢1) + YO [0, ¢12Y> [0, ¢])

m R {Omer}

Sum[Tcontra[[a]] mcontra[[b]] econtra[[c]] Rcontra[[d]] R[ss][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
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Sum[Tcontra[[a]] mcontra[[b]] econtra[[c]] Rcontra[[d]] R[sp]l[[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
1
r2 (Csc[0]2Y(®1) [0, ]2+ Y19 [0, ¢]2)

Csc[6] hy[t, r] (Cot[e] Csc[0]?Y(®Y [0, ¢1% -Csc[0]2 Y@ [0, ¢]2YDY [0, ¢] + Y10 [0, ¢]2

1
e

Y& 16, 0] + Y@V [0, 6] Y2 [0, ¢] (Csc[012Y > [0, ¢] -Y P [0, ¢])) +

(-ha[t, r] (Csc[e]2Y@ [0, ¢] (Y@ [0, ¢] (Csc[0]2Y®?) [0, ¢] - Cot[o] Y2 [0, ¢]) +
2YL0 10, ] YBV [0, ¢1) + YO [0, $]2Y> [0, ¢]) +
rhy @Y (g, r) (Y& 16, ¢]% (Csc[0]?Y®2) [6, ¢] + Cot[6] Y [6, ¢]) -
2Csc[0]?Y®V 16, 9] YO (6, 9] Y [0, ¢] +

Csc[0]2Y®V [0, ¢]? (2Cot[0] YO [0, ¢] +Y>? [0, ¢])) )J

Sum[Tcontra[[a]] mcontra[[b]] econtra[[c]] Rcontra[[d]] R[hol[t, r] Tol][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] mcontra[[b]] econtra[[c]] Rcontra[[d]] R[hot[t, r] Tot][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] mcontra[[b]] econtra[[c]] Rcontra[[d]] R[him[t, r] TAm] [[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1
2/ +2¢?

him™® [t, r] (Csc[0]?Y @Y [0, ¢]

(Y® 6, ¢] (Csc[6]2Y®? [0, ¢] -Cot[6] YO [0, ¢]) +2Y O [6, 9] YV [6, ¢]) +

YO e, ¢]2Y 2 (6, ¢]) /(r (Cscle]?Y®V (o, ¢]2+ Y19 [0, ¢]7))

Sum[Tcontra[[a]] mcontra[[b]] econtra[[c]] Rcontra[[d]] R[hle[t, r] Tle][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1 1
r(Csc[e)2Y@D (o, )2+ YO (6, ¢]2) W““e]

hie™® [t, r] (Cot[6] Csc[0]? Y@V [0, ¢]° -Csc[0]? Y@V [0, ¢]2Y Y [0, ¢] +
Y& 10, 912 YRV [0, 9] + Y@ [0, 6] Y [0, 9] (Csc[0]2V®2 [0, ¢] -Y2 [0, ¢]))

Sum[Tcontra[[a]] mcontra[[b]] econtra[[c]] Rcontra[[d]] R[hte[t, r] T2e][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1 1 3 1,0 1,1
- (CSC[@}ZY(Q’D 6, 912+ Y L0 (o, ¢]2) l/+/2 Csc[O] (hte( ' [t, r] + rhte® [, r‘})

(Cot[o] Y®V [0, 1% -Y &V [0, 912 YLV [0, ¢] +Sin[e]2 Y1 [0, 912 YV [6, ¢] +
Y®Uie, o] YO (6, ¢] (Y@ [0, ¢] -Sin[6]2Y2® (6, ¢]))
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s R {Ommr}

Sum[Tcontra[[a]] mcontra[[b]] mcontra[[c]] Rcontra[[d]] R[ss][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] mcontra[[b]] mcontra[[c]] Rcontra[[d]] R[sp]l[[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1 1 3y(0,1) 34, (0,1)
- t Y h t
2 (cscro12Y® [0, ]2+ Y12 [0, ¢]?) ( "o 7z CotlolCsclo] 16, ¢]7h2 [ts Pl +

Y6, ¢1% |hilt, r] (Csc[0]2Y®? [0, ¢] + Cot[o] YO [6, ¢]) -

1
7 Cscrer @Y, rpy e, m] -
/“(2 Csc[0] hy[t, r] (Cot[e] Csc[0]?Y @Y [0, ¢]° -Csc[0]? Y@V [0, ]2 YV [0, ¢] +

2y@ e, 9] + Y@V 16, 0] Y [0, ¢] (Csc[012Y®? [0, 9] -Y P [0, ¢])) +

Csc[e] Y@ (e, ¢] YO [0, ¢] |-2Csc[6] hi[t, r] YV (6, ¢] +

r // 1/2 h, @V [t, r] (-Csc[0]?Y @2 [0, 9] +Y>? [0, ¢]) | +Csc[0]2 Y@V [0, ¢]?
+
r // 1/2 Csc[o] h, @Y [t, r] YV [0, ¢] +hy[t, r] (2Cot[e] YO [0, ] + Y29 [0, ¢])]]
+

Sum[Tcontra[[a]] mcontra[[b]] mcontra[[c]] Rcontra[[d]] R[hol[t, r] TOl][[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

Y[6, 1 hol™9 [t, r]
r

Sum[Tcontra[[a]] mcontra[[b]] mcontra[[c]] Rcontra[[d]] R[him[t, r] TAm] [[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1 1
r(Csc(e12Y®Y [0, 912+ YL (6, ¢]?) mCsc[e]

him®® [t, r] (Cot[o] Csc[0]?Y®V [0, ¢]% - Csc[0]2Y @V [0, ¢12 YV [0, ¢] +
Y&O 10, 912YBY [0, ¢] + Y&V [0, 9] YO [0, 9] (Csc[61%Y®? [0, 0] -Y>? [0, ¢]))

Sum[Tcontra[[a]] mcontra[[b]] mcontra[[c]] Rcontra[[d]] R[hle[t, r] T1le][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1 |1
- hie™®® [t, r
r(Csc[o]2Y@b [0, ¢]12+Y L0 [0, ¢]2) \ 2/+272 [, vl

(Y®O [0, ¢1% (Csc[0]2Y(®?) [0, ¢] + Cot[0] Y1 [0, ¢]) -2Csc[0]?2Y®Y [0, ¢)
Y [0, 9] YU [0, ¢] + Csc[0]2 Y@ (6, 12 (2Cot[0] Y2 [0, ¢] + Y >¥ [0, ¢]))
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Sum[Tcontra[[a]] mcontra[[b]] mcontra[[c]] Rcontra[[d]] R[hte[t, r] T2e][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
1
2r (Csc[0]2Y©®1) (6, ]2+ Y1 [, ¢]2)

(hte®2 [t, r] +rhte®D [t, r]) |7 (1+¢) Y[O, ¢] (Csc[0]?Y @V [0, 612+ Y12 [0, ¢]%) +

L -1 cscro1? (aY™2 (o, 912 (Y®? [0, ¢] + Cos[o] Sin[e] Y19 [, ¢1) -8Y(>Y) [, ¢]
2 {+4

Y& e, 9] YV (6, 0] +4Y >V [0, ]2 (2Cot[0] Y2 [6, 0] +Y > [6, ¢]))

m R {Omme}

Sum[Tcontra[[a]] mcontra[[b]] mcontra[[c]] econtra[[d]] R[ss][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] mcontra[[b]] mcontra[[c]] econtra[[d]] R[sp][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
1
r2 \/CSC[G]ZY(G’I) [6, $12+Y1L0 (o, ¢]?

1
e

~hy[t, r] (Csc[o]?Y@ (6, 612+ YO [0, ¢1%) - Csc[e] hy[t, r]

(Y916, ¢] (Csc[6]2Y®? [0, ¢] +Cot[6] YV [0, ] +Y > [0, 0] ) +
Y@ (e, ¢] (Csc[o]? (2Cot[e] Y [0, ¢] + YO [0, 9] -Y 22 [0, ¢]) -

Cot[o] Y*9 [0, ¢] -Y>? [0, ¢]))

Sum[Tcontra[[a]] mcontra[[b]] mcontra[[c]] econtra[[d]] R[hol[t, r] TO1l][[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] mcontra[[b]] mcontra[[c]] econtra[[d]] R[hot[t, r] Tot][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

L _hot1:9) [, r] ~[Csc[6]2Y(®) [0, 312+ Y19 [g, ¢)2

e

Sum[Tcontra[[a]] mcontra[[b]] mcontra[[c]] econtra[[d]] R[him[t, r] TIm][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
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Sum[Tcontra[[a]] mcontra[[b]] mcontra[[c]] econtra[[d]] R[h1le[t, r] Tle][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1 1

YIEY: hie ™9 [t, r] \/Csc[e}zY(e’l) (6, 12 +YL® [0, ¢]12

Sum[Tcontra[[a]] mcontra[[b]] mcontra[[c]] econtra[[d]] R[hte[t, r] T2e][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

T 2

Zl_r hte 0 [t, r]~/Csc[6]2 V(@D [6, ¢]2+ Y10 (o, ¢]2

m R {OmOm}

Sum[Tcontra[[a]] mcontra[[b]] Tcontra[[c]] mcontra[[d]] R[ss][[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
1
r? (Csc[o]2Y®Y [0, ¢]2+ YL [0, ¢]?)
(ry[e, ] he®V [t, r] (Csc[0]?Y®Y [0, ]2+ YL [0, mz) +
hel[t, r] (Y®® [6, ¢1% (Csc[0]2Y(®2?) [0, ¢] + Cot[O] ¥ ¢]) -2Csc[0]?Y®Y [0, ¢]
YO 10, 91 YO [0, ¢] +Csc[0]* Y@ [0, ¢]? (2 COt[ ] Y9 0, ¢>] +Y 29 10, ¢] ) >)

Sum[Tcontra[[a]] mcontra[[b]] Tcontra[[c]] mcontra[[d]] R[sp][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
1
“r(Csc[e]2Y®Y (6, ¢)2+ YO [0, ¢]2)

Yio, ¢] (Csc[012Y®Y [0, 12+ YL [0, $12) hy O [t, r] + |1 csclo]
f+ 4

ha 9 [t, r] (Cot[o] Csc[0]?Y®D [0, ¢]%-Csc[0]? Y@M [0, $]2 YD [0, ¢] +

Y&O 10, 912YBY [0, ¢] + YOV [0, 9] YO [0, 9] (Csc[61%Y @2 [6, 0] -Y>? [0, ¢]))

Sum[Tcontra[[a]] mcontra[[b]] Tcontra[[c]] mcontra[[d]] R[hol[t, r] Tol][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
0

Sum[Tcontra[[a]] mcontra[[b]] Tcontra[[c]] mcontra[[d]] R[hot[t, r] Tot][[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

_ Y[, ¢] hot®® [t, pr]

V2

Sum[Tcontra[[a]] mcontra[[b]] Tcontra[[c]] mcontra[[d]] R[him[t, r] TAm] [[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
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Sum[Tcontra[[a]] mcontra[[b]] Tcontra[[c]] mcontra[[d]] R[hle[t, r] T1le][[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Tcontra[[a]] mcontra[[b]] Tcontra[[c]] mcontra[[d]] R[hte[t, r] T2e][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
1
2 (Csc[0]2Y®Y [0, ]2+ Y10 [0, ¢]2)

1

hte (%9 [t, r
[t, r] /402

7 (1+¢) Yi6, 0] (Csc[6]2Y®Y [0, $]2+Y L0 [0, ¢]2) +%
Csc[e)? (4Y19 [g, 312 (V(®:2) [6, ¢] + Cos[6] Sin[6] Y1) [6, ¢]) -8 YD [6, ¢]

YO 16, 0] YU [0, ¢] +4Y®Y [0, 9] (2Cot[0] VI [0, 6] + Y29 [0, ¢]) )]

m R {reem}

Sum[Rcontra[[a]] econtra[[b]] econtra[[c]] mcontra[[d]] R[ss][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
0

Sum[Rcontra[[a]] econtra[[b]] econtra[[c]] mcontra[[d]] R[sp]l[[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

%]

Sum[Rcontra[[a]] econtra[[b]] econtra[[c]] mcontra[[d]] R[hol[t, r] Tol][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Rcontra[[a]] econtra[[b]] econtra[[c]] mcontra[[d]] R[hot[t, r] Tot][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Rcontra[[a]] econtra[[b]] econtra[[c]] mcontra[[d]] R[him[t, r] TIm][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

: 1 5 him[t, r] (2Csc[9]2y<0,1> (6, ¢1%+
r2 \/csc[e]Zy(O,l) (6, 012 +YL® [0, ¢]2 27+2/¢

Csc[0]2Y®b [0, ¢] (Csc[0]?Y®3 [0, ¢] + Cot[0] Y [0, ] + Y2V [0, ¢]) +
YO 10, ¢] (Csc[o]? (-2Cot[o] Y®? [0, ¢] -Cos[20] YO [0, ¢] + Y2 [0, ¢]) +
Cot[0] YO [0, 0] +Y39 [0, 1))

Sum[Rcontra[[a]] econtra[[b]] econtra[[c]] mcontra[[d]] R[hle[t, r] T1le][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify



graviton_4D_final.nb | 23

Sum[Rcontra[[a]] econtra[[b]] econtra[[c]] mcontra[[d]] R[hte[t, r] T2e][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

m R {rmrm}

Sum[Rcontra[[a]] mcontra[[b]] Rcontra[[c]] mcontra[[d]] R[ss][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Rcontra[[a]] mcontra[[b]] Rcontra[[c]] mcontra[[d]] R[sp]l[[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

%]

Sum[Rcontra[[a]] mcontra[[b]] Rcontra[[c]] mcontra[[d]] R[hol[t, r] Tol][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
1
r? (Csc[0]2Y®Y [0, ¢]2+ Y19 [0, ¢]2)
(ry[e, ¢] hol®bY [t, r] (Csc[0]?Y®Y [0, $]%+ Y12 [0, ¢1%) -
hol[t, r] (Y9 (6, ¢]? (Csc[0]2Y(®? [0, ¢] + Cot[0] YO [0, ¢]) -2Csc[0]2Y®Y [0, ¢]
YO 10, ¢] YR [0, ¢] +Csc[0]2Y @V [0, 912 (2Cot[0] YO [0, 0] +Y > [0, ¢])))

Sum[Rcontra[[a]] mcontra[[b]] Rcontra[[c]] mcontra[[d]] R[hot[t, r] Tot][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
_Y[6, ¢] (2hot®M [t, r] +rhot®2) [t, r])

V2 r

Sum[Rcontra[[a]] mcontra[[b]] Rcontra[[c]] mcontra[[d]] R[him[t, r] TAm] [[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1 | 1 3 (6,1)
2 C 6 him[t hl t
r2 (CSC [9}2y(0,1) (o, (D]Z +Y(1,0) (e, (b]Z) 27+272 sc[6] < mit, r]+r m [t, P})

(Cot[o] Y&V [0, 1% -Y @V [0, ¢12Y LY [0, ¢] +Sin[e]2Y 1P [0, 912 YV [0, ¢] +
Y©@bie, ¢] YL [0, ¢] (Y®? [6, ¢] -Sin[6]>Y>? [0, ¢]))

Sum[Rcontra[[a]] mcontra[[b]] Rcontra[[c]] mcontra[[d]] R[hle[t, r] T1le][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1 1 (@,1)
2 [Csc 612V [0, 9122 ¥ (L9 [0, 617] V2. |75 Cscle] (hle[t, r] +rhie®Y (¢, r])

(Y2 10, ¢1% (Csc[o] Y®2) [0, ¢] +Cos[0] YO [0, ¢]) -2Csc[0] YOV [0, ¢]
YO e, 9] YU [0, ¢] + Csclo] Y!®V [0, ¢]* (2Cot[6] Y2 [0, ¢] + Y2 (6, ¢]))
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Sum[Rcontra[[a]] mcontra[[b]] Rcontra[[c]] mcontra[[d]] R[hte[t, r] T2e][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
1
2r (Csc[6]2Y®V [0, ]2+ Y10 [0, ¢]2)

(2hte®P [t, r] +rhte®? [t, r]) |\/¢ (1+¢) Y[O, ¢] (Csc[0]?Y®V [0, $]%+ Y12 [0, ¢1%) +

1 J-1_ cscro1? (aY™2 (6, 912 (Y®? [0, ¢] + Cos[o] Sin[e] Y19 [, ¢1) -8Y(>1 (6,
2 ?+/
o] YO [0, 9] YLV [0, ] +4Y®Y [0, ¢]? (2Cot[6] YO [0, ] + Y29 [0, ¢]))
m R {rerm}

Sum[Rcontra[[a]] econtra[[b]] Rcontra[[c]] mcontra[[d]] R[ss][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Rcontra[[a]] econtra[[b]] Rcontra[[c]] mcontra[[d]] R[sp][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Rcontra[[a]] econtra[[b]] Rcontra[[c]] mcontra[[d]] R[hol[t, r] TO1l][[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
1
r2 (Csc[e]2Y®Y (6, ]2+ YO 6, ¢]2)
Csc[e] hol[t, r] (Cot[e] Csc[0]?Y®V [0, ¢]° -Csc[0]2Y @V [0, 912 YV [0, ¢] +
YO 10, ¢12Y Y [0, 9] + YO [0, ¢] YO [0, ¢] (Csc[0]2Y®? [0, 9] -Y > [0, ¢]))

Sum[Rcontra[[a]] econtra[[b]] Rcontra[[c]] mcontra[[d]] R[hot[t, r] Tot][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

0

Sum[Rcontra[[a]] econtra[[b]] Rcontra[[c]] mcontra[[d]] R[him[t, r] TIm][[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
1
r2 (Csc[0]2Y®D [0, ]2+ Y1 [0, ¢]2)

2“12/2 (him[t, r]+rhin®Y [t, r]) (4Csc[0]2Y®Y [0, ] Y10 [0, ¢] YL [0, ¢] +

Csc[0]2Y®b [0, 1% (Csc[0]2Y®? [0, ¢] -3 Cot[0] YO [0, ] -Y>O [0, ¢]) +
Y®O 10, ¢1% (-Csc[0]2Y®? [6, ¢] - Cot[0] YO [0, 0] +Y> [0, ¢]))
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Sum[Rcontra[[a]] econtra[[b]] Rcontra[[c]] mcontra[[d]] R[hle[t, r] T1le][[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1 | 1 3 (0,1)
r2 (CSC [Q}ZY(B,I) (o, ¢]2+Y(1,9) (e, (b]Z) 2 27+272 Csc[e] <hlE[t, r] +rhle [t, PJ)

(Cot[o] Y&V [0, 1% -Y &V [0, ¢12Y LY [0, ¢] +Sin[6]2 Y1 [0, 912 YV [0, ¢] +
Y©@bie, 9] YO [0, ¢] (Y®? [6, ¢] -Sin[6]>Y>? [0, ¢]))

Sum[Rcontra[[a]] econtra[[b]] Rcontra[[c]] mcontra[[d]] R[hte[t, r] T2e][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1 1 3 (0,1) (0,2)
- Csc[6 2 hte t, r r hte t, r
r (Csc[6]2Y®@Y (6, $]2+ Y10 [0, ¢]2) \ £+ 12 (617 { el t, r1)

(Cot[o] Y@ (6, 013 -Y®V [0, $]2 Y2V [0, ¢] +Sin[0]2 Y1 [0, ]2 YL [0, ¢] +
Y©®1e, ¢] YR (6, ¢] (V¥ [0, 0] -Sin[6]?Y ¥ [6, ¢]))

m R {rere}

Sum[Rcontra[[a]] econtra[[b]] Rcontra[[c]] econtra[[d]] R[ss][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
0

Sum[Rcontra[[a]] econtra[[b]] Rcontra[[c]] econtra[[d]] R[sp]l[[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
0

Sum[Rcontra[[a]] econtra[[b]] Rcontra[[c]] econtra[[d]] R[hol[t, r] Tol][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
1
r2 (Csc[0]2Y®D [0, ]2+ Y1 (6, ¢]2)
(rY[e, ¢] hol®b [t, r] (Csc[o]?Y @V [0, $12+ YO [0, ¢]?) +
hol[t, r] (Csc[o]*Y®V [0, ¢] (Y®V [0, ¢] (-Csc[0]?Y®? [0, ¢] +Cot[0] YO [0, ¢]) -
2v 29 6, ¢ YV [0, 0] ) -V [0, )2 Y20 (6, ¢]))

Sum[Rcontra[[a]] econtra[[b]] Rcontra[[c]] econtra[[d]] R[hot[t, r] Tot][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
_Y[6, ¢] (2hot® [t, r] +rhot @2 [t, r])

V2 or

Sum[Rcontra[[a]] econtra[[b]] Rcontra[[c]] econtra[[d]] R[him[t, r] TIm] [[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1 1 3 (0,1)
- 2 | C him[t, h1 t
2 <Csc[9]2Y(°’1) [0, 12+ YL9 [g, ¢)12> 27+272 sc[O] ( m(t, r] +rhlm [t, f‘])

(Coto] Y&V 16, ¢1%-Y @ [0, ¢]2Y DY [0, ¢] +Sin[e]2 Y12 [0, ¢12Y Y [0, ¢] +
Y@®U1e, 0] Y®2 (0, 6] (Y [0, ¢] -Sin[0)2Y 2 [0, ¢]))
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Sum[Rcontra[[a]] econtra[[b]] Rcontra[[c]] econtra[[d]] R[h1le[t, r] T1le][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1 1
2 hle[t hie®b [t
r‘z (CSC[9}2Y<9’1) [e, ¢]2+Y(1,9> [@) (b]z) \F /+/2 ( e[ ] r] +r e [ ) r‘})

(Cscre12Y® M [0, ¢ (Y®V [0, 0] (Csc[0]2Y®? [0, ¢] - Cot[o] YO [0, 0] ) +
2Y®B9 10, 9] YBD [0, ¢]) + Y10 [0, $]12Y 29 [0, ¢])

Sum[Rcontra[[a]] econtra[[b]] Rcontra[[c]] econtra[[d]] R[hTe[t, r] T2e][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
1
2rp (Cscro12Y@M [0, ]2+ Y L0 [0, ¢12)

(2 hTe®Y [t, r] + rhTe(®2) [t, r‘}) ? (1+/) Y[O, ¢] (CSC[G]ZY(Q’l) [, $p12+YL® [0, ¢]2) +

2 1 > (Csc[o12Y®Y [0, ¢] (Y@ [0, ¢] (Csc[0]?Y®? [0, ¢] -Cot[0] YBO [0, ¢]) +
{+4
2Y®0 10, 9] YBV [0, ¢]) +YBO [0, ¢12Y 29 (6, ¢])
m R _{rmem}

Sum[Rcontra[[a]] mcontra[[b]] econtra[[c]] mcontra[[d]] R[ss][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
0

Sum[Rcontra[[a]] mcontra[[b]] econtra[[c]] mcontra[[d]] R[sp][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify
0

Sum[Rcontra[[a]] mcontra[[b]] econtra[[c]] mcontra[[d]] R[hol[t, r] Tol][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

hol[t, r] +/Csc[e]2Y®D [0, $]2+ YL (o, ¢]2
r-.2

Sum[Rcontra[[a]] mcontra[[b]] econtra[[c]] mcontra[[d]] R[hot[t, r] Tot][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1

N

hot (@1 [t, r] \/CSC[Q}ZY(Q’D (6, 12+ YL [0, ¢]12
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Sum[Rcontra[[a]] mcontra[[b]] econtra[[c]] mcontra[[d]] R[him[t, r] TAm] [[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1 \/j@c[e] him(t, r]
r\Z \/CSC[@]ZY(G’]') [9, ¢12+Y(1,e) [9; ¢)1Z /+27

(Y2 [0, ¢] (Csc[0]2Y®? [0, ¢] +Cot[o] YV [0, ¢] + Y2V [0, ¢]) +
Y®b 1o, ¢] (Csc(o]? (2Cot[0] Y2 [0, ¢] + YO [0, ¢] -YB2 [0, ¢]) -
Cot[o] Y*? [0, ] -Y3? [0, ¢]))

Sum[Rcontra[[a]] mcontra[[b]] econtra[[c]] mcontra[[d]] R[hle[t, r] Tle][[a, b, c, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

1 [ 1
75\5 Vo hle[t, r] \/Csc[e]zY(e’” [0, $p12+YH9 [0, 12

Sum[Rcontra[[a]] mcontra[[b]] econtra[[c]] mcontra[[d]] R[hte[t, r] T2e][[a, b, ¢, d]],
{a, 1, dim}, {b, 1, dim}, {c, 1, dim}, {d, 1, dim}] // FullSimplify

R ACUREN

hte® [t, r] \/Csc [012Y®Y (0, $12+YL® [0, ¢]?

1
2r

m R {rkrk}

R[ss]1[[3, 2, 3, 2]] // FullSimplify
0

R[spl[I[3, 2, 3, 2]] // FullSimplify
%]

R[hol[t, r] TOl][[3, 2, 3, 2]] // FullSimplify
ryY[e, ¢] hol®@bV [t, r] —hol[t, r] Y%? [0, ¢]

R[hot[t, r] Tot][[3, 2, 3, 2]] // FullSimplify

_rY[e, ¢] (2hot®Y [t, r] +rhot®2 [t, r])

V2

R[{him[t, r] TIm] [[3, 2, 3, 2]] // FullSimplify

V2[5 cscle] (him(t, r] < rhin®Y (¢, r]) (Cot[8] Y@ [6, 6] -V (6, 0]

R[hle[t, r] T1le]l[[3, 2, 3, 2]] // FullSimplify

V2 | /3/2 (hleft, r] +rhle®b [t, r]) Y39 [0, ¢]
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R[hte[t, r] T2e][[3, 2, 3, 2]] // FullSimplify

1

1 0, 9,2
—Er‘(the( YVIt, r] +rhte®? [t, r]) v (1+¢) Yo, 0] +2 Y

Yo e, <z>]]

m R _{OrOr} Analysis

R[ss][[4, 2, 4, 2]] // FullSimplify
)

R[spl[[4, 2, 4, 2]] // FullSimplify
%]

R[hol[t, r] TOol][[4, 2, 4, 2]] // FullSimplify
rsin[e]?Y[e, ¢] hol®V [t, r] -hol[t, r] (Y(®? [6, ¢] + Cos[o] Sin[e] Y2 [0, ¢])

(rYl®, 1 hol1®D [t, r] -hol[t, r]Y2® (6, ¢]) 1
r2 r2sin[e]?
hol[t, r] (Y®? [6, ¢] + Cos[e] Sin[e] Y? [e, ¢1)) // FullSimplify

(rsin[e]*Y[e, ¢] hol®1) [t, r] -

1
r2
(2rvY[e, ¢] hol®Y [t, r] -hol[t, r] (Csc[0]?Y®? [0, ¢] +Cot[6] YO [0, 0] +Y*? [0, ¢]))

R[hot[t, r] Tot][[4, 2, 4, 2]] // FullSimplify

I 2 (0,1) (0,2)
- rSin[e]°Y[6, ¢] (2hot t, r] +rhot t, r
5 [e1°Y[ 1 ( [ ] [ 1)
ry[e, ¢] (2hot®Y [t, r] + rhot®2 [t, r])

A2 r2

(rsin[e]?Y[e, ¢] (2hot©®V [t, r] + rhot®? [t, r]))/ («/? r2 Sin[e]z) // FullSimplify

/2 Y[e, ¢] (2hot® [t, r] +rhot®? [t, r])
r

R[{him[t, r] TIm] [[4, 2, 4, 2]] // FullSimplify

V2 |, 1/2 (him[t, r] +rhin®Y [t, r]) (Cos[o] Y@V [0, ¢] -Sin[o] YLV (o, ¢])
+
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@,1) oY@
V2 /—( 1,2 Csc[o] (him[t, r] +rhim@D [t, r]) (Cotro1v®P 1o, 61 -Y®V [0, 1) _
+

P2
V2 ’ (him[t, r] +rhim©®? [t, r])

(Coste] Y®V [, ¢] -Sin[e] YV [6, ¢])
r2sin[e]?

// FullSimplify

R[hle[t, r] Tle]l[[4, 2, 4, 2]] // FullSimplify

J% (hle[t, r] +rhie®Y [t, r]) (2Y®2) [0, ¢] +Sin[26] YO [0, ¢])
Y (2,0) 1
(hie[t, r] +rh1e®b [t, r]) [6, ¢1 |
2 risinfe)? 21+2(2

h1e[t, rl +rhie@®v[t, r]) (2Y®2 [o, ¢] +Sin[26] YO [0, ¢]) // FullSimplify

,\/_

L \/_ ” /2 (hle[t, r] +rhie®b [t, r])
(Csc[e]zY“”z) [0, ] + Cot[0] YO [0, ¢] + Y2 [0, ¢])

R[hte[t, r] T2e][[4, 2, 4, 2]] // FullSimplify

e (2hte® [t, r] + rhte®? [t, r])

1
e

{ ¢ (1+¢) sin[e]?Y[6, ¢] + (2Y®2 [0, ¢] +Sin[20] YO [0, ¢] )J

=r (2hte®V [t, r] +rhte®? [t, r]) " -
r

1
r2sin[e]?

/ 1 > (2v®2 16, ¢] +Sin[20] YO [6, ¢])] // FullSimplify
{+ 7

(2hte®Y [t, r] +rhte®? [t, r])

=r (2hte®V [t, r] + rhte®? [t, r]) [ ¢(1+¢) sin[e]*Y[e, ¢] +

1|I—‘

1
1+ £?

[ ¢ (1+7) Y[o, 0] + (Csc[e]12Y®2) [o, ¢] + Cot[0] YO [0, ¢] + Y9 [0, ¢])

// 0

| 29
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m R _{OrOr}

:—Z(er[e, ¢] hol®V [t, r] -hol[t, r] (-¢ (¢+1) Y[e, ¢1))

:—2 (2rYe.mte, 8102V 1t, P =R [t, £ (=4 (¢41) Yo nle, 1))
AN (2 ah®=®V1t, r1+rahte®? [t, r])
r

V2 Y, w0, ¢1 (2hot®? [t, r] +rhot®? [t, r])
r

= T (hle[t, r] +rh1e@®V[t, r]) (-¢ (¢+1) Y[6, 1)
+

r2 ?+ 2

(hle[t, r] +rh1e®V[t, r]) (-¢ (¢+1) Y[6, 1)

lz(zr-v[e, ¢]1 D[ (ahte[t, r] +brhte®Y[t, r]), r] -
r
(ahte[t, r] +brhte®Y [t, r]) (-¢ (¢+1) Y[6, ¢]1)) // FullSimplify

%Y[e, ¢] (af (1+¢) hte[t, r]+r ((2a+b (2+¢+¢%)) hte®V [t, r] +2brhte®? [t, r]))

Y/

)%,3_ ((e-2) S22 :

%1 /.
“/ a_)[ 2¢ (¢+1)

¢ (r+1)

2

2 @
b [/(z+1)] o [1(/+1) (¢+2) (¢-1)
N 1/(1+/> Yo d)][ (1+¢) ( (1) [53 /2 24040 y

{[ J-24t4 v Jo(144) [/ 4+/+/2)/3+(2+/+/2)J/(2/32/2M3> ¥y

hte®@®b t, r1+2r {’
[t el + /s /2 2= /+2/2+/3)

1
* ¥ // Fullsimplify

hte[t, r] +

hte®:2) [t, r]]]
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Assuming[( € Integers&&/ > 0&& 3 € Reals && B > O&& y € Reals && y > 0,

1
«/7r~h//(1+/)
[/ (1+¢) [21//(1”) /,1,2 B-al-2+¢4+¢2 7] hte[t, r] +2r‘[[—\/—2+(+/2 Y+

1 1
t(1+¢ 4+¢+7 2+ ¢+ 42
(2+4) [\/nﬂ (802 0) B (2004 )\/1(-2-1+212+r3) v

e [ 1 1
rlr2ry(1e0) [ £+ 02 B+\//(-2-/+212+/3) ¥
(Y[e, ¢

(/ (1+¢) (2/_3ﬂ/72+/+/2 y) hte[t, r] +ﬁzr[(472+/+/2 (4+/+/2>B+47/)
hte®b) [t, r] +2r (w/—2+/+/2 /3+y) hte (®:2) [t, r‘])))/ (ﬁrzm)

1

) \/Tr'z—\/((1+l)
[ 1
[1 (1+1) [21/1(1”) T /3—\/-2””2 7] hte[t, r] +2r [[-\/-2””2 ¥+

?(1+7) [/“1(2 (4”’"2)’3*(2”*’2)\],(_2_:2!2”3) x]]

hte(e’l)[t: p]+2rm[ ,1,2 B+\/,( ) 132,24_,3) Y
'\’ + -2 -

Coefficient[V, hte(®? [t, r]] // FullSimplify

[ 1 1
/172 B+J/(2/+2/2+/3) i

Coefficient[U, hte(®? [t, r]] // FullSimplify

[ 1 1
Pz B+J/(-2-/+2/2+/3) v

V2 Y[e, ¢] (2hot @V [t, r] +rhot®? [t, r])
r

FullSimplify [

Y[e, ¢]

hte®Y [t,

hte(®2 [t, r] J] 11

U

Y[6, ¢]

hte(©2 [t, r]J];

_2+/2

Y[6, ¢]

2+/2

Y[6, ¢]
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—1'\/7Y[e, ¢] (2ahte®? [t, r] + raD[hte[t, r], {r, 2}]) // FullSimplify
r

/2 aY[e, ¢] (2hte®V [t, r] +rhte®? [t, r])
r

: L * ¥ // Fullsimplify

Tq];’“z( F(ee1) (¢e2) (¢-1)

\ 7+ /2 J 2= /+2/2+/3) v
1 1 1 (0,1) (0,2)

=-=24/2 B+ y| Y[, ¢] (2hte® [t, r] +rhte®? [t, r]);
r ?+ 12 ((—2—/+2(2+(3)

1 3 1
r

%4 /. a->2[

N—

Yo, ] (2hte®V [t, r] +rhte®? [t, r])

(Bhte[t, r]1 +Brhte@® [t, r]) (-¢ (¢+1) Y[6, ¢])

¢+ 12

—:—2\/7/ (1+¢) ,3/2 Yo, ¢] (Bhtelt, r] +rBhte®V [t, r])

W= _i«/?( (1+¢) 1 Y[e, ¢] (Bhte[t, r] +rBhte® [t, r]);
r2 e

Coefficient[(U+V +W), hte®? [t, r]] // FullSimplify

1
r‘((1+()

[«/ (1+7) w/—2+f+/2 —144) ¢ (1+4) (2+4) 1 yY[O, ¢]

/(-2-/+2/2+(3)

Coefficient[(U+V+ W), hte®? [t, r]] // FullSimplify
0

Coefficient[ (U+V + W), hte[t, r]] // FullSimplify

[¢(1+¢) N-2+¢+7 yY[o, ¢]
A2 r?

Assuming[/ € Integers && ¢ > 0, FullSimplify[U+V + W]]

CJ(1ef) e (144) (244) vhte[t, r]Y[e, ¢]

V2 r?

1
r‘((1+l)

1/ 1+¢) \/-2+/+/2 —144) ¢ (1+4) (2+7) L yY[6, ¢1]]

((-2-(+2/2+z3)

Assuming [/ € Integers&&/ > @, FullSimplify|-
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Assuming[/ € Integers && ¢ > @, FullSimplify[Coefficient[U, hte®¥ [t, r]1]]] // FullSimplify

V2

(4+0472) B+JJ—) Y6, ¢]

[ —2+0+¢%
r? (1+7)

Assuming[¢ € Integers && ¢ > @, FullSimplify[Coefficient[V, hte®% [t, r]1]]] // FullSimplify

4\5[ - ]v[e,m

[r (a+0) [(-10) ¢ (140) (240)
r

Assuming[¢ € Integers && ¢ > @, FullSimplify[Coefficient[W, hte®% [t, r1]]] // Fullsimplify

V2 [t (1+¢) BY[6, §]
r

Assuming[/ € Integers&&/ > @, FullSimplify[Coefficient[U+V +W, hte @V [t, r1]]]
0

Assuming[¢ € Integers && ¢ > 0, FullSimplify[U +V + W] ]

[(-1+¢) ¢ (1+¢) (2+¢) vhte[t, r]Y[o, ¢]

A2 r?

R_{OrOr}=— A[(=1:0¢ (1) (2:4) yhte[t,r]Y[6,0]

A2 r?

m R {OrOe}

econtra[[3]] invg[[4, 4]] R[ss]1[[4, 2, 4, 3]] // FullSimplify
0

econtra[[3]] invg[[4, 4]] R[sp]l[[4, 2, 4, 3]] // FullSimplify
0

econtra[[3]] invg[[4, 4]] R[hol[t, r] TOl][[4, 2, 4, 3]] // FullSimplify
hol[t, r] Y9 (o, ¢]?
r2.[Csc[0]2Y(®:) [0, ¢]2+ Y10 [0, ¢]2

econtra[[3]] invg[[4, 4]] R[hot[t, r] Tot] [[4, 2, 4, 3]] // FullSimplify
B hot 1) [t, r] Y10 [0, ¢]2
V2 r‘\/Csc[e]zY(a’” (6, ]2+ Y19 [0, ¢]2
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econtra[[3]] invg[[4, 4]] R[him[t, r] T1m] [[4, 2, 4, 3]] // FullSimplify

(2Y©®Y (6, ¢] + Csc[0]2Y®3) [, ¢] + Cot[6] YTV [6, ¢] + Y21 [0, W)]/

(r,z \/CSC [9}2Y<0’1) [9, ¢]2+Y(1,@) [9, d)]z J

[ 1 Csc[e] him[t, r] Y9 [, ¢] (2Y@V [6, ¢] -7 (£+1) Y&V [6, ¢>])J/
\] 2¢0+202

(r‘z \/Csc[e]zY(a’l) [6, $12+Y®® [g, ¢]2 )

econtra[[3]] invg[[4, 4]] R[hle[t, r] T1le] [[4, 2, 4, 3]] // FullSimplify

V2 /-5 hle[t, r] YO (g, ¢]2

2:42

r2 \/CSC[@}ZY(Q’]') [0, ¢12+YL:0 (5, ¢]2

econtra[[3]] invg[[4, 4]] R[hte[t, r] T2e][[4, 2, 4, 3]] // FullSimplify

7 (1+¢) +2. /L ) hte®D [, r] YO [0, ¢]?
(1+7)

1412

2 r\/Csc[e}ZY(e’l) (8, 12 +YLO [, ¢]2

econtra[[4]] invg[[3, 3]]1 R[ss]1[[3, 2, 3, 4]] // FullSimplify
0

econtra[[4]] invg[[3, 3]1]1 R[sp]l[[3, 2, 3, 4]] // FullSimplify
0

econtra[[4]] invg[[3, 3]]1 R[hol[t, r] TO1l][[3, 2, 3, 4]] // FullSimplify
Csc[6]%hol[t, r] Y@ (6, ¢]?
r‘z\/CSC[Q]ZY(e’l) (6, ]2+ Y19 [g, ¢]2

econtra[[4]] invg[[3, 3]]1 R[hot[t, r] Tot][[3, 2, 3, 4]] // FullSimplify
B Csc[6]2hot @Y [t, r] Y@ (5, ¢]?
\/TP\/CSC[GJZY(O’D [9, ¢]2+Y(1,0) [9, d)}Z

econtra[[4]] invg[[3, 3]]1 R[him[t, r] TIm] [[3, 2, 3, 4]] // FullSimplify

\/ECsc[e] him[t, r] Y©@Y (6, ¢]

(Csc[o]? (2Cot[0] Y®? [0, ¢] +Cos[20] Y2 [0, ¢] -Y B2 [0, ¢]) -

Cot[6] Y(z,e) (6, ¢] _Y(3,0) (o, ®]>J/ (PZ \/CSC [Q]ZY(B,l) (o, ¢}2+Y(1,0) (o, (D]Z
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[ 1 Csc[e] him[t, r1 Y©® Y [6, ¢] (-2YP [0, ¢] +¢ (¢ +1) Y29 [6, ¢])]/
\] 2¢+2¢2

(r‘z '\/Csc[e]zY(a’l) (e, $12+Y®? 19, ¢12 )

econtra[[4]] invg[[3, 3]] R[hle[t, r] T1le][[3, 2, 3, 4]] // FullSimplify
V2 /A5 Csc[e]?hle[t, r] Y@L (o, ¢]2

r2 \/Csc[e]zwe’l) (6, 12 +YL® [0, ¢]2

econtra[[4]] invg[[3, 3]] R[hte[t, r] T2e][[3, 2, 3, 4]] // FullSimplify

(2 r~/Csc[e]2Y®Y [0, $]2+ YO [0, ¢]2 )

Csc [9]2 hte(@,l) [t, r} Y(O,l) [9, 4)12]/

m Analysis of R_{0rOe}

[ hol[t, r] YO [g, ¢]? . Csc[6]%hol[t, r] Y@ [g, ¢]2 y
r? \/Csc[e]ZY(e’l) [6, ¢12+Y®O [0, $]2 r2 \/Csc[e]zY(o’l) [6, $1%+Y1:0 [0, ¢]2
FullSimplify
hol[t, r]/Csc[0]2Y®D [0, 12+ YL [o, ¢]>
r,2
%31 /. hol[t, r] > (ahte[t, r] +brhte® [t, r]) // FullSimplify
r‘1—2(a hte[t, r] +brhte®? [t, r]) \/Csc[0]2Y®D [0, 612+ Y19 [0, ¢]?
B hot @1 [t, r] Y19 [g, ¢]2 B Csc[6]%2hot @M [t, r] Y@ [0, ¢]2 /)
V2 r/csc[e12Y @ [0, ]2+ YL [0, ]2 V2 rA/Csc[6]2Y@V [0, $12+ Y19 [0, ¢]?

FullSimplify

L _hot @D [t, r] \/Csc[6]2Y @Y [0, 912+ Y10 (g, ¢]2

e

_ \/i ahte® [t, r] '\/CSC[G]ZY(Q’J') [0, 612+ Y1 [0, ¢12 //
2r
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[[ _r Csc[o] him[t, r] Y® o, ¢] (2Y©®D [0, ¢] -¢ (¢+1) Y& [o, ¢])]/
\/ 204202

(r‘z \/Csc[e]sz’l) [e, $12+Y%? g, ¢1° ) +

( — 1 cscrelhim(t, r] V@D [6, ¢] (-2v®9 (6, ¢] +¢ (£+1) YO [0, ¢])]/
2¢+277

(r‘z \/Csc[e]zY(e’” [e, $12+Y%? (g, ¢]° )] // FullSimplify

V2

(112 Csc[6]2hile[t, r] Y®@1 [0, ¢]2

r2+/Csc[0]2 Y@ [0, $]12 + Y19 [0, ¢]2

V2

-1 hie[t, r] YO [0, ¢]?

// FullSimplify

r2 \/Csc [612Y®@D [0, $]2+ Y10 [0, ¢]2

1y
.

«/_ / ~ Bhte[t, r] \Csc[e12 Y@V o, 612+ Y19 [0, $]2 //

Assumlng l € Integers && 7’ > 0,

Fullsimplify[ [[——\/( (1+¢) +2

1 > hle[t, r] \/Csc[e}zwa’l) (6, ¢12+Y®9 [0, ¢]2

- ] Csc[6]2hte®D [t, r]1 V@D [g, ¢>]2]/

2 r‘\/Csc[e]zY(e’l) [6, 12 +Y®9 [0, ¢]2 ) *

([‘\/r(m) N ]“te“””[t, r1Y0 [o, ‘“2]/
e

2r+/Csc[0]12 V@D [0, $]2+ YL [0, $]2 )]]

2v(0,1) 2 (1,0) 2
7L(72+/+/2> hte®1 [t, r] [ ESClOIZY (6, cb12 +Y [0, ¢]
2r r+¢
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Csc[e]2Y@D (g, $]2+ YLD [0, ¢]2
4+ 12

r
w/_ / ~ Bhte[t, r] \/Csc[e] Y@ (g, ]2+ YO [g, ¢]2

ahte®V [t, r] \/Csc[e] Y@L e, ¢12+Y1L:® (g, ¢]2
2r r

-zi(-zuuz) yhte®V [t, r]

2

(ahte[t, r] +brhte®® [t, r]) \/Csc[e]sz’l) [6, $1%2 + Y% [0, ¢12 // FullSimplify

21—2 hte[t, r] \/Csc[e}zY(e’1> [0, 12 +YL2 [0, ¢]?

Z{a—\/f

rhte @ [t, r] [(2bﬁa) \/CSC[Q}ZY(B’” [0, #]12+Y®L0 (6, ¢]% -

2y (0,1) 2 (1,0) 2
(72+(’+(’2> YJCSC[G] Y [9; @)2 +Y [0, ¢]
+

%33 /.a- [ﬁ]iﬁ—[(l—l) 24('(:—5)5 ;_7/.
b [ﬁ]ﬁ (((l+1) (/2+2) (1-1)];’”'

1

o ) * ¥ // FullSimplify

1 o
((1+1)] B2 (/(1+1) (¢+2) (£-1)

4/ hte[t, r] /Csc[6]2Y®D) [, 12+ Y?) [0, ¢]% +

2v(0,1) 2, v(i,e) 2
r <,2+/+/2> hte @1 [t, r] \/CSC(G] Y [9/;:15/]2 +Y [, 9]

Assuming[l € Integers&& ¢ > 08&& y € Reals &y > 0 && 3 € Reals && 3 > 0, Fullsimplify[

.. 1 4
Coefficient [— —y 2-—+
2
2r /1

Csc[0]12Y®Y [g, $]2+Y:® [0, ¢]2

r(-2+¢+¢) hte®b [t, r]
?+ 2

2y(0,1) 2 y(1,0) 2
(2+/+/2>ch;cfm Y h;);f;zw +Y(10) (o, 4]
+

2r

!—2+(+(2!

_er(/ (1+1))§-

4, hte[t, r] \/Csc[e]zY(o’” [6, $]12+Y1L:® [g, ¢]2

| 37

> hte®Yt, r1]]]
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Assuming[( € Integers&&/ > 0&&% y € Reals & & y > O&& B € Reals && B > O, Fullsimplify[

.. 1 4 4
Coeff1c1ent[—;x 2- 7+ p hte[t, r] \/Csc[e]zY(e’” [6, $12+Y®? [0, ¢12% +

Csc[e]2Y@D (g, $]2+ YLD [0, ¢]2
4+ 12

r(-2+¢+¢) hte®b [t, r] » hte[t, r1]]]

‘f?*ﬂ(”%* 11/) (Csc[012Y ™Y [0, 912+ YO (6, ¢12) |




