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Derivation of the epistasis index in terms of genetic effects

To express index I as a function of the genetic effects, we need the genotypic values of the L homozygous genotypes differing from the genotype P1 (A1A1 B1B1 … L1L1) for one gene:

A2A2 B1B1 C1C1  … L1L1
A1A1 B2B2 C1C1… L1L1

A1A1 B1B1 C2C2… L1L1
…

A1A1 B1B1 C1C1… L2L2
If the tth gene is substituted, we have:  
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Therefore:
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we have
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Therefore 
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or
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There is additivity if  
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or 
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antagonistic epistasis if 
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and synergistic epistasis if
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Range of variation of the generalized epistasis index

For a flux J through a network, the epistasis index (equation 7) writes: 
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where Jt1 is the flux value of a genotype that has the P2 allele for enzymes t and the P1 alleles for all other enzymes Thus we have:
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where (j1 (resp (t2) is equal to XAjEj1 + Xdj Etot1 (resp XAtEt2 + Xdt Etot2) (see equation 2)
Because J2 ( J1 is positive, to show that I is positive we have to show that 
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is positive even though some differences (Jt1 − J1) can be negative

Define aj1 = 1/εj1 (resp aj2 = 1/εj2), δj = aj2 − aj1, and 
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Since J2 ( J1, we have:
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and 
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 The enzyme activities being positive, we have 
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We are to show that
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Setting
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, this is equivalent to show that 
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Since 
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, the function 
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 has a negative second derivative; therefore, by the standard convexity argument, we can write:
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The numerator of the right hand side of the inequality is negative, while the denominator is positive Hence
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In conclusion, the range of variation of I is (0, +(( There is decreasing antagonistic epistasis from 0 to 1, additivity for I = 1, and increasing synergistic epistasis from 1 to infinity
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