
S-6 Supplementary material

This section provides the transformations of the tangential gradient operator and unit normal
vector, the first order variational of the related variables and transformed operators, the varia-
tional formulations of the related PDEs, the transformation of the related expressions, and the
details for the adjoint analysis of the topology optimization problems.

S-6.1 Transformations of tangential gradient operator ∇Γ and
unit normal vector on Γ

The tangential gradient operator defined on a 2-manifold is the tangential component of the
gradient operator defined in the 3D space in which the 2-manifold imbedded. Therefore, ∇Γ

can be transformed into
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where P is the normal projector presented in Eq. 17; ∇xΞ and ∇xΩ are the gradient operators in
the 3D Euclidean domains Ξ and Ω imbedded with Γ and Σ in the extended Cartesian systems
of xΓ and xΣ, respectively, and they satisfy ∇xΞ = T−1

Γ ∇xΩ at xΓ ∈ Γ with ∀xΣ ∈ Σ; and ∇⊥
Σ

is the normal component of ∇xΣ on Σ. Because the variables on Σ are defined intrinsically, ∇⊥
Σ

is nonexistent. Therefore, the tangential gradient operator in Eq. S-63 can be transformed into
Eq. 11. By implementing the dot product with nΓ at the both sides of Eq. 11, nΓ · ∇Γ = 0 can
be retained for a differentiable function defined on Γ. Therefore, the transformed form of ∇Γ in
Eq. 11 is self-consistent.

From the relation in Eq. 6, the following geometrical relation among the unit normal vectors
on Σ and Γ and the gradient of df can be derived as sketched in Fig. 2:

nΓ ∥ (nΣ −∇Σdf ) , ∀xΣ ∈ Σ (S-64)

where · ∥ · represents the parallel relation of two vectors. Therefore, the unit normal vector on
Γ can be derived by normalizing (nΣ −∇Σdf ) at ∀xΣ ∈ Σ, i.e. the unit normal vector on Γ can
be derived as Eq. 12.

S-6.2 First order variational of n
(df)
Γ , ∇(df)Γ and div

(df)
Γ to df

The first order variational of the 2-norm of a vector function can be derived as
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where f represents a vector function. Based on Eq. S-65, the first order variational of n
(df )
Γ to

df can be derived as
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Because the tangential gradient operator ∇Γ depends on df , its first-order variational to df can
be derived as
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Similarly, the first-order variational of divΓ to df can be derived as
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Because df is a differentiable homeomorphism, it can induce the Riemannian metric for Γ.
Then, the differential on the base manifold and implicit 2-manifold satisfiesdΓ = |TΓ|
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where dl∂Γ and dl∂Σ are the differential of the boundary curves of Γ and Σ, respectively. In Eq.
S-69, the unit tangential vector τΓ at ∂Γ sketched in Fig. 2 satisfies

nτΣ ∥ (nΣ ×∇Σdf )

nΓ ∥ (nΣ −∇Σdf )

nτΓ = nΓ × τΓ

τΣ ∥ ∇Σdf

⇒ τΓ ∥ [(nΣ ×∇Σdf )× (nΣ −∇Σdf )] . (S-70)

Therefore, the second equation in Eq. S-69 can be transformed into
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In the following parts, M(df ) and L(df ) for Eqs. S-69 and S-71 are derived as
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S-6.3 Variational formulations of surface-PDE filters

The variational formulation of the surface-PDE filter in Eq. 5 is considered in the first order
Sobolev space defined on Σ. It can be derived based on the Galerkin method:
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where d̃f is the test function of df ; H (Σ) represents the first order Sobolev space defined on Σ;
and L2 (Σ) represents the second order Lebesque space defined on Σ.

The variational formulation of the surface-PDE filter in Eq. 9 is considered in the first order
Sobolev space defined on ΓD. It can be derived based on the Galerkin method:

Find γf ∈ H (ΓD) for γ ∈ L2 (ΓD) and ∀γ̃f ∈ H (ΓD) ,

such that
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(S-74)

where γ̃f is the test function of γf ; H (ΓD) represents the first order Sobolev space defined on
ΓD; and L2 (ΓD) represents the second order Lebesque space defined on ΓD.

Based on the transformed tangential gradient operator in Eq. 13, the homeomorphism
between H (Γ) and H (Σ) described in Eq. 6 and the homeomorphism between H (ΓD) and
H (ΣD) described in Eq. 7, the coupling relation between the two sets of design variables can
be derived by instituting Eq. 13 into Eq. S-74:
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where the tangential gradient operator ∇Γ on Γ is replaced by its transformed form ∇(df )
Γ in Eq.

13; and H (ΣD) and L2 (ΣD) defined on ΣD are the homeomorphous counterparts of H (ΓD)
and L2 (ΓD), respectively.



S-6.4 Variational formulation of surface Navier-Stokes equations

The variational formulation of the surface Navier-Stokes equations is considered in the func-
tional spaces without containing the tangential constraint of the fluid velocity. The tangential
constraint of the fluid velocity is imposed by using the Lagrangian multiplier [1, 2]. Based on
the Galerkin method, the variational formulation of the surface Navier-Stokes equations can be
derived as
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where λ is the Lagrange multiplier used to impose the tangential constraint of the fluid velocity;
ũ, p̃ and λ̃ are the test functions of u, p and λ, respectively; the Brezzi-Pitkäranta stabilization
term

−
∑
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∫
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τBP,Γ∇Γp · ∇Γp̃ dΓ (S-77)

with τBP,Γ representing the stabilization parameter is imposed on the variational formulation,
in order to use linear finite elements to solve both the fluid velocity and pressure; EΓ is an
elementization of Γ; and EΓ is an element of the elementization EΓ. The stabilization parameter
is chosen as [3]

τBP,Γ =
h2
EΓ

12η
, (S-78)

where hEΓ is the size of the element EΓ. Because the element EΓ and the elementization EΓ for
the 2-manifold Γ are implicitly defined on the base manifold Σ, they are derived from the design
variable for the implicit 2-manifold Γ and the explicit elementization EΣ of the base manifold
Σ. Based on Eqs. S-69 and S-72, h2
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where hEΣ is the size of the element EΣ representing an element of the explicit elementization

EΣ of Σ; M̄
(df )
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is the average value of M(df ) in the element EΣ; and the area of EΣ can be
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Therefore, the stabilization parameter τBP,Γ in Eq. S-78 can be transformed into
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Because lv,Γ and lv0,Γ are homeomorphous to lv,Σ and lv0,Σ, respectively, lv,Σ and lv0,Σ are
fixed, and ulv,Γ is homeomorphous to ulv,Σ , the variational formulation in Eq. S-76 can be
transformed into the following form defined on Σ based on the coupling relations in Section
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S-6.5 Variational formulation of surface convection-diffusion equa-
tion

Based on the Galerkin method, the variational formulation of the surface convection-diffusion
equation is considered in the first order Sobolev space defined on the implicit 2-manifold Γ:

Find c ∈ H (Γ) with c = c0 at ∀xΓ ∈ lv,Γ, for ∀c̃ ∈ H (Γ) , such that∫
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where c̃ is the test function of c; the Petrov-Galerkin stabilization term∑
EΓ∈EΓ

∫
EΓ

τPG,Γ (u · ∇Γc) (u · ∇Γc̃) dΓ (S-84)

with τPG,Γ representing the stabilization parameter is imposed on the variational formulation,
in order to use the linear finite elements to solve the distribution of the concentration. The
stabilization parameter is chosen as [3]
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Based on Eqs. S-69, S-79 and S-80, τPG,Γ can be transformed into
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Based on the homeomorphisms and the coupling relations in Section 2.2.3, the variational
formulation in Eq. S-83 can be transformed into the form defined on Σ:
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S-6.6 Transformation of design objective in Eq. 21 and pressure
drop in Eq. 23

Based on the coupling relations in Section 2.2.3 and Eq. S-72, the design objective in Eq. 21
can be transformed into

J
(df )
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Based on Eq. S-72 and the relation in Eq. S-70 sketched in Fig. 2, the pressure drop in Eq. 23
can be transformed into

∆P (df ) =

∫
lv,Σ

pL(df ) dl∂Σ −
∫
ls,Σ

pL(df ) dl∂Σ. (S-89)



S-6.7 Variational formulations of adjoint equations for design ob-
jective in Eq. 21

The variational formulation for the adjoint equation of the surface convection-diffusion equation
is derived as 
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where ca is the adjoint variable of c and c̃a is the test function of ca. The variational formulation
for the adjoint equations of the surface Naiver-Stokes equations is derived as
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Γ ũT

a

ã
:

Å
∇(df )

Γ ua +∇(df )
Γ uT

a

ã
− p̃adiv

(df )
Γ ua − padiv

(df )
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where ua, pa and λa are the adjoint variables of u, p and λ, respectively; ũa, p̃a and λ̃a are the

test functions of ua, pa and λa, respectively; and τ
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PG,Γ is the first-order variational of τ
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(S-92)
The variational formulations for the adjoint equations of the surface-PDE filters for γ and dm
are derived as
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where γ̃fa and d̃fa are the test functions of γfa and dfa, respectively; τ
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BP,Γ and τ
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PG,Γ

are the first-order variationals of τ
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PG,Γ to df , respectively, and they are expressed as
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M(df ;d̃fa) and L(df ;d̃fa) are the first-order variationals of M(df ) and L(df ) to df derived based
on Eq. 8 and Eq. S-65 in the supplementary material, and they are expressed as
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and
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S-6.8 Adjoint analysis for design objective in Eq. 24

Based on the transformed design objective in Eq. S-88, the variational formulations of the
surface-PDE filters in Eqs. S-73 and S-74, the surface Navier-Stokes equations in Eq. S-82 and
the surface convection-diffusion equation in Eq. S-87, the augmented Lagrangian of the design
objective in Eq. 24 can be derived as
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where Ĵc is the augmented lagrangian of Jc; and the adjoint variables satisfy

ua ∈ (H (Σ))3

pa ∈ H (Σ)

λa ∈ L2 (Σ)

ca ∈ H (Σ)

γfa ∈ H (ΣD)

dfa ∈ H (Σ)


with


ua = 0 at ∀xΣ ∈ lv,Σ ∪ lv0,Σ

λa = 0 at ∀xΣ ∈ lv,Σ ∪ lv0,Σ

ca = 0 at ∀xΣ ∈ lv,Σ

. (S-100)

Based on the transformed operators in Eqs. 13 and 14 and their first order variationals in
Eqs. S-67 and S-68, together with the first order variational of the 2-norm of a vector function
in Eq. S-65, the first order variational of the augmented Lagrangian in Eq. S-99 can be derived



as
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with the satisfication of the constraints in Eq. S-100 and

δu ∈ (H (Σ))3
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, (S-102)

where δ is the first-order variational operator.
According to the Karush-Kuhn-Tucker conditions of the PDE constrained optimization prob-
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the first order variational of the augmented Lagrangian to u, p and λ can be set to be zero as∫
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the first order variational of the augmented Lagrangian to γf can be set to be zero as∫
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The constraints in Eqs. S-100 and S-102 are imposed to Eqs. S-103, S-104, S-105 and S-106.
Then, the adjoint sensitivity of Jc is derived as

δĴc = −
∫
ΣD

γfaδγM
(df ) dΣ−

∫
Σ

Addfaδdm dΣ. (S-107)

Without losing the arbitrariness of δu, δp, δλ, δc, δγf , δdf , δγ and δdm, one can set

ũa = δu

p̃a = δp

λ̃a = δλ

c̃a = δc

γ̃fa = δγf

d̃fa = δdf

γ̃ = δγ

d̃m = δdm



with



∀ũa ∈ (H (Σ))3

∀p̃a ∈ H (Σ)

∀λ̃a ∈ L2 (Σ)

∀c̃a ∈ H (Σ)

∀γ̃fa ∈ H (ΣD)

∀d̃fa ∈ H (Σ)

∀γ̃ ∈ L2 (ΣD)

∀d̃m ∈ L2 (Σ)

(S-108)

for Eqs. S-103, S-104, S-105 and S-106 to derive the adjoint system composed of Eqs. S-90,
S-91, S-93 and S-94.



S-6.9 Variational formulations of adjoint equations for pressure
drop in Eq. 23

In Eq. 26, the adjoint variables γfa and dfa are derived by sequentially solving the variational
formulation for the adjoint equations of the surface Navier-Stokes equations

Find


ua ∈ (H (Σ))3 with ua = 0 at ∀x ∈ lv,Σ ∪ lv0,Σ

pa ∈ H (Σ)

λa ∈ L2 (Σ) with λa = 0 at ∀x ∈ lv,Σ ∪ lv0,Σ

for


∀ũa ∈ (H (Σ))3

∀p̃a ∈ H (Σ)

∀λ̃a ∈ L2 (Σ)

, such that

∫
lv,Σ

p̃aL
(df ) dl∂Σ −

∫
ls,Σ

p̃aL
(df ) dl∂Σ +

∫
Σ

ï
ρ

Å
ũa · ∇(df )

Γ

ã
u · ua + ρ

Å
u · ∇(df )

Γ

ã
ũa

· ua +
η

2

Å
∇(df )

Γ ũa +∇(df )
Γ ũT

a

ã
:

Å
∇(df )

Γ ua +∇(df )
Γ uT

a

ã
− p̃a div

(df )
Γ ua

− padiv
(df )
Γ ũa + αũa · ua + λ̃aua · n(df )Γ + λaũa · n(df )Γ

ò
M(df ) dΣ

−
∑

EΣ∈EΣ

∫
EΣ

τ
(df )
BP,Γ∇

(df )
Γ p̃a · ∇(df )

Γ paM
(df ) dΣ = 0

(S-109)
and the variational formulations for the adjoint equations of the surface-PDE filters

Find γfa ∈ H (ΣD) for ∀γ̃fa ∈ H (ΣD) , such that∫
ΣD

Å
∂α

∂γp

∂γp
∂γf

u · uaγ̃fa + r2f∇
(df )
Γ γ̃fa · ∇(df )

Γ γfa + γ̃faγfa

ã
M(df ) dΣ = 0

(S-110)

and

Find dfa ∈ H (Σ) for ∀d̃fa ∈ H (Σ) , such that∫
lv,Σ

pL(df ;d̃fa) dl∂Σ −
∫
ls,Σ

pL(df ;d̃fa) dl∂Σ +

∫
Σ

ï
ρ

Å
u · ∇(df ;d̃fa)

Γ

ã
u · ua

+
η

2

Å
∇(df ;d̃fa)

Γ u+∇(df ;d̃fa)
Γ uT

ã
:

Å
∇(df )

Γ ua +∇(df )
Γ uT

a

ã
+

η

2

Å
∇(df )

Γ u

+∇(df )
Γ uT

ã
:

Å
∇(df ;d̃fa)

Γ ua +∇(df ;d̃fa)
Γ uT

a

ã
− p div

(df ;d̃fa)
Γ ua − padiv

(df ;d̃fa)
Γ u

+ λua · n(df ;d̃fa)
Γ + λau · n(df ;d̃fa)

Γ + fid,Γr
2
f

Å
∇(df ;d̃fa)

Γ γf · ∇(df )
Γ γfa +∇(df )

Γ γf

· ∇(df ;d̃fa)
Γ γfa

ãò
M(df ) +

ï
ρ

Å
u · ∇(df )

Γ

ã
u · ua +

η

2

Å
∇(df )

Γ u+∇(df )
Γ uT

ã
:

Å
∇(df )

Γ ua

+∇(df )
Γ uT

a

ã
− p div

(df )
Γ ua − padiv

(df )
Γ u+ αu · ua + λua · n(df )Γ + λau · n(df )Γ

+ fid,Γ

Å
r2f∇

(df )
Γ γf · ∇(df )

Γ γfa + γfγfa − γγfa

ãò
M(df ;d̃fa) + r2m∇Σd̃fa · ∇Σdfa

+ d̃fadfa dΣ−
∑

EΣ∈EΣ

∫
EΣ

Å
τ
(df ;d̃fa)
BP,Γ ∇(df )

Γ p · ∇(df )
Γ pa + τ

(df )
BP,Γ∇

(df )
Γ p

· ∇(df ;d̃fa)
Γ pa

ã
M(df ) + τ

(df )
BP,Γ∇

(df )
Γ p · ∇(df )

Γ paM
(df ;d̃fa) dΣ = 0.
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S-6.10 Adjoint analysis for constraint of pressure drop in Eq. 24

Based on the variational formulations of the surface Navier-Stokes equations in Eq. S-82 and
the surface-PDE filters in Eqs. S-73 and S-74, the augmented Lagrangian of the pressure drop



∆P in Eq. S-89 can be derived as

∆̂P =

∫
lv,Σ

pL(df ) dl∂Σ −
∫
ls,Σ

pL(df ) dl∂Σ

+

∫
Σ

ï
ρ

Å
u · ∇(df )

Γ

ã
u · ua +

η

2

Å
∇(df )

Γ u+∇(df )
Γ uT

ã
:

Å
∇(df )

Γ ua +∇(df )
Γ uT

a

ã
− p div

(df )
Γ ua − padiv

(df )
Γ u+ αu · ua + λua · n(df )Γ + λau · n(df )Γ

+ fid,Γ

Å
r2f∇

(df )
Γ γf · ∇(df )

Γ γfa + γfγfa − γγfa

ãò
M(df )

+ r2m∇Σdf · ∇Σdfa + dfdfa −Ad

Å
dm − 1

2

ã
dfa dΣ

−
∑

EΣ∈EΣ

∫
EΣ

τ
(df )
BP,Γ∇

(df )
Γ p · ∇(df )

Γ paM
(df ) dΣ,

(S-112)

where ∆̂P is the augmented lagrangian of ∆P ; and the adjoint variables satisfy

ua ∈ (H (Σ))3

pa ∈ H (Σ)

λa ∈ L2 (Σ)

γfa ∈ H (ΣD)

dfa ∈ H (Σ)


with

®
ua = 0 at ∀xΣ ∈ lv,Σ ∪ lv0,Σ

λa = 0 at ∀xΣ ∈ lv,Σ ∪ lv0,Σ
. (S-113)

Based on the related results in Section 2, the first order variational of ∆̂P can be derived as

δ∆̂P =

∫
lv,Σ

δpL(df ) + pL(df ;δdf ) dl∂Σ −
∫
ls,Σ

δpL(df ) + pL(df ;δdf ) dl∂Σ

+

∫
Σ

ï
ρ

Å
δu · ∇(df )

Γ

ã
u · ua + ρ

Å
u · ∇(df ;δdf )

Γ

ã
u · ua + ρ

Å
u · ∇(df )

Γ

ã
δu · ua

+
η

2

Å
∇(df )

Γ δu+∇(df )
Γ δuT

ã
:

Å
∇(df )

Γ ua +∇(df )
Γ uT

a

ã
+

η

2

Å
∇(df ;δdf )

Γ u+∇(df ;δdf )
Γ uT

ã
:

Å
∇(df )

Γ ua +∇(df )
Γ uT

a

ã
+

η

2

Å
∇(df )

Γ u+∇(df )
Γ uT

ã
:

Å
∇(df ;δdf )

Γ ua +∇(df ;δdf )
Γ uT

a

ã
− δpdiv

(df )
Γ ua

− p div
(df ;δdf )
Γ ua − padiv

(df ;δdf )
Γ u− padiv

(df )
Γ δu+ αδu · ua +

∂α

∂γp

∂γp
∂γf

u

· uaδγf + δλua · n(df )Γ + λua · n(df ;δdf )
Γ + λaδu · n(df )Γ + λau · n(df ;δdf )

Γ

+ fid,Γ

Å
r2f∇

(df )
Γ δγf · ∇(df )

Γ γfa + r2f∇
(df ;δdf )
Γ γf · ∇(df )

Γ γfa + r2f∇
(df )
Γ γf

· ∇(df ;δdf )
Γ γfa + δγfγfa − δγγfa

ãò
M(df ) +

ï
ρ

Å
u · ∇(df )

Γ

ã
u · ua

+
η

2

Å
∇(df )

Γ u+∇(df )
Γ uT

ã
:

Å
∇(df )

Γ ua +∇(df )
Γ uT

a

ã
− p div

(df )
Γ ua

− padiv
(df )
Γ u+ αu · ua + λua · n(df )Γ + λau · n(df )Γ

+ fid,Γ

Å
r2f∇

(df )
Γ γf · ∇(df )

Γ γfa + γfγfa − γγfa

ãò
M(df ;δdf ) + r2m∇Σδdf

· ∇Σdfa + δdfdfa −Adδdmdfa dΣ−
∑

EΣ∈EΣ

∫
EΣ

τ
(df ;δdf )
BP,Γ ∇(df )

Γ p

· ∇(df )
Γ paM

(df ) + τ
(df )
BP,Γ∇

(df )
Γ δp · ∇(df )

Γ paM
(df ) + τ

(df )
BP,Γ∇

(df )
Γ p

· ∇(df ;δdf )
Γ paM

(df ) + τ
(df )
BP,Γ∇

(df )
Γ p · ∇(df )

Γ paM
(df ;δdf ) dΣ

(S-114)



with the satisfication of the constraints in Eq. S-113 and

δu ∈ (H (Σ))3

δp ∈ H (Σ)

δλ ∈ L2 (Σ)

δγf ∈ H (ΣD)

δγ ∈ L2 (ΣD)

δdf ∈ H (Σ)

δdm ∈ L2 (Σ)


with

®
δu = 0 at ∀x ∈ lv,Σ ∪ lv0,Σ

δλ = 0 at ∀x ∈ lv,Σ ∪ lv0,Σ
. (S-115)

According to the Karush-Kuhn-Tucker conditions of the PDE constrained optimization prob-
lem, the first order variational of the augmented Lagrangian to u, p and λ can be set to be zero
as ∫

lv,Σ

δpL(df ) dl∂Σ −
∫
ls,Σ

δpL(df ) dl∂Σ

+

∫
Σ

ï
ρ

Å
δu · ∇(df )

Γ

ã
u · ua + ρ

Å
u · ∇(df )

Γ

ã
δu · ua +

η

2

Å
∇(df )

Γ δu+∇(df )
Γ δuT

ã
:

Å
∇(df )

Γ ua +∇(df )
Γ uT

a

ã
− δpdiv

(df )
Γ ua − padiv

(df )
Γ δu+ αδu · ua + δλua · n(df )Γ

+ λaδu · n(df )Γ

ò
M(df ) dΣ−

∑
EΣ∈EΣ

∫
EΣ

τ
(df )
BP,Γ∇

(df )
Γ δp · ∇(df )

Γ paM
(df ) dΣ = 0,

(S-116)

the first order variational of the augmented Lagrangian to the variable γf can be set to be zero
as ∫

ΣD

Å
∂α

∂γp

∂γp
∂γf

u · uaδγf + r2f∇
(df )
Γ δγf · ∇(df )

Γ γfa + δγfγfa

ã
M(df ) dΣ = 0, (S-117)

and the first order variational of the augmented Lagrangian to the variable df can be set to be
zero as∫

lv,Σ

pL(df ;δdf ) dl∂Σ −
∫
ls,Σ

pL(df ;δdf ) dl∂Σ +

∫
Σ

ï
ρ

Å
u · ∇(df ;δdf )

Γ

ã
u · ua

+
η

2

Å
∇(df ;δdf )

Γ u+∇(df ;δdf )
Γ uT

ã
:

Å
∇(df )

Γ ua +∇(df )
Γ uT

a

ã
+

η

2

Å
∇(df )

Γ u+∇(df )
Γ uT

ã
:

Å
∇(df ;δdf )

Γ ua +∇(df ;δdf )
Γ uT

a

ã
− pdiv

(df ;δdf )
Γ ua − padiv

(df ;δdf )
Γ u+ λua · n(df ;δdf )

Γ

+ λau · n(df ;δdf )
Γ + fid,Γ

Å
r2f∇

(df ;δdf )
Γ γf · ∇(df )

Γ γfa + r2f∇
(df )
Γ γf · ∇(df ;δdf )

Γ γfa

ãò
M(df ) +

ï
ρ

Å
u · ∇(df )

Γ

ã
u · ua +

η

2

Å
∇(df )

Γ u+∇(df )
Γ uT

ã
:

Å
∇(df )

Γ ua +∇(df )
Γ uT

a

ã
− p div

(df )
Γ ua − padiv

(df )
Γ u+ αu · ua + λua · n(df )Γ + λau · n(df )Γ

+ fid,Γ

Å
r2f∇

(df )
Γ γf · ∇(df )

Γ γfa + γfγfa − γγfa

ãò
M(df ;δdf ) + r2m∇Σδdf · ∇Σdfa

+ δdfdfa dΣ−
∑

EΣ∈EΣ

∫
EΣ

τ
(df ;δdf )
BP,Γ ∇(df )

Γ p · ∇(df )
Γ paM

(df ) + τ
(df )
BP,Γ∇

(df )
Γ p

· ∇(df ;δdf )
Γ paM

(df ) + τ
(df )
BP,Γ∇

(df )
Γ p · ∇(df )

Γ paM
(df ;δdf ) dΣ = 0.
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The constraints in Eqs. S-113 and S-115 are imposed to Eqs. S-116, S-117 and S-118. Then,
the adjoint sensitivity of ∆P is derived as

δ∆̂P = −
∫
ΣD

δγγfaM
(df ) dΣ−

∫
Σ

Adδdmdfa dΣ. (S-119)



Without losing the arbitrariness of δu, δp, δλ, δγf , δdf , δγ and δdm, one can set

ũa = δu

p̃a = δp

λ̃a = δλ

γ̃fa = δγf

d̃fa = δdf

γ̃ = δγ

d̃m = δdm


with



∀ũa ∈ (H (Σ))3

∀p̃a ∈ H (Σ)

∀λ̃a ∈ L2 (Σ)

∀γ̃fa ∈ H (ΣD)

∀d̃fa ∈ H (Σ)

∀γ̃ ∈ L2 (ΣD)

∀d̃m ∈ L2 (Σ)

(S-120)

for Eqs. S-116, S-117 and S-118 to derive the adjoint system composed of Eqs. S-109, S-110
and S-111.

S-6.11 Variational formulation of surface Navier-Stokes equa-
tions

For heat transfer, different stabilization term is chosen in the variational formulation of the
surface Navier-Stokes equations to numerically solve the fluid velocity and pressure by using
linear finite elements. The variational formulation of the surface Navier-Stokes equations can
be derived as

Find


u ∈ (H (Γ))3 with

®
u = ulv,Γ at ∀xΓ ∈ lv,Γ

u = 0 at ∀xΓ ∈ lv0,Γ

p ∈ H (Γ)

λ ∈ L2 (Γ) with λ = 0 at ∀xΓ ∈ lv,Γ ∪ lv0,Γ

for


∀ũ ∈ (H (Γ))3

∀p̃ ∈ H (Γ)

∀λ̃ ∈ L2 (Γ)

, such that

∫
Γ

ρ (u · ∇Γ)u · ũ+
η

2

Ä
∇Γu+∇Γu

T
ä
:
Ä
∇Γũ+∇Γũ

T
ä
− p divΓũ− p̃ divΓu

+ αu · ũ+ λũ · nΓ + λ̃u · nΓ dΓ−
∑

EΓ∈EΓ

∫
EΓ

τLSu,Γ (ρu · ∇Γu+∇Γp+ αu)

· (ρu · ∇Γũ+∇Γp̃) + τLSp,Γ (ρdivΓu) (divΓũ) dΓ = 0

(S-121)

where the general least square stabilization term is imposed as

−
∑

EΓ∈EΓ

∫
EΓ

τLSu,Γ (ρu · ∇Γu+∇Γp+ αu) · (ρu · ∇Γũ+∇Γp̃) + τLSp,Γ (ρdivΓu) (divΓũ) dΓ

(S-122)
with τLSu,Γ and τLSp,Γ representing the stabilization parameters. The stabilization parameters
are set as [3] 

τLSu,Γ = min

Ç
hEΓ

2ρ ∥u∥2
,
h2
EΓ

12η

å
τLSp,Γ =


1

2
hEΓ ∥u∥2 , u2 < ϵ

1
2
eps

1

2
hEΓ , u2 ≥ ϵ

1
2
eps

(S-123)

where ϵeps with the value of 2.2 × 10−16 is the floating point precision. Based on Eqs. S-69,
S-79 and S-80, the stabilization parameters in Eq. S-123 can be transformed into

τ
(df )
LSu,Γ = min

Ç
hEΣ

2ρ ∥u∥2

(
M(df )

) 1
2
,
h2
EΣ

12η
M(df )

å
τ
(df )
LSp,Γ =


1

2
hEΣ ∥u∥2

(
M(df )

) 1
2
, u2 < ϵ

1
2
eps

1

2
hEΣ

(
M(df )

) 1
2
, u2 ≥ ϵ

1
2
eps

. (S-124)

Based on the coupling relations in Section 2.2.3, the variational formulation in Eq. S-121



can be transformed into the form defined on the base manifold Σ:

Find


u ∈ (H (Σ))3 with

®
u = ulv,Σ at ∀xΣ ∈ lv,Σ

u = 0 at ∀xΣ ∈ lv0,Σ

p ∈ H (Σ)

λ ∈ L2 (Σ) with λ = 0 at ∀xΣ ∈ lv,Σ ∪ lv0,Σ

for


∀ũ ∈ (H (Σ))3

∀p̃ ∈ H (Σ)

∀λ̃ ∈ L2 (Σ)

, such that

∫
Σ

ï
ρ

Å
u · ∇(df )

Γ

ã
u · ũ+

η

2

Å
∇(df )

Γ u+∇(df )
Γ uT

ã
:

Å
∇(df )

Γ ũ+∇(df )
Γ ũT

ã
− p div

(df )
Γ ũ− p̃ div

(df )
Γ u+ αu · ũ+ λũ · n(df )Γ + λ̃u · n(df )Γ

ò
M(df ) dΣ

−
∑

EΣ∈EΣ

∫
EΣ

ï
τ
(df )
LSu,Γ

Å
ρu · ∇(df )

Γ u+∇(df )
Γ p+ αu

ã
·
Å
ρu · ∇(df )

Γ ũ

+∇(df )
Γ p̃

ã
+ τ

(df )
LSp,Γ

Å
ρdiv

(df )
Γ u

ãÅ
div

(df )
Γ ũ

ãò
M(df ) dΣ = 0.
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S-6.12 Variational formulation of the surface convective heat-
transfer equation

Based on the Galerkin method, the variational formulation of the surface convective heat-transfer
equation is considered in the first order Sobolev space defined on the implicit 2-manifold Γ:

Find T ∈ H (Γ) with T = T0 at ∀xΓ ∈ lv,Γ, for ∀T̃ ∈ H (Γ) ,

such that

∫
Γ

(ρCpu · ∇ΓT −Q) T̃ + k∇ΓT · ∇ΓT̃ dΓ

+
∑

EΓ∈EΓ

∫
EΓ

τLST,Γ (ρCpu · ∇ΓT −Q)
Ä
ρCpu · ∇ΓT̃

ä
dΓ = 0

(S-126)

where T̃ is the test function of T ; and the general least square stabilization term∑
EΓ∈EΓ

∫
EΓ

τLST,Γ (ρCpu · ∇ΓT −Q)
Ä
ρCpu · ∇ΓT̃

ä
dΓ (S-127)

with τLST,Γ representing the stabilization parameter is imposed on the variational formulation,
in order to use linear finite elements to solve Eq. 27 [3]. The stabilization parameter is expressed
as [3]

τLST,Γ = min

Ç
hEΓ

2ρCp ∥u∥2
,
h2
EΓ

12k

å
. (S-128)

Based on Eqs. S-69, S-79 and S-80, τLST,Γ can be transformed into

τ
(df )
LST,Γ = min

Ç
hEΣ

2ρCp ∥u∥2

(
M(df )

) 1
2
,
h2
EΣ

12k
M(df )

å
. (S-129)

Based on the homeomorphisms and the coupling relations in Section 2.2.3, the variational
formulation in Eq. S-83 can be transformed into the form defined on the base manifold Σ:

Find c ∈ H (Σ) with c = c0 at ∀xΣ ∈ lv,Σ, for ∀c̃ ∈ H (Σ) ,

such that

∫
Σ

ïÅ
ρCpu · ∇(df )

Γ T −Q

ã
T̃ + k∇(df )

Γ T · ∇(df )
Γ T̃

ò
M(df ) dΣ

+
∑

EΣ∈EΣ

∫
EΣ

τ
(df )
LST,Γ

Å
ρCpu · ∇(df )

Γ T −Q

ãÅ
ρCpu · ∇(df )

Γ T̃

ã
M(df ) dΣ = 0.

(S-130)

S-6.13 Transformation of design objective in Eq. 30, dissipation
power in Eq. 32 and area fraction in Eq. 34

Based on the coupling relations in Section 2.2.3, the design objective in Eq. 30 can be trans-
formed into

J
(df )
T =

∫
Σ

fid,Γk∇
(df )
Γ T · ∇(df )

Γ TM(df ) dΣ. (S-131)



Based on the coupling relations in Section 2.2.3, the dissipation power in Eq. 32 can be trans-
formed into

Φ(df ) =

∫
Σ

ï
η

2

Å
∇(df )

Γ u+∇(df )
Γ uT

ã
:

Å
∇(df )

Γ u+∇(df )
Γ uT

ã
+ αu2

ò
M(df ) dΣ. (S-132)

Based on the coupling relations in Section 2.2.3, the area fraction in Eq. 34 can be transformed
into

s(df ) =
1

|ΓD|(df )

∫
ΣD

γpM
(df ) dΣ =

1

|ΓD|(df )

∫
Σ

fid,ΓγpM
(df ) dΣ (S-133)

with

|ΓD|(df ) =
∫
ΣD

M(df ) dΣ =

∫
Σ

fid,ΓM
(df ) dΣ. (S-134)

S-6.14 Variational formulations of adjoint equations for design
objective in Eq. 30

The variational formulation for the adjoint equation of the surface convective heat-transfer
equation is derived as

Find Ta ∈ H (Σ) with Ta = 0 at ∀xΣ ∈ lv,Σ, for ∀T̃a ∈ H (Σ) , such that∫
Σ

ï
2fid,Γk∇

(df )
Γ T · ∇(df )

Γ T̃a +

Å
ρCpu · ∇(df )

Γ T̃a

ã
Ta + k∇(df )

Γ Ta · ∇(df )
Γ T̃a

ò
M(df ) dΣ +

∑
EΣ∈EΣ

∫
EΣ

τ
(df )
LST,Γ

Å
ρCpu · ∇(df )

Γ Ta

ãÅ
ρCpu · ∇(df )

Γ T̃a

ã
M(df ) dΣ = 0

(S-135)

where Ta is the adjoint variable of T and T̃a is the test function of Ta. The variational formulation
for the adjoint equations of the surface Naiver-Stokes equations is derived as

Find


ua ∈ (H (Σ))3 with ua = 0 at ∀x ∈ lv,Σ ∪ lv0,Σ

pa ∈ H (Σ)

λa ∈ L2 (Σ) with λa = 0 at ∀x ∈ lv,Σ ∪ lv0,Σ

for


∀ũa ∈ (H (Σ))3

∀p̃a ∈ H (Σ)

∀λ̃a ∈ L2 (Σ)

, such that

∫
Σ

ï
ρ

Å
ũa · ∇(df )

Γ u+ u · ∇(df )
Γ ũa

ã
· ua +

η

2

Å
∇(df )

Γ ũa +∇(df )
Γ ũT

a

ã
:

Å
∇(df )

Γ ua +∇(df )
Γ uT

a

ã
− p̃adiv

(df )
Γ ua − padiv

(df )
Γ ũa + αũa · ua + λ̃aua · n(df )Γ + λaũa · n(df )Γ + ρCpũa · ∇(df )

Γ TTa

ò
M(df ) dΣ−

∑
EΣ∈EΣ

∫
EΣ

ß
τ
(df ;ũa)
LSu,Γ

Å
ρu · ∇(df )

Γ u+∇(df )
Γ p+ αu

ã
·
Å
ρu · ∇(df )

Γ ua +∇(df )
Γ pa

ã
+ τ

(df )
LSu,Γ

ï
ρ

Å
ũa · ∇(df )

Γ u+ u · ∇(df )
Γ ũa

ã
+∇(df )

Γ p̃a + αũa

ò
·
Å
ρu · ∇(df )

Γ ua +∇(df )
Γ pa

ã
+ τ

(df )
LSu,Γ

Å
ρu · ∇(df )

Γ u+∇(df )
Γ p+ αu

ã
·
Å
ρũa · ∇(df )

Γ ua

ã
+ τ

(df ;ũa)
LSp,Γ

Å
ρdiv

(df )
Γ u

ãÅ
div

(df )
Γ ua

ã
+ τ

(df )
LSp,Γ

Å
ρdiv

(df )
Γ ũa

ãÅ
div

(df )
Γ ua

ã
− τ

(df ;ũa)
LST,Γ

Å
ρCpu · ∇(df )

Γ T −Q

ãÅ
ρCpu · ∇(df )

Γ Ta

ã
− τ

(df )
LST,Γ

Å
ρCpũa · ∇(df )

Γ T

ãÅ
ρCpu · ∇(df )

Γ Ta

ã
− τ

(df )
LST,ΓÅ

ρCpu · ∇(df )
Γ T −Q

ãÅ
ρCpũa · ∇(df )

Γ Ta

ã™
M(df ) dΣ = 0
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where τ
(df ;ũa)
LSu,Γ , τ

(df ;ũa)
LSp,Γ and τ

(df ;ũa)
LST,Γ are the first-order variationals of τ

(df )
LSu,Γ, τ

(df )
LSp,Γ and τ

(df )
LST,Γ

to u, respectively, and they are expressed as

τ
(df ;ũa)
LSu,Γ =


− hEΣu · ũa

2ρ ∥u∥32

(
M(df )

) 1
2
,

hEΣ

2ρ ∥u∥2

(
M(df )

) 1
2
<

h2
EΣ

12η
M(df )

0,
hEΣ

2ρ ∥u∥2

(
M(df )

) 1
2 ≥

h2
EΣ

12η
M(df )

τ
(df ;ũa)
LSp,Γ =


hEΣu · ũa

2 ∥u∥2

(
M(df )

) 1
2
, u2 < ϵ

1
2
eps

0, u2 ≥ ϵ
1
2
eps

τ
(df ;ũa)
LST,Γ =


− hEΣu · ũa

2ρCp ∥u∥32

(
M(df )

) 1
2
,

hEΣ

2ρCp ∥u∥2

(
M(df )

) 1
2
<

h2
EΣ

12k
M(df )

0,
hEΣ

2ρCp ∥u∥2

(
M(df )

) 1
2 ≥

h2
EΣ

12k
M(df )


∀ũa ∈ (H (Σ))3 .

(S-137)

The variational formulations for the adjoint equations of the surface-PDE filters for γ and dm
are derived as

Find γfa ∈ H (ΣD) for ∀γ̃fa ∈ H (ΣD) , such that∫
ΣD

ßï
∂α

∂γp

∂γp
∂γf

u · ua + ρ
∂Cp

∂γp

∂γp
∂γf

u · ∇(df )
Γ TTa +

∂k

∂γp

∂γp
∂γf

Å
fid,Γ∇

(df )
Γ T

· ∇(df )
Γ T +∇(df )

Γ T · ∇(df )
Γ Ta

ãò
γ̃fa + r2f∇

(df )
Γ γfa · ∇(df )

Γ γ̃fa + γfaγ̃fa

™
M(df ) dΣ

−
∑

EΣ∈EΣ

∫
EΣ∩ΣD

{
τ
(df )
LSu,Γ

∂α

∂γp

∂γp
∂γf

u ·
Å
ρu · ∇(df )

Γ ua +∇(df )
Γ pa

ã
−

(
∂τ

(df )
LST,Γ

∂Cp

∂Cp

∂γp

+
∂τ

(df )
LST,Γ

∂k

∂k

∂γp

)
∂γp
∂γf

Å
ρCpu · ∇(df )

Γ T −Q

ãÅ
ρCpu · ∇(df )

Γ Ta

ã
− τ

(df )
LST,Γρ

∂Cp

∂γp

∂γp
∂γfïÅ

u · ∇(df )
Γ T

ãÅ
ρCpu · ∇(df )

Γ Ta

ã
+

Å
ρCpu · ∇(df )

Γ T −Q

ãÅ
u · ∇(df )

Γ Ta

ãò}
γ̃faM

(df ) dΣ = 0
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and

Find dfa ∈ H (Σ) for ∀d̃fa ∈ H (Σ) , such that∫
Σ

ï
2fid,Γk∇

(df ;d̃fa)
Γ T · ∇(df )

Γ T + ρ

Å
u · ∇(df ;d̃fa)

Γ

ã
u · ua

+
η

2

Å
∇(df ;d̃fa)

Γ u+∇(df ;d̃fa)
Γ uT

ã
:

Å
∇(df )

Γ ua +∇(df )
Γ uT

a

ã
+

η

2

Å
∇(df )

Γ u+∇(df )
Γ uT

ã
:

Å
∇(df ;d̃fa)

Γ ua +∇(df ;d̃fa)
Γ uT

a

ã
− p div

(df ;d̃fa)
Γ ua − padiv

(df ;d̃fa)
Γ u+ λua · n(df ;d̃fa)

Γ + λa

u · n(df ;d̃fa)
Γ +

Å
ρCpu · ∇(df ;d̃fa)

Γ T

ã
Ta + k∇(df ;d̃fa)

Γ T · ∇(df )
Γ Ta + k∇(df )

Γ T · ∇(df ;d̃fa)
Γ Ta

+ fid,Γr
2
f

Å
∇(df ;d̃fa)

Γ γf · ∇(df )
Γ γfa +∇(df )

Γ γf · ∇(df ;d̃fa)
Γ γfa

ãò
M(df ) +

ï
fid,Γk∇

(df )
Γ T

· ∇(df )
Γ T + ρ

Å
u · ∇(df )

Γ

ã
u · ua +

η

2

Å
∇(df )

Γ u+∇(df )
Γ uT

ã
:

Å
∇(df )

Γ ua +∇(df )
Γ uT

a

ã
− p div

(df )
Γ ua − pa div

(df )
Γ u+ αu · ua + λua · n(df )Γ + λau · n(df )Γ +

Å
ρCpu · ∇(df )

Γ T −Q

ã
Ta + k∇(df )

Γ T · ∇(df )
Γ Ta + fid,Γ

Å
r2f∇

(df )
Γ γf · ∇(df )

Γ γfa + γfγfa − γγfa

ãò
M(df ;d̃fa)

+ r2m∇Σd̃fa · ∇Σdfa + d̃fadfa dΣ−
∑

EΣ∈EΣ

∫
EΣ

ï
τ
(df ;d̃fa)
LSu,Γ

Å
ρu · ∇(df )

Γ u+∇(df )
Γ p+ αu

ã
·
Å
ρu · ∇(df )

Γ ua +∇(df )
Γ pa

ã
+ τ

(df )
LSu,Γ

Å
ρu · ∇(df ;d̃fa)

Γ u+∇(df ;d̃fa)
Γ p

ã
·
Å
ρu · ∇(df )

Γ ua

+∇(df )
Γ pa

ã
+ τ

(df )
LSu,Γ

Å
ρu · ∇(df )

Γ u+∇(df )
Γ p+ αu

ã
·
Å
ρu · ∇(df ;d̃fa)

Γ ua +∇(df ;d̃fa)
Γ pa

ã
+ τ

(df ;d̃fa)
LSp,Γ

Å
ρdiv

(df )
Γ u

ãÅ
div

(df )
Γ ua

ã
+ τ

(df )
LSp,Γ

Å
ρdiv

(df ;d̃fa)
Γ u

ãÅ
div

(df )
Γ ua

ã
+ τ

(df )
LSp,ΓÅ

ρdiv
(df )
Γ u

ãÅ
div

(df ;d̃fa)
Γ ua

ã
− τ

(df ;d̃fa)
LST,Γ

Å
ρCpu · ∇(df )

Γ T −Q

ãÅ
ρCpu · ∇(df )

Γ Ta

ã
− τ

(df )
LST,Γ

Å
ρCpu · ∇(df ;d̃fa)

Γ T

ãÅ
ρCpu · ∇(df )

Γ Ta

ã
− τ

(df )
LST,Γ

Å
ρCpu · ∇(df )

Γ T −Q

ãÅ
ρCpu · ∇(df ;d̃fa)

Γ Ta

ãò
M(df ) +

ï
τ
(df )
LSu,Γ

Å
ρu · ∇(df )

Γ u+∇(df )
Γ p+ αu

ã
·
Å
ρu · ∇(df )

Γ ua +∇(df )
Γ pa

ã
+ τ

(df )
LSp,Γ

Å
ρdiv

(df )
Γ u

ãÅ
div

(df )
Γ ua

ã
− τ

(df )
LST,ΓÅ

ρCpu · ∇(df )
Γ T −Q

ãÅ
ρCpu · ∇(df )

Γ Ta

ãò
M(df ;d̃fa) dΣ = 0
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where τ
(df ;d̃fa)
LSu,Γ , τ

(df ;d̃fa)
LSp,Γ and τ

(df ;d̃fa)
LST,Γ are the first-order variationals of τ

(df )
LSu,Γ, τ

(df )
LSp,Γ and

τ
(df )
LST,Γ to df , respectively, and they are derived as

τ
(df ;d̃fa)
LSu,Γ =



hEΣ

4ρ ∥u∥2
(
M(df )

) 1
2

M(df ;d̃fa),
hEΣ

2ρ ∥u∥2

(
M(df )

) 1
2
<

h2
EΣ

12η
M(df )

h2
EΣ

12η
M(df ;d̃fa),

hEΣ

2ρ ∥u∥2

(
M(df )

) 1
2 ≥

h2
EΣ

12η
M(df )

τ
(df ;d̃fa)
LSp,Γ =



hEΣ ∥u∥2

4
(
M(df )

) 1
2

M(df ;d̃fa), u2 < ϵ
1
2
eps

hEΣ

4
(
M(df )

) 1
2

M(df ;d̃fa), u2 ≥ ϵ
1
2
eps

τ
(df ;d̃fa)
LST,Γ =



hEΣ

4ρCp ∥u∥2
(
M(df )

) 1
2

M(df ;d̃fa),
hEΣ

2ρCp ∥u∥2

(
M(df )

) 1
2
<

h2
EΣ

12k
M(df )

h2
EΣ

12k
M(df ;d̃fa),

hEΣ

2ρCp ∥u∥2

(
M(df )

) 1
2 ≥

h2
EΣ

12k
M(df )


∀d̃fa ∈ H (Σ) .
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S-6.15 Adjoint analysis for design objective in Eq. 36

Based on the transformed design objective in Eq. S-131, the variational formulations of the
surface-PDE filters in Eqs. S-73 and S-74 and the surface Navier-Stokes equations in Eq. S-125
and the surface convective heat-transfer equation in Eq. S-130, the augmented Lagrangian of
the design objective in Eq. 36 can be derived as

ĴT =

∫
Σ

fid,Γk∇
(df )
Γ T · ∇(df )

Γ TM(df ) +

ï
ρ

Å
u · ∇(df )

Γ

ã
u · ua +

η

2

Å
∇(df )

Γ u+∇(df )
Γ uT

ã
:

Å
∇(df )

Γ ua +∇(df )
Γ uT

a

ã
− p div

(df )
Γ ua − pa div

(df )
Γ u+ αu · ua + λua · n(df )Γ

+ λau · n(df )Γ

ò
M(df ) dΣ−

∑
EΣ∈EΣ

∫
EΣ

τ
(df )
LSu,Γ

Å
ρu · ∇(df )

Γ u+∇(df )
Γ p+ αu

ã
·
Å
ρu · ∇(df )

Γ ua +∇(df )
Γ pa

ã
M(df ) + τ

(df )
LSp,Γ

Å
ρdiv

(df )
Γ u

ãÅ
div

(df )
Γ ua

ã
M(df ) dΣ

+

∫
Σ

ïÅ
ρCpu · ∇(df )

Γ T −Q

ã
Ta + k∇(df )

Γ T · ∇(df )
Γ Ta

ò
M(df ) dΣ

+
∑

EΣ∈EΣ

∫
EΣ

τ
(df )
LST,Γ

Å
ρCpu · ∇(df )

Γ T −Q

ãÅ
ρCpu · ∇(df )

Γ Ta

ã
M(df ) dΣ

+

∫
Σ

fid,Γ

Å
r2f∇

(df )
Γ γf · ∇(df )

Γ γfa + γfγfa − γγfa

ã
M(df )

+ r2m∇Σdf · ∇Σdfa + dfdfa −Ad

Å
dm − 1

2

ã
dfa dΣ,
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where ĴT is the augmented lagrangian of JT ; and the adjoint variables satisfy

ua ∈ (H (Σ))3

pa ∈ H (Σ)

λa ∈ L2 (Σ)

Ta ∈ H (Σ)

γfa ∈ H (ΣD)

dfa ∈ H (Σ)


with


ua = 0 at ∀x ∈ lv,Σ ∪ lv0,Σ

λa = 0 at ∀x ∈ lv,Σ ∪ lv0,Σ

Ta = 0 at ∀x ∈ lv,Σ

. (S-142)



The first order variational of the augmented Lagrangian in Eq. S-141 can be derived as

δĴT =

∫
Σ

fid,Γ
∂k

∂γp

∂γp
∂γf

∇(df )
Γ T · ∇(df )

Γ TM(df )δγf + 2fid,Γk∇
(df ;δdf )
Γ T · ∇(df )

Γ TM(df )

+ 2fid,Γk∇
(df )
Γ δT · ∇(df )

Γ TM(df ) + fid,Γk∇
(df )
Γ T · ∇(df )

Γ TM(df ;δdf )

+

ï
ρ

Å
δu · ∇(df )

Γ

ã
u · ua + ρ

Å
u · ∇(df ;δdf )

Γ

ã
u · ua + ρ

Å
u · ∇(df )

Γ

ã
δu · ua

+
η

2

Å
∇(df )

Γ δu+∇(df )
Γ δuT

ã
:

Å
∇(df )

Γ ua +∇(df )
Γ uT

a

ã
+

η

2

Å
∇(df ;δdf )

Γ u+∇(df ;δdf )
Γ uT

ã
:

Å
∇(df )

Γ ua +∇(df )
Γ uT

a

ã
+

η

2

Å
∇(df )

Γ u

+∇(df )
Γ uT

ã
:

Å
∇(df ;δdf )

Γ ua +∇(df ;δdf )
Γ uT

a

ã
− δpdiv

(df )
Γ ua − p div

(df ;δdf )
Γ ua

− padiv
(df ;δdf )
Γ u− padiv

(df )
Γ δu+

∂α

∂γp

∂γp
∂γf

u · uaδγf + αδu · ua + δλua · n(df )Γ

+ λua · n(df ;δdf )
Γ + λaδu · n(df )Γ + λau · n(df ;δdf )

Γ

ò
M(df ) +

ï
ρ

Å
u · ∇(df )

Γ

ã
u · ua

+
η

2

Å
∇(df )

Γ u+∇(df )
Γ uT

ã
:

Å
∇(df )

Γ ua +∇(df )
Γ uT

a

ã
− p div

(df )
Γ ua − padiv

(df )
Γ u

+ αu · ua + λua · n(df )Γ + λau · n(df )Γ

ò
M(df ;δdf ) dΣ

−
∑

EΣ∈EΣ

∫
EΣ

Å
τ
(df ;δdf )
LSu,Γ + τ

(df ;δu)
LSu,Γ

ãÅ
ρu · ∇(df )

Γ u+∇(df )
Γ p+ αu

ã
·
Å
ρu · ∇(df )

Γ ua

+∇(df )
Γ pa

ã
M(df ) + τ

(df )
LSu,Γ

ï
ρ

Å
δu · ∇(df )

Γ u+ u · ∇(df ;δdf )
Γ u+ u · ∇(df )

Γ δu

ã
+∇(df ;δdf )

Γ p+∇(df )
Γ δp+ αδu+

∂α

∂γp

∂γp
∂γf

uδγf

ò
·
Å
ρu · ∇(df )

Γ ua +∇(df )
Γ pa

ã
M(df )

+ τ
(df )
LSu,Γ

Å
ρu · ∇(df )

Γ u+∇(df )
Γ p+ αu

ã
·
ï
ρ

Å
δu · ∇(df )

Γ ua + u · ∇(df ;δdf )
Γ ua

ã
+∇(df ;δdf )

Γ pa

ò
M(df ) + τ

(df )
LSu,Γ

Å
ρu · ∇(df )

Γ u+∇(df )
Γ p+ αu

ã
·
Å
ρu · ∇(df )

Γ ua

+∇(df )
Γ pa

ã
M(df ;δdf ) +

Å
τ
(df ;δdf )
LSp,Γ + τ

(df ;δu)
LSp,Γ

ãÅ
ρdiv

(df )
Γ u

ãÅ
div

(df )
Γ ua

ã
M(df )

+ τ
(df )
LSp,Γρ

Å
div

(df ;δdf )
Γ u+ div

(df )
Γ δu

ãÅ
div

(df )
Γ ua

ã
M(df ) + τ

(df )
LSp,Γ

Å
ρdiv

(df )
Γ u

ãÅ
div

(df ;δdf )
Γ ua

ã
M(df ) + τ

(df )
LSp,Γ

Å
ρdiv

(df )
Γ u

ãÅ
div

(df )
Γ ua

ã
M(df ;δdf ) dΣ

+

∫
Σ

ï
ρCp

Å
δu · ∇(df )

Γ T + u · ∇(df ;δdf )
Γ T + u · ∇(df )

Γ δT

ã
Ta + ρ

∂Cp

∂γp

∂γp
∂γf

u · ∇(df )
Γ T

Taδγf +
∂k

∂γp

∂γp
∂γf

∇(df )
Γ T · ∇(df )

Γ Taδγf + k∇(df ;δdf )
Γ T · ∇(df )

Γ Ta + k∇(df )
Γ δT · ∇(df )

Γ Ta

+ k∇(df )
Γ T · ∇(df ;δdf )

Γ Ta

ò
M(df ) +

ïÅ
ρCpu · ∇(df )

Γ T −Q

ã
Ta + k∇(df )

Γ T · ∇(df )
Γ Ta

ò
M(df ;δdf ) dΣ +

∑
EΣ∈EΣ

∫
EΣ

Å
τ
(df ;δdf )
LST,Γ + τ

(df ;δu)
LST,Γ

ãÅ
ρCpu · ∇(df )

Γ T −Q

ãÅ
ρCpu · ∇(df )

Γ Ta

ã
M(df )
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+ τ
(df )
LST,ΓρCp

Å
δu · ∇(df )

Γ T + u · ∇(df ;δdf )
Γ T + u · ∇(df )

Γ δT

ãÅ
ρCpu · ∇(df )

Γ Ta

ã
M(df )

+ τ
(df )
LST,Γ

Å
ρCpu · ∇(df )

Γ T −Q

ã
ρCp

Å
δu · ∇(df )

Γ Ta + u · ∇(df ;δdf )
Γ Ta

ã
M(df )

+ τ
(df )
LST,Γ

Å
ρCpu · ∇(df )

Γ T −Q

ãÅ
ρCpu · ∇(df )

Γ Ta

ã
M(df ;δdf ) +

(
∂τ

(df )
LST,Γ

∂Cp

∂Cp

∂γp

+
∂τ

(df )
LST,Γ

∂k

∂k

∂γp

)
∂γp
∂γf

Å
ρCpu · ∇(df )

Γ T −Q

ãÅ
ρCpu · ∇(df )

Γ Ta

ã
M(df )δγf

+ τ
(df )
LST,Γρ

∂Cp

∂γp

∂γp
∂γf

ïÅ
u · ∇(df )

Γ T

ãÅ
ρCpu · ∇(df )

Γ Ta

ã
+

Å
ρCpu · ∇(df )

Γ T −Q

ãÅ
u · ∇(df )

Γ Ta

ãò
M(df )δγf dΣ

+

∫
Σ

fid,Γ

ï
r2f

Å
∇(df )

Γ δγf · ∇(df )
Γ γfa +∇(df ;δdf )

Γ γf · ∇(df )
Γ γfa +∇(df )

Γ γf · ∇(df ;δdf )
Γ γfa

ã
+ δγfγfa − δγγfa

ò
M(df ) + fid,Γ

Å
r2f∇

(df )
Γ γf · ∇(df )

Γ γfa + γfγfa − γγfa

ã
M(df ;δdf )

+ r2m∇Σδdf · ∇Σdfa + δdfdfa −Adδdmdfa dΣ

with the satisfication of the constraints in Eq. S-142 and

δu ∈ (H (Σ))3

δp ∈ H (Σ)

δλ ∈ L2 (Σ)

δT ∈ H (Σ)

δγf ∈ H (ΣD)

δγ ∈ L2 (ΣD)

δdf ∈ H (Σ)

δdm ∈ L2 (Σ)



with


δu = 0 at ∀xΣ ∈ lv,Σ ∪ lv0,Σ

δλ = 0 at ∀xΣ ∈ lv,Σ ∪ lv0,Σ

δT = 0 at ∀xΣ ∈ lv,Σ

. (S-144)

According to the Karush-Kuhn-Tucker conditions of the PDE constrained optimization prob-
lem [4], the first order variational of the augmented Lagrangian to T can be set to be zero as∫

Σ

Å
2fid,Γk∇

(df )
Γ T · ∇(df )

Γ δT + ρCpu · ∇(df )
Γ δTTa + k∇(df )

Γ δT · ∇(df )
Γ Ta

ã
M(df ) dΣ

+
∑

EΣ∈EΣ

∫
EΣ

τ
(df )
LST,Γ

Å
ρCpu · ∇(df )

Γ δT

ãÅ
ρCpu · ∇(df )

Γ Ta

ã
M(df ) dΣ = 0,
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the first order variational of the augmented Lagrangian to u, p and λ can be set to be zero as∫
Σ

ï
ρ

Å
δu · ∇(df )

Γ u+ u · ∇(df )
Γ δu

ã
· ua +

η

2

Å
∇(df )

Γ δu+∇(df )
Γ δuT

ã
:

Å
∇(df )

Γ ua +∇(df )
Γ uT

a

ã
− δpdiv

(df )
Γ ua − padiv

(df )
Γ δu+ αδu · ua + δλua · n(df )Γ + λaδu · n(df )Γ + ρCpδu · ∇(df )

Γ TTa

ò
M(df ) dΣ−

∑
EΣ∈EΣ

∫
EΣ

ß
τ
(df ;δu)
LSu,Γ

Å
ρu · ∇(df )

Γ u+∇(df )
Γ p+ αu

ã
·
Å
ρu · ∇(df )

Γ ua +∇(df )
Γ pa

ã
+ τ

(df )
LSu,Γ

ï
ρ

Å
δu · ∇(df )

Γ u+ u · ∇(df )
Γ δu

ã
+∇(df )

Γ δp+ αδu

ò
·
Å
ρu · ∇(df )

Γ ua +∇(df )
Γ pa

ã
+ τ

(df )
LSu,Γ

Å
ρu · ∇(df )

Γ u+∇(df )
Γ p+ αu

ã
·
Å
ρδu · ∇(df )

Γ ua

ã
+ τ

(df ;δu)
LSp,Γ

Å
ρdiv

(df )
Γ u

ãÅ
div

(df )
Γ ua

ã
+ τ

(df )
LSp,Γ

Å
ρdiv

(df )
Γ δu

ãÅ
div

(df )
Γ ua

ã
− τ

(df ;δu)
LST,Γ

Å
ρCpu · ∇(df )

Γ T −Q

ãÅ
ρCpu · ∇(df )

Γ Ta

ã
− τ

(df )
LST,Γ

Å
ρCpδu · ∇(df )

Γ T

ãÅ
ρCpu · ∇(df )

Γ Ta

ã
− τ

(df )
LST,Γ

Å
ρCpu · ∇(df )

Γ T −Q

ãÅ
ρCpδu · ∇(df )

Γ Ta

ã™
M(df ) dΣ = 0,

(S-146)



the first order variational of the augmented Lagrangian to γf can be set to be zero as∫
ΣD

Å
∂α

∂γp

∂γp
∂γf

u · uaδγf +
∂k

∂γp

∂γp
∂γf

∇(df )
Γ T · ∇(df )

Γ Tδγf + ρ
∂Cp

∂γp

∂γp
∂γf

u · ∇(df )
Γ TTaδγf

+
∂k

∂γp

∂γp
∂γf

∇(df )
Γ T · ∇(df )

Γ Taδγf + r2f∇
(df )
Γ δγf · ∇(df )

Γ γfa + δγfγfa

ã
M(df ) dΣ

−
∑

EΣ∈EΣ

∫
EΣ∩ΣD

{
τ
(df )
LSu,Γ

∂α

∂γp

∂γp
∂γf

u ·
Å
ρu · ∇(df )

Γ ua +∇(df )
Γ pa

ã
−

(
∂τ

(df )
LST,Γ

∂Cp

∂Cp

∂γp

+
∂τ

(df )
LST,Γ

∂k

∂k

∂γp

)
∂γp
∂γf

Å
ρCpu · ∇(df )

Γ T −Q

ãÅ
ρCpu · ∇(df )

Γ Ta

ã
− τ

(df )
LST,Γρ

∂Cp

∂γp

∂γp
∂γfïÅ

u · ∇(df )
Γ T

ãÅ
ρCpu · ∇(df )

Γ Ta

ã
+

Å
ρCpu · ∇(df )

Γ T −Q

ãÅ
u · ∇(df )

Γ Ta

ãò}
δγfM

(df ) dΣ = 0,
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and the first order variational of the augmented Lagrangian to df can be set to be zero as∫
Σ

Å
2fid,Γk∇

(df ;δdf )
Γ T · ∇(df )

Γ T

ã
M(df ) + fid,Γk∇

(df )
Γ T · ∇(df )

Γ TM(df ;δdf )

+

ï
ρ

Å
u · ∇(df ;δdf )

Γ

ã
u · ua +

η

2

Å
∇(df ;δdf )

Γ u+∇(df ;δdf )
Γ uT

ã
:

Å
∇(df )

Γ ua +∇(df )
Γ uT

a

ã
+

η

2

Å
∇(df )

Γ u+∇(df )
Γ uT

ã
:

Å
∇(df ;δdf )

Γ ua +∇(df ;δdf )
Γ uT

a

ã
− p div

(df ;δdf )
Γ ua

− padiv
(df ;δdf )
Γ u+ λua · n(df ;δdf )

Γ + λau · n(df ;δdf )
Γ

ò
M(df ) +

ï
ρ

Å
u · ∇(df )

Γ

ã
u

· ua +
η

2

Å
∇(df )

Γ u+∇(df )
Γ uT

ã
:

Å
∇(df )

Γ ua +∇(df )
Γ uT

a

ã
− p div

(df )
Γ ua

− pa div
(df )
Γ u+ αu · ua + λua · n(df )Γ + λau · n(df )Γ

ò
M(df ;δdf )

+

ïÅ
ρCpu · ∇(df ;δdf )

Γ T

ã
Ta + k∇(df ;δdf )

Γ T · ∇(df )
Γ Ta + k∇(df )

Γ T · ∇(df ;δdf )
Γ Ta

ò
M(df ) +

ïÅ
ρCpu · ∇(df )

Γ T −Q

ã
Ta + k∇(df )

Γ T · ∇(df )
Γ Ta

ò
M(df ;δdf )

+ fid,Γr
2
f

Å
∇(df ;δdf )

Γ γf · ∇(df )
Γ γfa +∇(df )

Γ γf · ∇(df ;δdf )
Γ γfa

ã
M(df )

+ fid,Γ

Å
r2f∇

(df )
Γ γf · ∇(df )

Γ γfa + γfγfa − γγfa

ã
M(df ;δdf )

+ r2m∇Σδdf · ∇Σdfa + δdfdfa dΣ

−
∑

EΣ∈EΣ

∫
EΣ

τ
(df ;δdf )
LSu,Γ

Å
ρu · ∇(df )

Γ u+∇(df )
Γ p+ αu

ã
·
Å
ρu · ∇(df )

Γ ua +∇(df )
Γ pa

ã
M(df ) + τ

(df )
LSu,Γ

Å
ρu · ∇(df ;δdf )

Γ u+∇(df ;δdf )
Γ p

ã
·
Å
ρu · ∇(df )

Γ ua +∇(df )
Γ pa

ã
M(df )

+ τ
(df )
LSu,Γ

Å
ρu · ∇(df )

Γ u+∇(df )
Γ p+ αu

ã
·
ï
ρu · ∇(df ;δdf )

Γ ua +∇(df ;δdf )
Γ pa

ò
M(df )

+ τ
(df )
LSu,Γ

Å
ρu · ∇(df )

Γ u+∇(df )
Γ p+ αu

ã
·
Å
ρu · ∇(df )

Γ ua +∇(df )
Γ pa

ã
M(df ;δdf )

+ τ
(df ;δdf )
LSp,Γ

Å
ρdiv

(df )
Γ u

ãÅ
div

(df )
Γ ua

ã
M(df ) + τ

(df )
LSp,Γ

Å
ρdiv

(df ;δdf )
Γ u

ãÅ
div

(df )
Γ ua

ã
M(df ) + τ

(df )
LSp,Γ

Å
ρdiv

(df )
Γ u

ãÅ
div

(df ;δdf )
Γ ua

ã
M(df ) + τ

(df )
LSp,Γ

Å
ρdiv

(df )
Γ u

ãÅ
div

(df )
Γ ua

ã
M(df ;δdf ) − τ

(df ;δdf )
LST,Γ

Å
ρCpu · ∇(df )

Γ T −Q

ãÅ
ρCpu · ∇(df )

Γ Ta

ã
M(df )

− τ
(df )
LST,Γ

Å
ρCpu · ∇(df ;δdf )

Γ T

ãÅ
ρCpu · ∇(df )

Γ Ta

ã
M(df )

− τ
(df )
LST,Γ

Å
ρCpu · ∇(df )

Γ T −Q

ãÅ
ρCpu · ∇(df ;δdf )

Γ Ta

ã
M(df )

− τ
(df )
LST,Γ

Å
ρCpu · ∇(df )

Γ T −Q

ãÅ
ρCpu · ∇(df )

Γ Ta

ã
M(df ;δdf ) dΣ = 0.
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The constraints in Eqs. S-142 and S-144 are imposed to Eqs. S-145, S-146, S-147 and S-148.
Then, the adjoint sensitivity of JT is derived as

δĴT = −
∫
ΣD

γfaδγM
(df ) dΣ−

∫
Σ

Addfaδdm dΣ. (S-149)



Without losing the arbitrariness of δu, δp, δλ, δT , δγf , δdf , δγ and δdm, one can set

ũa = δu

p̃a = δp

λ̃a = δλ

T̃a = δT

γ̃fa = δγf

d̃fa = δdf

γ̃ = δγ

d̃m = δdm



with



∀ũa ∈ (H (Σ))3

∀p̃a ∈ H (Σ)

∀λ̃a ∈ L2 (Σ)

∀T̃a ∈ H (Σ)

∀γ̃fa ∈ H (ΣD)

∀d̃fa ∈ H (Σ)

∀γ̃ ∈ L2 (ΣD)

∀d̃m ∈ L2 (Σ)
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for Eqs. S-145, S-146, S-147 and S-148 to derive the adjoint system composed of Eqs. S-135,
S-136, S-138 and S-139.

S-6.16 Variational formulations of adjoint equations for dissipa-
tion power in Eq. 32

In Eq. 38, the adjoint variables γfa and dfa are derived by sequentially solving the variational
formulation for the adjoint equations of the surface Navier-Stokes equations

Find


ua ∈ (H (Σ))3 with ua = 0 at ∀x ∈ lv,Σ ∪ lv0,Σ

pa ∈ H (Σ)

λa ∈ L2 (Σ) with λa = 0 at ∀x ∈ lv,Σ ∪ lv0,Σ

for


∀ũa ∈ (H (Σ))3

∀p̃a ∈ H (Σ)

λ̃a ∈ L2 (Σ)

, such that

∫
Σ

ß
η

Å
∇(df )

Γ ũa +∇(df )
Γ ũT

a

ã
:

Å
∇(df )

Γ u+∇(df )
Γ uT

ã
+ 2αu · ũa + ρ

ïÅ
ũa · ∇(df )

Γ

ã
u

+

Å
u · ∇(df )

Γ

ã
ũa

ò
· ua +

η

2

Å
∇(df )

Γ ũa +∇(df )
Γ ũT

a

ã
:

Å
∇(df )

Γ ua +∇(df )
Γ uT

a

ã
− p̃a

div
(df )
Γ ua − padiv

(df )
Γ ũa + αũa · ua + λ̃aua · n(df )Γ + λaũa · n(df )Γ

™
M(df ) dΣ

−
∑

EΣ∈EΣ

∫
EΣ

ß
τ
(df ;ũa)
LSu,Γ

Å
ρu · ∇(df )

Γ u+∇(df )
Γ p+ αu

ã
·
Å
ρu · ∇(df )

Γ ua +∇(df )
Γ pa

ã
+ τ

(df )
LSu,Γ

ï
ρ

Å
ũa · ∇(df )

Γ u+ u · ∇(df )
Γ ũa

ã
+∇(df )

Γ p̃a + αũa

ò
·
Å
ρu · ∇(df )

Γ ua +∇(df )
Γ pa

ã
+ τ

(df )
LSu,Γ

Å
ρu · ∇(df )

Γ u+∇(df )
Γ p+ αu

ã
·
Å
ρũa · ∇(df )

Γ ua

ã
+ τ

(df ;ũa)
LSp,Γ

Å
ρdiv

(df )
Γ u

ãÅ
div

(df )
Γ ua

ã
+ τ

(df )
LSp,Γ

Å
ρdiv

(df )
Γ ũa

ãÅ
div

(df )
Γ ua

ã™
M(df ) dΣ = 0
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and the variational formulations for the adjoint equations of the surface-PDE filters

Find γfa ∈ H (ΣD) for ∀γ̃fa ∈ H (ΣD) , such that∫
ΣD

ïÅ
∂α

∂γp

∂γp
∂γf

u2 +
∂α

∂γp

∂γp
∂γf

u · ua

ã
γ̃fa + r2f∇

(df )
Γ γ̃fa · ∇(df )

Γ γfa + γ̃faγfa

ò
M(df ) dΣ

−
∑

EΣ∈EΣ

∫
EΣ∩ΣD

τ
(df )
LSu,Γ

∂α

∂γp

∂γp
∂γf

u ·
Å
ρu · ∇(df )

Γ ua +∇(df )
Γ pa

ã
γ̃faM

(df ) dΣ = 0
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and

Find dfa ∈ H (Σ) for ∀d̃fa ∈ H (Σ) , such that∫
Σ

ï
η

Å
∇(df ;d̃fa)

Γ u+∇(df ;d̃fa)
Γ uT

ã
:

Å
∇(df )

Γ u+∇(df )
Γ uT

ã
+ ρu · ∇(df ;d̃fa)

Γ u · ua

+
η

2

Å
∇(df ;d̃fa)
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:
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+

η

2

Å
∇(df )

Γ u+∇(df )
Γ uT

ã
:

Å
∇(df ;d̃fa)

Γ ua +∇(df ;d̃fa)
Γ uT

a

ã
− p div

(df ;d̃fa)
Γ ua − padiv

(df ;d̃fa)
Γ u+ λua · n(df ;d̃fa)

Γ

+ λau · n(df ;d̃fa)
Γ + fid,Γr

2
f

Å
∇(df ;d̃fa)

Γ γf · ∇(df )
Γ γfa +∇(df )
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Γ γfa
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M(df )

+

ï
η

2
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∇(df )

Γ u+∇(df )
Γ uT

ã
:
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∇(df )

Γ u+∇(df )
Γ uT

ã
+ αu2 + ρ

Å
u · ∇(df )

Γ

ã
u · ua

+
η

2

Å
∇(df )

Γ u+∇(df )
Γ uT

ã
:

Å
∇(df )

Γ ua +∇(df )
Γ uT

a

ã
− p div

(df )
Γ ua − padiv

(df )
Γ u

+ αu · ua + λua · n(df )Γ + λau · n(df )Γ + fid,Γ

Å
r2f∇

(df )
Γ γf · ∇(df )

Γ γfa + γfγfa

− γγfa

ãò
M(df ;d̃fa) + r2m∇Σdfa · ∇Σd̃fa + dfad̃fa dΣ

−
∑

EΣ∈EΣ

∫
EΣ

ï
τ
(df ;d̃fa)
LSu,Γ

Å
ρu · ∇(df )

Γ u+∇(df )
Γ p+ αu

ã
·
Å
ρu · ∇(df )

Γ ua +∇(df )
Γ pa

ã
+ τ

(df )
LSu,Γ

Å
ρu · ∇(df ;d̃fa)

Γ u+∇(df ;d̃fa)
Γ p

ã
·
Å
ρu · ∇(df )

Γ ua +∇(df )
Γ pa

ã
+ τ

(df )
LSu,ΓÅ

ρu · ∇(df )
Γ u+∇(df )

Γ p+ αu

ã
·
Å
ρu · ∇(df ;d̃fa)

Γ ua +∇(df ;d̃fa)
Γ pa

ã
+ τ

(df ;d̃fa)
LSp,ΓÅ

ρdiv
(df )
Γ u

ãÅ
div

(df )
Γ ua

ã
+ τ

(df )
LSp,Γ

Å
ρdiv

(df ;d̃fa)
Γ u

ãÅ
div

(df )
Γ ua

ã
+ τ

(df )
LSp,Γ

Å
ρdiv

(df )
Γ u

ãÅ
div

(df ;d̃fa)
Γ ua

ãò
M(df ) +

ï
τ
(df )
LSu,Γ

Å
ρu · ∇(df )

Γ u+∇(df )
Γ p+ αu

ã
·
Å
ρu · ∇(df )

Γ ua

+∇(df )
Γ pa

ã
+ τ

(df )
LSp,Γ

Å
ρdiv

(df )
Γ u

ãÅ
div

(df )
Γ ua

ãò
M(df ;d̃fa) dΣ = 0.
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S-6.17 Adjoint analysis for constraint of dissipation power in Eq.
36

Based on the variational formulations of the surface Navier-Stokes equations in Eq. S-125 and
the surface-PDE filters in Eqs. S-73 and S-74, the augmented Lagrangian of the dissipation
power Φ in Eq. S-132 can be derived as

Φ̂ =

∫
Σ

ï
η

2

Å
∇(df )

Γ u+∇(df )
Γ uT

ã
:

Å
∇(df )

Γ u+∇(df )
Γ uT

ã
+ αu2 + ρ

Å
u · ∇(df )

Γ

ã
u · ua

+
η

2

Å
∇(df )

Γ u+∇(df )
Γ uT

ã
:

Å
∇(df )

Γ ua +∇(df )
Γ uT

a

ã
− p div

(df )
Γ ua − padiv

(df )
Γ u+ αu

· ua + λua · n(df )Γ + λau · n(df )Γ + fid,Γ

Å
r2f∇

(df )
Γ γf · ∇(df )

Γ γfa + γfγfa − γγfa

ãò
M(df ) + r2m∇Σdf · ∇Σdfa + dfdfa −Ad

Å
dm − 1

2

ã
dfa dΣ−

∑
EΣ∈EΣ

∫
EΣ

τ
(df )
LSu,ΓÅ

ρu · ∇(df )
Γ u+∇(df )

Γ p+ αu

ã
·
Å
ρu · ∇(df )

Γ ua +∇(df )
Γ pa

ã
M(df )

+ τ
(df )
LSp,Γ

Å
ρdiv

(df )
Γ u

ãÅ
div

(df )
Γ ua

ã
M(df ) dΣ,
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where Φ̂ is the augmented lagrangian of Φ; and the adjoint variables satisfy

ua ∈ (H (Σ))3

pa ∈ H (Σ)

λa ∈ L2 (Σ)

γfa ∈ H (ΣD)

dfa ∈ H (Σ)


with

®
ua = 0 at ∀xΣ ∈ lv,Σ ∪ lv0,Σ

λa = 0 at ∀xΣ ∈ lv,Σ ∪ lv0,Σ
. (S-155)

Based on the related results in Section 2, the first order variational of Φ̂ can be derived as

δΦ̂ =

∫
Σ

ß
η

Å
∇(df )

Γ δu+∇(df )
Γ δuT

ã
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∇(df )

Γ u+∇(df )
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Γ u+∇(df ;δdf )
Γ uT
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Γ uT

a
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with the satisfication of the constraints in Eq. S-155 and

δu ∈ (H (Σ))3

δp ∈ H (Σ)

δλ ∈ L2 (Σ)

δγf ∈ H (ΣD)

δγ ∈ L2 (ΣD)

δdf ∈ H (Σ)

δdm ∈ L2 (Σ)


with

®
δu = 0 at ∀x ∈ lv,Σ ∪ lv0,Σ

δλ = 0 at ∀x ∈ lv,Σ ∪ lv0,Σ
. (S-157)

According to the Karush-Kuhn-Tucker conditions of the PDE constrained optimization prob-
lem, the first order variational of the augmented Lagrangian to u, p and λ can be set to be zero
as ∫
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Γ u+∇(df )
Γ uT

ã
+ 2αu · δu+ ρ

ïÅ
δu · ∇(df )

Γ

ã
u

+

Å
u · ∇(df )

Γ

ã
δu

ò
· ua +

η

2

Å
∇(df )

Γ δu+∇(df )
Γ δuT

ã
:

Å
∇(df )

Γ ua +∇(df )
Γ uT

a

ã
− δpdiv

(df )
Γ ua − padiv

(df )
Γ δu+ αδu · ua + δλua · n(df )Γ + λaδu · n(df )Γ

™
M(df ) dΣ

−
∑

EΣ∈EΣ

∫
EΣ

ß
τ
(df ;δu)
LSu,Γ

Å
ρu · ∇(df )

Γ u+∇(df )
Γ p+ αu

ã
·
Å
ρu · ∇(df )

Γ ua +∇(df )
Γ pa

ã
+ τ

(df )
LSu,Γ

ï
ρ

Å
δu · ∇(df )

Γ u+ u · ∇(df )
Γ δu

ã
+∇(df )

Γ δp+ αδu

ò
·
Å
ρu · ∇(df )

Γ ua +∇(df )
Γ pa

ã
+ τ

(df )
LSu,Γ

Å
ρu · ∇(df )

Γ u+∇(df )
Γ p+ αu

ã
·
Å
ρδu · ∇(df )

Γ ua

ã
+ τ

(df ;δu)
LSp,Γ

Å
ρdiv

(df )
Γ u

ãÅ
div

(df )
Γ ua

ã
+ τ

(df )
LSp,Γ

Å
ρdiv

(df )
Γ δu

ãÅ
div

(df )
Γ ua

ã™
M(df ) dΣ = 0,
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the first order variational of the augmented Lagrangian to the variable γf can be set to be zero
as ∫
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and the first order variational of the augmented Lagrangian to the variable df can be set to be



zero as∫
Σ
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+ αu · ua + λua · n(df )Γ + λau · n(df )Γ + fid,Γ

Å
r2f∇

(df )
Γ γf · ∇(df )

Γ γfa + γfγfa

− γγfa

ãò
M(df ;δdf ) + r2m∇Σδdf · ∇Σdfa + δdfdfa dΣ

−
∑

EΣ∈EΣ

∫
EΣ

ï
τ
(df ;δdf )
LSu,Γ

Å
ρu · ∇(df )

Γ u+∇(df )
Γ p+ αu

ã
·
Å
ρu · ∇(df )

Γ ua +∇(df )
Γ pa

ã
+ τ

(df )
LSu,Γ

Å
ρu · ∇(df ;δdf )

Γ u+∇(df ;δdf )
Γ p

ã
·
Å
ρu · ∇(df )

Γ ua +∇(df )
Γ pa

ã
+ τ

(df )
LSu,Γ

Å
ρu · ∇(df )

Γ u+∇(df )
Γ p+ αu

ã
·
Å
ρu · ∇(df ;δdf )

Γ ua +∇(df ;δdf )
Γ pa

ã
+ τ

(df ;δdf )
LSp,Γ

Å
ρdiv

(df )
Γ u

ãÅ
div

(df )
Γ ua

ã
+ τ

(df )
LSp,Γ

Å
ρdiv

(df ;δdf )
Γ u

ãÅ
div

(df )
Γ ua

ã
+ τ

(df )
LSp,Γ

Å
ρdiv

(df )
Γ u

ãÅ
div

(df ;δdf )
Γ ua

ãò
M(df ) +

ï
τ
(df )
LSu,Γ

Å
ρu · ∇(df )

Γ u+∇(df )
Γ p+ αu

ã
·
Å
ρu · ∇(df )

Γ ua +∇(df )
Γ pa

ã
+ τ

(df )
LSp,Γ

Å
ρdiv

(df )
Γ u

ãÅ
div

(df )
Γ ua

ãò
M(df ;δdf ) dΣ = 0.
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The constraints in Eqs. S-155 and S-157 are imposed to Eqs. S-158, S-159 and S-160. Then,
the adjoint sensitivity of Φ is derived as

δΦ̂ = −
∫
ΣD

δγγfaM
(df ) dΣ−

∫
Σ

Adδdmdfa dΣ. (S-161)

Without losing the arbitrariness of δu, δp, δλ, δγf , δdf , δγ and δdm, one can set

ũa = δu

p̃a = δp

λ̃a = δλ

γ̃fa = δγf

d̃fa = δdf

γ̃ = δγ

d̃m = δdm


with



∀ũa ∈ (H (Σ))3

∀p̃a ∈ H (Σ)

∀λ̃a ∈ L2 (Σ)

∀γ̃fa ∈ H (ΣD)

∀d̃fa ∈ H (Σ)

∀γ̃ ∈ L2 (ΣD)

∀d̃m ∈ L2 (Σ)

(S-162)

for Eqs. S-158, S-159 and S-160 to derive the adjoint system composed of Eqs. S-151, S-152
and S-153.

S-6.18 Variational formulations of adjoint equations for area frac-
tion in Eq. 34

In Eq. 40, the adjoint variables γfa and dfa are derived by sequentially solving the variational
formulations for the adjoint equations of the surface-PDE filters:

Find γfaH (ΣD) for ∀γ̃faH (ΣD) , such that∫
ΣD

Å
∂γp
∂γf

γ̃fa + r2f∇
(df )
Γ γfa · ∇(df )

Γ γ̃fa + γfaγ̃fa

ã
M(df ) dΣ = 0

(S-163)



and 

Find dfaH (Σ) for ∀d̃faH (Σ) , such that∫
Σ

fid,Γr
2
f

Å
∇(df ;d̃fa)

Γ γf · ∇(df )
Γ γfa +∇(df )

Γ γf · ∇(df ;d̃fa)
Γ γfa

ã
M(df )

+ fid,Γ

Å
γp + r2f∇

(df )
Γ γf · ∇(df )

Γ γfa + γfγfa − γγfa

ã
M(df ;d̃fa)

+ r2m∇Σdfa · ∇Σd̃fa + dfad̃fa dΣ = 0.

(S-164)

In Eq. 41, the adjoint variable dfa is derived by solving the variational formulation for the
adjoint equation of the surface-PDE filter for the implicit 2-manifold:

Find dfaH (Σ) for ∀d̃faH (Σ) , such that∫
Σ

fid,ΓM
(df ;d̃fa) + r2m∇Σdfa · ∇Σd̃fa + dfad̃fa dΣ = 0.

(S-165)

S-6.19 Adjoint analysis for area constraint in Eq. 36

The adjoint sensitivity of the area fraction of the surface structure can be derived from that of
the area of the surface structure and the area of the implicit 2-manifold. The adjoint analysis
in this section is implemented for those two areas.

S-6.19.1 Adjoint analysis for area of surface structure

Based on the variational formulations of the surface-PDE filters in Eqs. S-73 and S-74, the
augmented Lagrangian of the area of the surface structure can be derived as÷s |ΓD| =

∫
Σ

fid,Γ

Å
γp + r2f∇

(df )
Γ γf · ∇(df )

Γ γfa + γfγfa − γγfa

ã
M(df )

+ r2m∇Σdf · ∇Σdfa + dfdfa −Ad

Å
dm − 1

2

ã
dfa dΣ,

(S-166)

where÷s |ΓD| is the augmented lagrangian of s |ΓD|; and the adjoint variables satisfy®
γfa ∈ H (ΣD)

dfa ∈ H (Σ)
. (S-167)

Based on the related results in Section 2, the first order variational of÷s |ΓD| can be derived
as

δ÷s |ΓD| =
∫
Σ

fid,Γ

ï
∂γp
∂γf

δγf + r2f

Å
∇(df )

Γ δγf · ∇(df )
Γ γfa +∇(df ;δdf )

Γ γf

· ∇(df )
Γ γfa +∇(df )

Γ γf · ∇(df ;δdf )
Γ γfa

ã
+ δγfγfa − δγγfa

ò
M(df )

+ fid,Γ

Å
γp + r2f∇

(df )
Γ γf · ∇(df )

Γ γfa + γfγfa − γγfa

ã
M(df ;δdf )

+ r2m∇Σδdf · ∇Σdfa + δdfdfa −Adδdmdfa dΣ

(S-168)

with the satisfication of Eq. S-167 and
δγf ∈ H (ΣD)

δγ ∈ L2 (ΣD)

δdf ∈ H (Σ)

δdm ∈ L2 (Σ)

. (S-169)

According to the Karush-Kuhn-Tucker conditions of the PDE constrained optimization prob-
lem, the first order variational of the augmented Lagrangian to γf can be set to be zero as∫

ΣD

Å
∂γp
∂γf

δγf + r2f∇
(df )
Γ δγf · ∇(df )

Γ γfa + δγfγfa

ã
M(df ) dΣ = 0, (S-170)

and the first order variational of the augmented Lagrangian to the variable df can be set to be
zero as ∫

Σ

fid,Γr
2
f

Å
∇(df ;δdf )

Γ γf · ∇(df )
Γ γfa +∇(df )

Γ γf · ∇(df ;δdf )
Γ γfa

ã
M(df )

+ fid,Γ

Å
γp + r2f∇

(df )
Γ γf · ∇(df )

Γ γfa + γfγfa − γγfa

ã
M(df ;δdf )

+ r2m∇Σδdf · ∇Σdfa + δdfdfa dΣ = 0.

(S-171)



The constraints in Eqs. S-167 and S-169 are imposed to Eqs. S-170 and S-171. Then, the
adjoint sensitivity of s |ΓD| is derived as

δ÷s |ΓD| = −
∫
ΣD

δγγfaM
(df ) dΣ−

∫
Σ

Adδdmdfa dΣ. (S-172)

Without losing the arbitrariness of δγf , δdf , δγ and δdm, one can set

γ̃fa = δγf

d̃fa = δdf

γ̃ = δγ

d̃m = δdm

 with


∀γ̃fa ∈ H (ΣD)

∀d̃fa ∈ H (Σ)

∀γ̃ ∈ L2 (ΣD)

∀d̃m ∈ L2 (Σ)

(S-173)

for Eqs. S-170 and S-171 to derive the adjoint system composed of Eqs. 40, S-163 and S-164.

S-6.19.2 Adjoint analysis for area of implicit 2-manifold

Based on the variational formulation of the surface-PDE filter in Eq. S-73, the augmented
Lagrangian of the area of the implicit 2-manifold can be derived as‘|ΓD| =

∫
Σ

fid,ΓM
(df ) + r2m∇Σdf · ∇Σdfa + dfdfa −Ad

Å
dm − 1

2

ã
dfa dΣ, (S-174)

where ‘|ΓD| is the augmented lagrangian of |ΓD|; and the adjoint variables satisfy

dfa ∈ H (Σ) . (S-175)

Based on the related results in Section 2, the first order variational of ‘|ΓD| can be derived
as

δ‘|ΓD| =
∫
Σ

fid,ΓM
(df ;δdf ) + r2m∇Σδdf · ∇Σdfa + δdfdfa −Adδdmdfa dΣ (S-176)

with the satisfication of Eq. S-175 and ®
δdf ∈ H (Σ)

δdm ∈ L2 (Σ)
. (S-177)

According to the Karush-Kuhn-Tucker conditions of the PDE constrained optimization prob-
lem, the first order variational of the augmented Lagrangian to df can be set to be zero as∫

Σ

fid,ΓM
(df ;δdf ) + r2m∇Σδdf · ∇Σdfa + δdfdfa dΣ = 0. (S-178)

The constraints in Eqs. S-175 and S-177 are imposed to Eq. S-178. Then, the adjoint sensitivity
of |ΓD| is derived as

δ‘|ΓD| =
∫
Σ

−Adδdmdfa dΣ. (S-179)

Without losing the arbitrariness of δdf and δdm, one can set

d̃fa = δdf

d̃m = δdm

}
with

{
∀d̃fa ∈ H (Σ)

∀d̃m ∈ L2 (Σ)
(S-180)

for Eqs. S-178 and S-179 to derive the adjoint system composed of Eqs. 41 and S-165.
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