S-6 Supplementary material

This section provides the transformations of the tangential gradient operator and unit normal
vector, the first order variational of the related variables and transformed operators, the varia-
tional formulations of the related PDEs, the transformation of the related expressions, and the
details for the adjoint analysis of the topology optimization problems.

S-6.1 Transformations of tangential gradient operator Vr and
unit normal vector on I
The tangential gradient operator defined on a 2-manifold is the tangential component of the

gradient operator defined in the 3D space in which the 2-manifold imbedded. Therefore, Vr
can be transformed into

Vi =PVie
=Vxz — (nr- Vxg)nr
=T Vg — [nr : (TF lvxn)} nr (S-63)

=Tr' (Vo +Vs) = {nr- [T7" (Vs + Vs)]} nr
= {T:'Vs = [nr - (T7'Vs)] nr} + {T5'Vs = [nr - (T7'VE) | nr}

where P is the normal projector presented in Eq. 17; Vxz and Vx,, are the gradient operators in
the 3D Euclidean domains = and {2 imbedded with I' and ¥ in the extended Cartesian systems
of xr and x5, respectively, and they satisfy Vyo = T;lvxﬂ at xr € T' with Vxs € 3; and Vg
is the normal component of V,, on ¥. Because the variables on X are defined intrinsically, Vs
is nonexistent. Therefore, the tangential gradient operator in Eq. S-63 can be transformed into
Eq. 11. By implementing the dot product with nr at the both sides of Eq. 11, nr - Vr = 0 can
be retained for a differentiable function defined on I'. Therefore, the transformed form of Vr in
Eq. 11 is self-consistent.

From the relation in Eq. 6, the following geometrical relation among the unit normal vectors
on ¥ and I' and the gradient of dy can be derived as sketched in Fig. 2:

nr || (ns — Vzdf), Vxs € ¥ (S-64)

where - || - represents the parallel relation of two vectors. Therefore, the unit normal vector on
I can be derived by normalizing (nx — Vsdy) at Vx5 € X, i.e. the unit normal vector on I' can
be derived as Eq. 12.
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S-6.2 First order variational of n;. */, V. °/ and divy "’ to d;

The first order variational of the 2-norm of a vector function can be derived as

f

2
5 (Iflly)" = 21fll, S [IF|l, = 6F% = 2f - 6f = 6 [|f[l, = T - of (5-65)
2
where f represents a vector function. Based on Eq. S-65, the first order variational of nlgdf ) to
dy can be derived as
- 5 (df) o7
n{ri) o Veds nr " Veds () v, e (). (S-66)

n
[ns — Vsdsll, = [ns — Vsdg|, "

Because the tangential gradient operator Vr depends on dy, its first-order variational to dy can
be derived as

(dgidsa) aTg! - Tt - { (dsidfa) (me1
- . : . - (T
Vil 9= gy Ve T gvg,  VEde ) Veg — or (17" Vs9)

(dz) oT! - oTp ! i (r)
B {“F " K ad; Yot ovsds 'vzdfa) vng i (5-67)
_ {nﬁdf) : (T;1V29)} nf17700%),

Vg € H(X) and Vds, € H (D).
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Similarly, the first-order variational of divr to dy can be derived as

- (dpsdga) oT:' 5 oty 7 (d53dsa) (=1 (d5)
divp g= tr ad; dfa + OV nd; -Vsdse | Vsg — |np . ('JI‘F Vzg) np
4

(4 [0 5 ot o -

{nr‘ 8df dfa + 8ngf Vdea VZg
dy _ dyidsg

_ H 1) (TFIVzg)} nl(“ fidy ))7

Vg € (H(X))® and Vds, € H ().

(S-68)

Because dy is a differentiable homeomorphism, it can induce the Riemannian metric for I'.
Then, the differential on the base manifold and implicit 2-manifold satisfies

—1
dl’ = |Tr| TFnﬁdf) dx
) 7 (S-69)
B 1
dlor = [|7r|l, || T e, dlos

where dlgr and diss are the differential of the boundary curves of I' and X, respectively. In Eq.
S-69, the unit tangential vector 7r at OT sketched in Fig. 2 satisfies

n-y || (ns X Vsdy)
nr || (ns — Vsdy)
N, =n0r X Tr

Ts || Vads

Therefore, the second equation in Eq. S-69 can be transformed into

dlor = ||(ns x Vsdy) x (ns — Vedp)|l, |Tr ' [(ns x Vsdy) x (ng — vgdf)m;l dles. (S-71)

=TT || [(1’12 X Vz}df) X (1’12 — Vz}df)} . (S-70)

In the following parts, M) and £(4r) for Egs. S-69 and S-71 are derived as
Tpnl(,df)

2 . (8-72)
L(df) = ||(ns x Vzdf) X (nxg — Vzdf)”2 HT;I [(nz X Vzdf) X (ny — Vzdf)”Bl

Mldr) = |Tr|

S-6.3 Variational formulations of surface-PDE filters

The variational formulation of the surface-PDE filter in Eq. 5 is considered in the first order
Sobolev space defined on X. It can be derived based on the Galerkin method:

Find dy € # () for d, € £?(X) and Vdy € H (2),

) S 1 (5-73)
such that / rmVedy - Vedy +dydy — Ag (dm — 5) d;d¥ =0
>

where d; is the test function of ds; H (X) represents the first order Sobolev space defined on ¥;
and £? (X) represents the second order Lebesque space defined on X.

The variational formulation of the surface-PDE filter in Eq. 9 is considered in the first order
Sobolev space defined on I'p. It can be derived based on the Galerkin method:

Find 74 € H (I'p) for v € £L>('p) and ¥5; € H (T'p),
"2 ~ - - (S-74)
such that / riVrys - Vryy +y5yr — vy dl =0

T'p
where 75 is the test function of vy; H (I'p) represents the first order Sobolev space defined on
I'p; and L2 (I'p) represents the second order Lebesque space defined on I'p.

Based on the transformed tangential gradient operator in Eq. 13, the homeomorphism
between H (I') and H (X) described in Eq. 6 and the homeomorphism between H (I'p) and
H (Xp) described in Eq. 7, the coupling relation between the two sets of design variables can
be derived by instituting Eq. 13 into Eq. S-74:

Find v; € H (Xp) for v € £* (Xp) and Vi; € H (Ep),

S-75
such that / (rfcvlgdf)yf . Vl(flf):yf + vy — ’y’yf) M) gs =0 ( )
p

(dr)

where the tangential gradient operator Vr on I' is replaced by its transformed form V. *7 in Eq.
13; and H (Ep) and £?(Xp) defined on ©p are the homeomorphous counterparts of H (I'p)
and £? (T'p), respectively.



S-6.4 Variational formulation of surface Navier-Stokes equations

The variational formulation of the surface Navier-Stokes equations is considered in the func-
tional spaces without containing the tangential constraint of the fluid velocity. The tangential
constraint of the fluid velocity is imposed by using the Lagrangian multiplier [1,2]. Based on
the Galerkin method, the variational formulation of the surface Navier-Stokes equations can be
derived as

u=u at Vxr € ly,r

u € (H(I))* with v
u =0 at Vxr € ly,r
Find
peH(I)
A€ L£3(T) with A =0 at Vxr € ly,r Ulyyr
va e (H(T))*
forc VD€ H(I') , such that (S-76)

VA€ £*(D)

/ p(u-Vp)u-a+ g (Vru+veu") : (Vri+ Vra") - pdivei — pdivru
T

+ou i+ Ai-nr+Au-npdl — > / 8prVrp - Vrpdl = 0
Ep

Ereér

where A is the Lagrange multiplier used to impose the tangential constraint of the fluid velocity;
u, p and X are the test functions of u, p and A, respectively; the Brezzi-Pitkaranta stabilization
term )

- Z / Tep,rVrp - Vrpdl' (S-77)

Epecep Y Er

with 7ppr representing the stabilization parameter is imposed on the variational formulation,
in order to use linear finite elements to solve both the fluid velocity and pressure; &r is an
elementization of I'; and Er is an element of the elementization &r. The stabilization parameter
is chosen as [3]
h,.
12n’
where hg.. is the size of the element Er. Because the element Er and the elementization £r for
the 2-manifold I" are implicitly defined on the base manifold X, they are derived from the design
variable for the implicit 2-manifold I" and the explicit elementization £ of the base manifold
3. Based on Egs. S-69 and S-72, h%r in 7pp,r can be approximated by the area of Er. Then,
it can be transformed into

(S-78)

TBPT =

h%rz/ 1dr’
Ep

- M) gs
(S-79)

Ex
~hZ, M(df)dZ// 1ds
Ex Ex,
_(d
:hQEZMng)7

where hgg, is the size of the element Ex representing an element of the explicit elementization

Es of ¥ Mf(jdzf) is the average value of M(df) in the element FEx; and the area of Fx can be

approximated as hf,,, ie. [ 5y, 1dE ~ h%,,. Because the elementization satisfies hy,, < ||

(4r)

_ (d
with |X| representing the area of 3, MEEf can be well approximated by the value of M(df) at

Vxs € FEx, i.e.
_ (d
Mézf) ~ M) vxy € Bx. (5-80)
Therefore, the stabilization parameter 7gpr in Eq. S-78 can be transformed into
h2
Tjgcjv,)r _ B g r(dy). (S-81)

12n

Because [, r and [l,,,r are homeomorphous to [, x and l,,,s, respectively, I, s and l,, 5 are
fixed, and w,, ;. is homeomorphous to w, y, the variational formulation in Eq. S-76 can be
transformed into the following form defined on ¥ based on the coupling relations in Section



2.2.3:

u=u at Vxx €y,
ue (H(D)® with o B
u=0at Vxs € ly,,s

Find
peN(E)
M€ L£2(B) with A =0 at Vxs € lyx Uly,s
va e (H (E))
for{ Vp € H(X) , such that
VA e L’ (%) (S-82)

/E {p (u-vﬁdf)) u-ii+ g (vgdf)mr vgdf)uT) : (vﬁdf)fw vgdf)ﬁT>

—pdivt™ i — paiv a4 au- a4+ rdnl) +u. nﬁdf)}M(df) s

/ oty vl pa(en) as — o,

Exeéy *

S-6.5 Variational formulation of surface convection-diffusion equa-
tion
Based on the Galerkin method, the variational formulation of the surface convection-diffusion

equation is considered in the first order Sobolev space defined on the implicit 2-manifold I':

Find ¢ € H (T') with ¢ = ¢o at Vxr € l,,r, for Vé € H ('), such that

/ (u-Vre)é+ DVre-Veedl + 3 / rper (u-Vree) (u-Vpd) dr—o (583
r BEreér
where ¢ is the test function of ¢; the Petrov-Galerkin stabilization term
> / rpe,r (u- Vre) (u-Vré) dl (S-84)

Ereér

with 7pe r representing the stabilization parameter is imposed on the variational formulation,
in order to use the linear finite elements to solve the distribution of the concentration. The
stabilization parameter is chosen as [3]

—1
4 2{u

TPG,F:(I_LQE D+ | |2) . (S-85)
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Based on Egs. S-69, S-79 and S-80, 7pa,r can be transformed into

-1

(df)F _ 4 + 2||uH2 ) (S-SG)

P MOID (e

Based on the homeomorphisms and the coupling relations in Section 2.2.3, the variational
formulation in Eq. S-83 can be transformed into the form defined on X:

Find ¢ € H (X) with ¢ = ¢ at Vxs € L5, for Ve € H (X)),

such that /
b

+ Z / 7'PGF gdf)c> (U'ngf)E)M(df)dZ:O.

Excfs

(dr) ) = (dr) . oldr) -
(u-Vrf c)chDvF e vy c} M) gs (s57)

S-6.6 Transformation of design objective in Eq. 21 and pressure
drop in Eq. 23

Based on the coupling relations in Section 2.2.3 and Eq. S-72, the design objective in Eq. 21
can be transformed into

g4 = /l< ) 1) digs | | e =020 digs. (5-88)

uE

Based on Eq. S-72 and the relation in Eq. S-70 sketched in Fig. 2, the pressure drop in Eq. 23
can be transformed into

Ap(dr) :/ pL(df)dlaE_/ L) iy, (S-89)

ly,s ls,»



S-6.7 Variational formulations of adjoint equations for design ob-
jective in Eq. 21

The variational formulation for the adjoint equation of the surface convection-diffusion equation
is derived as

Find ¢, € H (X) with ¢, =0 at Vxs € l,,5, for Vé, € H (X)
such that / 2 (c — &) L), dips / / (co — &) L4 dips

+/ Ku : Z;Edf)ga> Ca+ Dvgdf)aa . Véz;ica} s (S-90)

+ Z /Ez ngdcf,)r (u : Vl(ﬂdf)éa> (u . ngf)ca> M) as =0

Exe€yx

where ¢, is the adjoint variable of ¢ and &, is the test function of ¢,. The variational formulation
for the adjoint equations of the surface Naiver-Stokes equations is derived as
u, € (H(2))* with u, =0 at Vx € I, 5 Ulyy,»
Find { pa € H (X2)
Ao € L2 () with Ay =0 at VX € L5 Uly,s
Vi, € (H (%))
for { Vpa € H(X) , such that
Y, € L2 (D)

/ |:p (ﬁa . Vl(_‘df)) u-u, +p (u . Vl(_‘df)) Uy - ug + g (vgdf)ﬁa 4 vgdf)ﬁaT)
Js
: (Vlgdf)ua + Vlgdf)uZ) - ﬁadivgdf)ua - padivgdf)ﬁa + at, - u, + (Xlua + )\aﬁa)

.ngdfu(ﬁahvﬁdf)c) CQ}M(df)dE+ ) / [7Téif7)rv§df)ﬁa‘v§df)pa

Ex €€y

+ rl(fgfrﬁ“) (u . ngf)c) (u . Vlgd‘f)ca> + 7'1(;3} (ﬁa . Vlgd‘f)c> (u . Vlgdf)ca)

+7s) (u . Vﬁdf)c) (ﬁa vl )ca) }M(df) ds =0

(S-91)

where u,, p, and A\, are the adjoint variables of u, p and A, respectively; G,, po and Xq are the

dpsig) . c . d
test functions of u,, pe and A, respectively; and TI(JG{I ) is the first-order variational of 7'}(>Gf’)F

to u, and it is expressed as
—2

dy,ig 4 2ju 2u - u, -
S = - L Wl b, e H(D)

WMD" (Ve ) gy (00)

(S-92)
The variational formulations for the adjoint equations of the surface-PDE filters for v and d,,

are derived as

Find vfq € H(Xp) for Vs, € H(Xp), such that

da O . 2 (4r) - (45) . ) (d5)
u-ugyse +7:V oV a+FfraYfa ) M\F/dE =0
/QD (é%h)avf Vs fvr vr r Vr YiaVf

(S-93)



and

Find ds, € H () for Vds, € H (X), such that
/ (c — )2 L(4rdsa) dlag// (co —&)? L) dipy — / (c— )2 L{%) dips
ls,» ly,s ls,»

/ (co — &2 Lridra) dlaz/ (/ (co— 2 L) dios; | + {p (u ‘ vgdfﬂifa)) u

l'u,E

U+ g (ngf;‘ifa)u+ ngf@fa)uT) : (ngf)ua n ngf)u”ar> n g (ngf)u+ vgdf)uT)
: (vgdf o) g, 4 vl “)uZ) —pdivt )y v )y 4 (e + Aew)
(i) (u vl "‘Zf“)c) ca+ DV e pli)e, 4 pylt) i),

+ fiarr] (Vﬁdﬁ&“)w Ve + 9 Vﬁdf;gf“)vfa) }M(df) + {P (u : ngf)) u
‘ug + g (ngf)u + Vﬁdf)uT) : (ngf)ua + ngf)uaT) — pdivl(ﬂdf)ua — padivl(ﬂdf)u
+au-ug + Aug - nﬁdf) + Au - nlgdf) + (u . ngf)c) Ca + Dvgdf)c . ngf)ca

dy dy )
+ fiar (T?V£ f)Wf : VE j)’Yfa + Y Yfa — 'V'Yfa) }M(df’df”)
+ 72, Vsdsa - Vsda + dpadsa dS

+ ) /EZ K—Téi{ff)vgdf)p,vgdf)pa _Tg«;{)rvgdf;gfa)plvgdf)pa _Tgi:vf,%vl(adf)p

. szjiia)pa) + T}(;g’ffa) (u . Vlgdf)c) (u . Vlgdf)ca) + T}(;gi)r (u . Vlgdf;gfa)c)
(u . vgdf)ca) n 7_}()‘16{31 (u . vgdf)c) (u _ vlgdf;éfa)ca> } n) 4 [ B T}gdpf’)rvﬁdf)p

: ngf)pa + Tz(jga" (u . ngf)c> (u : Vﬁdf)ca) }M(d”{f‘l) d¥ =0

(S-94)
~ d ?dh a d 5‘2 a
where 45, and dy, are the test functions of s, and dys,, respectively; T}(BPfIf ) and Tl(gcfyrf )

(df) (d5)

are the first-order variationals of 75 p v and 7pg 1 to dy, respectively, and they are expressed as
didsg h2 .d ~
i) = T M), vdra € () (5-95)

and

-2

Sdpidpa) _ 4 " 2 |ull,

PG.T hQEzM(df)D e (M(df))%
=

(S-96)

4 [[ul],

h2, (M(df)>2D hy (M(df))%

Mdridse) i, e 4 (),

M(45:dsa) and L(47397a) are the first-order variationals of M(?7) and L(%7) to dy derived based
on Eq. 8 and Eq. S-65 in the supplementary material, and they are expressed as

1 _
(df§d'fa) — (a‘Tﬂ 7 8|TF| . 7 ) T (df) T T (df)
M ad; dfa+8VEdf Vsdfa ja e . |Tr| || Trogy ,
OTr _(df) 5 ( oTr 5 ) (dr) (df?‘ifa)}
“ . “ T S-97
{adan Aot guga, VEbe)mr "+ Trnp (8-97)

. (Tmﬁdf)) , Vdja € H(D)



(asidpe) _ (D2 X Vydy) X (ny = Vedy) {3[(112 X Vxdy) x (ny — Vxdy)]
[(ns x Vsdy) x (ns — Vsdy)]|, Vsdy

|Tr! [(ns x Vsdyf) x (ng — Vzdf)]H;1 +l(ns x Vsdy) x (ns — Vsdg)ll,

-1 -1
oTy dr+ o' o Jfa)

. Vzdfa}

I
ad;y OVsdy

0 [(nz; X ngf) X (ng — Vz;df)]
OVsdy

H']T;l [(ns x Vsdy) x (ng — Vz:df)]Hg_B { (

[(ns X Vsdy) x (ns — Vsdy)] + Tfl{

. VZCZfa}} . {T;l [(nz X ngf) X (nz; — ngf)}} s V(Zfa eEH (Z) .
(S-98)

S-6.8 Adjoint analysis for design objective in Eq. 24

Based on the transformed design objective in Eq. S-88, the variational formulations of the
surface-PDE filters in Eqgs. S-73 and S-74, the surface Navier-Stokes equations in Eq. S-82 and
the surface convection-diffusion equation in Eq. S-87, the augmented Lagrangian of the design
objective in Eq. 24 can be derived as

jC:/l (C—E)QL(df)dlaz//l (co —E)Q L(df) dlag—i—/Z {p <u~V1€df)>u-ua

3 <v§df)u - vEdf)uT) : (vgdf)“a + vﬁdf)uf) — pdiviu, - padivi™u

+au-ua+Aua-n1€df)+)\au»nl(ﬂdf)}M(df)de Z / Té‘g%vgdf)p
Ex

Excéx
) p () as + / Ku : vﬁd"')c) ca+ DV e vﬁdf)ca} M) s (S-99)

+ Z /EZ Tlgog} (u . Vlgd‘f)c) (u . Vl(ﬂd'f)ca) M(df) dy + /2 fiar

Ex€€ys

d d
<T?V£ f)’Yf : V£ f)wa + VYV fa — ’Wfa) M) + 12, Vsdy - Vsdga
+ dfdfa — Ay (dm — %) dfa dy,

where J. is the augmented lagrangian of J.; and the adjoint variables satisfy

u, € (H(%))°

Pa 7‘[2(2) U, =0 at Vxs € l,, s Uly,,s

Aa € L7(2) with { Ag =0 at Vxs € ly,x Uly,,s - (S-100)
Ca € H (Z) ca =0 at Vxx € ly»

Yfa € H(ZD)

dia € H(X2)

Based on the transformed operators in Eqs. 13 and 14 and their first order variationals in
Eqgs. S-67 and S-68, together with the first order variational of the 2-norm of a vector function
in Eq. S-65, the first order variational of the augmented Lagrangian in Eq. S-99 can be derived



/ [2 (c—=¢)L L) e 4 (c—2)? Lldss 5df dlaz// co —@)° L(4s) dlas:

/ (c— ) )dlag/ (co — &)* L{4r97) dlag/ (/ (co —&)* L(%r) dlag)Q
/ du- V ))u-ua+p(u-Vlgdf))5u~ua—&—p(u-VI(,df;Mf))u.ua
n
2

n (V( ) su +V( )6uT) : (vﬁdf)uﬁvﬁdf)uf) +ﬂ(ngfﬁdf)u_,_vgdfﬁdf)uT)

2
: (Vﬁdf)ua + ol ”u’f) +17 (vﬁdf)u + vgdf)uT) : (vﬁd”‘”f) ua + V)T )
—op div(df) u, — pdivl(ﬂdf;édf)ua - padivlgdf;édf)u — padivlgdf)5u + adu-u,
+ g—;%u Wab7s + (Ata + Aat) - 07 4 (5Auq + Aobu) -ngdf)}M(df)
+ {p (u : Vﬁdf)) e+ (vﬁdf)u + vﬁdf)uT> : (vﬁdf)ua + vﬁdf)uf)
—pdivgdf)ua - padiv( )u +au-u, + Au, - nlg ) + X\u (df):|M(df;5df) dx

- / A gty ol p () 1 () ol s, o) g, ar(en)
Bxeéy / Ex

i) g rodn) G p () g i) G L)y, g lirodn)

N ng)rvgdf)p . ngf)paM(df;édf) A2 + / [ (511 ) Vl(ﬂdf)c) o + (u . ngf)éc) Cu

+ (u : Vﬁdf;édf)c> Ca + Dvgd'f)(gc . ngf)ca " Dvgdf;édf)

paM(45)

e- v\ e, + DU,
‘vl(“df;édf)Ca}M(df) n Ku ' vgdf)c) o+ Dvgdf)C-Vﬁdf)Ca} ar(dsisds) gx

* 5[ G er) (uwi0) (o wi e

Excfx

+rs) <6u Ve pu.wlroi), u~v§df)5c) (u : vﬁdf)ca) ()

+784). (u : vgdf)c) <6u ey tu vﬁdf””f)ca) M) 4 i) (u : vﬁdf)c)
( df) ) M(drdds) gy 4 /E fia,r {r?vgdf)éw : ngf)wa + 0V Vfa — 07V ta
ir ( (df;‘;df),yf ~V§df)7fa " Vﬁdf)vf ) ngf%édf),yfa> } M) 4 frar (T?VEdf)'yf

vgdf)'Yfa + Y Vfa — Wfa)M(df;édf) + 7 Vsddy - Vsdsa + dsdsa — Aaddmdsa dS
(S-101)

with the satisfication of the constraints in Eq. S-100 and

duc (H(%))?
dp € H ()
SN € L7 (D)
dee H(X)
5’Vf EH (ED)
6y € L (Ep)
ody € H (D)
odm € L? (Z)

du=0 at Vxx € lv,g U lvo,E
with o =0 at Vxs € lv,g @] lvo,g R (8—102)
0c =0 at Vxx € l,x

where 0 is the first-order variational operator.

According to the Karush-Kuhn-Tucker conditions of the PDE constrained optimization prob-



lem [4], the first order variational of the augmented Lagrangian to ¢ can be set to be zero as

/ 2(c—2) 5c dlaz// (co — c ds) dlos

ls,s

+
p>)

+ Z / TPGF (f)50) (u'Vlgdf)ca)M(df)dE:O

Exelx

(u RS f)60> ca + DV f)ac RS f)ca] M) 4z (S-103)

the first order variational of the augmented Lagrangian to u, p and A can be set to be zero as
/ [p (5u : vﬁdf)) U+ p (u : vﬁdf)) bu-u + 2 (vﬁdf)au + vﬁdf)auT)
b3
: (ngf)ua + ngf)uz) —0p divl(fif)ua — padivl(fif)du +adu-u,

+ (6A\ug + Aodu) -nlgdf) + (611 . Vl(,df)c) Ca:| (@) an

(S-104)
b3 [ [ s 1) (0 90) (- 9
Bxeéy ’ Bx
+ T}(pde’)F (5u . ngf)c) (u - ngf)ca) + T}(;g} (u - ngf)c)
<6u : vﬁdf)ca) }M(df) as = 0,
the first order variational of the augmented Lagrangian to v can be set to be zero as
oa O ,
/ (%a—zpu wadyy + 3V gy, vy 4 5’Yf’Yfa) M) ds =0, ($-105)
P



and the first order variational of the augmented Lagrangian to dy can be set to be zero as

/ (c — )2 L(4r:945) dzaz// (co — &)? L4 dlpy, 7/ (e — )2 L) dlps,
ls,s 2>

ls,»

/ (co — ) 1, (dg:0dy) dlaz/ (/ (co— &) 7,(d5) dl%)z +/ {p (u ' vsdf§5df)) "

" Uq + g (ngf;adf)u + Vlgdf;adf)uT) : (ngf)ua + ngf)uf)

+ g (ng‘f)u + Vlgdf)uT) : (Vl(ﬂd‘f;adf)ua + Vlgdf;éd‘f)uf) — pdivlgdf;gdf)ua

— padivlgdf;édf)u + (Aug + Aqu) - nlgdf;édf)} M(df) + {p (u . ngf)) u-u,

+ g <V1(~df)u+ Vlgdf)uT> : (vlgdf)ua n vlgdf)ug) —pdivl(«df)ua

— padivgdf)u +au-u, + Aug - nI(‘df) + Au- ngdf)} M (4r3945)

+ [ (u sty )c) ca + DY) o g0 o pyl®), yled )ca} ()

+ Ku . ngf)c) ot Dvgif)C . vgdf)ca} g (dgssdy)
+ fid,F'f'?f (ngf;édf)’Yf . Vl(ﬂdf)wa + Vl(fif)vf . ngf;édf)yfa) A(er)

d d .
+ fiar (T?V§ f)w : V§ f)wa + 95 Vfa — Wfa) M (dsiddy)

+ 12 Veddy - Vadge + 0dpdadS + Y / st g 0y g0y, ar(as)
Ex

Exefyxs

(df)p'v(df?édf)p a(dr)

r r a

() v(df?5df)p _ v(df)paM(df) _ T}(;;f)rv

~—TpprT Vr r

B Tlgc;:{’%vl(—‘df)p.Vl(—‘df)paM(df;(sdf) +TI(ch!;lfdf) (u.vlgdf)c) (u . vgdf)ca) ar(r)

+ Tl(gcéf’)r (u . Vl(ﬂdf;édf)c) (u . Vlgdf)ca) M(df) + T}(;g’)r (u . Vl(ﬂdf)c)

(u : vﬁd“édf)ca) M) 470, (u : vﬁdf)c) (u : vﬁdf)ca) M{(45945) 451 = 0.

(S-106)

The constraints in Eqgs. S-100 and S-102 are imposed to Eqgs. S-103, S-104, S-105 and S-106.

Then, the adjoint sensitivity of J. is derived as

5Je = 7/ WaévM(df)dEf/ Audaddm dS.
p P

Without losing the arbitrariness of du, dp, 6, dc, v, ddy, v and ddm, one can set

e = du v, € (H(X))?
Pa = 0p Vba € H (X)
Xa = 6A Y. € L% (%)
Ga = bc Ve eH (D)
Sra = o (T VA € H (D)
djo = 0dy Vs, € H (D)
y =y vy € L? (Zp)
dm = 6dm Vdm € L2 (%)

(S-107)

(S-108)

for Egs. S-103, S-104, S-105 and S-106 to derive the adjoint system composed of Eqs. S-90,

S-91, S-93 and S-94.



S-6.9 Variational formulations of adjoint equations for pressure
drop in Eq. 23

In Eq. 26, the adjoint variables v;, and dy, are derived by sequentially solving the variational
formulation for the adjoint equations of the surface Navier-Stokes equations
u, € (H(2))? with us = 0 at Vx € lyx Ulyy,»
Find { pa € H (¥)
Ao € L7 (Z) with Ay = 0 at VX € Ly 5 Ulyy,s
Vi, € (H (%))
for { Vpa € H (%) , such that
Y, € L2 (D)
/ al(47) dips, — / FaL(2) dlos +/ {p (ﬁa - vﬁdf)) u-ug+p (u - vﬁdf)) i,
b>

lv,Z ls,E

Sug + g (Vlgdf)ﬁa + ngf)ﬁz) : (ngf)ua + Vlgdf)uZ) — Pa divgdf)ua
- padivlgd‘f)

Ty + aillg - Ug + AgUa ‘nl(“df) + Ayl - nlgd.f)}M(df) s

[ o5, 9l p a0z — o0
Bxecey ' B3
(S-109)
and the variational formulations for the adjoint equations of the surface-PDE filters
Find vsq € H (Zp) for Vys, € H(Xp), such that

da O ~ _ - S-110
/ (ilwuawa—&—rivgdf)'yfa-ngf)'yfa—i—wa'yfa) M) gs =0 ( )
b Ovp O

and

Find ds, € H () for Vds, € H (X), such that

/ pL(df;d*fa)dlaZ_/ pL(df;Jfa)dler/ p(u_vﬁdf;dfa))u,ua
lmZ Z&Z =

+ g (VSdf;dfa)u + ngf;dfa)uT> : (vlgdf)ua n Vﬁdf)u@f) N g(vgdf)u

+ Vlgdf)uT> : (Vl(adf;df“)ua + vgdf;df“)u;f) — pdivl(adf;df“)ua - padivl(adf;df“)u

+ Aug - nlgdf;df“)

d;da d?Ja d d
+ Aqu - n1(~ ridsa) +fid,1“7"]2‘(v1(" e )’Yf : Vl(" f)'Yfa +V1(“ f)'Yf

.vﬁdf?dfa),yfa)}M(df) i {p (u . Vﬁdf)> w-u, 4+ g (vgdf)u+vlgdf)uT> : (vgdf)ua

+ vgdf)uﬂf) — pdivl(«df)ua — padivlgdf)u +au-u, + Aug - nlgdf) + Aeu - ngdf)

d d o d =
+ fia.r (rch§ f)w : V§ f)wa + Ve — Wfa) } Msidsa) 422 sdy, - Vsdya

tdpadadS — Y / (T(dfﬂf“)v(df)p ) p, + 75l

BP,T r T BPT YT
Ex €€y

. Vﬁdf;gfa)pa>M(df) + T(df) V(df)p : Vl(ﬂdf)paM(df;Jf“) dX =0.

BPT VT

(S-111)

S-6.10 Adjoint analysis for constraint of pressure drop in Eq. 24

Based on the variational formulations of the surface Navier-Stokes equations in Eq. S-82 and
the surface-PDE filters in Eqgs. S-73 and S-74, the augmented Lagrangian of the pressure drop



AP in Eq. S-89 can be derived as

ZTD:/ pLU) digs, —/ pLU) diys
v, 5 ls,s

"'L {P (u : ngf)) u-u, + g (vl(flf)u n V(Fdf)uT) : (ngf)ua N Vl(flf)u;r>

(45) (d5) (df gdf)

— pdivp — padivy u 4 au-ug + Aug - np )+)\au n

2o (4r) olar) (47) (8-112)
+fid,1"(7'fvr v Vp ’Vfa+7f7fa—vvfa)}M !

+ T?nVEdf . Vzdfa =+ dfdfa — Ay (dm — %) dfa ax

[ Aoy o) as,

Ex €€y
where AP is the augmented lagrangian of AP; and the adjoint variables satisfy
u, € (H(%))*

Pa € H(X)

\ £20s with ug =0 at Vxx € ly,x Ulyy,s (S-113)
a € L7(3) Aa =0 at Vxs € ly,x Ulyy,x ‘

Yo € H(XD)

df,l eH (E)
Based on the related results in Section 2, the first order variational of AP can be derived as

SAP = / spL(4r) 4 pr(rods) qrpe — / spL(4s) 4 pr(dr9ds) qy.

/ ))u'“a"‘P(u'VI(«f;df))u-ua+p(u-vl(,df))5u'ua
+ g (V( )5 +V( )6uT) : (Vlgdf)ua +V1€df)u2)

n

2

n

2

n (v(dfadf) +V§df;5df)uT :(vﬁd‘f)ua_kvgdf)uz)

" (V( )u+V( 1) T ):<vl€df55df)ua+v(df 9dy) T ) 5pd1v1€ Ny w

u — Pa dlvg )6u+a6u ua_‘_aia%

Ovp Ovf

- Uq0yf + 6Aug - nlgdf) + A\ug - nl(ﬂdf;édf) + Agou - nlgdf) + Au- nlgdf’édf)

;6d . (dg;sd
—pdivg ! f)ua —padlvg )

d d dg;od d d _
+ fiar (rivg Dong -V g 130 %4) 5, 9l 2ol (S-114)

. vlgdf;édf)yfa + 0YfVfa — 57%,&)]]\/[(@) n {p (u ' Vl(—\df)) _—
+ g (ngf)u—s— vlgdf)uT> : (ngf)ua n ngf)ug) —Pdivsdf)ua
() (4 )

fpadivr u+au-ug + Aug - np )+)\u np.

+ fiar (T?Vg f)w : Vg f)'Yfa + Y Vfa — Wfa) }M(df;adf) + 12, Vsdds

5
Vsdfa + 6dyda — Aaddmda dS — Y /E A g,

Excéyx

Y LT BN ) o T P (M CH IR RS O

+T BPI‘ r

_ vlg‘df;édf)paM(df) + Téﬁlvgdf)]? ‘ vgdf)paM(df;sdf) a5



with the satisfication of the constraints in Eq. S-113 and

su € (H(%)*
op € H(X)
he L’ (%)
dvs € H(ZD)
oy € L? (Ep)
ddy € H(X)
odm € L% (2)

Su=0at vx €l Ul
with { o PE fom o, 3 (S-115)

SIA=0at Vx € ly, s Ulyys

According to the Karush-Kuhn-Tucker conditions of the PDE constrained optimization prob-

lem, the first order variational of the augmented Lagrangian to u, p and A can be set to be zero
as

/ spL(%) dlys, — / spL(%7) dlys,
ls,):

y p (6u . Vlgdf)> u-uqg+p (u . Vlgdf)) ou-ug + g (Vl(adf)éu—i— Vlgdf)éuT)

.

(S-116)
: (Vlgdf)ua + Vl(ﬂdf)uz) —p divlgdf)ua — padivgdf)éu + adu-u, + oAug - nlgdf)
+Aa5u.n§df)} -y / Dsp . @)y ar4s) ass = o,
Excéy ’ Ex

the first order variational of the augmented Lagrangian to the variable v; can be set to be zero
as

oa 0
/ (%a—%u ugdys + r?Vl(ﬂdf)éfyf . Vlgdf)yfa + 6’Yf’)/fa) M(ds) dX =0, (S-117)
P

and the first order variational of the augmented Lagrangian to the variable dy can be set to be

Zero as
p (u ' vgdf;édf)) _—

/ pL(df?‘sdf)dlazf/ pL(df%édf)dlaer/
Loz lem )

n g(vlgdf§5df)u+ vlgdf;édf)uT) : <V1(—~df)ua +V1€df)u3) N g (Vsdf)u—i— ngf)uT>

: (vgdf;édf) Jrv(df 5df) ) pdivl (dy; adf) 7padiV$df;5df)u+)\ua _ nﬁdf;édf)

dg;6d dg;6d d d dg;6d
+)\au.n1(‘ £iddy) + fiar (r?VE f f)w . v§ f)wa +T§V$ f)w . vs ! f)wa)}

wds) 4 {p (u,vgdf))u.u”g(ngf)quvgdf)uT) : (ngf)uﬁvgdf)ug) (S-118)
N,

— pdivlgd — Pa le( )u +au-u, + Aug - nlgdf) + A u - n(df)

T

+ fia,r (T§V§ f)%f : Vg f)wa + Y Vfa — ’Y’Yfa) }M(df;adf) + 1 Vedds - Vadga

d &d d d d d
+odpdpe dS — ) / BF{F s) f)p v§ f)paM( 1) 4 ) ol f)p
Ex

BP rvr
Exclyx

V) p a8 4 ) o) ol a (i) as o,

r
The constraints in Eqgs. S-113 and S-115 are imposed to Egs. S-116, S-117 and S-118. Then,
the adjoint sensitivity of AP is derived as

SAP = — [ dyypaM(%)dy —/ Agbdmdysa dS. (S-119)
2

Xp



Without losing the arbitrariness of du, dp, 6\, év¢, dds, 6y and dd,,, one can set

la = du Vi, € (H(%))?

Do = 6p Vpa € H (X)

o = 6A Y. € L7 (2)

Yo =06vs % with { Vifa € H(ED) (S-120)
la = 0dy Vs, € H(X)

y = by vy € L? (Xp)

L, = 0dm Vdm € L* (X)

for Egs. S-116, S-117 and S-118 to derive the adjoint system composed of Egs. S-109, S-110
and S-111.

S-6.11 Variational formulation of surface Navier-Stokes equa-
tions

For heat transfer, different stabilization term is chosen in the variational formulation of the
surface Navier-Stokes equations to numerically solve the fluid velocity and pressure by using
linear finite elements. The variational formulation of the surface Navier-Stokes equations can
be derived as

u=uy, . at Vxr € lyr

uc (H(I))* with {

Find
peH(I)

Ae £3(D) with A =0 at Vxr € Ly Uly, 1
va € (H(I))?
for{ Vp € H(I') , such that
VA e £ ()

u=0 at Vxr € ly,,r

(S-121)

/ p(u-Vr)u-a+ g (Vru+ vru") : (Vri+ Vra") - pdivei — pdivru
I

+au~ﬁ+)\ﬁ-nr+/~\u-nrd1“— Z / TLsu,r (pu- Vru+ Vrp + au)
Er

Ereér

. (pll -Vru + Vrﬁ) + TLSp,T (pdinu) (diVFﬁ) dIr =0

where the general least square stabilization term is imposed as

— Z / TLsu,r (pu- Vru+ Vrp + au) - (pu- Vra + Vrp) + mosp,r (pdivru) (divpa) dI'
Erp

Ereér
(S-122)
with 7su,r and 7rsp,r representing the stabilization parameters. The stabilization parameters
are set as [3]
TLSu,I = min (hEF, hZ)EF)
’ 2p|[ull,” 127
Shee lully, u* < b (5-123)

TLSp,I' = L
2 2
§hEF7 u > €eps

where €.ps with the value of 2.2 x 1076 is the floating point precision. Based on Eqs. S-69,
S-79 and S-80, the stabilization parameters in Eq. S-123 can be transformed into

(49) | pin (=DE= (g0} P ()
TrSur = Min 2p Tl (M ) ,12?7M

1 3 1 -
(df) ihEE Hu||2 (M(df)) ’ ’ u2 < Egps ’ (S 124)

TLSp,D = 1
s 1 1 1
ihEZ (M(df)) 2 , u2 > 6821,5

Based on the coupling relations in Section 2.2.3, the variational formulation in Eq. S-121



can be transformed into the form defined on the base manifold X:

u=uy,, at Vxx € ly,x

uc (H(%))® with {

Find
p € H(Y)

Ae £2(X) with A =0 at Vxg € lyx Uly.s
va e (1 (%))?
forc Vp € H(X) , such that
YA e L% ()

/E {p (u.vﬁdf)> u it ! (vgdf)u+v§df)uT> : (ngf)ﬁ+vl(‘df)ﬁT>

2

u=0 at Vxs € l,, s

(S-125)

- pdivgdf)ﬁ — ﬁdivlgdf)u +aou-u+ Aa- nlgdf) +u- nl(ﬂdf)} M) gy
/ H‘;{RF (pu . ng‘f)u + Vl(flf)p + au) . (pu . ng‘f)ﬁ
Bxeéy / Ex

4wl );5> ) <pdiv§df )u) (divﬁdf )ﬁ> }M(df) ds =0.

S-6.12 Variational formulation of the surface convective heat-
transfer equation

Based on the Galerkin method, the variational formulation of the surface convective heat-transfer
equation is considered in the first order Sobolev space defined on the implicit 2-manifold I':

Find T € # (') with T' = Ty at Vxr € I, r, for VI' € H (I,

such that / (pCpu - VT — Q)T + kVrT - VrT dl
T

(S-126)
+ Z / TLST,T (pCpu . VFT — Q) (pCpu . Vﬁf‘) dF = 0
Ereep Y Er
where T is the test function of T and the general least square stabilization term
/ estr (pCpu - Vil — Q) (pCypu - VrT) dT (S-127)
pBregr ’ Br

with 7os7,r representing the stabilization parameter is imposed on the variational formulation,
in order to use linear finite elements to solve Eq. 27 [3]. The stabilization parameter is expressed
as [3]

TLST,r = min - L%F (S-128)
* 20C ull,” 12k
Based on Eqgs. S-69, S-79 and S-80, 7rs7,r can be transformed into
() _ oo hes ()2 PEs 5 (ar)
= — = M\ M\“) ). S-129
rse = min (oo (00) ok (5-129)

Based on the homeomorphisms and the coupling relations in Section 2.2.3, the variational
formulation in Eq. S-83 can be transformed into the form defined on the base manifold X:

Find ¢ € H (X) with ¢ = ¢ at Vxs € lyx, for V¢ € H (X)),

such that /E KpCpu . ngf)T — Q) T + kvgdf)T . ngf)f} Mds) gs (.120)
+ /E Tgfq?,r (pCpu ol - Q) (pCpu : Vﬁdf)T) M) as = o.

Exc€x

S-6.13 Transformation of design objective in Eq. 30, dissipation
power in Eq. 32 and area fraction in Eq. 34

Based on the coupling relations in Section 2.2.3, the design objective in Eq. 30 can be trans-
formed into

J:&df) :/ fid,rkzvgdf)T~V$df)TM(df) dX. (5-131)



Based on the coupling relations in Section 2.2.3, the dissipation power in Eq. 32 can be trans-
formed into

e(dr) — /

Based on the coupling relations in Section 2.2.3, the area fraction in Eq. 34 can be transformed
into

g (vgdf)u + vgdf)uT) : (ku + vgdf)uT) + au"’} M) as, (s-132)

(1) = r|1(df)/z M (47) 45 = M/Efid,mpM(df) s (S-133)

with
Tp|) = [ plds) gy = / FiarM(47) ds. (S-134)
 p p)

S-6.14 Variational formulations of adjoint equations for design
objective in Eq. 30

The variational formulation for the adjoint equation of the surface convective heat-transfer
equation is derived as

Find T, € H (X) with T, = 0 at Vxx, € l, %, for VT, € # (), such that

/{ind,pkvﬁdf)T.vﬁdf) (pC’u V( 7, )T +kv( )Ta.vgdf)fa}
M)z + 3 / ) pCu v, )(pC’u v, )M(df)dEZO

Exc€s

(S-135)

where T, is the adjoint variable of T and 7T, is the test function of T,. The variational formulation
for the adjoint equations of the surface Naiver-Stokes equations is derived as

u, € (H(2))* with u, = 0 at Vx € L, 5 Ulyy,s
Find { pa € H (%)

Ao € L2 () with Ay =0 at VX € L5 Uly,s

Vi, € (H())°
for { Vpa € H(X) , such that

Y € L2 (D)

p (i, Vp VY, ) va + (Ve g + VAl ) (VY g 4+ V]
/E{ (u v )4 4 u V(df)u) u +2( (dr) (dr) T) ( (dr) (dr) T)

— ﬁadivlgdf)ua — padivlgd )ua + alg - ug + )\ u, - n§ 7) 4+ AoUg - nlgdf) + pCpug - Vlgdf)TTa}

M) gn — Z /E {T,-Eé{ll;a) (pu . Vl(,df)qu vﬁdf)erau) . <PU'V1(,df)ua +v§df)pa)

Ex€e€x

+TLS"F{ ( Duta v )+V( )p”“““}'(p“'VSdf)uwvgdf)pa)
g (u-v u+v( Dptau) - (po - 7 u) + 7825 (panfer )
(i ) T(?;),r (e, ) (i) = 755 (o0yu- 917~ Q)
(pcm-v1" ) A0 (st 9ET) (s 9T, — ),

(pC u- vl Q) (pcpﬁa : vﬁdf):ra) }M(df) ax =0

(S-136)



(dysa) _(drsiia) (758 )

; .. d
where 75,17, Trgpr  and TLSfT,Fa are the first-order variationals of T£S’;)7F,
to u, respectively, and they are expressed as

(dr) (dr)

TLSp,T and 77 g7 p

_ hsyu- G, (M(df)>%7 heg (M(df))% < Mo (o)

(dp:ta) 2p|[ull} 2p |ull, 12n
TLSu,r  — 1 B2
gt (M) = )
2p [lull, 12n
hpsu - i, ( (a5) 3 5 1
) NEet U () (dy ) ES
_(45:80) _ ) 2], WS eep
LSp,T"
. (S-137)

0, u® > €2,

~ 1 2

~hewBe ((a)E e (1)) Py 3 p(as)

(dfita) 2pCy [Jull; 2pC% ||ull, 12k
TosT,r = 9

7 hes, ( df)> >
20Cy [|ull, 12k
Vi, € (H (%)),

[N

N[=

M(df)

The variational formulations for the adjoint equations of the surface-PDE filters for v and d,,
are derived as

Find 75, € H(Xp) for V95, € H(Xp), such that

da D, aC, O, (dy) Ok 8%( (dr)
= Pyiu, 4 p2 g T, + S f oV T
AD {{6%; Oy p Ovp Oy r Ovp Oy fiarVr

’ vﬁdf)T * vﬁdf)T ' vﬁdf)T“” Vfa + T?VSdf)’Yfa ' ngf)ﬁfa + Vfrﬂfa}M(df) dx

(dr)
L5 [ R e (sl ) - (225
Exefs Exn3p a'}/p a'Yf an an (8_138)

ar)
oréhr on f‘m( (47) (47) (/) 9C, D
+ LN 2R pCu - Ve T — )(CwVfTa)—Tf PP
ok 57, 6%[ PLp r Q PLp r LST,I‘P&YP 3’Yf

Ku . vﬁd”T) (pcpu : ngf)Ta) + (pCpu S Q)

(u : ngf)Ta) } }ﬁfa]\/[(df) dZ =0




and
Find df, € H () for Vds, € H (X), such that

/ [Zfidjkvl(—\df;dfa)T . vgdf)T + p (ll . vgdf'»dfa)) u-u,

p)

+ g (Vl(ﬂdf;dfa)u + Vl(ﬂdf;df“)uT) : (Vlgdf)ua + Vl(fif)uaT) + g (Vﬁdf)u + Vﬁdf)uT)

: (vgdf;dfa)ua +V( ridga) T ) ple( ridra) w —padivgdf;df")u+)\ua ,nsdf;dfa) Y

u-nl®re) 4 (pC’pu : vgdf;df“)T) To + k9 ) g, 4 gl g,

+ fia,rry (V(Fdf@f“)vf -Vﬁdf)wa + Vﬁd )’Y V(df df“)vfa> }M(df) + {fid,rkvgdf)T

. Vlgdf)T+p (u . Vlgd‘f)> u-ug + Ui (Vlgdf)u + Vlgdf)uT) : (Vlgdf)ua + ngf)uz)

2
fpdivﬁdf)uafpadiv( )quau U, + A\ug - n§ )Jr)\ u- n(d )+(pCpu~Vl(ﬁdf)TfQ)

d d d d .d
T+ kT VT fuar (T?Vg Doy V0 70 — Wfa) }M(df’dfa)

+ 72, Vsdsa - Vedsa + dpadpa dS — Y / Lﬁé{,dpf”) (pu~v§df)u+v§df)p+au)
Ex €y Ex
: (pU-ngf)ua vy )"’TL(,dSu)F (pu yltrstre)y 4 gl ) : (pu~V(df)

+ ng ) ) +r£‘;u)r (pu V( )u+ ngf)p—&-oeu) . (pu V( A fa) u, + ngf;d_fa)pa)
+ Tédf 1) (pdw( 7) ) (divﬁd‘f)ua> + 7'%;% (pdivlgdf;d'f“)u) (div&i‘f)ua) + Té‘é;?r
(pdivgd ) ) (dl (47 df“)ua) é‘édelf“) (pCpu . Vlgdf)T — Q) (pCpu . ngf)Ta)
{8 (o0 I ITY (oo VL) -G (o T )
(pcpu.vgdfﬁfa)Ta)] wlds) 4 { (SU)F (pu~V§df)u+v§df)p+au)

: (Pu . Vlgdf)ua + Vl(fif)Pa) + T£ZQF (pdivlgdf)u) (divgdf)ua) — T(df)

LST,T

(pcpu vy Q) (pcpu : vﬁd"')Ta) }M(df“ifa) dz =0
(S-139)



(dgsdsa) (dg) _(dy)

(dsdpa) _(dfidya)

where Tp g, ", Trs,r ~ and Tpgpp”’ are the first-order variationals of 7p ¢,/ 1, Tp g, and
TééfT),F to dy, respectively, and they are derived as
s 1 2
hey M(rdra) _es (M(df)) 2 sy (a))
N * 2]l 12
(aydza) _ J 4pul, (M(20)
TLSur = =
2 . 1 2
Mon pplsdee) | _DEn_ (3(a0)? 5 bEw )
12n 2p|[uall, 121
s s ) (i) 2 o b
a(mles))®
Té‘éf idsa) _
»r %M(dﬁifﬂ)’ u? > eéps
4 (M(df)> 2
s 1 2
(df dfa) 4pC ||uH2 (M(df))2 p PHu”Q
TosTr = =
2 1 2
Bon ppltridre), PEn__ (h(40))* 5 B (o)
12k " 2pCyp ||ull, = 12k
Vds, € H (D).
(S-140)

S-6.15 Adjoint analysis for design objective in Eq. 36

Based on the transformed design objective in Eq. S-131, the variational formulations of the
surface-PDE filters in Egs. S-73 and S-74 and the surface Navier-Stokes equations in Eq. S-125
and the surface convective heat-transfer equation in Eq. S-130, the augmented Lagrangian of
the design objective in Eq. 36 can be derived as

Jr :/ Fuarke T a0 1 (w9 )+ 2 (9t v [T
: <V(d )ua + V( ) ) pdlv( ) U fpadivl(ﬁdf)quau “Uq + Aug »nlgdf)
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+ 75, Vsdy - Vsdse +dpdsa — Ag (dm - %) dfq dX,
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where Jr is the augmented lagrangian of Jr; and the adjoint variables satisfy

u, € (H(%))?

Pa € ’HQ(E) u, =0at Vx €lyx Ulyy,s

Aa € L7 (%) with ¢ A\ =0at Vx €ly s Ulyy,s . (5-142)
To € H(X) To =0 at VX € Iy »

Ve € H(ED)

dia € H(X)



The first order variational of the augmented Lagrangian in Eq. S-141 can be derived as

5JT_/fzdp§7k 247 ( )T~V( )TM(df)é’yf+2fzdFkv(df 6df)T.v§df)TM(df)

P

+2fiar kv )5T DT @) 1 gy e 0T ) Tag(as00s)
* {,0 (6u'v1(“df)) u'u“+/’(u V(df df)) u-ua+p<u~vgdf)) du-ug

N g (vl(‘df)5u+vl(_‘df)6uT) : (Vﬁdf)ua +v§df)u§)

" g (vrdf;édf)u+vgdf?6df)uT) : (vl(—\df)ua i Vl(adf)u;r) N g(vsdf)u

+v1£df)uT) : (ngf%ﬁdf) _|_V(df @dg) T ) 6pd1v( D, _pdivlgdf§5df)ua

(dg:ddy) (ds)

— padivy u-— padivlgd‘f)éu + — Oc 8% U Uudyy +adu-ug + dAu, - np

Oyp Oy
+ A\ug - nffifﬁdf) + Az0u - nlgdf) + Aeu - ngdf;édf)} M(df) + {p (u . Vlgdf)) u-ug
+ g (Vlgdf)u + ngf)uT) : (ngf)ua + vgdf)uﬂf) — pdivgdf)ua — padivgdf)u

+au-ug + Aug - n§ )+)\ u- n(df)]M(df35df)dE

[ (A2 o5 (e 98 9w ) - (e 7

Exees’F
+ ngf)pa)M( 7) + T(Sfu)r { <5u . ngf)u +u- Vlgdf;édf)u +u- ngf)éu)
+ 90, 1 )5 4 asu + g— gz" udy; } : (pu v, Vﬁdf)pa) M)
Tp
+ TL((;fu),F (pu . vl(“ f)u + Vg f)p + au) . {p (5u . ngf)ua +u- Vl(adf;édf)ua>

n vlgdf§6df)pa:| M(df) + ngfu),r (pu ) Vl(fif)u + Vlgdf)p + ocu) ) (pu ) ngf)ua

)M dgsddy) ( Séfp idf) + Tgi;;}u)) (pdivlgd‘f)u) (divlgd‘f)ua> ()

+ TLSP P (dlvrdf 0d5) u+ dlvlg )5u> (divlgdf)ua) M) + TL(O;;),F <pdiv§df)u)
( di df 5dr) )M ) +T s )r (pdlv( ) ) (divgdf)ua) M(ds:0d5) g5
R N ) PR LA O

Tubryy + gj g%v( D )15, w0 G, s ),
p

vl vﬁdf;édf)n} M) 4 [(pCpu S Q) T, + k0T ngf)Ta}

MU9d) gs 4 3 / L?Téﬁf rridi )) (pCpu - Q)

Ex€€x

(pCpu : ngf)T“) m(®)
(5-143)



+ 7)) o0, (§u VI g v Gy vﬁdf)éT) (pCpu : vgdf)Ta) ()
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su € (H(%)*
dpeH(E)
She L (%)
0T e H(X)
oy €H (ED)
oy € L?(Zp)
ddy € H (%)
odm € L7 (X)

du=0 at Vxs € ly,x Uly,,x
with oA =0 at Vxy € lv,E U lvo,E . (8-144)
0T =0 at Vxx € l,,»

According to the Karush-Kuhn-Tucker conditions of the PDE constrained optimization prob-
lem [4], the first order variational of the augmented Lagrangian to T can be set to be zero as
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the first order variational of the augmented Lagrangian to u, p and A can be set to be zero as
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the first order variational of the augmented Lagrangian to vy can be set to be zero as
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and the first order variational of the augmented Lagrangian to dy can be set to be zero as
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The constraints in Eqgs. S-142 and S-144 are imposed to Eqgs. S-145, S-146, S-147 and S-148.
Then, the adjoint sensitivity of Jr is derived as

(SjT = —/ ’yfa(S’yM(df) dy — / Aadsaddm dX. (S-149)
Sp P



Without losing the arbitrariness of du, dp, oA, 6T, ¢, ddy, 6y and ddm, one can set

l, = du v, € (H(%))?
Pa = 6p Vpe € H (X)
Xa = OA Y. € L% (%)
T, =6T with VT, € H (D) (5-150)
Yfa = 07f Vyfa € H(XD)
dfa ody Vds, € H(X)
=0y vy € L? (Xp)
d‘m = dd,, Vd, € L7 (%)

for Egs. S-145, S-146, S-147 and S-148 to derive the adjoint system composed of Eqgs. S-135,
S-136, S-138 and S-139.

S-6.16 Variational formulations of adjoint equations for dissipa-
tion power in Eq. 32
In Eq. 38, the adjoint variables v¢, and dys, are derived by sequentially solving the variational
formulation for the adjoint equations of the surface Navier-Stokes equations

u, € (H(2))* withu, =0 at Vx € I, Ulyy »
Find { pa € H (%)
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for { Vpa € H(X) , such that
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and the variational formulations for the adjoint equations of the surface-PDE filters

(S-151)

Find vsa € H(Xp) for Vys. € H (Xp), such that
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and
Find dy, € H(2) for Vds, € H (), such that
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S-6.17 Adjoint analysis for constraint of dissipation power in Eq.
36

Based on the variational formulations of the surface Navier-Stokes equations in Eq. S-125 and
the surface-PDE filters in Eqs. S-73 and S-74, the augmented Lagrangian of the dissipation
power ® in Eq. S-132 can be derived as
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where @ is the augmented lagrangian of ®; and the adjoint variables satisfy

u, € (H (%))

Pa € H ()

\ 2 0s with U, =0 at Vxx € l,,x Uly,x (S-155)
o €L7(%) Ao =0 at Vxs € los Ulyy s

Yfa € H (D)

dia € H(X)

Based on the related results in Section 2, the first order variational of ® can be derived as
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with the satisfication of the constraints in Eq. S-155 and

su € (H(%)*
op € H(X)
he L’ (%)
dvs € H(ZD)
oy € L? (Ep)
ddy € H(X)
odm € L% (2)

Su=0at vx €l Ul
with { o PE fom o, 3 (S-157)

SIA=0at Vx € ly, s Ulyys

According to the Karush-Kuhn-Tucker conditions of the PDE constrained optimization prob-

lem, the first order variational of the augmented Lagrangian to u, p and A can be set to be zero

as
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the first order variational of the augmented Lagrangian to the variable vy can be set to be zero

as
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and the first order variational of the augmented Lagrangian to the variable dy can be set to be



Zero as
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The constraints in Egs. S-155 and S-157 are imposed to Egs. S-158, S-159 and S-160. Then,

the adjoint sensitivity of ® is derived as

§b=— [ oyypa M) ds — / Agbdmdsq dS. (S-161)
>

Zp

Without losing the arbitrariness of du, dp, dA, év¢, ddys, 0y and dd,,, one can set

1l = du va, € (H(X))?

Pa = Op Vba € H (X)

Xa = OA Y. € L% (2)

Yo =06vs % with { Vifa € H(ED) (S-162)
djo = 6dy Vds, € H (D)

5 =0y vy € £ (Sp)

dm = 6dm Vdm € L2 (%)

for Egs. S-158, S-159 and S-160 to derive the adjoint system composed of Egs. S-151, S-152
and S-153.

S-6.18 Variational formulations of adjoint equations for area frac-
tion in Eq. 34

In Eq. 40, the adjoint variables v¢, and dys, are derived by sequentially solving the variational
formulations for the adjoint equations of the surface-PDE filters:

Find vy H (Xp) for VoM (¥p), such that

O - N N :
/ (8% oty V( )’Yfa : ngf)“rfa + 'Yfa'Yfa) M) as =0
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and ~
Find dsoH (X) for VdsoH (), such that

dpidyg d d dpidyg
/ fiarr§ <V§ Y )’Yf : VE f)’Yfa + Vg f)w : VE Y )’Yfa> M)
>

(d5) (d5)

) (S-164)
+ fur (VP +1EVE Ve e e — ’Y’Yfa) M (s3dsa)

+ Tanz;dfa . Vzd}a + dfad~f,1 d¥X = 0.
In Eq. 41, the adjoint variable d¢, is derived by solving the variational formulation for the
adjoint equation of the surface-PDE filter for the implicit 2-manifold:

Find dsoH (X) for VdsoH (X), such that

= - - S-165
/ FiarM@555e) 41200 d0 Vsdia + dpedsa dS = 0. (5-165)
3

S-6.19 Adjoint analysis for area constraint in Eq. 36

The adjoint sensitivity of the area fraction of the surface structure can be derived from that of
the area of the surface structure and the area of the implicit 2-manifold. The adjoint analysis
in this section is implemented for those two areas.

S-6.19.1 Adjoint analysis for area of surface structure

Based on the variational formulations of the surface-PDE filters in Eqs. S-73 and S-74, the
augmented Lagrangian of the area of the surface structure can be derived as

T dys d
5|Tp :/ fiar (’Yp + T?VS j)'Yf : Vg f)’Yfa + V5 Vfa — Wfa) M)
=

1 (S-166)
+ 75, Vsads - Vsdia + dpdsa — Aa (dm - 5) dfadY,
where S/H‘E is the augmented lagrangian of s |I'p|; and the adjoint variables satisfy
a EH(XZ
Vs (Ep) (S-167)

Based on the related results in Section 2, the first order variational of s |I'p| can be derived
as

sITpl 9 dy d dpiody
ds|I'p| :/ fidvf{ai,’;:é'VfJFT%(Vl(ﬂ 1)57f'vl(~ f)’Yfa+V1(~ f f)%r
=

d d dr;éd
: Vg f)wa + VE f)w : Vs ! f)’Yfa) + 07 Yra — 5Wfa}M(df)

(S-168)
d d . .
+ fiar (vp L RRTIR 4 SR Wfa)M(df’Mf)
+ 12, Vsddy - Vsdsa + 0dsdsa — Aaddmdse AT
with the satisfication of Eq. S-167 and
0vr € H(XD)
oy e L2
7L (D) (S-169)
5df eH (Z)
ddm € L7 (2)

According to the Karush-Kuhn-Tucker conditions of the PDE constrained optimization prob-
lem, the first order variational of the augmented Lagrangian to s can be set to be zero as

0
[ (Gon+r3v(ars g+ by ) M@ ax =0, (s170)
Zp

and the first order variational of the augmented Lagrangian to the variable dy can be set to be
Zero as

ds;dd d d ds;éd
/ fiarr§ (V§ ! ‘f)w : VS f)’Yfa + Vg f)w : Vg ! f)’Yfa) M)
b

d d .
+ fiar (vp vy T g - ’Y’Yfa) a(4s:25)

+ 12, Vsddys - Vsdyse + ddsdse dS = 0.

(S-171)



The constraints in Egs. S-167 and S-169 are imposed to Egs. S-170 and S-171. Then, the
adjoint sensitivity of s|I'p| is derived as

§s|Tp| = f/ 6'y~/faM(df)dEf/ Aabdmdya dX. (S-172)
Sp >

Without losing the arbitrariness of dvy¢, ddy, v and dd,,, one can set

Ffa = 0f Vita € H(XD)

dfa = 6d Vdfa € H (D

f PV with {0 (%) (S-173)
=6y vy e L7 (ED)

for Egs. S-170 and S-171 to derive the adjoint system composed of Eqs. 40, S-163 and S-164.

S-6.19.2 Adjoint analysis for area of implicit 2-manifold

Based on the variational formulation of the surface-PDE filter in Eq. S-73, the augmented
Lagrangian of the area of the implicit 2-manifold can be derived as

T :/ Fiar M) 402 Vsdy - Vsdge + dpdse — Ag (dm - %) dfq d3, (S-174)
>

where E\D‘ is the augmented lagrangian of |I'p|; and the adjoint variables satisfy
da € H (). (S-175)

Based on the related results in Section 2, the first order variational of |[I'p| can be derived
as

STp| :/ FiarM(49%) 402 G 05d;s - Vsdga + 0dsdpa — Aaddmdya dS (S-176)
b

with the satisfication of Eq. S-175 and

{5df EH(D) -

8dm € L7 (D)

According to the Karush-Kuhn-Tucker conditions of the PDE constrained optimization prob-
lem, the first order variational of the augmented Lagrangian to ds can be set to be zero as

/ Fiar M(45995) 42 7 06ds - Vsdpa + 6dsdse dS = 0. (S-178)
P

The constraints in Egs. S-175 and S-177 are imposed to Eq. S-178. Then, the adjoint sensitivity
of |I'p| is derived as

5@:/ —Aabdmdya 3. (S-179)
P

Without losing the arbitrariness of ddy and dd,,, one can set

CZfa =5df} {Vdfa G'H(E)
with

dm = 8d Vd,, € L% () (5-180)

for Egs. S-178 and S-179 to derive the adjoint system composed of Eqgs. 41 and S-165.
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