Supplementary Material:
Modelling and Diagnostic Tests for Poisson and
Negative-binomial Count Time Series

Boris Aleksandrov* Christian H. Weit*! Simon Nik*
Maxime Faymonville* Carsten Jentscht

Contents

S.1 Proof of Equations (3) and (5)|. . . . . . .. .. ... ... ...
S.2 Proof of Equations (9) and (16)] . . . . . .. ... ... ... ...
S.3 Proof of Equation (15)[ . . . . . . .. ... L
:‘i, 1 I Igl!!i gzt Illg:(!lg:lll 1 -------------------------------
[5.5 Proot of Corollary 1}. . . . . . ... .. ... ... o
[5.6 Proof of Example 2| . . . . . ... ..o
.7 Proofof Theorems 2and 3 . . . . . .. .. ... ... . .. ... ...

| References . . . . . . .

Abbreviations and Acronyms

(B)NB = (bivariate) negative binomial

(B)Poi = (bivariate) Poisson

CLT = central limit theorem

i.i.d. = independent and identically distributed

pgf = probability generating function

(DINAR = (iterated-thinning) integer-valued autoregressive

*Helmut Schmidt University, Department of Mathematics and Statistics, Hamburg, Germany.
fCorresponding author. E-Mail: weissc@hsu-hh.de
¥TU Dortmund University, Department of Statistics, Dortmund, Germany.

1

—_ =

SR OO Ul W W N


mailto:weissc@hsu-hh.de

S.1 Proof of Equations (3) and (5)
According to Kocherlakota & Kocherlakotal (2014),

) miir,s} , s | )\0 i
Hirs) = H,(r) H2,(s) i) \i) " \(Do+ M)+ M)

1=0

holds for the BPoi-distribution. But since the summand for 7 = 0 in “Z;n:ig ns} 7 equals 1,
we can rewrite this formula as stated in (3).

According to|Kocherlakota & Kocherlakotal (2014)), the BNB’s joint factorial moments /i,
are given by

_ mi“f’” (TG (mm Y (S.1)
Bl = Ha,(k) H2,(0) 2 <n+lz_1) (r1tm0)(ratmo) ) .

Recall the Chu-Vandermonde identity

!
(x%l—y) = Z(f) (lgz) for any x,y € R and [ € N,

i=0
as well as the well-known transformation

()= (m)

Using these equations, we derive

() - e () - e (2) ()
(ST )
_ ;;(—ni "5 ()

where in the second-last step, we used a back transformation. By choosing x = n + k and
y = —k, we get

M-

Il
=)

- (-1

min{k,l}

<n+§—1) _ Z (_1)i<n+kj_l@'_i_1) (/:) 52)

i=0
Applying Equation (S.2)) to (S.1)), we get

min{k,l} (n+kl+l_7i71)(/$) 70 (1—7e) i i
() = gy o) = da a0 2 (T (<<7r1+7ro><7r2.+7r0>> _(_1)1)

1

min{k,l} (ntkti—i—1\/(k i
—i i o (1—7e i
= g X | (ln+lz—1)>() (((mﬂé)(wﬁ)m)) _(_1))'

i=1

This completes the proof of Equation (5).



S.2 Proof of Equations (9) and (16)

For (X, X;_5) ~ BPoi(A(h), A(h), Xo(h)) with A(h) = (1 — p(h)) p and Ao(h) = p(h) 1,

we have % = p(h)/p, so (9) immediately follows from (3).

For (X;, X;_n) ~ BNB(n, 7(h), w(h), mo(h)) with 7(h),mo(h) being of the form

Ll nfnew) -1 eh)
"= e ) = T )
we have /( N )
B n/(n+ u
T ) = T B
and

nfu—n/n+p)  0*/(p(n+np)

bmo) =2mlh) = Srm ) T afe 1= by

Thus, it follows that

mo(h) (1= mo(h) = 27(h)) _ n2(n/(n+p) =1+ p(h))
(mo(h) + m(R))* p(n+ ) (n/(n+ p))*
= (A o te) = (e n/m () 1

Insertion into (5) together with the binomial sum formula yields

min{k,l} n+k+l7i71)(k)

l—i

B () = o ) = gy 3 e (L 2) plh) = 1) = (-1))

min{k,l} fntk4+i—i—1\(k i A o A
= o 3 (5 0) 0 2 e (<1~ (1Y) 83

min{k,l} (n+k+l i— 1)(k) 7 . .
= H(k) H(1) ; BGREE Z ( ) (1+ )j p(h)? (=1)".
In the particular case of the NB-IINAR(1) model according to Definition 2, we have n/u =
a(l — p) and p(h) = p", which immediately yields (16).

S.3 Proof of Equation (15)
Al-Osh & Aly] (1992)) showed that

_ a(1—p) " o(1-p)p" (1-2)
pefy, (2) = ( e L )) pelx (1_ a(l—p)+p<f—ph><1—z>> (54)

— (=) (.5)

h—o0




Using the law of total expectation, we obtain the joint bivariate pgf of (X, X;_5) as

pngh’XO(l —z2,1 —2) = E[(l — z9)%0 E[(1- zl)Xh ]XO]]
549 a(l—p) " X a(l—p)ph 2 Xo
= (asiis) E [(1 2 (1 )
_ a(1-p) " a(1=p)p 21 (1-25)
= <a(1—p>+<1—phm> “pefx <1 B a(l—p)+(11—ph)z21>

ES (%)n o)
= — — R a(l—p)p" z1(1-=
a(l=p)+(1-ph) 21 a(l_p)—kzg—i—%

_ ( a?(1-p)? )n
(at—p)+1-p") 21) (a(1=p)+22) +a(1—p)ph 21 (1—22)

n
a?(1-p)
D
a?(1—p)+oa(z1+22)+ ll_pp z1z2—aph 2122

h

o2(1-p) "
a(l+a—ap)—a (1—21)(1—22)+ 122" (1+a—ap) z1 22

1—p

So

02(1-p)/(1+a—ap) ) !
)

_oh
a—a/(1+a—ap)z122+1 L (1—2z1—z2+2122

1-p
n
_ a?(1-p)/(1+a—ap)
- —h 1,k Lk
a+ ll_pp —711_‘01) (z1+z2)—(oc/(l-‘roc—ap)—ll_pp ) z122 ’

ngxh,xo (21,22) = (

which completes the proof of (15).

S.4 Proof of Theorem 1

To derive the asymptotics of T(ns) from (21), we define the function 7(u, v, w) = ;% such
that T(T’s) = T(X(T),X(S),X(T,s)) and T(T’s) = T(,u(r), u(r,s),,u(s)). Then, (19) implies the
asymptotic normality of VT (T(T,s) - T(m)). To derive the asymptotic variance, we need
the gradient of 7, which is given by

grad 7(u, v, w) = (—,——,——).

Evaluated in (g, fr—s), th(s)), this leads to D = grad 7(ji(r), fi(r—s), fi(s)) aS

D _ 1 H(r) H(r)
- y T 2 y 2 .
H(r—s)H(s) Hir—syH(s) H(r—s)H(s)




Then, we calculate 02 = DXD" with X following (22):
(rs9)

2 2 1 H(r)
o3 = o — 2 O(rr_
Trs) (Mr—s)u(s)) () Bir—o) () Hn_ g yhis) - (T =8)
H(r) 1 H(r)
) O(p—sr—s) — o
(M?,.,S)ms)) (r—s,r=s) H(r—s)I(s) Hir—s)His) (r,s)
K(r) 2 H(r) K(r)
+(——=) o + 2 O(r—
(/J'(T'_S)‘u'?s)) (875) lu‘(ZT_S)Au(S) H(r—s)“?@ (T S’S)

= (L)2 (Arr - 2147"7"73 +Arfs r—s 2Ars _'_Ass +2Ar75 s>-
H(r—s)H(s) ’ ’ ’ ’ ? )

For the bias correction according to (20), we derive the Hessian H, (u, v, w), and evaluate
itas H:=H; (u(r), u(r_s),u(s)). We get

1 1 1 1
0 v2w vw? u 0 wv uw
— __ 1 2u U - 1 2 1
HT (u’ v, w) v2w v3w v2w?2 - VW uv v2 vw ’
__1_ U 2u_ _1 1 2
vw? v2w?2 Vw3 uw vw w2
hence
O _ 1 _ 1
H(ryH(r—s) HryH(s)
H — () . 1 2 1
- H(ryH(r—s) M?rfs) H(r—s)H(s)
H(r—s)H(s) 1 1 2
H(ryH(s) H(r—s)H(s) M%S)

So (20) leads to the approximate mean

T +iﬂ<r><1077+L0
(T,S) T M(T.75>/L(S) M%T—s) (7' S, '5) “%s) (S,S)

1 1
—————O(pyr—s) — ———— O(rs) T O(r— )
By Br—sy © =8 T uy gy C8) T u T ongy O rmss) )

which completes the proof of Theorem 1.

S.5 Proof of Corollary 1

We have to compute oy ;) according (22), which implies the expression for A ; = o1/ (k) 11))-
In (i), we consider the Poi-null. Plugging-in (9) into (22), we get

oy = M (0) = ) oy + 2 Z (1ey (h) — ey 1)
h=1

min{k,l} L N ! 00 '
SSRGS (l) <Z>u_ (1 +2 Zp(h)l)
=1 h=1

For the Poi-INAR(1) model, we have p(h) = p", leading to
L+2 Y p(h)' = 142 Y ()" = 72,
h=1 h=1
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which completes the proof of part (i).

For the NB-null considered in part (ii), we first insert the general expression (S.3)) into (22)
and get
min{k,l} (nJrkltl;hl)(lf) 7

Okl) = M) K@) Z W
i=1 l

1 () (1427 (=1 (1 +235°%, p(h)j>.

j=

In the particular case of the NB-IINAR(1) model according to Definition 2, we have n/u =
a(l — p) and p(h) = p". So using the same argument as for the Poi-INAR(1) model, we
complete the proof of Corollary 1.

S.6 Proof of Example 2

For the second-order statistic T(g,l) as considered by |Kyriakoussis et al.| (1998), Theorem 1
implies

/JIT(QJ) = T(2,1) (1 — %ALl)’ 0'2 = T%Q,l) <A272 + 4A171 - 4/4271) .

T2y

For the Poi-null, we use Corollary 1 (i) to compute

2

1+ 2 1+
=L Ay = 2A1,, Asy = 4141,1‘1‘?1,22.

Utilizing that T 1y = 1 yields the formulae given in Example 2 (i).
For the NB-null, we get from Corollary 1 (ii) that

a(l— all— 2 2
Ay = BeeD B Ay = 241, Ay = 44, + 2L e

This is used to complete the proof of Example 2.

S.7 Proof of Theorems 2 and 3

To derive the asymptotics of the Stein-Chen statistic (26) for i. i. d. Poi-counts, Aleksandrov
et al.| (2022, Eq. (11)) defined the vectors

Vo= (X X f(X0) — by S 1) =)
where 11 = E[X,] and ¢; := E[f(X, + i)]. They showed that
VTY % N(0,%) with X = (04)ij-1..3,
where Y = (X =y, X f(X) —pi- ¢1, F(X 1) — ¢1) ', and where
o =g,  o2= (g1 +plba—¢1))on, o= (p2— d1)ou,
022 = pp11(0) + 12 h22(0) — p?@1, 023 = ($12(0) — 1), 033 = ¢11(0) — @1,

6

(S.6)



with ¢;;(k) = E[f(Xt +0) f( Xtk +j)}, see Lemma 1 and Eq. (14) in |Aleksandrov et al.
(2022).

From now on, consider the choice f(z) = exp(—z), and let ¢)(u) = exp(u (" — 1)) denote
the Poisson’s mgf (recall Table 1). Then, the ¢;, ¢;;(k) required for (S.6) are

0u(0) = E[(e¥ )| =eu(-2), 61 = B[] = (1),
B12(0) = Ble X le 2] = e7lg1(0), 6y = Ble 2| = oy,
$22(0) = [( 72)2] = e 2¢11(0).
Tnsertion into (8.6) yields
n=p op=e ' P(=1)1+ple =1)on, o3=elp(=1)(e" —1)0o,
02— e 2 (14 e20) ¥(—2) — e 22 (~1)2, (S.7)
0w = (e (2) — (1)), 0w = e 2(0(~2) — (- 1)?).

In Theorem 1 of Aleksandrov et al. (2022)), it was shown that the (asymptotic) bias-
corrected mean and the variance of the statistic (26) are generally given by

MTJf’oi = 1_‘_%!“73;—%‘723’ U%})oi = ,uzlgb% <022—2MU23+M2033> - %-
Insertion of yields
) B 1e?u(l—et)y(-2) B 1 (-2) o
Mg = Moy e
as well as
1
T = g (¢ R e U(=2) — Y1)
1
—2p-e (e (=2) —(=1)%) + p? - e (V(-2) — zp(—1)2)) -
B W(=2) /1 1
= sl et ) g
o YP(=2) (1 ) b
a 1/1(—1)2<u+(1 e ) m

Using that ¢(—=2)/1(—1)2 = ere>=1 /e2u(e”
part (i) of Theorem 2.

—) — er(1=e")? this completes the proof of

For proving part (ii) of Theorem 2, we first analyze the mgf ¢(u) = E[e“X] of NB(n, )
with m = 2=, which is given by (recall Table 1)

™

o) = (—iome) = Greaey) (58)
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Its derivatives compute as

n(l—me" " nue”
1—(1—mew ()n—i-u(l—e")’

y B , n(l—m)e" n(l—me* n(l—m)2e*
Vi) = VT e T (e i (1_@6”)2)
S9) n(l—m)e* n(n+1)(1—m)2e
W (u) ( g TR ) (S.10)
n(l—m)e"(1+n(l—m)e") npe'(n+ p+ npe)
= U = Y(u 5
i ) (1 (1—7r)e“) () (n+p(l—e)

confirming the results provided by Table 2. As a consequence, E [X exp(—X )} ='(-1) =

P(—1) ﬁ% such that statistic T} from (27) takes the value

Y(u) = P(u)

E[X exp(—X)] _ n
E[X]-e ' E[exp(—X)] n+p(l—et)’

Poi
Tf =

as stated in part (ii) of Theorem 2. Furthermore, for the vector Z, := (X;, X; e, e‘Xﬂ_l)T

it follows that

Y

pz =Bz = (EX) B[], B[e ) = (i ¢/(-1), e(-1)

Like before, let Y, := Z; — 5. Then, applying the CLT (17), we conclude that
- d :
VTY 5 N(0,%) with £ = (03), ., (S.11)

where we calculate

on = E[X ] ElX,)* = o*=4"(0) - i’

o1 = E[X2e ] — E[X)E[X,e ] = ¢/(=1) — p/(=1),

o = EXpe ™7 = BX B[] = eW(=1) — e py(-1),

o2 = E[X7e ] - E[X;e ] = ¢"(-2) - ¢( 1)

o33 = E[Xpe 7 — E[Xe ME[e Y] = P(=2) — e Y (1) (1),
033 = E[e_zxt ] E[G_Xt_l]z = 6_2¢( 2) - ( )

For part (ii) of Theorem 2, we need to derive the asymptotics of ng;;; from (26) under the
NB-null, which follows from applying the Delta method to 7(Z) with 7(u, v, w) = - also
see Appendix A.2 in |Aleksandrov et al. (2022)). Except exchanging u <+ v, this is the same

function as in Appendix [S.4l Thus, gradient and Hessian are known as

1
gradT(“’)an) = <_ U s Ty T ! )

wvw uvw  uww?

8



and

2 _1 1
v u? uv uw
H (u,v,w) = — | -+ 0 -+ |,
uw uw vw
1 _1 2
uw vw w?

_ e _ Y= _ed'(=1)

D = wp(—1) ( P 1, v(-1) >7 (812)
which further sunphﬁes in the NB-case by using We calculate the variance of
VT (ng)‘ ng)‘) as a =DXD', with 3 taken from Equatlon (1S-11):

2 o r(_ el (—
U%f = ( 1/;(#1 011-2( (M1)>012+U22+2<¢(u1)> ( $(£1§)>013

2( >023+< )>2033>
= (¢“1 —2 (60 (W) = (1)

0 (=2) = (-1 + 2 (HEE) (@(-1) - pu(-1)

o) | W(1)2e(-2)
LT ES)E >

(ntpp

In the NB-case, this can be further simplified by using that o? =

2 1(_1\2 n r(_
Py = (i) (B |2 Y0 (1~ p(-1)(-1))
¥

exp )
r(_1)\2 (—
+ﬁ((711))2 (_2) -2 1/,((,11)) ¢/(_2) + ¢II(_2))'

To compute the approximate bias correction according to (20), we first need to evaluate



H .= HT(,uZ). We get

2¢'(=1) _1 ey’ (=1)

u21 w wp(—1)

H=mm| 0 00 59
ey’ (=1) e 2%/ (=1)

pp(—1) P(=1)  P(=1)?

This leads to the bias correction

% (% hll o1+ % h33 033 + h12 o129 + h13 o13 + h23 023>

_ 1 e Y(=Don _ g1p | e¥'(=1)o1s _ eo P (=1) o33
= T w9(-D ( o vt ey ety T e )
— b i (HGhe _ oo | YO (¥ (-)-nv(-1)
T py(=1) 1 " p(—1)
¢ Cuen | YD (v(-2)-v(-1?) )
Y(=1) P(—1)?
1 e (w'(—l)a2 B GO VT o Vi ) w—l)w(—z))
T pyp(-1) 1 I pp(—1) Y(=1) P(=1)2 ‘
In the NB-case, it further simplifies by using that o2 = W to
_ n 1 e
Fipg = wp—e ) T T wp(n
(w’(—n(nw) + Y(=1)? 9=l Y(=2) + w'(—l)w(—2)>
np np(—1) p P(-1) P(—1)? '

This completes the proof of part (ii) of Theorem 2.

Next, we derive the asymptotics for (29) if f(z) = exp(—=z). Note that we can rewrite

e _ o+ E[X] E[X exp(=X)]
exp E[X] noE[exp(—X — 1)} + e E[X eXp(—X)] .

Thus, for being able to apply the Delta method to vT' Y, we define the function T(u, v, w) =
% such that

(no+mpdr  _ motp

no 1+ e o) no+etu

ToE =1(u, por, ¢1) = o

under the Poi(u)-assumption being considered in part (i) in Theorem 3. Then, (19) implies

the asymptotic normality of v/T (ng —T3B). To derive the asymptotic variance, we need

the gradient of T, which is given by

engv e2now(ng +u)  e*ngv(ng + u) ) T

dt = |-
arad e(u, v,w) ( w(v+enow)’ u(v+enow)?®’ (v + engw)?

10



Evaluated in (1, 1y, ¢1), this leads to D = gradt(u, uéi, ¢1) as

b (_ eng e*no(no + p) _eQno(no - ,u))
pleng + )" pi(eng +p)?"  ¢i(eng + p)?

Then, we calculate 0, = DYD' as:

exp

UEFNB = djo11 + d509 + d3033 + 2d1da012 + 2dyd3os + 2dad300

exp

e’nj e'ng(no + p)° e'ng(no + p)°
= en gz ‘unt o 100t g O3
f1%(eno + 1) 1293 (eng + 1) ¢ileno + p)
3,2 3,2 4,2 2
e3nd(ng + ) P ng(ng + 1) oy — 2 ng(no + p) o,

T2 eng + p)? poi(eng + p)? pot(eng + p)?

Now, we can replace 015 and 013 according to (S.7)), yielding

e?n? e3nd(ng + e3n(ng +
g = | o S E L g ot ) g )
b w(eng + ) p(eng + p) p(eng + )

(671 — 1) 011

e'ng(no +p)* -~ e*ng(no + p)
125 (eno + )’ ¢1(eng + p)*

This simplifies to

2 e*nd(ng + p)?

nd(eng + )t

033 023.-

o2 — _262”(2) (6”0 — p(l — 23)) e*nd(no + p)? oos — 2 - 023 + p1* - 033
B (eno + p)? (eno + p)* o7 '

Recall that when calculating a?rpoi under the Poi-null (see p. , we already computed

exp

092 —2M023+M2 033 Y(—2) (1 —13\2
= —+(1-e ),
r gl e
while 017 = p. Thus,

o demni(eno —p(1—2))  e'n(ng + 1) w<—2><1
W (et P (eno+ p)* b(=1)?

as stated in part (i) of Theorem 3.

+ (-2,

For the bias correction according to (20), we derive the Hessian H.(u, v, w), and evaluate
it as H := HT(M,M¢1,¢1)- We get

2,2 2,2

2engv _ e’nfw e*ndv
u3 (v+enow) u2(v+enow)? u2(v+enow)?
e2n2w 2e2now(no-+u) e?no(no+u)(engw—u)
— _ 0 _ ow(no __e“no(no 0
HT(u’ Uy U)) - u?(v+enow)? u(v+engw)3 u(v+engw)3 ’
e?n2v _€?ng(notu)(engw—o) 2e3n2v(no+u)
u?(v+enow)? u(vt+engw)? u(v+enow)?

11



hence

__2eng ____mg __ g
p2(eno+p) p2¢1(eno+u)? po1(eng+p)?
H - . e?n? _2eng(no+p) _€®ng(no+p)(eno—p)
1261 (eno+p)? nd?(eno+p)3 b (eno+pu)3
e?n? __e?ng(no+p)(eno—p) 2e3n2(no+u)
1 (eno+p)? pe3(eno+p)3 #? (eng+pu)3

Next, let us compute the bias-corrected mean as

Hing = Telig + %(%(hn(?n + hoaoae + h33033) + h12012 + hizois + h23023>
exp

e Ll eno o Emolnotp) gl )
P T | pPeno + ) puei(eng + p)? ¢3(eng + p)?
e*nd e*n? e*ng(no + p)(eng — u)
- — 5 012+ ———— % 013 — 3 3 " 023 -
P21 (eng + p) p1(eno + ) pdt(eno + 1)

Once again, we replace 012 and 013 according to (S.7)), which yields

1 en e*nd(1+ pu(e™ =1 e?nile !t —1

Hine = Tii? + = B ° - 0(2 M( 5 >) + O( 2> “ 011

T |\ w?(eno + p) p*(eng + p) p(eng + p)
e*ng(no + p) o e*ng(no + ) o e*ng(no + p)(eno — ) o

T 97 . g v22 o7 . g Y33 — 023
i (eng + p)? ¢t (eng + p)? i (eng + p)?

_ B 1 e*ng(no + 1) noep o3z — (eng — ) ooz — 029 1 eng >

P T (eng + p)? ne3 T pleng +p)2

Using 7 we compute
noeft o33 — (€ng — 1) 023 — 022
= noepe?P(=2) — (eng — p) e Ppe P(=2) — e p (1 + e 2p) Y(-2)
—ngepe 2h(—1)2 + (eng — p) e 2puap(—1)* + e 2P ap(—1)?

= e 2 p(=2) (moe — (eng — p) e = (1+¢72p))

= e *pup(=2) ((e = 1)(no + e n) — 1).
Thus, using , the bias-corrected mean follows as
1 9(=2) e*no(no + p) ((e=D(no+eu)—1) 1  eng

T p(-1y (eno + 1)? T (eno + p)’
which completes the proof of part (i) of Theorem 3.

NB
. =T
H Teli]g exp +

For part (ii) of Theorem 3, we need to derive the asymptotics of TNB from (29) under the

exp

NB-null. Again, we apply the Delta method to T(Z) with t(u, v, w) = —0t% _ Here,

u(now+e=1v)
e (no + p) ¢'(=1)
pA=1)

T = wla) = < v, o) =

12



where we used the abbreviation A(u) := 9'(u) + ng ¥ (u). We already know that

grad t(u,v,w) = €t (_E ew(ng+u)  ev(ng+ u)>T

u(v + engw) uw v4enow v+ engw

Evaluating D := grad T(,u,z), we get

_ _en (=) (notpw) (=1 e(no+u) ¥'(=1)
D = &y <_ po OA/z—l) » T OA;(L—l) ) (5.13)
We calculate the variance of /T (Telig Telig) as U%NB = DYD', with ¥ taken from

exp

Equation (S , as

2 2
2 _ en Y'(=1) Y'(=1) (no+p) (=1)
O = (uA(El)> (( 1 ) g1 = 2( m ) ( 0AA(L—1) )Ul?
2 "(— e(n '(—
—i—(—(noxlz)_lﬁ_l)) 092 + 2 <¢( 1)> ( ( OX’@%( 1)> 013

s

"(— e(n '(— 2
—2 ((HOX/(L)_%A)) <€(nOX?Z11l})( 1)) 093 + <_( OX’(%?)( 1)) U33>

- (stan)"( (£520)" e -2 (2Bl (- - -

+ (s (g(—2) — (- 1?) + 2 () (0/(-1) - (1)
—o (et D) (/(=2) — /(= 1)u(-1)

+(—<”°§’?jﬁ')(‘”)2 (¥(-2) - w<—1>2)>

2
en ' (—1)2 o2 2(no+p)y’'(=1)
(e5) ( 10 4 20t D) (4 1)2 — (1)) (~1))

L (120 (=2) — 20(— 1) (— 1) (=2) + W—l)%(‘”)) |

To compute the approximate bias correction according to (20), we first need to evaluate
H:= HT(u Z). We already know that

2v(v+engw) _enow engv
u? u U
H o € 1o _engw _ 2ew(no+u) __e(no+u)(engw—wv)
T<U7U7w) - u v+enow v+enow ’
u(v + engw)? Feno teno
engu N e(no+u)(enow—v) 2e2nov(ng+u)
u v+enow v+enow
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SO

2¢'(=1) A(=1) _nop(=1) enoy’(=1)
w2 u u
H = eng _ noy(=1) _ 2(no+p)p(=1) __e(no+p) (noy(=1)—4¢'(=1))
T pA(-D? I A(-1) A(-1)
engy’ (—1) _e(no+p)(nop(=1D—9' (1)) 2¢?no (no+p)y’ (=1)
1 A(-1) A(-1)

This leads to the bias correction

% (% hi1 011 + % has 029 + % h3z 033 + hia 012 + h13 013 + has 023)

T T uA(-1)? 2 M M A(-D)

_elnotp) (now(—l)—w/(—l)) o 62n0(n0+ﬂ)w/(—1)g33>
A(—1) A(-1)

1 eng (w’(—l)A(—l)ou _ nop(=1) o1z + enod’(=1) 013  (no+p)yp(—1) o2

B B

eng (w—l)A;—l)au + 20 (—ap(=1) 012 + e (—1) 013)

4 (1) o (1) —w'<—1>>023+e2no¢f<—1>asz>>

F (1) (8(1) = (1)) ) + G (= (=) (0 (-2) — ¥/(—1)?)
—(now(—1) = ¥/(~1)) (¥/(~2) — &/(~1) (~1)) + not (—1) ((~2) - w—m))

= 3 g (W—”";(—W + 2 (= (1) (¥"(=1) — pv'(-1)

B

= 7 Ay (W”A;”‘” + W (1) = (=1 (1)

) (1) (8(=2) 4 ot (—2) — V(-1 (W (=2) + now(—z)))).
This completes the proof of part (ii) of Theorem 3.

S.8 Proof of Theorem 4

While the convergence of the finite-dimensional distributions as well as the tightness follow
similarly as in |Rueda et al. (I1991|), it remains to compute the mean function p4p.i(s) and
exp

the covariance kernel o4pqi (51, $2). According to Theorem 1 in |Aleksandrov et a1.| q2022|),
exp

we have

2

1 woss — o .
L HO33~ 033 with 03 = pd12(0) — ¢ and o35 = $1.(0) — 97,

MT&M(S) = T M¢2
1

where ¢ (k) := E | fo(X;+1) fo(Xern+7)] with f,(z) = s%, and where ¢1 = E[f,(X;+1)] =
E[sXT] = s E[s*t] = spgf(s) = s exp(u(s — 1)) in the i.i.d. Poi(u)-case.
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Here, we compute
o1 (0) = E[f2(Xi+1)] = E[s*X*?] = s B[(s)"] = 8 pef(s?) = 5* exp(u(s” — 1)),
and
61(0) = E[f(X0 + 1) £.(X, +2)] = B[s**%] = 82 pai(s) = 8* exp(u(s> — 1))
Thus,
o3 = on(0) = 6 = 5* (exp(u(s — 1)) = (exp(u(s — 1)))°)
— 5 ((exp(u(s® = 1)) = exp(2u(s - 1)) ),
and similarly, we have
o2 = 1 (612(0) = 6) = ps® (s exp(u(s* = 1)) = (explu(s - 1)))°)
= us’ <s exp(p(s® = 1)) — exp(2p(s — 1)))-
Putting everything together, we get

1 poss — o9
MTSP;oi(S) -7 T ue
1

1 ps® exp(p(s® —1)) —ps® exp(u(s®* —1)) 1 (1—s)exp(p(s® —1))

T 1 (s exp(u(s — 1)))2 T exp(2u(s—1))
= % (1—s) exp(u(s®—2s+1)) = % (1—s) exp(p(s —1)%).

Next, for the covariance kernel, we use Theorem 2 in |Aleksandrov et al.| (2022) together
with the functions fs, (x) = s{ and f,,(x) = s3, which leads to
Grer (51, 89) = 011 | O9a — ju (005 + 034) + 1% 035

proi(S1,82) = —— :

e > 12 11
Here, ¢1 = E[f& (Xt"f'l)} =81 eXp(pJ(Sl_l)) and Y1 = E[f52 (Xt+1)} = 82 €Xp (M(SQ—l))
like before Furthermore, ¥;;(k) := E|[fs, (X; 4 %) fo,(Xi4x + J)] is required for expressing
the 0,,,. We compute

0;;(0) = E[s{sy ] = sis) E[(s182)%] = sis) exp(p(s1s2 — 1)).
According to Lemma 2 in |Aleksandrov et al.| (2022)), we have 011 = p,
o4 = p11(0) + ? V22(0) — 1 i
= 515 exp(p(s1s2 — 1)) + p? s7s3 exp(p(sis2 — 1))

— 1?5155 exp(p(sy — 1)) exp(pu(s2 — 1))
= (us152 + p” s7s5) exp(p(sis2 — 1)) — p® s152 exp(p(s1 + s2 — 2)),
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and

O25 = /“912(0) — P11

= ps1s3 exp(p(sise — 1)) — psiss exp(p(s1 — 1)) exp(p(ss — 1))
= 115155 exp(,u(slsg — 1)) — |1 8189 exp(u(sl + S9 — 2))
Analogously, we get

034 = Nﬁﬂ(O)_U(bl(Pl =

11 5589 exp(,u(slsg — 1)) — 118189 exp(,u(sl + §9 — 2)),
and we compute

035 = 1911(0)_<Z51<P1 =

5189 exp(u(5152 — 1)) — 5189 exp(u(sl + S9 — 2))
As a consequence,

024 — 11 (025 + 034) + 1% 035
= (us182 + p” 5753) exp(p(sis2 — 1)) — p® s152 exp(p(s1 + s2 — 2))
— N(N (s153 + s1s2) exp(pu(s152 — 1)) — 2 psiso exp(p(sy + 52 — 2)))

+ M2 (5182 eXP(M(31S2 - 1)) — 5152 eXp(N(ﬁ + S9 — 2)))

- <,u 5189 + p? 5355 — p? (5155 + 5389) + p1 3152> exp(p(sise — 1))

1
:,u28182 (p+8182—82—81+1

> exp(p(sis2 — 1))

= 12 5159 (% + (s1—1)(s2 — 1)> exp(p(siss — 1)),

Altogether, we have

_on 024 — (025 + 034) 4 p1° 035
Tagelsns2) = = u? 12 Gy
T p? s189 (i + (s1— 1)(s2 — 1)) exp(p(s1s2 — 1))

2 (12 5159 exp (,u(sl + 859 — 2))
1

-t (% + (51— 1)(s2 = 1)) exp(p(ss — 1)(52 — 1).

This completes the proof of Theorem 4.
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