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A. Proofs

A.1. Proof of (2

Let Xi,...,X, be real-valued random variables on a probability space (€2, F,P). For
every x € R and h € R, we have

ﬁnvh(x):/Khx— ﬁ AMdy) = /Khx— ZILXOO (dy)
_ %ZZI/[XM) Kn(z —y) Z/ RCRD
- 1> Rl X) - / Rl — ) dFaly)

Hence, indeed holds true. By the way, the same calculation with K replaced by K*
gives

Frp(x) = /(K*) (z—y) dF,( /Kh z—y)? dF,( ZKh X))? (A1)

for all z € R and h € R, where the second = follows from (K*),(z) = K*(z/h) =
K(z/h)? = Kj,(z)? (recall that %, (-) = (- /h) and x*(-) = &(-)? for any kernel k).

A.2. Continuity and boundedness of %

Let k be any kernel. In Section [2] we mentioned that the function % : R — R defined by
R(x) = f(—oo,x} Kk dA is continuous and bounded. We here verify that this is indeed true.
In fact, we show that £ : R — R is even absolutely continuous (which will be needed
later on in Section , so that % is in particular continuous. The boundedness then
results from the continuity of & : R — R since lim,_, ., &(x) = 0 and lim,_,., &(z) = 1.
The latter follow from %(x) = f(fow} kdA (for all z € R) and the M-integrability of
with fRI{d/\ =1.

By Definition 7.1.7 in [5] (see also [4, VII.4.18]) a function f : R — R is said to be
absolutely continuous (on R) if for every compact interval [a,b] in R the restriction of f
to [a, b] is absolutely continuous, where a function ¢ : [a,b] — R is said to be absolutely
continuous if for every ¢ € R++ one can find a 9 € R, such that for each k¥ € N and
a <o < B <ay < fBy < - <ak<ﬁk<bw1thz ((B; — a;) < 6 it holds that
Z?Zl |¥(B;) —¥(ej)| < e. The above mentioned absolute continuity of % follows from
the absolute continuity of its restrictions to compact intervals, where the latter follows
from [4, VII.4.14.a] and the fact that the restriction of ® to a compact interval [a, 0]
differs from the function k*” : [a,b] — R defined by k(1) = f[ kdA only by the

constant ¢, p := f( KdA (1.e., more precisely, kK = k¢ —I— Ca,p ON [a b])

—00,a)



A.3. Proof of statements on x*

Let x be a kernel and set £*(z) := 2r(z)R(z), x € R. Note that x* : R — R is Borel
measurable and satisfies |k*(2)| < 2||R||lc|r(z)| for all x € R. Since |||l < o0 (see
Section and k is A-integrable, the function * : R — R is A-integrable. In Section
we asserted that * is again a kernel and satisfies k*(-) = %(+)2. We will now show that
these assertions are indeed true.

Step 1. Since we have seen in Section that ® is absolutely continuous, we know
from Theorem 7.20 in [5] that % is A-a.e. differentiable (see also [4, VII1.4.12.b]), and by [4]
VII.4.14.a] we can find a A-null set N € B(R) such that #¥ = x on N€. In particular, we
obtain that % is differentiable at every point z € N with (?)'(x) = 2k(z)r(z) = k*(z).
For all z € N we set (k?)(x) := 0. Since %? is absolutely continuous (recall that % is
absolutely continuous), we obtain by from Theorem 7.20 in [5] that 5*(z) — %%(a) =
Jom (B2 AN = [, k" dA for all a,2 € R with @ < x (see also [4, VIL.4.14.b]). Since
lim, , o %(a) = 0 (by the A-integrability of x) and lim, , . f[a’x] K*d\ = f(_oo’x] K* d\
(by the dominated convergence theorem and the A-integrability of x*), we arrive at
FHx) = [_oom " dX = r*(x) for all z € R.

Step 2. Since both k and k* are A-integrable and lim,_,,, ®(z) = lim,_,, f(foo,x] kd\ =
[ kdX =1 (by the dominated convergence theorem and the assumption on ), we have
that [ k*d\ = lim, e f(—oo,m] K*d\ = lim, o K*(7) = lim,_ o K2(z) = 1, where the

second last = relies on Step 1. Therefore, k* is a kernel.

A.4. Proof of (4)

If we choose Kk := K}, then the elaborations in Section show that K}, is absolutely
continuous. Moreover, F' is absolutely continuous by assumption. From Theorem 7.20
in [5] it follows that Kj, and F are A\-a.e. differentiable (see also [4, VII.4.12.b]) and by
[4, VII.4.14.a] we can find a A-null set N € B(R) such that K, = K, on N¢. Without
loss of generality we can assume that F' is differentiable on N¢. On N, we set K, =0
and [ := 0. With the help of [4, VII.4.16] we therefore obtain

- Ku(z —y)F(y) Mdy) = . K (z —y)F(y) A(dy)

Letting [a,b] /R, we can conclude that [ Ky(z — y)F(y) Mdy) = [ Kp(z —y) dF(y).
Hence, the first equation in indeed holds true. The second equation in can be
shown in the same way where K has to be replaced by K*.



A.5. Proofs of Lemmas [2.4-2.6

Note that F' is A-a.e. differentiable, since we assumed that it is absolutely continuous.
The derivative F” can be extended to all of R by setting F’(x) := 0 for all points x € R
at which F' is not differentiable. Theorem 7.20 in [5] shows that F'(b) — F(a) = f[a,b] F"d\
for all a,b € R with a < b (see also [4, VII.4.1.14.b]). This can be used to show that

F(x —uh) — F(z) = —uh /[0 , F'(z — uht) \(dt) (A.2)

forallz,u € Rand h € Ry, . Indeed: F(x—uh)—F(z) = —sgn(u) fl(m uh) F'(y )A(dy)
—sgn(u) [ro _un F'(@ + y) Mdy) = —sgn(u) [;gm (€ — 2) A(dz) = —sgn(u fl 01)
F'(x — uht)uh \(dt) = —uh f[o,l] F'(x — uht) \(dt) for all x,u € R, h € R, where, for
any a,b € R, I(a,b) is used to denote the closed interval in R with endpoints a and b.

Proof of Lemmal[2.4, With the help of the transformation theorem, and Fubini’s
theorem we obtain that, for every h € R, ,,

[ 15— P@ ) = [| [ Ko=) (P~ Pw) A )
_ / | / K (u) (F(z — hr) — F(2)) Aldu)| A(d)

- / ‘ / K (u)uh /[O . F’(m—uht)/\(dt))\(du)‘/\(dx)

< h/|u|ur<(u)|/[01 /F’(m—uht)A(dx) Adt) Mdu)

= el [ [P M) A ) = [ 1) = K

Proof of Lemma . With the help of the transformation theorem, (A.2)) and Fubini’s
theorem we obtain that, for every h € R,

sup |[Fy(z) — F(z)| = sup‘/Kh(x—y)(F(y) — F(x)) A(dy)‘

zeR z€eR

= sup ‘ /K(u) (F(z — hu) — F(z)) )\(du)‘

zeR

= sup‘/K(u)uhéll F'(z — uht) \(dt) )\(du)’

z€R

< sy / | K ()] /[ = un) | 3@ X

= B / | K (@) A(du) = |F'llooK uh.



Proof of Lemma . With the help of the transformation theorem, ({A.2)) and Fubini’s
theorem we obtain that for every h € (0, 1],

sup |Fp(z) — F(x)|¢(x) = sup
zeR zeR

[ E@(FE =)~ F@) A(du))qs(x)

[ Kt = (P ) - F@) M| o(o)

= sup
z€eR

= sup
z€eR

hiup/|u||K Wl [ F = uht) i) M) o)

hsup/|u||K |/ F(a = uht)o(e = uht) 5 ¢£I1)Lht) Mdt) Mdu)

z€R
¢(z)
[0,1] ¢(x — uht)

< IF6lwLs [ lull K@) < BIFGlxLo [ 1l K ()| Ao
= [1F"Plloc L Kpn P,

/ K (u)uh /[O RECD A(de) Mdu)o(2)

IN

IN

IA

h [ F'll ilelﬂg/ Juuf [ K ()] A(dt) A(du)

where we have used the assumption that K = 0 outside [—1, 1].

A.6. Proof of Theorem 3.1]

By (2) and (4]) we have

:%ZE[E(ZL’—XZ E[Kh I—Xl /Kh I— dF ) Fh(l’)
i=1

as well as

Var[ﬁmh( = —Var[ZKh T — } = %Var@(m — Xl)]

_ 1(E[Kh(x—X1 1] —E[Ra(z - X)) ] ) = (E[Fulr — X)) - o))

= /Kh:v— 2dF(y) — /Kh:r— dF()——Fh().
In view of MSEF(Fn,h(x),F( ) = Var[F n(x)] + nh(x)] — F(x))?, this gives the
claim.

A.7. Taylor expansion of F},

Lemma A.1 Let m € N. Let K be a kernel of order m for which we have K|y, 11 < oo.
Assume that F is m + 1 times continuously differentiable and that [ |F™D|d\ < oo



and |F™Y| < oo. Then there exists a continuous function Ry, : R x Ry, — R
such that

Fyp(x) = F(x) + (=h)™ %FW) (z) + A" Ry (0, h) (A.3)

for all (z,h) € RxRyy, and suppeg, , [ |Rim(z, h)| Mdz) and supycg, , [[Rrm( -, 7)o
are finite.

Proof For every (z,h) € R x R, ,, we obtain by using the Taylor expansion of F at z
that

Fils) = [ Ko =) F)Ady) = [ K()F(o — hu) Mdw

J=1 J'
= F(z) +Z “ﬁy FU)(z) / W K (u) Mdu) + / Ron(z, u, h) K (u) A(du)
= F(z) +Z (_j'!”J FO(2)K ) + / Ry (2, u, ) K (u) A(du)
= F(z) + _rr};')m F (2) Ky + / Ron(z, u, h) K (v) A(du), (A.4)

where R,,(z,u, h) is the remainder. The last step follows, since K is of order m. The inte-
gral form of the remainder is Ry, (z, u, h) = — 22 Jiteum (z—hu—y)"F D (y) A(dy),
where I(a,b) is used to denote the closed interval in R with endpoints a and b. Thus,

for every (z,h) € R x Ry,

Sgnu m m
om0, ) — —S820) / ) E ) M)

m)!

_ _senlu) / (= — wh)™ P (3 — 2) A(d2)
m: 1(0,uh)

m)!
B (—uh)™+!

m)!

2
__sgn(u) / (uht — wh)™ F™D (1 — uht) uh A(dt)
1(0,1)

/ (1 — &)™ B (3 uht) A(d).
[0,1]

Together with ([A.4)), this implies
(=h)"

m!

FO (1) Ky + W™ Ryc.pn (b, )

for every (z,h) € R x R;, where the function Rg,, : R x R4y — R is defined by
m+1
Ry m(x, h) == % Jio 1](1—t)mF(m+1)(:L’—uht)um“K(u) A(dt)A(du). This function is



continuous (this is ensured by the continuity lemma) and satisfies sup,cg, , [ |Rxm(,h)|
A(dx) < co. Indeed: For every h € R, we have

/ | Ricon (2, )| A(de)
/ / m+1 / 1 . t)mF(m+1)(ZL' _ uht) )\(dt) um+1K(u) )\(du)’ )\(dl‘)
[0,1]
<[ /Mu Ly / PR ) M) 0] )
1

*J0,1]
—1 m m m+1 m
— (m+1)!/|u| +1|K(u)|)\(du)/|F( D)\ = (m—le)!/lF( P

The latter expression is finite (since we assumed that K,,,1 and [ |F | d) are finite)
and independent of h € R, .

The function Rk, : R xR — R also satisfies supj,cg, . [|[Rxm(-,h)| < oo. Indeed:
For every x € R and h € R, we have

— ‘ / 7.n+1 /[0 1](1 — )™ FD (1 — wht) M(dt) w™ K (u) Mdu)

IN

/ mléu L= )" FOD (@ — wht)| A(de) [ul ™K (u)| A(du)

= o @ [ P
K|m+l|
(m+1)!

The latter expression is finite by assumption and independent of h € R . O

1
= —/IUIT”“!K(U)M(du) 1D o = 1D o

(m+1)!

A.8. Taylor expansion of MSE and MISE of F)

Lemma A.2 Let m € N. Let K be a kernel of order m for which we have K|y, 11 < oo.
Assume that F is (m + 1)-times continuously differentiable with [ |F™*V|d\ < oo and
| FmH) || < co. Then there exists a function Ry, : R x Ry, — R such that

MSE" (F, (), F(z)) (A.5)
= Lp@)(1 - F@) + (i) - F@) - 220K pon gy iy
+ ”; L ﬁ? P (2)? — %hm“RKm(x, h)F(x)



1 Ko 1
B (—ymp2mt 20 p (i R F () + L2 g2 R (1 )2

n m! n

+ 2
forall (x,h) € RxR, 1, and supyep, . [ [Rim(x, h)| Mdz) and supyeg, , [[Rim(-, ) |ls
are finite.

Proof According to Lemma[A.T], we can find a continuous function R : RxR;, — R
such that sup,cp, . [ [Rim(x, h)] < oo and supjeg, , [|[Rrm( -, h)|lo < 00 as well as

") - F@)” = P (e B p ) s R0
-z - Lo (Kﬂfj;; Fm()? 427 - L pympmta % R, h) F™ ()
+ nT—l h2m+2RK(x, h)2
and
2 (Bulw) ~ P@) Fla) = 2((-h)" 220 PO w) 4 14 By ) Fa)
= ﬂ% F™ (2)F(x) + % R Ry (z, h) F ()

for all z € R and h € R;. Thus, in view of (7),

= ~F(2)(1-F(z))+ %(Fg‘(af) — F(x))
P (Bw) - P(@)?

L (B @) - pay) - 2 L

%F(w)(l — F(x)) + F(m)(:p)F(:p)

2

K 2
2m (M) 1a(m) 2 _ “ypm4l
+ - h (m!)QF (x) nh Ry (x,h)F(x)

n—1

Ko, —1
(_1)mh2m+1 T;I)RK(Q:’ h)F(m)(SL’) i n n thHRK(I, h)2

forallz €e Rand h e R, . O

Lemma A.3 In the setting of Lemma assume in addition that the integrals [ F(1—
F)d\ and [ |F"™)|d\ are finite. Then we have

MISE" (E,, 4, F) (A.6)

1 2(—h)™ K,
Z—/F(l—F)d)\—ﬁK(*l)— (=h) —(')/F(m)Fd/\
n

n n m:




n—1 K? )
p2m (m)/FW)?dA——hm“/R (- R)F dA
+ n (m!)? ( ) n Km(h)
n—1 om1 K(m ) 2m+2 2
+9 (—1)mp2m 2| Ri(- )P a4 L e Ricon( -, h)%dA
n m! n

for all h € Ry, where R, is as in Lemma[A.3

Proof By integrating both sides of Equation (A.5)) we obtain that

MISE? (F, 5, F) (A7)
1 1 2—h)" K,
Z—/F(l—F)dA+—/(F;—F)dA— =h) L/FWFCM
n n n m)!
n—1 , K 2
p2m FN2 g\ — —hm“/R - h)F d\
n—1 2 +1K (m) 2m+2 2
+2 (=)t 2 L Ry (- ) F O dr+ 2 n= e Ricm( -, h)?dA
n m) n )

for every h € R, where Rk ,, is as in Lemma | Note at this point that F(™ is differ-
entiable with bounded derivative, so [ |F(™]|d\ < oo implies both [(F™)2d\ < oo and
| F™)||o < 0o. Since Ry, is continuous, we also have that SUDpeg, , | |RK7m( S h)|dX <
oo implies sup,cg, , [ Rxm(-, h)2 d)\ < co. The right-hand side of differs from the
right-hand side of (A.6)) only by & [(Fyf — F)d\ — (— hK(*l)). It is therefore sufficient to
show that £ [(Fy — F)d\ = —hK* for all h € R,y

Note that F'is \-a.e. differentlable since we assumed that it is absolutely continuous.
The derivative F’ can be extended to all of R by setting F’(z) := 0 for all points z € R
at which F' is not differentiable. In Section we have seen that this implies for
all z;u € R and h € R, ;. Then it follows from the transformation theorem, and
Fubini’s theorem that the integral [(Fj(z) — F(x)) A(dx) is well-defined with

» [ (B - F@)Mae) = [ 50— ) (F(0) - Pla) Mdy) M)
_ 1 / K*(u) (F(z — uh) — F(z)) Adu) Adz)
= —— // uK™*(u / F'(x — wht) M\(dt) M(du) \(dx)

[0,1]

__h // /[0 I () ) ) X M)
__h / 4 1] / WK () ' (2 — uht) A(dz) A(dE) A(du)

_ ——/uK* /{01 /F () A(dy) A(d) A(du)

—% / wk* (u) \du) = —%Ka) (A-8)



for every h € R, . For the well-definedness and the application of Fubini’s theorem, we
used that the first absolute moment of K™ is finite when the first absolute moment of
K is finite. O

A.9. Proof of Lemma

The proof of Lemma was already given in [6]; see the proof of Theorem 1 there. As
the proof in the presentation there was quite brief, a few more details are given here.

For the first claim in Lemma we have to show that the function M : R, — R,
is well-defined and possesses a minimum point. For this it suffices to show that M :
R, — R, is well-defined and continuous (see Step 1) and that lim inf}, .., M (h) = oo
(see Step 2). For the second claim in Lemma we have to show that h = 0 is not
a minimum point if K7 > K. For this it suffices to show that MF is right-sided
differentiable at 0 with right-sided derivative (M[)'(0) = L(Kq) — K{,y) (see Step 3)
since K}y > K(1) implies L(Kay — K{y) <0.

Step 1. First, we have MF(h) = MISE"(F,,, F) = [ MSE"(F,,(z), F(z)) \(dz).
Since MSE" (F,, (z), F(z)) € R, for every x € R and h € R, MF takes values only in
R.. Second, by , we have for any h € R, that

ME(h) — MF(0) = %/(F;—F)d/\—%/(Fh—F)FdA

n—1

/ (Fo— F)?d\ = Sy(h) + Sa(h) + Sa(h).  (A.9)

Since M}(0) is well-defined and finite (note that [|z|dF(z) < oo implies [ F(1 —
F)d\ < ), it follows that the function M : R, — R, is well-defined and continuous
if we can show that, for every j = 1,2, 3, the summand S;(-), regarded as a real-valued
function on Ry, is well-defined and continuous and satisfies lim;,_,o Sj(h) = 0. For the
proof of these conditions we will use that the assumptions of Lemma[3.2]imply Equations

(&2 and (55
For the function Sy, it follows from (A.8) that it is well-defined with Sy (h) = * [(Fy —

F)dx = —%K ) for every h € R, . Thus, it immediately follows that 57 : ]RJFI — R is
continuous with limy,_,oS1(h) = 0.

For the function Sy, it follows from the transformation theorem, (A.2)) and Fubini’s
theorem that it is well-defined with

S:0) = =2 [ (Fule) = F@) Flo) Ao
=2 [ Kate = ) () - P)) F@) M) Mo
_ _% // K () (Fx — uh) — F(z)) F(z) Mdu) A(da)

10



_ % // /[0 I & — uht) ) ) ) )
_ % // /[O I E () wht) ) ) )
_ % // /[O QP+ wbt) Ndt) M) F'() Ay
_ % // /[O I OF(y + wht) Al) ) dF () (A.10)

for every h € R, . For the well-definedness note that the latter triple integral is abso-
lutely bounded uniformly in A € R, since |uK (u)F(y+uht)| < |u||K (u)| for all u,y, h,t
(recall that K is assumed to have a finite first absolute moment). This also implies that
limy, 0 S2(h) = 0. Moreover, by the continuity lemma (in the form of Lemma 16.1 in
[1]), we can derive from that Sy : Ry — R is continuous; take into account that
F' is (absolutely) continuous.

Finally, for the function S3, we obtain again by using the transformation theorem,
(A.2) and Fubini’s theorem that it is well-defined with

5i(0) = "= [ (Buo) - F@) (Fla) = F@) Alao)
n—1
_ / /Kh v — ) F(y) Ady /Kh (2 — 2)P(2) Md2) — F(2)) Alda)
- ”; [ Kate =) (@) - Fa) A / Ko = 2) (F(2) ~ F()) A(dz) Mdo)
n—1

= // K(u)K(v)(F(z — hu) — F(z)) (F(z — hv) — F(z)) A(du) A(dv) A(dz)

S L /// WK () K (0) é b M)

(F(z — hv) — F(z)) Mdu) Mdv) Mdz)
=y | / o’ uk (u)K (0)F (9)

(F(y + uht — hv) — F(y + uht)) A(dt) A(du) Mdv) M(dy)

- ”_1////01]UK

(F(y +uht — hv) — F(y + uht)) A(dt) M(du) A(dv) dF (y)

(A.11)

for every h € R, .. For the well-definedness note that the latter quadruple integral is
absolutely bounded uniformly in A € Ry, since |uK (u)K (v)(F(y + uht — hv) — F(y +
uht))| < 2|ul|K(u)||K(v)| for all u,v,y,h,t (recall that K is assumed to have a finite
first absolute moment). This implies that limy,_,0 S3(h) = 0. Moreover, by the continuity

11



lemma (in the form of Lemma 16.1 in [I]), we can derive from (A.11)) that S3: R, — R
is continuous; take into account that F' is (absolutely) continuous.
Step 2. To show that liminfy, ., M (h) = oo, we first note that

Mﬂm:=/ 1/Eﬂx—w%ww»—in@f+(ﬂ@»—F@»ﬁAw@

- //Khx— )2 dF (y /Kh:v— )dF( ))))\(d:p)
[ <@—F<»Au@_x/wmm—F@»Aum (A.12)

for every h € R, . Thus, in view of Fatou’s lemma, we have liminf, ,., M (h) >
liminfy e [(Fu(z) — F(2))? Mdz) > [liminf, e (Fu(z) — F(2))? X(dz) > [(K(0)
F(x))*\(dz) = oco. The second last step can be seen as follows. We have |Fj(x )
KO) = | [(En(x —y) — K(0)dF(y)| < [|K((z —y)/h) — K(0)|dF(y), and K is
continuous (see Section and limy_,o(x —y)/h = 0 holds true for all x,y € R. Thus,
limy, o0 Fr(7) = K(0).

Step 3. It remains to show that MI is right-sided differentiable at 0 with right-
sided derivative (ML) (0) = L(Kq) — K{yy). In view of , it suffices to show that
limp, 0 S1(h)/h = —K(*l)/n, limp 0 S2(h)/h = Kay/n and limy_oS3(h)/h = 0. The
convergence limy, 0 S1(h) = =K /n directly follows from . By using , we
get

h—0 h—0n

lim Sy(h)/h — lim = // /[O P (g wht) ) ) )

_ // /[0 () g Py ) M) N dF )

= 1 [ur @) [ 2 F @) M) = 22,

where the second = is ensured by the dominated convergence theorem (with majo-
rant |uK (u)|), the third = relies on the continuity of F' and the last = is true since
[2F(y)F'(y) A(dy) = [(F?)'(y) A(dy) = 1 (note here that (F?)'(-) is a Lebesgue density
of the distribution function F := F 2). Finally, by using , we also get

}lli_r)r(l) Ss(h)/h = lim /4” uK (u)K (v) (F(y + uht — hv) — F(y + uht))
A(dt) A(du) A(dv) dF (y)

= "_1////01UK v) lim (F(y + uht — hv) = F(y + uht))
A(dt) A(du) A(dv) dF (y)

_ = 1////01 WK () K (0) 0 \(dt) Mdu) Mdv) dF(y) = 0,

12



where the second = is ensured by the dominated convergence theorem (with majorant
|uK (u)K (v)|) and the third = relies on the continuity of F.

A.10. Proof of Remark 3.3

Below we will show that

m(l):/ (1—E)d)\—/ 7 d)\ (A.13)
(0,00) (—00,0)

for any kernel x with s < oco. Since K| < oo by assumption (and therefore also
Ky < 00), we can apply || to k := K and to kK := K* (ihere IS is derived from
K as k* was derived from # in Section [2). So together with K*(-) = K(-)? (sce Section
A.3) we get

K(*l)—K(l)—/ (1—72)d)\—/ (1—7)d)\—/ dewr/ K d\
(0,00) (0,00) (—00,0) (—0,0)

:/ ((1-?3-(1-?))@-/ (K>~ &) d
(0,00)

(70070)
:/ (F—FQ)d/\Jr/ (K—FQ)CMZ/(K—KQ)CZA.
(0,00) (—00,0)

This proves the first claim in Remark . If K is nonnegative, then K is nondecreasing
(with lim,_, o K(2) = 0 and lim,_,, K(7) = 1) and therefore takes values only in [0, 1].
Thus, K~ < K, and therefore the latter integral is nonnegative. This proves the second
claim in Remark [3.3

It remains to show . Let x be any kernel with k; < oco. Recall that % is
absolutely continuous (see Section [A.2). By Theorem 7.20 in [5] it follows that % is A-
a.e. differentiable (see also [4, VII.4.12.b]) and by [4, VII.4.14.a] we can find a A-null set
N € B(R) such that " = x on N°. On N, we set & := 0, and we note that (F —1)' = &
on N°€.

Let a € (—o0,0) and b € Ry, be arbitrary. With the help of [4, VII.4.16] we obtain

/[a ) uk(u) AN(du) = /[a ; ur (u) Mdu) + / uR (u) A(du)

[0,0]

= [UE(U)]Z — ®(u) A(du) + [u(E(u) — 1)}2 — / (E(u) — 1) A(du)

[a,0] [0,0]

= [uE(u)]z + [u(®(u) — 1)]2 + /[Ob] (1 —R(u)) Mduw) —/ R(u) AM(du)

[a,0]

= —ak(a) — b(1 — R(b)) +/

[0,0]

(1 — F(w)) Adu) — / () A(du).

[a,0]

Thus, using the dominated convergence theorem twice (for this we need the assumption
K| < 00), we get k) = limy, o0 f[_n nl uk(u) Mdu) = lim,,_, o (nR(—n) — n(l — &(n)) +
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f[o n]( R)d\ — f ]Iid>\) = f((),oo)(l —R)d\ — f(_w’o)ﬁd)\, i.e. (A.13)). Note at this
point that |n/<:( ) =n f(_oo7_n]/<;d)\| < f(_oo’_n}n|/<|d)\ < f(_oo,_n] ul|k(uw)| A(du) =
[ Lo —nj(u)|ul|c(u)| A(du) for all n € N and that the latter integral converges to 0
as n — 00 (by the dominated convergence theorem and Kj;; < oo). Moreover, we
have that In(1 — R(n))| = |nf(n’m)ﬁdA| < f(n’oo)n\/ﬂd/\ < f(n’oo) lul|k(uw)| Mdu) =
[ L0y (W) |u] |5 (u)| A(du) for all n € N and the latter integral converges to 0 as n — oo

(by the domlnated convergence theorem and Ky < 00).

A.11. Proof of Lemma 3.4

In a more general framework, Lemma has already been proved in [3]; see the proof
of Theorem 2 there. Since we will need most of the arguments later for the proofs of

Theorem (see Section [A.13]) and Theorem (see Section [A.16]), we will carry out

the proof here in our special case. We need the following lemma:

Lemma A.4 For every h € Ry, the function F} is continuous and of bounded vari-
ation, and the signed measure on (R, B(R)) induced by F}, possesses the \-density f, :
R — R defined by fi(x) := [ Kp(x —y) dF(y).

Proof Let h € R, be arbitrary but fixed.

Step 1. We first show that F}, is continuous. Note that K} is continuous (choose
k := K} in Section and that |Fh(:v)] = |K(x/h)| < |K||s for all z € R. Since
| K| < 00 (choose k := K in Section it follows from the continuity lemma (in the
form of Lemma 16.1 in [I]) that the map z — Fj(z) = [, K(z —y) dF (y) is continuous.

Step 2. We next show that Fj, is of bounded varlatlon. First note that Kj is of
bounded variation. Indeed: For every a,b € R, r € N and zg,...,z, € [a,b] with
a<xzg<zi<...<2x <bwe have that

S | Kaws) = Kawia)| = Z‘/ KhdA‘ Z/ |Kn| d\ < /|Kh\d>\,
i=1 (zi—1,24] R

and the latter upper bound is finite and independent of the specific choice of a,b, r

Tj— 1$,]

and zg,...,x,.. Consequently, for every a,b € R, r € N and zy,...,x, € [a,b] with
a§x0<x1<...<xr§b,wehavebythat

S 1) = Fitenl = Y [ Rt~ arw) - [ Fater =) art)
</ ZIKh - Faai = )| dF ) < [ VETaP) = V() < .

where V(Fh) is the total variation of Kj. Thus, F}, is of bounded variation.
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Step 3. In view of Steps 1 and 2, Fj is a measure generating function of a (finite)
signed measure. By and Fubini’s theorem we obtain

/Kh v —y)dF(y // KM aE ()
:/R/Rﬂ(oo,x](u)f(h(u— y) A(du) dF (y // o] (W) K (u — y) dF (y) A(du)

= /(_w’x]/ﬂ%Kh(u—y) dF(y) M(du) = /(_Ow] fn(u) A(du)

for all z € R, and therefore f, is a A-density of the Borel signed measure induced by Fj.
O

We will now prove that limy, . 2 oo
well-defined in RY by Lemma .

From we know that MI(h) > g (h) > 0 for all h € R, and n € N, where the
function ¢* : Ry — R, is defined by ¢*(h) := [(F,, — F)?*d\, h € R4, and ¢*(0) := 0.
Since limy, oo ME(0) = limy, oo + [ F(1—F)dX\ = 0 (note that [ |z| dF(z) < co implies
[F(1—F)d\ < 00), we necessarlly have lim,, MF(hfopt) =0 (recall that hf
minimiser of M;'(-)). Thus, in particular, lim,_, g (h} ,..) = 0.

Below we will show that g*(h) > 0 for all h € R,,. Moreover, we know that g% () is
continuous (see Step 1 in Section ; take into account that g*'(h) = —2-S3(h) for all
h € R, ) and that lim;_, g (h) = co (see Step 2 in Section specifically the lines
after (A.12))). Thus, lim, o 9" (A}, ope) = 0 implies that lim,, hﬁopt =0.

It remains to show that g*' (k) (= [(F,— F)*d)\) is strictly positive for every h € R ..
Let h € R, be arbitrary but fixed. Since F' is (absolutely) continuous by assumption
and F}, is continuous by Lemma[A.4] it suffices to show that F}, and F are not identical.

If F}, is not a probability distribution function, then the claim follows directly. Hence,

= 0. Note that the sequence (h[ o )nen is

mopt 18 &

we can assume that Fj is a probability distribution function. In this case it suffices to
show that the characteristic functions ¢r and g, of (the distributions corresponding
to) F) h and F, respectively, are not identical. In view of Lemma (according to which
fu(+) == [ Kn(- —y)dF(y) defines a A-density of dF},) and Fubini’s theorem, we obtain
for every t € R that

or, (1) = /em dF,(z) = / e £, () A( / /Kh z — y) dF(y) \(dz)
// e Ky (x — ) dF (y) Mda) // =49 1, (2) Mdz) dF (y)

_ / e K (2) A(d2) / & dF(y) = / e K () A(dx) / ¢ dF (y)
_ / ¢ [ () Mdx) op(t).
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Thus, for every t € R, we have pr(t) = ¢, (t) if and only if [ K (x) A\(dz) = 1. If
we assume by way of contradiction that pr(t) = ¢p, (f) for all t € R, then we obtain
[e®*K(z) A(dz) = 1 for all £ € R. Since the mapping & — [ €**K(z) A(dz) is, up to
a constant factor, nothing but the Fourier transform of the L!(d\)-function K, and the
Fourier transform of any L'(d\)-function is a continuous function vanishing at infinity,
we indeed obtain a contradiction (take into account that the function that is = 1 does
not vanish at infinity).

A.12. Proof of Theorem 3.5

From Lemma we know that lim,, . hi opt = 0. We are now going to prove that
hmn%oo nl/(2m—1)hF

nopt — € With ¢ as in . We will use ]Rlio to denote the set of all

sequences (hy)pen in Ry with lim, o h, = 0. In particular, (h,’f opt)neN € Rlio- We will

also use the notation

c((hn)nen) =liminfn®™* Y, and  &((hn)new) := limsup n'/*™Vp,

n—oo n—oo

for every sequence (hy)nen € RY .
For every n € N, hll . minimises M} (h) = MISE? (F, 1, F) over h € R, and therefore
it also minimises

NE(R) := n2m/@m=D (MF () — MF(0)) = n!/@mD (an(m - / F(1-F) dA)

F

mopt)neN is @ minimiser of the function

over all h € R,. This implies that the sequence (h
N RY , — R defined by

NF((hn)neN) := limsup N2 (h,,).

n—oo

Below we will show that

(a) for every (hp)nen € RY o with ¢((hn)nen) = €((An)nen) < 00, the expression

NF((hn)neN) depends on (hn)neN only through E((hn)neN)a

(b) Q((hiopt)n€N> = E((hg,opt)NEN) < 0.
In view of (a), we can uniquely define a function ¥ : R, — R by
_ —F
v'(c) =N ((hC;n)neN)

for an arbitrary (hen)nen € Rlio with ¢((hen)nen) = €((hen)nen) = ¢ Below we will
also show that

(¢) ¢ defined in (8) is the unique minimum point of 7" : R, — R.
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Since (h] 4ot )nen is a minimiser of the function N RY ; — R (sce above), assertions (a)
and (b) imply that E((h} oot )nen) (= c((hf opt)nen)) is a minimiser of the function 7" :
R, — R. Along with assertion (c), we can infer that c((h] o )nen) = E((h) opt)nen) = c.
Thus, lim,_,. n"/®™Vh, = c.

Proof of (a): For every h € Ry, we define

Km
LY(h) = K}y — (—h)m1L/2F<m>FdA+2hm/RK,m(-,h)FdA,

m)
K2m
tsfore

Km
+(=1)"2h =" [ Rcn(-, h)F™) dA+h2/RK,m(-,h)2dA

LY(h) =

(which will appear in (A.16)—(A.18) below). Since sup,cg,, [ |Rim(z,h)|A(dz) < co
and sup,er, . [|Rxm(-,h)|le < 00 (see Lemma [A.3), [[F™ |, < oo (see the proof of
Lemma in Section [A.8) and K7} is well-defined in R (since Kj;| < 00), we have

lim Li(h) = Ky — Kqy) € Ry, (A.14)
K

. F . m (m)\2

}LIE)I%)LQ (h) = ()2 /(F )7dN e Ry, (A.15)

The term —K(j) in is required for the case m = 1 and is equal to 0 when m > 2.
For the case m = 1 note that F? is the distribution function of the distribution on
(R, B(R)) with A-density (£?)" = 2F"F, which implies [2F'Fd\= [1dF?=1.

By Lemma we obtain

n(My (h) = M, (0))

* me m szm m
= —hK}y —2(—h) ﬁ/]ﬂ JF A+ (n —1)h? ﬁ/(ﬂ )2 dx
Km)

—2p™ 1 / Rim( - R)F d\+2(n — 1)(=1)"p*"*! -

/ Ricom( -, h)F™ dX

+(n— 1)h2m? / Rico( - h)? dA

K
- —h(K(*l) - (—h)m1(—"/2F<m>FdA+2hm/RK,m(-,h)FdA)

m:

K? K
+(n—1)h2m< (om) /(F<m>)2dA+(—1)m2h (m) /RK,m(-,h)FW)dA

(m!)? “m!
+h2/RK,m(-,h)2dA>
= —hL{(h) 4+ (n—1)R*"LY (k) = h(—L{(h)+ (n— 1)h*"'LY(h)) (A.16)
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for all h € Ry, and n € N. Since also n(M(0) — MF(0)) =0=0-(-L¥(0) + (n —
1)R*™=1LE(0)), we therefore have

Ny (h) = n®™ =D (M7 (h) = M (0)) = nV/ =Y n(M,7(h) — M, (0))

n

= /O DR — LY (k) + (n — 1)R*™ 'L (b)) (A.17)
for all h € Ry and n € N. From and (A.14)—(A.15)) we obtain
N ((hn)uer) = limsup N ()
= lim sup n'/ <2mn”f:( — LY (hy) + (n — )R> LY (R))
= (it 0m) (= tim £ )+ (Jim (0= 1127) Jim 15 (1))

K2
_ % _ 2m—1 m) m
= C((hn)neN) ( - (K(l) o K(U) + C((hn)neN) (771(')2 /(F( ))2 d)‘) (A18)
for any sequence (hn)nen € RY ( with ¢((hn)nen) = @((hn)nen) < oo. Clearly, this
expression depends on (A, )en only through ¢((hy,)nen). By the way, (A.18) shows that
the function 7' : R, — R admits the representation

2
7 (c) = c( — (Kfy — Kqy) + ! (I;(T;; / (F(m)2 dA). (A.19)

Proof of (c): Since 7" is a polynomial of the form ¢ — —ac + bc*™ with a,b € R,
(see (A.19)), it can be seen easily that 77" possesses exactly one minimum point and that
this minimum point is given by ¢ introduced in ().

Proof of (b): Recall that (k] . )nen € RY o and that Al . minimises N : R, — R
for every n € N. Thus, it suffices to show that for any sequence (h,)nen € Rlio, which
does not satisty c¢((hn)nen) = ¢((hn)nen) < 00, we can not have that h, is a minimiser
of NI : R, — R for every n € N.

Case 1. Let (hyp)nen € RY  be such that ¢((hy)nen) (= limsup,,_, nt/Cm=Dp ) = o,
In this case, we have from (A.14)(A.15)) that lim sup,, , . (—L* (h,)+(n—1)h2"'LE (h,))
0o. Thus, in view of M, N ((hn)nen) = limsup, . n/@m=Dh, (=LF(h,) + (n —
A2 LE (hy)) = 00. So (hn)sen € RY ) can not be a minimiser of N' : RY ; — R
(since, for instance, NF((O)neN) = 0). In particular, we can not have that h, is a
minimiser of N : R, — R for every n € N.

Case 2. Let (hyn)nen € RY o be such that ¢((hn)nen) < €((hn)nen) < co. By way of
contradiction, assume that h,, is a minimiser of NI : R, — R for every n € N. In this

case we have that for every subsequence (hy;);jen of (hn)nen and every j € N the term
h,,; minimises ij : Ry — R. In particular, (h,;)jen minimises limsup,_, ij (h;) over
all (h;)jen € R 5. We can choose two subsequences (hu,)jen and (hz;)jen of (hn)nen
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1/@m=1), _1/(2m— 1)h

such that lim; ., n; n, = C((hn)nen) and lim; o 77, = ¢((hn)nen), TE-

spectively. If we set

1/(2 1) * . 1/(2m—1)
Q*((hﬂ])]EN) = 11.]Hl>10£’1f n " h’ﬂj? c ((hﬂj )]GN) = hI]rLSng n hﬂj?
— 1o —=1/(2m—1) —x . 1/(2m—1)
c*((hﬁj)jeN) = hjrgg)lf n, hﬁ], c ((hﬁj)jeN) = llillsogp n; hﬁ],

then we have in particular c((hn)nen) = ¢.((hy,)jen) = ¢*((hn,)jen) and E((hn)nen) =
C((hm;)jen) = € ((hm;)jen), and therefore (analogously to (A.18))) we can use (A.17) and

AT (A19) to get

lim sup NF (hy.)

o
Jj—o0

2m— 1K2m m)\ 2
= ¢ ((ha,yjen) (= (K1) = K) + € () (ﬁgﬂw»dg,

lim sup N (ha;)
j—00
2

2m—1Km m)\2
= & ((hm,)jen) (= (K = K1) + 2 () jen) @&/w“>w)

Since (hy,)jen and (hy; ) jen are minimisers of lim sup;_, ij (b;) and limsup;_, Ngj (h;)

respectively over all sequences (h;);en € RI}TFO, they are of course also minimisers of
these limes superiors over all sequences (h;)jey € RY o with liminf; nl/ (2m= 1)f) =

limsup,_, ., ﬂ;/@m 2 b; and liminf;_, ﬁl/(Qm 1) h; = limsup, ,,, 7 _;/(Zm 1)[)] respectively.

So we can easily conclude that both ¢ ((hij)jeN) and ¢*((hm; )jen) are minimisers of the
function 7" (recall (A.19)). But we already know from (c) that the only minimiser of
¥ is ¢. This contradicts ¢ ((hn,)jen) = c((hn)nen) < E((hn)nen) = T ((ha,)jen)-

A.13. Proof of Theorem

Let (hp)nen € RI}IF be arbitrary but fixed. Whenever lim,,_,,, h, = 0, we can conclude
from (A.16) and (A.14)—(A.15) that

lim sup nMF (h,)) = limsup <nM,f (0) + hn (= LE (hn) + (n — ))RZ"LE (h, )))

n—oo n—oo

= nMF(0) — lim h,Lf(h,) + (hmsup (n — 1)h2m (hm LE(h )
n—oo

n—00 n—00
K2
=cF -0+ <hgf£p nhim) <(m(7'7;)2 /(F(m))2 dA), (A.20)

where ¢ := [ F(1 — F)d\ = nM}(0) is contained in R, . For the second = we used
that limsup,,_, (¢ + an + €yby) = ¢ + limy, 00 ay, + (limsup,,_, o £,) (lim, o0 by,) for any
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c €R, ({y)nen € RY and convergent sequences (an)nen, (bn)neny € RY with limits @ € R
and b € R, ., respectively.

Let us first assume that lim sup,, ,. n'/®™h,, € R, (in particular lim,_,o h, = 0). In
this case, we obtain from that lim sup,,_,., nM(h,) € Ry,.

Conversely, assume that limsup,, ,,. nMX(h,) € R, . Below we will show that, in this
case, lim,,_,o, h,, = 0. Thus, we can again conclude from that limsup,,_, . nh*™ €
Ry, since (KZ, /(m!)?) [(Ft™)2d\ € Ry,. In fact, we even have limsup,,_,., nh>™ €
R, since h, € Ry for all n € N. In particular, limsup,,_,._n"/®™h, € R,.

It remains to show that lim,,_,. h,, = 0. From Section we know that MI(h) >
gf'(h) > 0 for all h € R, and n € N, where the function ¢g* : R, — R, is defined by
g¥(h) := [(F,— F)?d\, h € Ry, and ¢ (0) := 0. Hence, M} (h,) can converge to 0 as
n — oo only if g(h,) converges to 0 as n — oo. The function g* is continuous on R,
strictly positive on R, (see Section @ and satisfies limy,_,o, g™ (h) = oo (see Step 2
in the proof of Lemma in Section @ . Hence, lim,,_,o, M (h,) = 0 can hold only

if 1im,, o0 by, = 0. Since limsup,, ... nMFE(h,) € R, implies lim,_..c M (h,) = 0, we

can conclude that indeed lim,,_, h,, = 0.

A.14. Proof of Lemma 4.1

Let n € N be arbitrary but fixed. For the first claim in Lemma 4.1 we have to show that,
for every x, € R", the function Z\//ngmp(:cn; ) : Ry — R is well-defined and continuous
(see Step 1) and that liminf, ]\/Zn,Emp(mn; h) = oo (see Step 2). For the second claim
in Lemma , we have to show that h = 0 is not a minimum point of ]\/vagmp(wn; -) for
P -a.e. @, € R", when the kernel K also satisfies Kfy > Koy + 5759 [ Jul K (u) A(duw).
For this it suffices to show that J/\/[\n,Emp(zcn; -) is right-sided differentiable at 0 with
right-sided derivative J\/J:’L?Emp(wn; 0) = 274 (K — Kiy)+ L [ ul K (u) A(du) for P§"-a.e.
x, € R" (see Step 3), since K() > Ky + 575 [ |u| K (u) A(du) implies that 2254 (K ) —
K(y) + & [ [ul K (u) A(du) < 0.

Step 1. Let @, = (z1,...,2,) € R be arbitrary but fixed. In view of and
J/\/[\n,Emp(wn;O) =1 fﬁn(a:n, (1 - ﬁn(azn, -)) dA, a calculation similar to gives

T n

— —~ 1 R ~
Mn,Emp(ajn; h) - Mn,Emp<$n; O) = ﬁ/ (E Z [(h(gj - xi)2 - Fn(wn; x)) )\(dﬂf)
=1

_ %/ (ﬁn’h(wn;x)) — ﬁn(wn,ﬂf))ﬁn(wmx) A(dz)

n—1 ~ ~

- / (Fon(@n;z) — F(@n; x))2 A(dx)

=: S1(xn; h) + Sa(@n; h) + Ss(x,; h) (A.21)

_|_

forall h € R, . Since J/M\n,Emp(wn; 0) is well-defined (note that Fj,(x,; - )(1— F,(,; - )) is
bounded and has bounded support) and independent of h, it is proved that the function
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]/\/[\n,Emp(mn; -) is well-defined and continuous if we can show that, for every j = 1,2, 3,
the summand S;(x,; - ), regarded as a real-valued function on R, is well-defined and
continuous and satisfies limy_,o S;(x,; h) = 0. To show that the latter conditions are
fulfilled, we first note that £, (x,; - —uh)— B, (x,; - ) is bounded with bounded support,
for every (u,h) € R x Ry. Thus, for any function G : R x R++ — R, for which G(-,h)
is bounded for every h € R, we have that (F,(z,; - — uh) — Fy(x; -))G(-, h) is also
bounded with bounded support and is therefore A-integrable with

/ (Fo(@n; & — uh) — F(2; 7)) G(z, h) \(dz) (A.22)
= /%i (Vs 00y (& — uh) = N, 00y (2)) G, h) A(d)

. %Z [ (e = ) = L )Gl ) A ()

- %z [ (o () = B ()G 1) M)

1 n
= — —sgn(u G(z,h) A(dx
) [ G )
uh &

= ——ngn / G(z; + uht, h) uh \(dt) = _TZ G(x; + uht, h) A(dt)
1(0,1) i=1 [0,1]

for every (u,h) € R xRy, where I(a,b) is the closed interval in R with end points a and
b (for arbitrary a,b € R). Note that ({A.22)) will also be used in the proof of Lemma

in Section [A.T8
For the function Si(x,, - ), it follows from (A.1]), the transformation theorem, Fubini’s
theorem and (A.22)) (with specifically G := 1) that it is well-defined with

Si(zn;h) = 1/ (% im(;@ — )2 — By (@ x)) A(da)

n

— l/ (ﬁ;h(mn,x) —ﬁn(mmm)) A(dx)

-/ / (K = ) Pl ) M) — (s o)) M)
_ / K (u)(Bo(@ni 0 — uh) — By (o 2)) Aldu) Adz)

= K*(u / F\ (xn;x — uh) — ﬁn(wn, z)) AMdz) Mdu)

*

= _EZ/@LK*(U)AH] LA(dt) A(du) = —%h (A.23)
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for all h € R;,. For the well-definedness and the application of Fubini’s theorem, we
used that the first absolute moment of K* is finite when the first absolute moment
of K is finite. It follows immediately from that Si(x,; -) is continuous with
limy, 0 S1(x,; h) = 0.

For the function Ss(x,, - ), it follows from the transformation theorem, Fubini’s the-
orem and (with specifically G(z,h) = F\n(mn;x), (x,h) € R x Ry;) that it is
well-defined with

So(xy;h) = —z/(ﬁnh(mn, x) — ﬁn(wn;x))ﬁn(mn;x))\(dx)

__2 / K(u / (P2 @ — uh) — Fo(ay; ) By (0 2) A(du) A(dz)

~

= -2 [ K(u / (F, wn,x—uh)—ﬁn(wn;x))ﬁn(wm x) A(dx) A(du)

- Z //[O . (20 21 + wht) A(dt) Mdu) (A.24)

for all h € R,,. For the well-definedness and the application of Fubini’s theorem we
used that [uK (u)Fy(@,; z; + uht)] < |[uK(u)| foralli = 1,,....n, u € R, h € Ry,
t €[0,1], and [ |uK (u)| A(du) = K}3; < co by assumption. From this we can also infer
that limy,_,o Sa(@,; h) = 0. Moreover, by the continuity lemma (in the form of Lemma
16.1 in [I]), we can infer from that Sy(x,, -) : R4y — R is continuous. Note
at this point that, for every i = 1,...,n and hy € R, ., the function R, — [0, 1],
h > F,(w,; z; + uht) is continuous at ho for A®%-a.e. (u,t) € R x [0,1] (more precisely,
for every (u,t) € Rx [0, 1] with uthg ¢ {c € R\{0} : 3j € {1,...,n} with ¢ = z; —x;}).

For the function Ss(x,; - ), it follows from the transformation theorem, Fubini’s the-
orem and (A.22) (with specifically G(z,h) = (Fy(@n; 2 — vh) — Fy(zn;2)), (2,h) €
R x R, ) that it is well-defined with

Sy(mih) = " / (Bup(@0; 2) — Fo(a; 2))* M)
:”—12 / [ (Bulaiir = uh) = Fueai ) K () M)

/ (F(@n; 2 — vh) — Bo(@n: ) K (0) Adv) Adz)

n—lz//K

/ (Fo(®n; 7 — uh) — Fp(@;2)) (Fo(@n; & — vh) — F(2;2)) Mda) A(du)A(dv)

_ —h”n; ! izn;//uK(u)K v
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/ (Fo(@p; 25 + uht — vh) — Fy(a,; 2; + uht)) A(dt) A(du)\(dv) (A.25)
[0,1]

for all h € R, .. For the well-definedness and the application of Fubini’s theorem we
used that |uK(u)K(v)(F (@p; x; + uht — vh) — F (T, x; + uht))\ < |uK(u)K(v)| for
all i = 1,...,n, u,v € R, h € R and ¢t € [0,1], and [ |uK(u)K(v)] A(du) A(dv) =
[ Kjj|K ()| Mdv) = Kpy [ |K(v)] Mdv) < oo by the assumption K| < co and the A\-
integrability of K. From this we can also infer that limj,_,q S3(x,; h) = 0. Moreover, by
the continuity lemma (in the form of Lemma 16.1 in [1]), we can infer from that
S3(@n, - ) : Ryy — R is continuous. Note at this point that, for every ¢ = 1,...,n and
ho € Ry, the function Ry, — [—1,1], h > (F)(n; 3; + uht — vh)) — Fy (@, 2; + uht))
is continuous at hg for A*3-a.e. (u,v,t) € R? x [0, 1] (more precisely, for every (u,v,t) €
R? x [0,1] with (ut — v)hg, uthg ¢ {c € R\ {0} : 3j € {1,...,n} with ¢ = z; — x;}).
Step 2. Let x, = (21,...,2,) € R" be arbitrary but fixed. To show that

lim inf, o0 ]/\/[\mEmp(a:n; h) = oo, we first note that

]/w\n,Emp (wn; h)

_ / (%iﬁ(w—xi)Q—%ﬁ (103 2)* + (o o) = Fu(a2))°) Mda)

- /( ZKha:—xl —( ZKhx—xl>))\(dx)
+ / (Fop(@n; @) — Fy(@0; 7)) Mda) > / (Fop(@n; ) — Fy(n;2))° Mde)

for all h € ]R++ Thus, in view of Fatou’s lemma, we have lim inf;,_, ]\//Tn,Emp(zcn; h) >
lim inf),_ o f nh(wn, ) — Fy(,; 2))2 Mdz) > [Hminfy e (Fpp(@n; 1) — Fo(@;1))2
A(dz) > f — F,(,;2))? M(dz) = 0o. The second last step can be seen as follows.
We have |Fnh<:cm )=KO) = [} 2 il —a) = K0)] < £ R ((r—a)/0)-
K(0)], and K is continuous (see Section and limy, (2 xl) /h = 0 holds true for
all x € R. Thus, limj_, Fn,h(a:n, x) = 7(0)

Step 3. It remains to show that, for P?}?—a.e. x, € R”, the function M\n Emp(Tn; - ) 18
right-sided differentiable at 0 with right sided derivative M’ (x,;0) = 252 (K —

n,Emp
K(’l“l))—l—% f |u| K (u) A(du). In v1ew of , it suffices to show that limy, g Sl(a:n, h)/h =
= Ky limpo So(@y; )/h = - [ ulK (u) A(du) and limy_,o S3(@,; h)/h =
L (Kay — Ky + [ [ul K (u) A(d )) for ]P’®”—a e. x, € R
The convergence limy, .o Sy (x,; h)/h = —+ + Ky directly follows from (A.23).
To show the stated convergence of Sz(a:n, h) / h, we first note that, since Fy(a,; - ) is

cadlag, we have

(T; x;) ,ut >0

lim ﬁn(mn, x; + uht) =
h—0 (Tn;25) — ci(x,) , ut <0

)



for every ¢ = 1,...,n, where ¢;(z,) = #{j € {1,...,n} : x; = 2;}/n. Since ¢;(x,) =
1/n for P{"-a.e. @, € R™ (recall that F is assumed to be continuous), we obtain by
applying the dominated convergence theorem (with majorant |uf(u)|) to the very right-
hand side in that

hm So(xn; h)/h

Z //{O ; u) lim Foy (@ 2; 4 uht) A(dt) A(du)

( / /[ RO e0s) N M)
+/R_/M ulk () ﬁn(mn;mi)—%) A(dt) A(du))
o 1) A T +2Z( wui) = 1) [ k() M)

— i((n+ 1)/R wkK (u) Mdu) + (n — 1)/ uK(u)A(dU))

~Lkw+ %(/}R WK (u) A(du) — /R uK () Mdu)) = Koy + %/MK(U))\ du

for P{"-a.e. @, € R", where we used that Y " ﬁn(a:n, Ti) =Y % = = for PY -ace.
x, € R™

To show the stated convergence of Ss(x,;h)/h, we first note that, since F,(x,; -) is
cadlag, we have

ci(xz,) L, v<ut<0
}llir% (ﬁn(a:n, x; + uht — vh) — F\n(a:n, x; + uht)) =4 —cl(xz,) ,0<ut<wv
—

0 , else

for every ¢ = 1,...,n, where ¢;(z,) = #{j € {1,...,n} : x; = z;}/n. Since ¢;(x,) =
I/nfori=1,...,n,for P?}?—a.e. @, € R" (recall that F' is assumed to be continuous), we
obtain by applying the dominated convergence theorem (with majorant 2|uK (u)K (v)|)
to the very-right-hand side in that

lim Ss(x,; h)/h

h—0

_ _”n_?li//uz((u)zc o

/ lim (F (xy; x; + uht — vh) — ﬁn(:lzn, z; + uht)) A(dt) A(du) A(dv)
[

0 1] h—0
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- Z//“K / 1oy () g () A1)
+ /[0 1] (= 1) () L (ut) A(dE) ) M) A(d)

n

n-1 n // WK (u o (1) /[O . Ly 00 (ut) M(dt) A(dut) A(d)

n2 n

+//uK WK (0)L0m) u)/m (= Loy (ut)) A(dt)A(du)A(dv))

(
:”‘1 /R+/uoo A(dv) A(du) //m dv) Adu)
/H§+ [UOO>K( WK (v) Mdu) A(dv) / /OO )A(dv))

U

for PY"-a.e. © € R™, where the last = follows from

v ,0>u>w

T ooy (1) / Ly () A(dt) — {v 0svsu
[0,1]

0 ,v>20o0ru>0

and
—u ,v=>u>0
U:I]‘(O»OO) (u)/ ( - ]]-(foo,v) <Ut)> )\(dt) = —v ,u>v>0
on 0 ,v<0oru<0
for every u,v € R. Since K(z) = f(_oo . =/ 00.2) Y A(dy) for all z € R,

we can continue with

= 1(2/R wK (u) Adu) —Kgl)) - 1 1>+/IUIK
’ (A 26)

where we used for the last step that ZfR+ uK (u) Mdu) = Ky + fR+ uK (u) Mdu) —
Jo uK(u) AMdu) = Kqy + [ |u|K(u) AM(du).
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A.15. On the condition in the second part of Lemma 4.1

To verify Ky — Ky + J JulK (u) AN(du) > 0, it is sufficient to show that there exists
a function g : Ry — R for which lim, o g(h)/h = Ka) — Ky + [ ulK (u) M(du)
and limy_, g(h) = oo. Such a function g can be defined by g(h) = f(ﬁnh(a:n,x) —
Fy(x,: )2 A(dz) for arbitrary n > 2 and @, € R". Indeed: It was shown in Step
2 in Section that limp_e g(h) = iy see [(Fpp(@n; 2) — Fo(@n; )2 Mdz) = oo,
and it will be shown in Step 2 in Section (see the chain of equations from ({A.35))
onwards) that limj, .., g(h)/h = limh_m%f(ﬁn,h(wn;x) — ﬁn(mn,x))2 Mdz) = Ky —
Ky + [ |u|K (u) A(du). Take into account that the expression Sc(x,;h) that appears
in (A.35) coincides with g(h) for every h € Ry, .

A.16. Proof of Theorem

As before, we use x,, to denote the projection of & € RY to the first n coordinates.

Lemma A.5 Assume that [ |z|dF(z) < co. Then, for P{-a.e. @ € RY we have:
11100 | Mo mp (€05 ) — ME(ho)| = 0 for all (hy)nen € RY.

Proof For every £ € RN, n € N and h,, € R,, we have

| My gmp (03 ) — M (hy)]

- ’ / (% ;Khn(:z: —x;)" — %ﬁn o (T )2+ (ﬁn o (@3 ) — Fo(2 7)) ) A(dx)
- / (%/Kh ( — y)? dF(y) — ~Fy (2)? + (Fuo(x) - F(x))*) A(da)

= B (0 2)* + Fy, (2)?) A(da)|
< /}ﬁn,hn(mn;x)—th(x)\ N Ep (s ) + Fi, (z) — 2F (x)| A(dx)

+/}ﬁn(mn;x)—F(x)| | F(@n; ) + F(2) = 2F p, (0; 7) | Adx)

+H/@me—mt/EM—wwwpmﬂ

/|Fnhn 205 2) — Fo (0)] - | B (@00 2) + o, ()] M),

< (1 (@ni oo + 1 Falloo + 201 Flloc) / | P (%05 2) = Fr, ()| A(de)
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+ (1En(@ns oo + [ Flloo + 201 Fr (205 )lloo) / |E(0;2) — F(x)| A(dz)

* %‘ / (% i K, (x = 2:)" = /K_hn(x —y)? dF(y)) A(dm)‘

[ B (@ai) = i, (@] A(da)

Moreover, for every € RN and n € N, we have

|]/W\n,Emp($n§0) - Mf(O)} < %/l(ﬁn(wn’x) _ F(x)) B (F\n(mn;l'>2 B F(x)Q)‘/\(dx)
- %/‘ﬁ”(""n;@ — P(@)] - [1 = (Fu(@,; @) + F(x)) | Adx)
< %/ |F\n(wn,$) — F(ZE)‘ A(dz).

Thus, it suffices to show that there exists a P?}?—nuﬂ set N € B(R)®N such that for every
x € RY\ N the following assertions hold for any (h,)nen € RY . :

(a SUPpeN HFn,hn(wn? Moo < ”F”om

(b) sub,en | Fhlloo < 1Ko,

(
(d) lim, e [ |ﬁn(wn; x) — F(x)| A(dz) =0,

)
)

¢) Suppen || Fn(@n; oo = 1,
)

¢) limy oo [ [ By, (203 7) — Fy, ()| Mdz) =0,
)

(
(6) supnen | [ (5 200 Ko (@ = 20) = [ Ko, (z = y)* dF (y)) Mda)| < oo.

Recall at this point that K is bounded (which is known from Section [A.2), i.e. that
| K ||~ < oo holds true.

(@): | Fnn, (@n; oo < 1K lloe = | K loo for all € RY, n € N and h,, € R,

®): | Fnnlloe < S N1 EKn, (- =)o dF(y) < || K] for all x € RN, n € N and h, € R, .

(c): This equation is obvious, since F,(x,; - ) is a distribution function for all & € RY
and n € N.

(d): [ |]3n(mm x)— F(z)| Mdx) is the L'-Wasserstein distance between the probability
measures i, (x,; -) and p associated with the distribution functions ﬁn(a}n; -) and F,
respectively. It is well known (see e.g. [2, Lemma 8.3]) that this distance converges to 0
as n — oo if and only if fi,,(z,; - ) converges weakly to p and lim,, e [ 2] fin(2n; dx) =
[ |z| p(dz). But the latter two conditions hold true for P?}If]—a.e. x € RY by the classical
Glivenko—Cantelli theorem and Kolmogorov’s strong law of large numbers. That is, there
exists a PY -null set N € B(R)®N such that lim,_,o [ |F(@: 2) — F(2)| AM(dz) = 0 for
allz € RV\ N.
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(e): For every £ € RN, n € N and h, € R, we have

/ (@) — Fy, (2)| Mda)

-/ / K (2 = ) (Fu(@ai ) = F(1) Mdy)| Alda)
< [1Futeain) - Fw) / Ko, (2 — )] M) A(dy)
/\F Z,:Y) }/lK )| A(d2) Mdy) = L/\F x,;y) — Fy)| Mdy),

where L := [ |K(z)| A(dz) is finite (since K is a kernel). By (d) the latter integral con-
verges to 0 as n — oo for all & € RY\ N. Thus, lim,, o [ ]ﬁnyhn(a:n; x)—Fy, (2)| Mdx) =
0 for all € RY\ N and (h,)neny € RY,.

(f): On the one hand, we have | f 1 Z?ZIK_;M(x—xi)Q—fK_M(x—y)Q dF(y)) \Mdz)| =
| [(F, nhn — Fy(z)) Mdx)| < [ |Fy,,, (x) = Fi(x))| A(dx), where the first step is ensured
by (A.1] and ). On the other hand, as in the proof (e) (with K replaced by K*), we
obtam that lim,, o0 [ |E hn (z)—Fj(x))| Mdz) = 0 for all z € RY\N and (hy,)nen € RY .
In particular, sup,cy | [(2 30, Kp, (x — 2:)? — [ Kp, (x —y)* dF(y)) A(dz)| < oo for all
x € RY\ N and (hy)neny € RY . O

We now show that lim,, /fzn(mn) =0 for Pg’}?—a.e. x € RY.

Step 1. There exists a P -null set N € B(R)®N such that for every & € RV \
N we have lim, o M (hy(2,)) = 0. Indeed: By Lemma |A.5| there exists a P-
null set N € B(R)*N such that for every £ € RN\ N and (h,)nen € RY we have
100 | My Emp (@ i) — MF (h)| = 0. Since My gmp(n: h) = My gmp(@n: h)— MF (h) +
M (h) for all h € R, we can conclude that, for every & € RN\ N and (h,)nen € RY,
1y, s o0 My Emp (@0 Bn) = 0 if and only if lim,_e MF (h,) = 0. It casily follows that
limy, o0 ME (hy(2,)) = 0 for all z € RN\ N. Indeed: Let & € RNV \ N be arbitrary
but fixed. From what has just been said we can infer that lim, ., M (/f;n(a:n)) =0

if and only if lim,,_, ]\//ngmp(mn;ﬁn(wn)) = 0, and the latter convergence holds true if
lim,, o0 Mn,Emp(ajn; 0) = 0 (since ﬁn(wn) minimises ]\//TmEmp(a:n; h) in h € R, in particu-
lar M\H,Emp(wn;ﬁn(azn)) < M\H,Emp(mn; 0) for every n € N). Now, lim,, ]\//Tnﬁgmp(a:n; 0) =
0 holds true if and only if lim,, o, M (0) = 0 (this is the above mentioned equivalence
with specifically h,, := 0, n € N), and lim,, ... M (0) = lim,, o, % JF1—=F)dx=0
holds true since [ |z|dF(z) < oo implies [ F(1 — F)d\ < cc.

Step 2. In view of Step 1, the claim follows if we can show that for every € RN\ N
we have that lim, e MF (hn(,)) = 0 implies lim, o hn(2,) = 0. In the rest of the
proof we will show that the latter implication is true. Let &, € RN\ N be arbitrary but
fixed, and assume that lim,, Mf(ﬁn(wn)) = 0. From we know that MI'(h) >
g (h) > 0 for all h € R, and n € N, where the function ¢ : R, — R, is defined
by g¥(h) := [(Fy, — F)2dA, h € Ryy, and ¢¥(0) := 0. Thus, lim,_0 g (hn(zn)) =
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0. Since g¥'(h) > 0 for all h € Ry, (see the last paragraph in Section [A.11]), ¢ is
continuous (see Step 1 in Section ; note that g (h) = 2553(h) for all h € Ry) and
limy, 00 g7 (h) = 0o (see Step 2 in Section [A.9} specifically the lines after (A.12)), it
follows that lim,,_, ﬁn (z,) = 0.

A.17. An unbiased estimator of B(h) introduced in (11)

Let n > 2 be arbitrary but fixed and assume that K|; < co and [ |x| dF( ) < 0. For
notational simplicity we will write Fn n and F instead of Fn 2(X,; +) and F (X ),
respectively. Recall that we defined BY'(h) := E[Mn Emp(Xn; R)] — ME(h), h € R,.
First of all note that B! : R, — R is well-defined since the function M : R, — R
is well-defined (see Lemma and the function E[[\/f\n emp(Xn; -)] : Ry — R is well-
defined. To see the latter assertion, note that E[Mn Emp( X 0} h)] E[M\n,Emp(Xn; h) —
M, Emp(X 03 0)] + E[]\//_?n Emp(X 1 0)], where M, Emp(Znih) — M, Emp(Xr;0) is bounded
uniformly in x, € R", for every h € Ry;, and E| nEmp(Xn,O)] = ”n—;lfF(l —
F)\(dz) (see - below). The uniform boundedness can be seen as follows. From
we have M, gmp(Tn; h) — J\/J\n,Emp(scn; 0) = Si(xn; h) + Sa(Tn; h) + Ss(xn; h) (for
S1(xn; h), So(x,; h) and S3(x,; h) as defined in (A.21])) for every @, € R" and h € R .
It can be inferred from , and , respectively, that, for every h € R,
S1(2n; ) is finite and does not depend on &, |Sa(x,; h)| is bounded by (2h/n) K1) uni-
formly in @, € R" and |Ss(x,; h)| is bounded by hKjy [ |K|dX uniformly in @, € R".
Next we note that

BF(0) = / E[%ﬁn(x)(l ~Fuw) - %F(w)(l — P(@))] Mdz) = / BE () A(dx)

+E|(Fun(@) = Fu(@))” = (Fu(@) = F())*] ) Alda)

_ / (BE (2, h) + B y(x, b)) A(dx) (A.27)

for all h € Ry, where B (z) = E[%ﬁ (2)(1 = Fy(z)) = LF(2)(1- F(x))], BE, (2, h) :=
E[L >0 Kz — X;)? — %ﬁn,h( — L [ Ky(z—y)*dF(y) + 1 F(2)%] and BLy(z, h) =
E[(F,p(z) — Fy(2))2 — (Fp(z) — F(x )) Jforallz e R and h € Ry,.

We intend to define an unbiased estimator En(h) of BE(h) for every h € Ry. In view of
the above representations, it suffices to find, for every x € R and h € R, |, unbiased and
A(dx)-integrable estimators Bn,o( T, Enl( x,h), Enl( -y, h) for Bl y(x), Bf | (x,h),
BE,(z, h), respectively. Such estimators will be constructed in Steps 1 to 3 below. The
resulting estimator B, (h) for BF (k) can be found in - below.
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Step 1. For every x € R, we have

B[L A1 - )] = TE[E3 tom e~ X0 (1= 23 Lo~ X))
= %(E[]l[o,oo)(x - X1)} — %E[]l[o’oo)(x — Xl)} _n= 11@[1[0700)@ B Xl)}Q)
= nn—2 1E[Il[0,oo)($ — X1)] - nn_z 1E[1[07oo)(x — Xl)}Q
= nn_2 1F(:U) - nn_2 1F(x)2 = nn—2 1F(x)(l — F(2)) (A.28)
and therefore
Bloa) = " F(@) (1= F(2)) = = F@) (1~ F@) =~ F(a)(1 - F(2))
- - (- F@) = B[ - SR - R)
Thus, if we define
~ 1 ~ . .
Boo(xy; z) := —an(mn,a:)(l — Fy(zn;7), x,€R

~ ~

for all z € R, then we have E[B,, o(X,; x)] = Bf o(z) for all z € R. Moreover, By, o(xn; -)
is A-integrable since Fj,(,; - )(1 — F,(x,; - )) is bounded with bounded support.
Step 2. For every x € R and h € R, we have

1~ 2 1A 2
E| Zl Ri(w = Xi)* = = Fon(a)?]

1 J N

= — Z]Em(x — Xl)ﬂ - EE[th(x)z]
= [ Fote = arw) ~ L (VarlFuat@)] + B[]
- R orarw - 2[R —vrarw - Lrwr - Ae)

_ %/Fh($_y)2dF(y)_%/E(,ﬁ—deF(y)_ n_gth(x)z
n—1

n
n—1

_ / Konlw — )2 dF(y) —

n2

e Fy(x)?

n

_n-l (% /E(m — )2 dF (y) — %Fh($)2>,

n
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where the third = relies on the representations of Var[ﬁn,h(m)] and E[ﬁnh(m)] specified
in Section Therefore,

Bl = 2 (5 [ i~ o aF () - S o))

Thus, if we define

o) . — 1 7 2 1 ) . )2 n
Bn,l(wn,x, h) = —m ZK}L(LL’ — .731) + an,h(wn,x) , &n € R

for all z € R and h € R, then we have E[Enjl(Xn;x,h)] = Bf\(z,h) for all z € R
and h € Ry . Since

1 S 1 -
Z Kn(x — 1) — ————F, 1 (z,; 7)?

‘§n71($n;x7h’)| - ‘m —

_— ni Z (x — xl %ﬁmh(a)n; :1:)2 + (ﬁn,h(wn; x) — ﬁn(mn; .:1:))2

1 ~

+ (Fnyh(a}n; x) — ﬁn(a:n; :L‘))2 + —F (2 x)(l — Fo(xy; x))

n—1

for all @, € R", x € R and h € R, ., we can (in view of (9)) use arguments as in (and
after) (A.21) to conclude that B, 1(x,; -, h) is A-integrable.
Step 3. Let k(x, h,x1) := Kj(x —21) — Ljg o0y (x — 1) for every z, 21 € Rand h € R, .
Then, for every z € R and h € R, ,, we have
= =~ 2
BE,(2,h) = E[(Fun(z) — Fu(2))’] = (Fu(z) — F(x))
= E[(Fun(z) — Fu(2))’] = E[Fun(z) — Fu(2)]?
~ ~ 1
= Var[F, »(z) — Fu(z)] = EVar [Kn(z — X1) — L) (z — X1)]
1

_ mE[k’(m, hy X1)?] — ———E[k(z, h, X1)?]
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Z 1 2
= = 1)E[k(:c,h,X1) | - Y >E[k(x,h,X1) ]
_ n(nl_ 5 2 Elk(, b X0 E[k(w, b, X))
n 2 1 -
= mE[k(x,h,Xl) ] — n(n—_le[k(L h7X1)k<x>h7Xj)}
_ ﬁzﬁz[/ﬁ(x,h,xl) ey ZZE (, h, X;)k(x, h, X;)]
— mE[k(x,h,X1)2] I [( 2’“ o, Xi) ) ]

Thus, if we define

~ 2
Bya(xy;x,h) o 1 Z Ky(r — ;) ]l[ovoo)(x—xi))

for all z € R and h € Ry, then we have E[En’g(Xn; z,h)] = BF,(x, h) for all z € R and
h € R, .. We have discussed after @ that (F\mh(a:n; )= Fyp(®,: -))? is A-integrable.
Since (Kp(x — ;) — Ljo o) (x — 7)) = (Fip(ws52) — Fy(z;;2))? for every i = 1,...,n and
x € R, it follows that Emg(a:n; -, h) is A-integrable.

Conclusion 1. Now, if we set

B (,;0) 1= /Enyo(mn;x))\(dx) (A.29)
1 A A n
_ _/an(mmx)(l — By(@a;2)) Mdz), . €R
and
Bo(m h) = / (Bus (@i 2, 1) + Bus(@a; 2, 1)) A(de) (A.30)
B / ( " (n —11)n2 Kol =) + (n _1 1)nﬁnh(wn’ 7’



n

+ ﬁ Zzl (Kn(z — ;) — Ljg o0y (2 — xz))z
! (ﬁn,h(wn; z) — Fp(a,: ac))Q) Adz), =, €R"

n—1

for all h € R, then we can conclude from Steps 1-3 that E[B, (X ;)] = BF(h) for
all h € R, i.e. that §n( -3 h) is an unbiased estimator of BF ) for every h € R,.

Conclusion 2. 1If we plug B, (xn; h) (defined by - in the right-hand
side of (12)), then we obtaln for every @, € R” (by takmg (9 into account) that
My gmpc(2;0) = (£ + ooon ) [ Ey(@n; )1 = Fy(an; ) dh = 2 [ Fu(z,; -)(1 -
Fo(xn; -)) dA and

—~

Mn,EmpC(mn; h) = ]/\Zn,Emp(mn; h) - én(mn; h)
1 1 o 1 1 ~
= S — E K — ) (= )2
/ <<n2 * (n — 1)n2) — w(e — i) <n * (n — 1)77,) n(@ni 7)

- ;) Z (E(ZE — Iz) — Il[o,oo)(:v — J]Z))Q
i 1) (ﬁn,h(wn;x) — ﬁn(mn; :13))2) A(dzx)

_/(ﬁzm(x_xi)h ! Fun(@a 1) 4 (B ) — Fulan; )

n—1 n—1
n

N m Z (Fh(-f — fl?l) — ]1[0,00)(33 — ZBZ))2> )\(dib‘)

=1

for all h e R, ..

A.18. Proof of Lemma 4.3

Let n > 2 be arbitrary but fixed. For the first claim in Lemma |4.3] we have to show
that, for every «,, € R”, the function MmEmpc(SL‘n; ) : Ry — R is well-defined and
continuous (see Step 1) and that liminf;_, Mn,EmpC(mn; h) = oo (see Step 2). For the
second claim in Lemma we have to show that A = 0 is not a minimum point for
P®”—ae x, € R", when the kernel K also satisfies K 1 > K(1y. For this it suffices

to show that Mn,Emp(wn, +) is right-sided differentiable at 0 with right-sided derivative
M;l Emp(Tn; 0) = 2(Kqy — Kp,) for P -a.e. @, € R™ (see Step 3).

AStep 1. Let x, :/gml,...,xn) € R” be arbitrary but fixed. Note that we have
My gmpc (@3 h) = =25 My, Emp (@03 h) — n(n;l i J(Ky(z = 20) = Lo ooy (x — 23))* A(d2)

n

for all h € R, ,, and M\n,Empc(CBn; 0) = —25 M, gmp(25; 0). Therefore, (A.21) implies

n—

— —

Mn,EmpC(xn; h) - Mn,EmpC(wn; 0)
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n

= n—1 (]/\In,Emp<wn; h) - ]/\Zn,Emp(wn; O))

- ﬁ Z/ (Kn(x = 2) = Loy (@ — 1)) Mda)

_ 1 / (% ifh(x — ;) = Fy(wy; x)) A(dx)

n—1

. / (F\n,h(wm r)) — ﬁn(wn; a?))ﬁn(wn, x) N(dx)

n—1

+ / (F\n,h(wn; ZL’) - F\n(mn, :p))Q /\(dx)

_ ﬁ Z/ (E(l’ — :L‘Z) — 1[0700) (ZE — Iz))Q /\(de)
=: Sc’l(wn; h) + chg(.’ljn; h) + Sc73(:vn; h) —+ Sc74(wn; h) (A.31)

for all h € R, . Since ]\//ngmpc(:cn; 0) is well-defined (since by Lemmaa]\//jn,Emp(wn; 0)
is well-defined) and independent of h, it is proved that the function M, gmpc(@n; -) :
R, — R is well-defined and continuous if we can show that, for every j = 1,2, 3,4, the
summand Sc j(x,; - ), regarded as a real-valued function on Ry, is well-defined and
continuous and satisfies lim,_o Sc j(xn;h) = 0. Since Scj(n; -) = L55j(x,; -) for

7 =1,2,3, and we already know from Step 1 in the proof of Lemma (stze Section
that the functions S;(x,; -), 7 = 1,2,3, possess the required properties, it suffices to
show that Sc4(x,; - ) is well-defined and continuous and satisfies limy,_,o Sc 4(x,,; ) = 0.

We first note that the transformation theorem and Equation (with specifically
n:=1 2 :=yand G(z,h) := Gyy(x, h) = L c)(x —vh) = Ly o) (2), (x,h) € RXR ;)
imply

/ (Ly,o0) (@ — uh) = Lpy.o0) () (Ly,00) (x — vh) — Ljy 00y (2)) A(dz)
= —uh /[0 § (Ljy,00)(y + uht — vh) — Ly o) (y + uht)) A(dt)

= —uh /[0 B (Lio,00) (uht — vh) — Ljg o) (uht)) A(dt)

= [ (Tt =) = Ty 00) X1

— —un( /[ T (ut) Adt) = Loy 1)

= — (UL (—00,0) () L (=00, (V) + VT (=00,0) (V) L (—o0,0) (1)
— u]l[o,oo)(u)]l[u,oo) (U) — Uﬂ(opo) (’U)]l(v,oo)(u)) (A.32)
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for all (u,h) € R x R, for every (v,y) € R?, where it was used for the last step that

,0>u>w
, 0>v>u
u(/ ooy (W) M) — Lo (1)) = { =, 03> u>0
o1 v ,u>v>0

0 , else

for all (u,v) € R% From the transformation theorem, Fubini’s theorem and (A.32)) we
obtain that Sc4(x,; -) is well-defined with

Sca(xn; h)

- o z [ (e = ) = Yo = ) A(d)

_ _nn;_lz / ( / K (1) L, o0y (@ — uh) Mdu) — ﬂm,o@(:v))QA(dx)
- T Z ([ B @y = uh) = Ly ) M) M)
- - Z//K / Lss o0 (2 — ) — L, 00)(2))

(Lizs.00) (& — Vh) = Ly o0y (T )) A(dz) A(dv) A(du)

. K (v) \(dv) Mdu) — /R+/[m) K (v) A(dv) Mdu)

//m] (1) M) A(dv) /R+/[m K (u) A(du) A(dv) )

_ _h ( / WK (u) T (u) A(du) — /R wK (u)(1 — & (u)) \(du)

n—1 B N

= ([ wleR R ) M) -2 /R ulK (1) Mdu)

_ nfl (i)~ Koy —/|u|K(u))\(du)> (A.33)

+ [ R@R@MN@) ~ [ oK) =R Ad)

for all h € R,,. For the well-definedness and the application of Fubini’s theorem we
have used that the first absolute moment of K* is finite when the first absolute moment
of K is finite. It follows immediately from that Sc4(x,; -) is continuous with
limh_m SC,4(mn; h) =0.
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Step 2. Let x, = (v1,...,7,) € R"” be arbitrary but fixed. We now show that
limy, 00 My, empc (€03 h) = 00. Since

_ 1 -
M, empc(Tn; h) = /( 1) ZKh —m n (T 2)?

n
+

n_l(Fn,h(a;n, ) — Fy(@;2))’

1 > (i - r>—n[o,oo><x—xz->>2) A(d)

T nn—1) P

- L /Khx_ Rafu(o) ~ ([ Fate ) dfw) ) A

/(Fnh(wn, x) — ﬁ(mn, )) A(dx)
i m / Z (Rl — ) — Loy (& — 1)) > A(d)

+n—l

= n ﬁ 1 / (ﬁn,h(wm ) = Fu(@; ))2 A(dx)
n(n — 1) /Z (Fh(x - xz) - ﬂ[o,oo) (33 — :CZ))2 )\(dgj)

= o Sca(xn; h) + Sca(xn; h)

for all h € Ry, (where Sc3 and Sc4 are the functions introduced in ), it suffices
to show that limy,_, ("5S¢ 3(2n; ) +Sc 4(xn; b)) = co. In Step 2 in Sectionit was
already shown that limy, o Sc3(@y; h) = limp_o0 f(ﬁn,h(:vn; x)—ﬁn(mn; 7))? Mdx) = o0
Therefore, it suffices to show that

i Oca(@nih) {_ﬁ s Koy = Ky + [ Jul K (u) Aldu) # 0 (A.34)

h—o0 Sc 3(Tn, h) 0 , Koy — Ky + [ ulK (u) AM(du) =0

holds, since in this case we obtain

. n ) ) . ) n SCA(.’EH; h) -
Jim (=g Sea(eni ) + Seatanih)) = Jim Sealwnih) (725 + 55 00g) = =
The second case in (A.34)) is a direct consequence of the representation Sc 4(x,;h) =
L (Kay — Ky + [ Ju|K (u) A(du)) for h € Ry (recall ) For the first case in
1) it suffices to show that limy, e Sca(®n;h)/h = Kay — Ky + [ JulK (u) A(du)
holds, since in this case we have

1; SC,4(wn; h) . SC,4(mn; h)/h 1

hooo Sca(@nih)  hoswo Sca(xmh) /b m—1"
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The convergence limy o Sc3(@n; h)/h = Ky — K{}) + [ Ju|K (u) A(du) can be shown
by using arguments similar to those that led to (A.26)). Indeed: In view of Sc3 = %553

(for the function Sz defined in (A.21])), the representation (A.25) of Sz, the dominated
convergence theorem and the convergence

1 , v<ut<0
hlim (ﬁ (xy; x; + uht — vh) — (acn,xZ +uht)) =< -1 ,0<ut<w
—00

0 , else

for (u,v,t) € R?x [0,1] with ut # 0 and ut—v # 0 (i.e. for A®3-a.e. (u,v,t) € R*x [0, 1]),
we obtain

lim Scs(@x,;h)/h (A.35)

h—o0
n n—1
T a1 2 Z//UK

/ lim (B (o 2 + wht — vh) — Fo(@n; 2, + uht)) Mdt) A(du) A(do)
[

Ol]h—mo
1
= —— uwK (u) K (v 100y (ut) Ly o0 (ut) A(d
nz// (u) <>(/m (e (00 Ly () A1)
_ /[O 1] L10.00) () Lo (1) /\(dt)) A(du) Mdv)

( // WK () K ()1 0 (1) /[0 o) (1) ) ) ()

— //uK(u)K(U)ﬂ(o,oo)(U) /[0 : 1 (— oo,y (ut) A(dt) AM(du) )\(dv))
_ /}R+ /[u,oo) uK (u) K (v) M(dv) Mdu) — /R_ /(—oo,u] uK (w)K (v) M(dv) A(du)

- /]R+ [MOO)K(u)vK(v))\(du))\(dv) — /m /(_Ow] K (w)vK (v) Mdu) A(dv),

where the last = follows from

u ,0>u>w
u]l(oqo)(u)/ ﬂ[v’oo)(ut) /\(dt) = v ,0>v>u
0,1
(0.1 0 ,v>20o0ru=>0

and

—u ,v>u>0
—U]l(opo) (U)/ ]1(—00,1)) <Ut) >\<dt) = —Uv ,uUu>v> 0
0,1
o 0 ,v<0oru<0
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for all u,v € R. Since K (x) = f(_oo . Ky f( 0o.2) ) A(dy) for all x € R, we
can continue with

where we used for the last step that 2 [ uK(u) A(du) = Ky + [, uK(u) AM(du) —
Jo uK (u) A(du).

Step 3. It remains to show that, for P?}?—a.e. x, € R”, Z\//ngmp(wn; -) is right-
sided differentiable at 0 with right-sided derivative J\/Z;L Emp(®n;0) = H(Kqy — K{))-
In view of , it suffices to show that limj_o Sca(xn;h)/h = — 1(K(*1) - K(1)) -
— f|u|K (du) and limy_,o(Sc 1(@n; h)+Sca(xn; h)+Scs(xn; h))/h = o (K(l)
K(y)+ et [ [ul K (u) A(du) for PY-a.e. & € R™. The former follows directly from 7
while the latter is already known from Step 3 in Section (taking into account that

Sc;= S, j=1,2,3).

A.19. Proof of Theorem 4.4

As before, we use x,, to denote the projection of & € RY to the first n coordinates.
The proof of Theorem (see Section carries over verbatim, once we have

proved a suitable analogue of Lemma [A.5] (see Lemma [A.7] below). Unlike Lemma

Lemma @ assumes that sup,~, h, < 0o. Thus, to apply Lemma @ in the same way

as we applied Lemma |A.5| in Section |A.16, we have to ensure that supn>2h (wn) <
oo for PPae. @ € RY. We had seen at the end of Step 1 in Section 6| that
11mn_>OO fF (1 - )d)\ = lim, ]\//_Tn Emp(Zn;0) = 0 for P?}?-a.e. NS RN. Since
h (x,) is a minimiser of the functlon Mn EmpC(wrw )Ry — R for every € RY and
n > 2, it follows that lim,,_,., M, Empc(Tn; I (x,)) = 0 for P®N—a e.x € RY. On the other
hand, Lemma! A.6| below shows that, for every (hy,),>2 € RY with lim, o by, = 00, we
have lim,,_,oc My, gmpc(2n; hy) = 0o for P®N—a e. ¢ € RY. We can therefore conclude that

P?}?—a.e. x € RY. Indeed: By way of contradiction assume that

SUP,>9 ﬁn(a:n) < oo for
SUD, >0 (@) = 0. In this case we can find a subsequence (" () jen Of (hn(Xn))n>2
with lim; . An, (®,;) = oo. This implies lim; o My, Empc(Tn;; An,; (®n;)) = 0o which

contradicts lim,, o My, gmpc (€3 An (1)) = 0.
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Lemma A.6 Let K be a kernel that satisfies K|y < oo and assume that [ |z|dF(z) <
00. Let (hy)p>2 € ]RI}Ir be a sequence with lim,,_, h, = co. Then, lim,_,~ M, gmpc(Zn; hrn)
=00 for P -a.e. x € RV,

Proof Let N be a P?}?—null set such that lim,,_, Hﬁn(mm ) = Flleo = 0 and lim,,
L3 al = [|x]dF(x) for all @ € RY \ N (the existence of such a null set N is
ensured by the classical Glivenko—Cantelli theorem and Kolmogorov’s strong law of large
numbers). Let @ € RY \ N be arbitrary but fixed and let (h,),>2 € RY be a sequence
with lim,, ,o h, = co. Without loss of generality assume that h, > 0 for all n > 2. By
Step 2 in Section we have

— n ~

Mn,EmpC(wn; hn) > / (Fn,hn(mn; I) - ﬁn(wm x))Q /\(d!L‘)

—n—1
~ ﬁ / S (R = 1) = gy = 20))* A(d)
= — “ Ta(@) + Tra(@) (A.36)

forallh € Ry, andn > 2. In view of , it suffices to show that lim,, o0 (77571 (x)+
T,2(x)) = oo. For this it suffices to show that lim,_,., 7T, 1(x) = oo (see Step 1)
and limy, oo (Th2(x)/Th1(x)) = 0 (see Step 2) hold true, since in this case we obtain
iy o0 (25 Tt (0) + Too(0)) = limy, oo Tna () (n/(n — 1) + T 2(x) /Th () = 0.
Step 1. We first show that lim, . T, 1(x) = co. In view of Fatou’s lemma, we have

~

liminf 7),;(x) = liminf/ (Fpy (@ 1) — ﬁn(wn;x))Q/\(dx)

n—oo n—oo

> / liminf (B, (@; ) — Fp(@,; 7)) A(dz) > / (K(0) — F(2))* A(dz) = oo.

n—o0

~ ~

The second last step can be seen as follows. We have |(F, . (€,; 7) — F, (2,; 7)) — (K (0)—
F(2))| < |Fu(@n; ) = Flloo + | Fr, (a3 ) = Fi, e + | Fi, (¥) = K(0)] for all n > 2 and
x € R. Because of the choice of the P?}?—null set N (and since £ € RN\ N), we have

lim,, 00 ||ﬁn(:/rzm ) — Flloc = 0. Moreover, by the transformation theorem we have

Bue @i ) = il = sup| [ Koo = 0) (Bulwnin) - F)) M) (43D

2eR
< 1Fueni )= Fll [ 1K, (&= )| )
< 1Fueni )= Flle [ 1K) Mdw) = L Fa(ani ) = Pl
for all n > 2, where L := [ |K(u)| A(du) is finite (since K is a kernel). From and

iy, o0 || Bp (@0 ) — Fllse = 0 we obtain limy,_s | Fyp, (€0 - ) = Fi,|leo = 0. Finally, we
have |F},, (z) — K(0)| = | [ (K, (x—y) — K(0)) dF(y)| < [ |K((x—y)/h) — K(0)] dF (y)
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and K is continuous and bounded (see Section . Since lim,,oo(z — y)/hy, = 0 for
all 2,y € R, it follows that limy_,o |Fy, (z) — K(0)] = 0 for all z € R. Altogether we
obtain lim, oo (Fpp, (Tn: ) — Fp(x: x)) = K(0) — F(z) for all z € R.

Step 2. We next show that lim,, o 75 2()/T, 1 () = 0. For this it suffices to show
that for every subsequence (7T, 2(x)/Ty, 1(x))jen of (Th2(x)/Th1(x))n>2 there exists
a subsubsequence (7, 2()/T,;, 1(x))wen such that hmg_m(Tn o(x) /T, 1(x)) = 0.
Let (T, 2(x)/Th, 1 (z ))jen be an arbitrary subsequence of (7}, ( )/Tn1(Z))n>2. Then
(T, 2( )/Tnj, (x))jen depends on (hy,),>o only via the subsequence (") jen Of (A )nz2
(see (A.36)). We will distinguish the following two cases: either we have lim inf;_, o hy,, /n;
< 00 (Case 1) or lim;j_,o hy,;/n; = 0o (Case 2). For this case distinction we use that

Ta(e) = = (Ko = Ky + [ el () M) (A3

n

for all n > 2, which is known from (A.33)) (to see this note that, for every fixed n > 2,
Sca(@n; hy) = Tho(z) for Sca(xy; -) introduced in (A.31))).

Case 1. Assume that liminf; o, /nj < oo. Therefore, there exists a subsequence
(hnje)geN of (hn,)jen with limsup, hnje/njz < 00. Then, (ang(w)/anl(:c))geN is
a subsequence of (15, 2(x)/ Ty, 1(x))jen. By we have limsup,_,.. |7}, 2(x)| =
|Ky = Ky + [ [ulK (u) Mdu)|limsup,_, o by, /(n, — 1) < oo (recall that K < oo).
Since lim,, o T}, 1 () = 0o by Step 1, we get lim,_, Ty, o(x )/Tn] 1(x) =0.

Case 2. Assume that lim;_, hy, /n; = co. We will show that lim;_,o T3y, 2(x) /T, 1 ()
= 0, i.e. that the convergence already holds for the subsequence itself. Recall that we
assumed (without loss of generality) that h, > 0 for all n > 2. By we have
that (n — 1)T,2(x )/h ( K* + [ |u| K (u) AM(du)) does not depend on n and
is equal to 0 1f Ky )+ f |u|K )A(du) = 0. Thus, for a kernel K with K —
Ky + J Ju|K (u) (du) = 0 we have T,,5(x)/T,,1(x) = 0 for every n > 2 and therefore
hmjﬁoo n;2() /T, 1(x) = 0. Moreover, for a kernel K with Ky — Ky + [ ulK (u)
A(du) # 0 it suffices to show that limj_m(nj — 1)T, 1(x)/hn; = oo. For this it suffices
to show that o0 T, 1 (22) /P, — Ky + [ [ulK (u) A(du) (since Ky — K +
[ Ju| K (u) A(du) # 0 and T,, 1 (z) > 0 for every n > 2, see (A.36)).

In view of T, 1 () = -7 S3(%n; hy) for every n > 2 (for the function S3(a,; - ) defined

n (A.21))), the representation (A.25) of S3(@,; h,) implies

Toa(x)/hn (A.39)
_ _nﬁlnnzlh Z//UK

/ (Fo(@p; 25 + whnt — vhy) — Fo(®; 2 + what)) A(dt) A(du) A(dv)

= —//uK(u)K v

40



n

/ 1 > (Fu(@n; @i+ what — vhy) — Fo(@0; 2 + what)) Mdt) Adu) Mdv)
[0

SRy

for every n > 2. We will show below that

s 1 , 61 <0< e
]ll{gon_JZ(Fn9<an’$z—+—clth) _Fnj<$nj;xi+02hnj)) - _1 , C1 > O > Co
- 0 , else
(A.40)

for every (c1,c2) € R\ {(0,0)}. From (A.39), (with ¢; := ut — v and ¢y = ut;
note that {(u,t,v) € R? x [0,1] : ut = v or ut = 0} is a A®*-null set) and the dominated
convergence theorem (recall that [[ |uK (u)K (v)| M(du) M(dv) = Ky [ |K|dA < o0) we
get

,i_)rg)(Tnj,l(w)/hnj)

J

~

= 1 (- // kK (u) K (v) /[ LSS (B (@4 ot — o)

Jj—o0 071] nj i1
=y (0, 35 + wh, ) Mdt) Adu) /\(dv))
I
= — uK (u)K (v / lim — F, (x,. ;x; +uh,.t —vh,,
J s [t =S (e, = vh)

=1

— Fo, (@, 2 + uhy,t)) A(dt) X(du) M(dv)
= — ul (u)K (v 1 —oo.0) () L1y ooy (ut) A(dt
JJ ([ 1 ) X
= [ o ()8 0) ) X))
= K(l) —K€1)+/|U|K(u) /\(du),

where the last step can be justified as in the elaborations after (A.35)).

[t remains to show ((A.40)). For (A.40)) it is sufficient to show that

1 <A~ 1 ,¢>0
lim —ZFnj(mnj;xi+chnj) = { ¢

j—><>0njl.:1 0 ,c<0
for every ¢ € R\ {0}. For this it suffices to show that lim;_,..(2 max{|x|,..., |2, |} —
chy,) = —oo for every ¢ € Ry Indeed: In this case we can find for every ¢ € R\ {0}
a jo = jo(|c[) € N such that for every j > jo we have 2max{|z1],...,|zn,|} — |c|hy;, <O

and therefore

T + chn, < +max{|xi|,..., |2y, |} + chy, < —max{|z1|,...,|z,|} ifc<0, and
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Ti + chy, > —max{|z1|, ..., |Tn, |} + chn, > +max{|zi], ..., [2,,]} ifc>0

for all i :Al, -..,ny. Thus, for ¢ < 0 it follows that x; 4 chy,, < min{zy,...,z,,} and
therefore Fnj(a:nj;xi + chnj) =0foralli=1,...,n; foaevery J > jJo. Forc > 0it
follows that x; + ch,, > max{zy,...,z,,} and therefore I}, (x,;;x; + chy,;) = 1 for all
t=1,...,n; for every j > jo.

In view of the choice of the PY-null set N and & € R¥\ N, we have lim,,_,o 2 3% | |2,
= [ |z| dF(x) < co and therefore max{|z:|, ..., |@,,|}/n; is bounded above uniformly in
J € N. Since lim;_,o hy, /n; = 00, we can conclude that lim;_, (2 max{ |z, ..., |z,;[} —
Chy,) = limj_o nj(2max{|z1|, ..., |2y, |}/n; — chy, /nj) = —oo for every ¢ € R . 0

Lemma A.7 Let K be a kernel that satisfies K| < oo and assume that f |z| dF (z) <
0o. Then, for P®N—a e. ¢ € RY we have: lim,,_ o |Mn EmpC (s hn) — ME(h,)] = 0 for
all (hp)n>o € RY wzth SUP,, 59 hn < 00.

Proof For every @ € RN, (hin)m>2 € RY and n > 2, we have |Mn EmpC(Tn; ) —
Mf(hn” < | My gmpc (Tn; Ien) — Moy Emp (T B )|+’Mn Emp(Zn; lon) — Mf( hy)|. By Lemma
we can find a P®N—null set N € B(R)®N such that the latter summand converges
to 0 as n — oo for all z € RV\ N and (h,),>2 € Ry. Thus, it suffices to show that
lim,, oo |Mn EmpC (T An) — Mnﬁgmp(a:n, 2)] =0 for all x € RN\ N and (h,)n>2 € RY
with sup,,>, hy, < 00.

Let © € RY\ N and (hy)n>2 € RY with sup,>,h, < o0 be arbltrary but fixed.
For every n > 2 and j = 4, let Sc,; be as introduced in . Recall that
Si(@p, -) = "T’IScJ(a:n, -) for all j =1,2,3 and n > 2, where §; is as introduced in

(A.21)). Thus, (A.21) and (A.31) imply that
‘Mn,EmpC(wn; hn) - -]/\Zn,Emp(mn; hn)‘
- SC,I(mn; hn) + SC,Z(mn; hn) + SC,3(mn; hn) + SC74(wn; hn) + ]/\Zn,EmpC(mn; 0)

n—1 n—1 n—1 —
- < n SC,l (mn; hn) + n SC,2<wn§ hn) + n SC,3(wn; hn) + Mn,Emp(wn; 0))‘

1 1 1
S ESCJ(:Bn; hn) + ESC,Z(mn; hn) + ESCS(wn; hfn) + SC,4(wn; hn)
+ |J/\4\n,EmpC(mn; O) - ]/\Jn,Emp(mn; O)‘
1 1 1
S E’SCJ(:BTL; hn)‘ + E‘SC,2<$H; hn)} + E‘SCS(ajn; hn)l + ‘SCA(a:n; hn)l

+ |]/\4\n,EmpC(mn; O) - ]/\Jn,Emp(mn; O)‘
for all n > 2. Thus, it suffices to show that
(a) the sequence (Sc ;(n; hn))n>2 is bounded for every j =1, 2,3,

(b) lim,, o0 SC,4<mn; hn) = 07

42



(€) Nimusoo | M gmpc(@n: 0) — M, gmp(: 0)] = 0.

In the rest of the proof we will show that assertions (a)—(c) are indeed true.

(a): For every n > 2, we have [Sc,1(@5; ha)| < [K())| sup,,>o hy (see ), |Sca(@n; hn)l
< 2K|1)sup,,>5 by, (see (A.24) and [Scs(xn; hy)| < Ky [ |K|dX sup,>, by (see (A.25)).
So the assertion is ensured by sup,s,h, < 0o and K < oo (recall that then also
|K(py| < o0).

(b): The assertion is a direct consequence of , SUp,,>9 hyy < 00 and Ky < 00,

(c): Note that, by (12)) and (A.29)), we have

\MnEmpcm, 0) - nEmp<wn,O>\

e W(@52) (1= F(@ix)) Md)|

< / (@i 7) — F(x) — (B ) — F(2)%)| Ada)
+ o [ (Pl = Fa) aas)

8
3

= @{f?ggﬁ/w (@i 7) — F(2)] - [1 = (Fu(a;2) + F(2)) | Ada)
1

+ n—l

< —— /\
n—l

In the proof of Lemma it can be seen that the null set N can be chosen such that
limp oo [ |Fp(@n; 2) — F(2)| A(dz) = 0 if [ |z|dF(z) < oo (recall that & € RV \ N).
Moreover, [ |z|dF(z) < oo implies that [ F(1 — F)d\ < oo. Thus, the upper bound in
converges to 0 as n — 00. 0

F(x)(1 = F(x)) Mdx)

1
(n; 2) — F(z)| A(dz) + =1 / F(z)(1 = F(z)) Mdz). (A.41)

A.20. Proofs of Theorems [5.1-5.3!
Step 1. We first prove Theorem . For every € RY and n € N, we have
Tty (@ni ) = F())o()]|

The second summand on the right-hand side of this inequality converges to 0 as n — oo
for P{-a.e. € RN by Lemma 2.6 (take into account that we have assumed that || F'¢|| oo,

Kjy) and sup, yep sy <1 #(2)/¢(y) are finite and that lim, /l;n(wn) = 0 for PP -a.e.
x € RY). For the first summand we have

|| (ﬁn,ﬁn(mn)(mm H) = Fﬁn(mn)('))¢(‘>Hm
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= sup’/Kgn(wn)(af—y}(ﬁn(mn;y) — F(y)) A(dy) )cb )

< | (Balan: ) — FOYO0] sup/ K, = )| 5 M)
~ B )= FOYO | [ 1) |- s

< ||(Bul@ai -) — FO)OO)| Lo / !K!d)\

for every n € N with h,(a,) < 1, where Ly = sup, yeg: jz—yj<1 9(7)/d(y). For the last
step we used that K vanishes outside [—1,1]. Note that L, is finite by assumption and
that [ |K|d) is finite by the A-integrability of K. Thus, since lim,_, |(Fo(n; ) —
F(-)¢()|l = 0 for P -ae. @ € RN by Theorem 2.3 in [7] (for which we need the
assumption f ¢ dF < 00), the assertion of Theorem follows.

Step 2. Theorem can be proved in the same way with the obvious modifications.
In particular, Lemma [2.6) has to be replaced by Lemma 2.5 (and Theorem 2.3 in [7] can
be replaced by the classical Glivenko—Cantelli theorem).

Step 3. Finally we prove Theorem . For every € RY and n € N, we have

/ ’F\n,ﬁn(mn)(mmx) - F(:L‘)| A(dx)
< /|I3 () (Tn3 T) — Ffzn(mm(x)’)‘(dx)+/|FA,L(%)(93)—F(x)|>\(dx).

The first summand on the right-hand side converges to 0 as n — oo for P?}If—a.e. z € RY

by assertion (e) in the proof of Lemma (with Ay, := hy(x,)). The second summand
on the right-hand side converges to 0 as n — oo for P}@}?—a.e. x € RY by Lemma
(take into account that K| < co and lim,_,q /f;n(azn) =0 for P?}?—a.e. x € RY).
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