A Online Appendix: Multiself consistency and Proof
of Proposition 4.1

I first extend the modified multi-self consistency to the setup here. Recall the expression

f(q|0) given by (5) and beliefs p(q) and p(q, s) given by (7).

Definition A.1. A SFSA M satisfies modified multi-self consistency under Py if

1. for each memory state ¢ € @ with >, Po(6)f(¢q|f) > 0, each signal s, and any ¢’
such that 7(q, s;q’) > 0,

p(q, s)Vy (H)+[1=p(q, s)]Vy (L) = p(q, s)Ve (H)+[1-p(q, 5)]Ve(L) for all ¢" € Q;
(33)

2. for each memory state ¢ € @ with >, Py(8)f(¢q|#) > 0 and each action a with
d(a; q) >0,

p(q)u(a, H) +[1 — p(q)]u(a, L) > p(q)u(d’, H) + [1 — p(q)]u(d’, L) for all o’ € A.
(34)

The following result is crucial for the proof of Proposition 4.1.

Proposition A.1. Suppose that M is an optimal SFSA under prior Py among those
with |Q] < K.

1. (Modified Multi-self Consistency) It satisfies modified multi-self consistency under

prior Py.
2. (Revelation Principle) For any q,q" € Q,

p(@)Vy(H) + [1 = p(q)]Ve(L) = p(q) Ve (H) + [1 — p(q)]Vy (L). (35)

Proof. For any memory states ¢ and ¢’, define the set

o
_ n
Wee = U Wq,q’a
n=1
where for each n=12 ..,

Wy = Aw=1(a,515q1,52 i qn-1,50¢) : 5 € S, 4 € Q},
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that is, the set of possible state transitions from ¢ to ¢’. Given a state of nature 6 and
w € W, define
Py(w) = (1 —n)""" x H,uziT(%—l’ 8i3 i),
i=1
where ¢y = ¢ and ¢, = ¢’. The expected payoff from the SFSA is then

v=Y} zgjmw) S Bo(w) ¢ d(a:g)u(a,). (36)

qeQ,acA weEW40 4

We now prove (33) and (34).

First, consider (34). Suppose, by contradiction, that for some memory state §
with >, Po(0)f(¢|#) > 0 such that (34) does not hold, and hence there are actions
a,a’ € {0,1} with d(a,q) > 0 but has the inequality in (34) reversed with a strict
inequality. By (5), f(4]0) = Zwqu% Py(w), this then implies that

S Po(0) Y Py(wlu(a,0) <> Po(0) Y Py(w)u(d,0). (37)
0 weWgo 4 0 weW,0 4
Now, consider the alternative SFSA M’, which differs from M only in that d’(a;§) =0
and d'(a’;q) = d(a,q) + d(a;G). From (36) and (37) it follows that M’ gives a strictly
higher expected payoff than M, a contradiction to the optimality of M.
Now consider (33). Suppose, by contradiction, that 7(q, s;¢’) > 0 and that for some

q"# 4,
p(q,s)Vy(H) +[1 —p(q,s)|Vy (L) < plq, s)Ve (H) + [1 = p(q, 5)] Ve (L). (38)

We denote p’ = 7(q, s;¢') and p” = 7(q, s; ¢"). Now, fix all other transition probabilities
other than p’ and p”, each term Py(w) in V' given by (36) is a polynomial of (p',p”)
and, since n € (0,1), V is differentiable w.r.t. (p/,p”). Since M is optimal and p’ =

7(q, s;¢') > 0, the FOCs require that %V > %V. However, we show below that (38)
implies that 5 5

V>=—=V 39
8p// 8])/ ) ( )

a contradiction to the optimality of M.

To prove (39), it is straightforward to verify that

aip/v: Z ZPO(G) Z ‘p(qu;q’)(W)Pe(/W) d(a, q)u(a,0), (40)

GeQ,acA weEWq0 4(q,5:9")
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where

Wee (g, s5;q) ={w € Wy q: (g, ,q') occurs in w}

and (g5, (W) is the number of repetitions of (g, s;¢') within w.
Now, we show that a -V is proportional to p(q, s)Vy(H) + [1 — p(q, )|V (L):

ZPo(G)f(QW)M‘Z] [p(q,s) Vi (H) + [1 = p(g, ZPO F(alo)lv, (0)
= D Pu0) > S Pow) | ul | Y Po(wy)| ¢ d(a,G)u(a,0)

0 GeQ,acA WQEWqO,q Wq’GWq’,(j

Pyl[(wyg, s; W/

= ZPO(9> Z Z GE(qq’s_q/)q)] d(a,q)u(a,0)

0 GeQ,acA ququ,qqu’qu’,q T
=3P Y Y e o guta ) = 2,

Op
0 GeQ,acA WGquyq p

where the last equality follows from (40) and the second last equality follows from
P =17(q,s;¢) and the fact that for any w, € Wy , and any wy € Wy 4, (Wy, 85 Wy ) €
Wee 4(q,55¢") and that each w € W 4(q, s;¢') is counted ¢ (g 5,¢(W) times in that list.
86,,\/ and hence (38) implies that (39).

Now I prove (35). By modified multi-self consistency, for any s € S and any ¢, g2

We have analogous expression for

with 7(q, s;¢1) > 0 and 7(q, s;q2) > 0 and any ¢3 € Q,

[p(q, $)Vo, (H) + [1 = p(gq, 8)|Vau (L)] = [p(q, )V (H) + [1 — p(q, 8)] Ve, (L)]
> [p(q,8)Vegs (H) + [1 = p(q, 5)]Vgs (L],

By (7), this implies that

> Po(0)f(ql0) Ve, (0) = > Po(0)f(ql0) Vi, (6) = D Po(6)f(ql0) Ve, (6).

0=H,L 0=H,L 0=H,L
(41)

Thus, (here I assume that the decision rule is deterministic, with no loss of generality
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because of (34))

p(@)Vo(H) +[1 = p(q)]Vy(L)

= plq) {W[d(q),HH(l—n)[ > pl'r(q,s1q")Vr(H)

s€S,q"€qQ

}

+ [1-p(g)] {W[d(q),LH(l—n)[ > pkr(q.sq")Ve (L)

s€8,q"€Q

= n{p(q)uld(q), H] + [1 — p(q)|uld(q), L]}

> o—r.p Po(0)f(q10) Ve (6) .
HERD D) PV s XN T(q’”)}
> n{p(q)uld(q), H] + [1 — p(q)]uld(q), L]}

Zg HLPO ) (qw)ﬂg‘/&”(e) I
i ;{q% Zaf HLPO(Q,) (ql0”) T(q’S’q )}

= p(g)Vy(H) + [1 —p(q)]Vy (L),

}

where the first equality follows from the recursive equation for V,(#) for each § = H, L,
the second follows from (7), the inequality follows term by term, first the terms starting
with 7 follow from (34), the terms starting with (1 —n) follows from (41), again term
by term for each s: any term with ¢” with 7(q, s;¢”) > 0 has the same value in the
inequality above, and that value is no less than that for the corresponding term with

7(q', s;¢") > 0, and the last equality follows from the recursive equation for V/(6). O

Now we are ready to prove Proposition 4.1.

(1) Let i < j be given. By (35),
P(g;)AVSS + [1 = p(q;)]AV)5 >0, and p(q) AV + [1 = p(q)]AV; > 0. (42)

Since there are no equivalent states, either AV;T > 0 or AV;/f < 0. By our convention
it must be AV/T > 0. By the second inequality in (42), AV}, > 0. Now, if this last
inequality is an equality, then we can replace all the transition to ¢; to transition to g;
and obtain a higher ex ante payoff, which is a contradiction to the optimality of the

SFSA. Now, let i < j < k. Again, by (35), we have

Pl AV + [1 = p(g)]AV]; = 0, and p(g)) AV + [1 = p(g))]AVG >0, (43)
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and hence

AV ple) AV
AV = 1—plg) — AV
(2) For part (a), (35) implies that

(@) Ve, (H) + [1 = p(a:)]Ve, (L) = p(a:) Vo (H) + [1 = p(a:)] Ve, (L)

and hence, by rearranging terms, we have p(¢;) < p;. A similar argument holds for

p(¢) > pi-1-
For (b), let ¢ € @ be given. By (33), 7(q, s; ¢;) > 0 only if

p(q, 8) Ve, (H) + [1 —p(q, 8)]Vq, (L) > p(q, s)Ve; (H) + [1 — p(q, 5)]Vy, (L)

for both j =i—1 and j = i+ 1. This then implies (9). Conversely, it is straightforward
to verify that if (9) holds, then

p(q,5)Vo,(H) + [1 = p(q, 5)[Vo, (L) = p(q, 5)Vo, (H) + [1 = p(g, 5)]Vy, (L)

for any j = 0,..., K — 1, where ¢9 = q;, and gx_1 = qg. Note that we need the fact
that p; increases with ¢ for this, as proved in part (1). Moreover, if p(q,x) € (pi_1, pi),
then the above inequality is strict for any j # i and hence 7(q, s;¢;) = 1.

Finally, (c) follows from (34) and a similar argument.
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