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A. Proofs

A.1. Proof of Convexity of P

Lemma A.1. The uncertainty set P defined in (4) is convez.

Proof. Let 1 and w2 be two distributions in P with 7\ = Am; + (1 — A\)ma for any A € [0, 1].

Trivially,

/dm:A/del—A)/d@:l and Eﬂ(ﬁ):/fdw,\:p.

Finally, notice that

Vary, (E) = Evr,\ [(5 - .U) (€ - H)T] = A Varg, (E) + (1 - )‘) Varr, (5) :

The diagonal entries imply that Varg, (&) = O'ZZ for i = 1,...,n while the off-diagonal entries
guarantee the correlation bounds. The positive semidefiniteness of Cr, follows from the positive

semidefiniteness of Vary, (§). Therefore, my € P and the set is convex. O
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A.2. Proof of Theorem 1

Proof of Theorem 1. For notational simplicity, we suppress the dependence of the associated
distribution on the risk measure py. First, define R(u,X) = {7 € D | Ex(§) = p, Var(§) =
o7Co, Corr,(§) = C}. Note that

sup py(—a'§) =sup  sup  py(—a'’f)
PeP CeCreR(pu,0TCo)

(see, e.g., Kuhn et al., 2019). Then, by Lemma 2.4 of Chen et al. (2011), we have

sup  pg(—a’§) = sup ps(C),
TER(pn,o0TCo) TER(—aTp,aToTCoa)
where R(—aTp,aToTCoa) is the set of univariate distribution with mean —aTp and variance
a"oTCoa. Provoking Theorem 2 in Li (2018), we obtain
sup ps(€) = —pTa+ kvVaToTCoa.
TER(—aTp,aToTCoa)
Finally, since k > 0, we have
sup pg(—a’§) = sup { —pla+ KV aTaTCaa} =—puTa + k\/7(a).
PeP ceC

This completes the proof. ]

A.3. Proof of Lemma 1

Proof. First, notice that 17(yx*) = ~v1Tx* = ~, implying that yz* > 0 is a feasible so-
lution to P(vy). We then argue the optimality by contradiction. Suppose that yx* is not
an optimal solution to the problem P(v). Then, there exsits £ > 0 such that 1Tz = ~
with objective function value strictly smaller than that of ya*. Therefore, the observation
of —uT& + kVETEE < —pT (yx*) + ry/(y2*)TZ(y*) implies

T (‘”) . (‘i)Tz (“’) < —uTat 4w/ (@) TS

v v Y

Together with 17(&/v) = 1, we arrive at a contradiction that «* is not the optimal solution to
P(1).

For the second part of the lemma, consider the dual problem

D(vy): Inax min {—pT:B + VT +7(y—1Tx) — )\T:B} .
20,m @



Reformulating the above problem by a constant v > 0, we have

D(n) : 7 fmax {77 + min {—/,LTLB +rVeTXx —wlTx — )\Tm}} .

E

The expression without 7 is the same as problem D(1), namely D(vy) with v = 1. Hence, the
optimal solution of D(1) is optimal to D() for any v > 0. O
A.4. Proof of Theorem 2

Proof. We prove by proceeding backwardly along the time horizon. Recall the loss variable at

time T is Qp(xp_1,rr) = —rhaxr_1. By Theorem 1, we have

Qr(xr—1) = sup py (Qr(xr—1,77)) = —pTTT_1 + K\/V(TT-1)

PrePr

= sup {—uT:L'T,l + /f\/:nTT_l(cha):cT,l} )
CceC

Next, recall that the loss variable at time T'— 1 is

Qr_1(xr_9,77-1) = inf sup {—,uTa:T_l + n\/w;fl(aCU)wT_l} , (1)
xr_1€EXT_1(®T_2,7T7-1) CEC

where Xr_i(zp_2,77-1) = {&p_1 > 0 | 1Tep_1 = r}._ @7 _o}. Notice that the right-hand
side objective function (1) in @7_; and C is convex-concave on R™ x S, where S} is the
cone of symmetric positive semidefinite matrices of size n. Also, for fixed x7_; and C' respec-
tively, the function is continuous. Moreover, the set C is convex and compact, and the set
Xr_1(xr_2,rr_1) is convex. Thus, we can apply the Sion’s minimax theorem to interchange

the infimum and supremem operators (Sion, 1958). Therefore,

Qr-1(TT—2,77-1) = SUp inf {—HTCBT—l + fi\/fc}q(aco')wT—l} . (2)
ceC rr—1€X_1(®T 2,77 1)

Recall that Xp_1(xr_o,r7_1) = {$T—1 >0 |zl 1= r%_lmT_g}. The minimization problem

in (2) admits the form of P(y) with v =7}, _;@p_s. In Lemma 1, we have that

inf {—uT:cT_l + /ﬁ\/m;_l(UCo'):L'T_l}
zr_1€EXT_1(TT_2,77_1)
=rL | Tr_2- inf {—ILT-’ET—l + /{\/a:;_l(UCa)a:T_l} , (3)

’
:BT,1€XT71

where X = {&p_1 > 0| 1Tzy_; = 1}. Notice that the inner minimization problem in (3)

is a mean-standard deviation portfolio problem, which admits an explicit formula detailed in



Dentcheva and Stock (2018). That is, we have

Qr—i1(zr_2,77_1) =75 _TT_2 21112 {-Ar(C.p+ X7 1)} = —rf_@r_ é%fc Ar(C,p+ XNr_y)
€
= —A:?T;—leﬁ ;

with optimal solution being a% | = r5_ @r o [1T(Z5) "1 (p + X5, — A1) "H(Z5) "M (e +
A — A*Tl) Observe that rp_1 and &p_o do not appear in the optimization (3) and hence,
the dual variable A7._; is independent from them. This is also intuitive since the initial wealth
r;fle_g should not affect the actual investment proportion to each asset but the investment
amount. Note that by assumptions (a) and (b), we have A% > 0 and A*T < oo respectively.

Next, applying Theorem 1 again, we can write

Or_i(xr—2) = sup  pg (Qr—1(T—2,77-1))
Pr_1€Pr_1
= sup A% {—/,LTa:T_Q + KJ\/$;_2(UCU)ZBT_2} )
cec

Employing minimax theorem similarly discussed previously, we obtain

Qr—2(xr_3,77-2) = inf sup A7, {—HTCBT—Q + ﬂ\/wTT,g(UCU)wT—z}

T _2€XT (T _3,7T7_2) CEC

= A% sup inf {—p,TwT_g + H\/w%iz(UCO')wT_Q}
CceC xr—2€Xr _o(xT_3,77_2)

= —A%A;il’l‘}iQa}T_g )
Reiterating the same argument, we reach the first-stage problem as shown below:
T T
HA? [ inf sup {—uTazo + m/w(T)(UCO')wOH =— HA;",
, zo€Xo CeC =
t=2 t=1
with @ = [1T(39) 7! (e + A5 — A31)] 71 (Z) 7w+ A§ — 431). O

A.5. Proof of Lemma 2

Proof. Define ®(z) = [ ¢(p)dp with z > 0. Note that ®(yo) = 0 and ®(yn) = 1. Observe that

N N N-1
V()= ¢iP)Zi=> Zi[®(yi) — B(yi) = — Y D) (Ziv1 — Zi) + Zn -
=1 =1 =1

It suffices to show Zfi}l O(y;)(Ziy1 — Z;) is convex. More specifically, as Z;11 — Z; > 0, we

want to show ®(y;) is convex in p. It is evident that by linearity of y; in p, that is, y; = 22:1 Djs



the convexity of ®(-) would be sufficient to verify the claim. We begin by showing one useful

inequality on fom ¢(p)dp for any X\ € (0,1). By a change of variable ¢ = p/\,

Az T x x
; ¢(p)dp—/0 d(Ag)Adg = A/O P(Aq)dg < A/O ¢(q)dg, (4)

where the last inequality follows from the fact that A\¢ < ¢ and non-decreasingness of ¢. For any
xz,y > 0and A € (0,1), without loss of generality, we further assume Ax < (1 — \)y. Therefore,
1=y

Az+(1-N)y Az
MM+u—»w=A otw)p = | wmw+A o(p)dp

x
Az

(I=N)y
< mm@+ﬁ $(p)dp

0
SAD(z) + (1 - )2(y),

where the first inequality follows from the non-negativeness of ¢ and the second inequality

follows from (4). This completes the proof. O

A.6. Proof of Lemma 3

Proof. Trivially, Qr(xr—_1,77) = —r]x;—1 is convex in xp_;. First, we claim that convexity
of Q(x—1, 1) for fixed r; implies Q;(a;—1) is convex. This is a trivial use of Proposition 6.11
in Shapiro et al. (2014), with the convexity of risk measure guaranteed in Zhu and Fukushima
(2009). It then suffices to show that convexity of Qui(x;) implies Qu(x;—1,7¢) is convex in
@, for fixed r;. Following the argument in Shapiro et al. (2014), define the function

Quri(xy), if 17wy —rla,_ =0,
¢(wt7$t—177’t) =

400, otherwise.
Convexity of Q;+1(+) implies the convexity of ¥ (-, -,r;). Hence, Q(xi—1,7) = infg,ex, (@, T—171)
is convex for fixed r;. Finiteness follows from the non-emptiness of A}. O

A.7. Proof of Lemma 4

Proof. We make use of dual representation of the coherent risk measure py (see, for example,

Theorem 6.5 in Shapiro et al., 2014), which states that

N
po(Z(x,w)) = sup > piGiZ(x,w;)
ceur) =

5



for some convex compact set (P), which is a subset of ¢ = {¢ € RY|¢ > 0, Zfi 1 piG =1}
Hence,

() = sup pg(Z(x,w)) = sup sup szg (x,w;) > sup ZpZQ (x,w;)
PeP PEP CeU(P) =5 ceu(pr)

> sup sz G lZ(z,w;) + z(2,w;)T(x — )]
Ceu(P+)

=y(@)+g"(x - 2),

where the first inequality comes from choosing a particular measure P* € P identified as
p* € RV, the worst-case distribution according to Z(Z,w), and the second one follows from
subgradient inequality. The optimal weight associated to each scenario could be identified as

o [

i

A.8. Proof of Lemma 5

Proof. We prove by backward induction in time. For notational simplicity, we may suppress
the superscript on iteration I. At time 7', by construction,
_ N B N T
ar =0 — gpEr_1 = qu;leT — <—Z¢f7‘ZT> 71 =0.
i=1 i=1
Notice that ré} > 0 and ¢} > 0 imply gr > 0. Next, assume that ay41 = 0 and By41 < 0. The

dual problem (D) thus, could be written as

maximize — 7E] |7

B, T

subject to > ;e =1

Tl > — Zlec Hlﬁéﬂ )

pn > zero, m € R.

(D)

As (P) is always feasible, strong duality holds and the optimal value of (D) is Qi. Then,

N N T
Oétzet—ggjt—lzngfcx_ —Zﬁbfﬂr;ﬁ Zi—1 =0.
=1 i=1

Finally, observe that from the constraint, we have 71 > =3, . ulﬁé 11 = 0 by the induction

assumption, which implies 7 > 0. Therefore, we have g; > 0 and this completes the proof. []



A.9. Proof of Corollary 1
Proof. Notice that (D) and the following problem

maximize —
u, T

subject to > ;e =1,
1> =3 By

n=>0,7meR,

(D")

are equivalent in the sense that they have the same optimal solutions. Trivially, (D") does not
depend on i, meaning that the dual optimal solution of (D) does not depend on i. Hence, the

dual optimal solutions are the same. ]

A.10. Proof of Lemma 6

Proof. We prove by backward induction in time. Note that Qr(xr_1) = supp,.cp, pr (Qr(TT-1,77T))
with Qr(xr_1,rr) being evaluated exactly. Then, for any Zr_; € dom (Qp(-)), we have
Qr(xr-1) > sup pr (Qr(Zr—1,77)) + 2L (Tr—1 — TP_1),
PrePr

for any zp € 0Qr(®r—1). By Lemma 4, we know that ,BZT € 09r(xpr—1). Therefore, by

construction,
> 1 (Al \T Al 1\T _ 1\T
Or(xr-1) > | sup pr (Qr(Tp_y,77) Br) ®p_1| +(Br) ®r—1=ar+ (Br) Tr-1,
PrePr
forl =1, 2, .... Finally, we arrive at Qr(xr_1) > max;—;__x {O‘lT + (ﬂlT)T acT_l} = @’%(a}T_l).

Next, assume that Qu+1(-) > @fﬂ() for all k € N. Notice that fort =1,...,7 —1,

Qi(wi1,m) = inf  Qui(m) >  inf  OF (xr1) = QF(xi_1,71) .
T €X(xr—1,7¢) T €X (Tr—1,7¢)

Therefore, for any @;_1 € dom(supp,cp, pt(@f(-, 7)),

Qi(mi—1) = sup py (Qe(xi—1,7¢)) > sup py (@f(wt—l,rt))

P ePy P ePy
~ T _ T
> sup p (Qf(wiﬂﬂ’t)) + (ﬂi) (@1 — ) = af + (59 T,
P:ePy
forl =1, 2, - - -, where the first inequality follows from monotonicity of the risk measure with the

induction assumption and the second one comes from subgradient inequality. Taking maximum

over [ =1,...,k yields the desired result. ]



A.11. Proof of Lemma 7

Proof. Tt is easy to observe that, by construction, Qvf(a:t_l, ) > Qvf:(act_l, ry) forl=1,--- k.
Then,

0F = sup p (@f(if&lmt)) > sup p (@i(fiipn)) > pf (Qi(iiﬂw’t)) ;

PrePy PePy
where P! € arg maxpcp, pt(éi(izéfl,rt)), identified as a vector p! € RV, By subgradient in-
equality,

(@@ r) = o (QU@lre) + (i) T@E, - @) |
where 7} is the dual optimal solution at iteration [ with Wi’i being the dual optimal solution
associated to the realization r{. Next, making use of dual representation of risk measure, we

have
P Q@) + (i@ — )
= e B [0 (@U@l r) + (rtrT @k~ al)]

CeU(P!)

L k =l
- Cemuaféi sz@ [Qt (®_1, 7)) + (— ﬂtzri)T(wH - wtfl)}

e
-3l Q@1 7) + (—my'ri)T (@, — 7))
=1

N
1 Al A=l 11 7k =l
= ZpiCiQt(wt—lart ( szf th’“§> (@1 — @ 1),
i=1
where (! € arg maX,cy(pl) E[¢QL(&._,,7,)]. Notice that

N
F(QU@haim) = max E QU@ m)| = Do piclQl@l . m).

Ceu(®!) P

and B = Zf\; (P (- Fil’r%) which are obtained in iteration . To sum up, we arrive at the

ineqaulity
~ T
0F = sup py (Qf(jfﬂﬂ’t)) > 0; + < i) (®f_, — @)
PePy
and therefore @f(if_l) = maxl:17,,_,k{§£ + (ﬁ,lg) (F_, — 53%_1)} = gf o

A.12. Proof of Theorem 3

Proof. We prove by proceeding backwardly in time. Trivially, the statement in (a) holds when

t=T+1as Qry; =0and Q? = 0 by construction. Now, assume that the statement holds for



time ¢ + 1, i.e. limp_o0[Qpr1(F) — QtH(as,’f)] = 0. For a scenario 7_; at time ¢ — 1, define the
set

Sft—l — {If € N‘ft_l = ft—l}

as the iterations such that the node 7;_1 is selected. By Assumption 2, we have Sz, _, contains

t—1

infinite elements. We continue by showing the convergence under two cases: k € S5, , and
k& Sk _,.
First, consider the case when k € Sy, ,. Then, the decision associated to that node is ZF ;,
the solution obtained in the forward pass. Note that due to Lemmas 6 and 7,
0< Quaf ) — Q) = sup pi (Quat,m)) — sup p (QF (&L, m)
P cPy PePy

= sup sup Ep CQt(a_szlvrt)] — sup sup Ep [C@f(fﬁhrt}} :
PePr CeU(P) PrePr CcU(P)

For any given P’ € Py, let (*(P) € arg max c(p) Ep[¢CQ¢(Z¥ |, 7)]. Obviously, by construction,

we have sup¢cy(p) EP[C@/};(EQ‘LD ry)] > Ep[¢*(P )Qi(iztfl, r¢)], which implies
0< Qt«rsitl) - Q@)

< sup ZP@Q )Qu(&f_1,7f) — sup ZPzQ Qk z; 1,7)

[P’zG'PtZ- 1 P:eP, ti—1

< oup S pici(P ) [@i@trrh) - Qhaly )] -

Ptept i=1

Notice that in backward pass, we have @fc(iff_l, rl) = ft(.’nt ,rt) + @,’f +1(acf z) as defined, where
xP € arg ming, ¢ v, z,_,ri) Lfe(@e, 74) + QF 1 (x:)}. Hence, we arrive at

0< Qb ) - ek < s > nci(E ) |Q@i@t1rh) = Ol = Al )]

Pte’Pt i=1

Finally, from the dynamic programming equation and the feasibility of mf i+ Qi(zh 1, ri) <
ft(mt L) Qt+1(mt ") for all 3. This gives
0< Q) - Q) < sup S pci(e ) [ Qur@) - Of ()
1S ti 1

By induction assumption, as k — oo, right hand side goes to zero. Therefore,

. k _ Akrak —
k—>oo¥llcn€18ﬁ—1 [Qt(wtfl) @ (wtil)} 0-



Next, we are left with the case when k ¢ Sz, ,. This part adopts the idea from Girardeau
et al. (2014) and Guigues (2016). We argue by contradiction. Suppose that

kﬁoo}ikrérzlSit_l Qt(xf_l) a Qf(wf_l)] =0

does not hold. Hence, there exists ¢ > 0 such that the set K;—1, = {k € N|Qu(zF ;) —
QF (xF |) > €} is infinite. Define the random variables w¥ | = 1(k € Ky_1.c) and yF | = 1(k €
S#,_,), where 1 denotes the indicator function. Let 27 be the j-th element in {yF ||k € Ki—1.¢}-
Using Lemma A3 in Girardeau et al. (2014), we have {2/} being independent and identically

distributed as y; ;. By strong law of large numbers (SLLN), as K — oo, P-almost surely,
1 &
K > Ea(z') =Ealyiy) =P(Fi1 = 1) > 0.
j=1

However, using the result from the first case, we have K;_1 . N S;,_, being finite and hence
K1 Z]K:1 2J — 0, which gives the desired contradiction.

For part (b), notice that z* = @’f(w’{j) and z* < Q;(xf). Hence, 0 < z* — zF < Qy(xf) -
@’f(azlg) with the right hand side of the inequality goes to zero by part (a). This yields
limy_so0 25 = 2*. Finally, consider the sequence {w’é} By the compactness of the feasibil-

ity set Ay, there exists a convergent subsequence, denoted as {mlg}ke;c for some index set K,

with accumulation point x € Xy. Observe that by (a) and continuity of Q;, we have

li Ak (kY li ky kY
otk ) = By (20) = il

Taking limit along k& € K on both sides of z¥ = @]f(a:]g), we obtain Qi(xj) = z*. Hence, xj is

an optimal solution to the problem. O

B. [, approximation of spectral risk measure

In this section, we detail the lo approximation of spectral risk measure introduced in Su et al.
(2019). The idea is to search for a step function that decently approximates the original spectral
function ¢(p). Assume that the number of steps of the approximated spectral function 5 is n.

For the Iy approximation, we want to perform the following minimization problem.

Minimize Y7 [& [o(p) — hi]” dp

(P) subject to 32, by — ;1) = 1

ai—1 < o s iZl,Q,...,TL,

10



where ag = 0 and a,, = 1. To perform minimization over v and h together is difficult whereas
for (P),), it can be reformulated to a simpler problem (see Theorem 4 in Su et al., 2019). We

first present a generalized version of the theorem and apply the result to our case.

Theorem B.1. Let f : [a,b] — R be a non—decreasing function. For the minimization problem

miny, fab[f(x) — h)%dx, the optimal solution is h* = f f(x)dz € [f(a), f(D)].

Proof. Notice that the optimal solution must lie in [f(a), f(b)]. Write the objective function as

b b b
g(h) = / (@) — W de = / (@) dz — 2h / f(@)da + B2 — a),

which is a quadratic function in h. We remark here that f € La[a, b] to ensure the finiteness of

the first term. It is elementary to see that the minima is attained at h* = b f flx O

Consider the la cost function in (P,). Making use of Theorem B.1 on individual integrals,

we have hy = ai_]&i—l fo?‘il ¢(p)dp being the minimizers. Interestingly, the first constraint would

be satisfied automatically for such a choice of h. Indeed,

Zn:hf(ai—ai 1 Z dp—l
=1

— Q1
implying that the optimal h for whichever choice of o must take the form of h*. That is, the
problem is equivalent to the following one:
Minimize ;" O(Zil [6(p) — B (i1, 04)]* dp

subject to ;1 <«a; , 1=1,2,...,n.

(P,

By removing the constant term fol [¢(p)]?dp in the cost function (assuming that ¢ € Ls[0, 1]),

we have )
o e s n 1 g
(7L Minimize =310 s—5— |:f04i71 gb(p)dp]
subject to ;1 <«a; , 1=1,2,....n
As we assume that ®(x) = [ ¢(p)dp is defined on [0, 1], the term [} ¢(p)dp can be replaced

by ®(a;) — ®(cj—1). Notice that this problem is non-convex in general even in the constrained
domain (see Figure 1 for an example).
A general approach for numerical optimization problem is gradient methods. For simplicity,

we assume that ®(z) is differentiable with derivative ¢(z) on (0,1). It would be suffice to

11



Cost function (cross-section) at o, = 0.001

Cost function using Exponential SRM with k =10 ;

Cost
[

0.2 - !
0 01 02 03 04 05 06 07 08 09

00 Iy
ty

Figure 1: Non-convexity of I cost with oy < ag (n = 3) on exponential type with & = 10

incorporate the popular spectral functions in the literature. Elementary calculus gives the

formula for the gradient for the cost function, which is denoted as J(«).

oJ D) — P
Do (s7 — s741) — 20(ci) [si — sig1] , where 5; = ( ;z — ai(_ll ) (5)
fori=1,2,...,n—1. To perform the minimization problem, a ‘gradient projection algorithm’

is provided in Su et al. (2019). Let 0%) be the step size at iteration k, which is diminishing, €
be the tolerance and K be the maximum number of iterations. (Indeed, a constant step size or

backtracking step size is possible.) The algorithm they proposed is detailed in Algorithm 1

Algorithm 1: Approximating spectral function by s loss in Su et al. (2019)
Initialization: Initialize a&o), . ,047(10_)1 with ;1 <a;,1=1,2,...,n, k=1

Iterate until no significant change in variables or iteration number exceeds pre-specified

value (ignore the while condition for the 1st iteration)
while [|[a®) — a*=V|| > ¢ and k < K do
(Gradient Method)

Compute the gradients % fori=1,...,n— 1 using (5).
Set a®) = a(k—1) — H(k)g—i and sort the values of a®) in ascending order.

Set k=Fk+1.

end

It should be noticed that the algorithm does not guarantee the generated o®) must lie

12



between 0 and 1. A proper choice of step size is, therefore, a crucial practical problem. Also,
this algorithm differs from classical gradient projection method (a type of proximal gradient

method) that the projection is conducted by the minimization problem

Minimize —1 [|u — o
2 2
(6)

subject to «a;—1 <«a; , 1=1,2,...,n,

where w is the point generated. This would be a simple quadratic programming problem and
could be solved efficiently by interior-point methods. The algorithm is thus modified as in

Algorithm 2.

Algorithm 2: Approximating spectral function by Is loss by gradient proejction method

Initialization: Initialize ozgo), e aglozl with a1 <ay,1=1,2,...,n, k=1

Iterate until no significant change in variables or iteration number exceeds pre-specified
value (ignore the while condition for the 1st iteration)

while Ha(k) — a(kfl)H >e¢and k < K do

(Gradient Projection Method)

Compute the gradients % fori=1,...,n—1 using (5).
Set & = ab~1 — G(k)g—i and solve (6) with u = & for a®),
Set k=Fk+ 1.

end

Remark B..1. Notice that if the values of two consecutive «; are the same, the computation
of the gradient may not be possible as both numerator and denominator are zero. For the
minimization problem (6), the use of interior-point method may help avoid some practical
problems during iteration as optimal solution on the boundary are slightly inclined to the

interior part. This is demonstrated and discussed in the following example.

Example B..1. Consider the approximation of exponential spectral function with parameter
k = 10 using 3 steps, which means we have two variables a1 and ag. The step size is chosen
as 0®) = 0.1/vk, which is diminishing and non-summable. The above two algorithms are
performed with € = 10~7. The objective function value throughout the iterations and the

contour plot are shown in Figures 2 and 3, respectively.

13
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Figure 2: Objective function value over iterations via Algorithm 1 (left) and 2 (right)
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Figure 3: Contour plot and the iteration points via Algorithm 1 (left) and 2 (right)

The points generated using Algorithm 1 after the first few iterations lie far outside the
feasibility region and the objective function value explodes with the iteration stopped after 3
iterations. While using the gradient projection method, the point converges to the minima
using 368 iterations. One should notice that the step size should not be too large as it would
slow down the convergence rate, which is a typical issue in numerical optimization methods.
In the case that the steps are sufficiently small that the iterative points would lie outside the

feasibility region, they perform similarly. This implies that Algorithm 2 permits flexibility in

the choice of step size.

Finally, we remark on the use of interior-point methods. Notice that from Figure 3 (right),
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the 3rd iteration point is very close to (0,0). Indeed, the exact solution to (6) is (0,0). If
the exact solution is used, the gradient in the next step would be undefined. With the use of

interior-point methods, the approximated solution avoids this practical problem.

C. Additional computational results on simulation study

C.1. Additional computational results for Section 6.1

In Section 6.1, we conduct the experiment using 45 stocks and examine the convergence property
of our numerical algorithm. In this section, based on the estimated mean, standard deviation
and correlation of the 45 assets, we conduct a simulation study to examine the effect on the
number of scenarios.

First, based on the summary statistics of the assets, we generate 50 scenarios using multi-
variate normal distribution. Then, we construct the ambiguity set based on the estimated mean
and standard deviation of the 50 scenarios, as well as the confidence intervals of the correlations.
Then, we simulate extra N — 50 scenarios (so that they add up to N scenarios) and solve the
problem using the proposed numerical method. As in Section 6.1, we use the approximated
exponential type spectral risk measure with parameter h € {2,10}. We consider various number
of periods T € {1,2,5}. Figures 4-6 show the convergence under different number of scenarios
N € {200,400, 800, 1600} for each pair of (7, h). The dashed line indicates the optimal value
from the semi-analytical solution. We observe that when we increase the number of scenarios,
the stabilized lower bound keeps increasing. Moreover, the improvement of the objective value
is diminishing. That is, there is a relatively larger improvement when we double the number
of scenarios from N = 200 than that from N = 400. Nevertheless, we observe that all the
values are below the optimal value from the semi-analytical solution. Based on the empirical
1/N convergence of the simulation instances we observed, we also compute the approximated
limit of the converging sequence in Table 1. The extrapolation values are very close to the SDP
optimal solution. Note that we use multivariate normal distribution for the simulation study,
where the support is the R™ space. Therefore, we could expect that if when N is very large,
we could obtain an optimal value close the one computed from the semi-analytical solution.

Next, we also study the effect on convergence using different initial guesses. We repeat

the same experiment by directly generating N € {200,500} scenarios using the estimated
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Figure 4: Performance under different number of scenarios when 7" =1
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Figure 5: Performance under different number of scenarios when T' = 2

N 200 400 800 1600 | Richardson SDP
(T=1,h=2) | -1.0008 -0.9999 -0.9995 -0.9991 -0.9986 -0.9979
(T=1,h= 10) -0.9974 -0.9941 -0.9927 -0.9917 -0.9903 -0.9884
(T = =2) | -1.0017 -0.9998 -0.9989 -0.9982 -0.9971  -0.9959
(T=2,h= 10) -0.9948 -0.9882 -0.9855 -0.9835 -0.9807 -0.9769
(T'=5,h=2) | -1.0042 -0.9995 -0.9973 -0.9955 -0.9929 -0.9897
(T =5,h=10) | -0.9870 -0.9707 -0.9643 -0.9594 -0.9526  -0.9432

Table 1: Optimal value and its Richardson extrapolation
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Figure 6: Performance under different number of scenarios when T' = 5

parameters via multivariate normal distribution. We consider three different initial guesses: (a)
the equally-weighted (EW) portfolio, i.e., (1/45,...,1/45)T € R* (b) the optimal solution from
semi-analytical (SA) solution and (¢) a uniformly generated vector on (0, 1) after normalization
(such that sum of the weights is one). Since the observations are similar, we only present the
results when 7' =5 and h = 10 in Figure 7. While there are some minor differences in the lower
bound values at the beginning, there are no significant differences in terms of convergence. That
is, the lower bounds from different initial guesses stabilize after a certain number of iterations.

This demonstrates that our proposed method is relatively insensitive to the initial guess.

C.2. Simulation setting and results for Section 6.3

In Section 6.3, we consider two settings for scenario generations. We generate scenarios with
multivariate normal distribution, with the first one being estimated based on historical data of
five stocks in HSI composition and the second one obtained by changing the mean. Table 2
gives the precise values for simulation, denoted as setting I and setting II.

The plot, similar to Figure 5 in the main text, under setting II is shown in the left plot of
Figure 8. We also test for the case when the second batch of correlation structure is generated

in an arbitrary way. For the arbitrary correlation structure, the following correlation matrix is
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Figure 7: Convergence with different initial guesses under 7' =5 and h = 10 (Left: N = 200,

Right: N = 500)
employed with most of the coefficients being selected out of the correlation ambiguity bounds.

1 030 0.50 041 0.31
0.42 043 0.51
0.32 0.46
0.22

030 1
0.50 042 1
0.41 043 032 1
0.51 046 022 1

0.31

The plot is shown in the right plot of Figure 8. All the figures shown behave analogously

as in Figure 5. The simulation study reveals the importance of correlation ambiguity in the

portfolio model.

D. Supplementary computational results on real data analysis

D.1. Other choices of parameter r in Section 6.3

We conduct the same numerical test in Section 6.3 with some other choices of 7, namely r = 0.01
and r = 0.03. The parameter r corresponds to the radius of the s uncertainty set in Philpott
et al. (2018). We present the summary statistics for different models in Table 3. We can observe
that the model with » = 0.03 shares a similar pattern with the one with r = 0.05, which is

discussed in section 6.3. Among the three choices of r, the one with r = 0.01 performs the
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Mean Standard Dev. Correlation
1.000405 0.013910 1 0.425 0.401 0.468 0.343
1.000224 0.008220 0.425 1 0.554 0.335 0.468
Setting I 1.000351 0.009936 0.401 0554 1  0.404 0.461
1.000155 0.011776 0.468 0.335 0.404 1 0.291
1.000216 0.011481 0.343 0.468 0.461 0.291 1
0.999595 0.013910 1 0.425 0.401 0.468 0.343
0.999776 0.008220 0.425 1 0.554 0.335 0.468
Setting I [ 0.999649 0.009936 0.401 0.554 1  0.404 0.461
0.999845 0.011776 0.468 0.335 0.404 1 0.291
0.999784 0.011481 0.343 0.468 0.461 0.291 1
Table 2: Settings for scenario generation in section 7.2
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Figure 8: Simulation study under setting II (left) and the one with an arbitrary second batch

correlation (right)

best, mainly due to its fast recovery after the crisis (see Figure 9). This leads to a relatively

larger variance overall though the mean-to-sd ration outperforms all other examined models.
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Model Mean (x10™%) | Variance (x10™%) | Mean-to-SD
Proposed model with h = 2 1.7467 1.1270 0.01645
Proposed model with A = 10 2.0333 1.1041 0.01935
Proposed model with A = 15 2.0545 1.0852 0.01972
Global min. variance model 1.6542 0.9480 0.01699
DRO Exp model with r = 0.01 2.1145 1.1202 0.01998
DRO Exp model with r = 0.03 1.9630 1.1018 0.01870
DRO Exp model with r = 0.05 1.9471 1.0774 0.01876

Table 3: Out-of-sample daily return statistics

However, we note that the proposed model with h = 15 eventually attains a terminal wealth

similar to the DRO expectation model with » = 0.01.

D.2. Performance in a longer period

In this section, we provide results for an analysis similar to section 6.3 performed using a longer
period, which starts from 01/07/2003 to 16/06/2019. The economic downturn at the end of
2008 is also incorporated, followed by an upward trend. We first compare the performance of
the three choices of h and then compare them with the other two models mentioned in section
6.3. The procedure is the same as the one before.

Figure 10 shows the result for the whole period. During the shorter period from 2007 to
2013, we observe that the model with h = 15 performs the best. However, from this long-period
result, we observe that the model with A = 10 outperforms the other two eventually. We may
explain by first inspecting the wealth processes before the financial crisis. Due to the stable
upward trend during the period of 2003 to 2007, there is a salient distinction between the three
models. The one with h = 2 outshines the other two, which is ascribed to the smallest degree of
risk averseness, while the one with A = 15 displays the reverse situation. This could be observed
clearly in the lower panel. The differences reduce during the financial crisis and its succeeding
recovery period. During the uptrend period, the model with h = 10 becomes the dominating
one since the model with h = 15 is more risk-averse and the model with h = 2 invests more

in BOVESPA, which has a large mean but poor overall performance during the period around
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Figure 9: Wealth process and difference comparing with different models:
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Figure 11: Drawdown of the model with three choices of h

2014 to 2015. The small downturn in 2016 leads to the catch up of the difference between the
models A = 10 and h = 15 but by then the stable upward trend leads to the preeminence of
the model with A = 10.

Figure 11 demonstrates the drawdown of the three wealth processes and the regions colored
represent the time when the model h = 15 has the least drawdown. A similar pattern as in
Figure 7 could be observed. During the financial crisis around 2008 and the subsequent recovery
period, the drawdown of the model with h = 15 is the smallest. Indeed, this also emerges at
time of 2016. This demonstrates the protective power induced from the risk averseness of our
model, although it may not have the best terminal wealth, especially in the periods including
a continuous positive trend.

Finally, we compare the three choices of h in our proposed model with the other two models
specified in section 6.3. We first discuss the case h = 10 which the overall terminal wealth is
the largest. We observe that it outperforms the single-period global minimum variance model
to a remarkable extent, which is more than 10%. The difference between the second one,
which is also a robust model, stays positive most of the time. For h = 15, we observe that the
performance is relatively poor in the beginning of the testing period although the differences are

ameliorated during the downturn periods, which leads to the underachieving terminal wealth.
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Figure 12: Wealth process and difference comparing with different models

The behaviour is quite disparate when h = 2. In the beginning, it performs better than the
other two models due to the agressiveness. This argument also holds when compared to the one
using lo norm for ambiguity set as our model requires the distribution having the same mean
extracted from historical data. However, the advantage dissipates in the later periods, leading
to a significant large negative differences ultimately.

We conclude that using our model with a medium level of risk averseness would be beneficial
due to a compromise between financial market downturn and uptrend. However, as described in
Section 6.3, if a downturn is anticipated in the near future, higher level of risk aversion should
yield a better terminal wealth. The choice of the parameters, which alters the degree of risk

aversion, is beyond the scope of this paper, but it is suggested that a change in parameter in

different time periods may further improve the return.

E. Notation summary
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Indices

n Number of assets

N Number of scenarios

T Number of stages
Parameters

Confidence level for CVaR

Variance of a random vector £ in R"

Dual variable associated to the constraint x; > 0
Mean of the asset i with g = (1, ..., fn)7
Variance of the asset ¢ with o = diag(o1,...,0n)
Variance matrix of the n assets

Correlation matrix under distribution w

Upper bound for the correlation matrix

Lower bound for the correlation matrix
Parameter for the exponential spectral risk measure
Probability vector (p1,...,pnN)

One plus the arithmetic return at time ¢ (r; € R")
Wealth at time t with Wy =1

Investment decision at time t (xz; € R")

8 I3T TQQAVLE ¥ 10

Sets

Set of correlation matrices which are lower and upper bounded by C and C
D Set of all probability distributions
Fi Filtration up to time ¢

Q4 Sample space at time ¢, which is {w},...,w/'} under finite scenario setting

Py Uncertainty set at time ¢ (we also use P for simplicity)

P, Set of distributions in P with non-negative support

Z Set of random variables, which we treat it as the space of L? random variables
Functions

Dt Risk functional employed at time ¢ conditional on F;_1

P Spectral risk measure with spectral function ¢

fi Cost function at time ¢

Fy Distribution function of a random variable Z
F, 1 Left-continuous quantile function of a random variable Z
Q: Dynamic equation at time ¢

Xy Feasible set at time ¢, which is a multifunction

Notation related to the numerical method
af Intercept coefficient of the cut for Q; approximation at iteration k

i Slope coeflicient of the cut for Q; approximation at iteration k
€ Lower bound absolute tolerance
it Dual optimal solution associated to the equality constraint in (13) at the i-th scenario
i Dual optimal solution associated to the inequality constraint in (13) at the i-th scenario
K Maximum number of iterations

P Sampling distribution in the forward pass
Q; Recourse/Cost-to-go function at time ¢

O Lower linear approximation of Qy

f Approximation of Q; after k iterations
¥ Dynamic programming equation by replacing Q; by QF
Ty Trial point of the time ¢ problem in forward passes
Xy Feasible set at time ¢, which is a multifunction
P Approximated objective value at iteration k
z* Optimal solution of the discretized problem
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