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Supplementary Information (SI)

S.1 Proof of Lemma 3.1
Before introducing the proof of Lemma 3.1, we provide some definitions used in the
proof. The degree of a vertex is the number of edges that are incident to the vertex,
where we count both incoming and outgoing edges. A weakly directed tree is a
directed graph whose underlying undirected graph is a tree. Given a directed graph
with d vertices, a weakly directed spanning tree is a subgraph of the graph with
all d vertices and such that it is a weakly directed tree, and it will have d − 1 edges.
We abbreviate weakly directed spanning tree as wd-spanning tree. Please note that a
weakly connected graph G has a wd-spanning tree.

Proof. Consider a wd-spanning tree of the graph G. Let pVst = {pv1, pv2, . . . , pvd−1} denote
the set of d− 1 reaction vectors associated with the wd-spanning tree edges. We first
show that the stoichiometric matrix associated with pVst, Sd,d−1 = [pv1, pv2, . . . , pvd−1] ∈
Zd×(d−1) has rank d − 1. We prove this by induction. First consider d = 2. In this
case the only possible wd-spanning tree is given by the two vertices and one edge
connecting them. This means that rank(S2,1) = 1. Then, let us assume that the result
is true for any wd-spanning tree with d− 1 vertices (i.e., rank(Sd−1,d−2) = d− 2) for
some d ≥ 3, and consider a wd-spanning tree with d vertices. This wd-spanning tree
always has a degree-one vertex, that we define as vertex 1, and then we can rearrange
the rows and columns of Sd,d−1 so that

Sd,d−1 =

[
±1 0
∗ Sd−1,d−2

]
.

Then, Sd−1,d−2 is the stoichiometric matrix associated with the wd-spanning tree
with the vertex 1 and associated edge removed. By the induction hypothesis, we can
conclude that Sd−1,d−2 has rank d− 2, and then rank(Sd,d−1) = d− 1. Since Sd,d−1 is
obtained by removing columns associated with the reaction vectors vk ∈ V \ pVst from
S, this result implies that rank(S) ≥ d− 1.
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Under Assumption 3.1, 1T vk = 0 for k = 1, . . . , n, and thus 1TS = 0. This means
that 1 ∈ ker(ST ) and then dimker(ST ) ≥ 1. By the rank-nullity theorem (see for
example [3]), we have that rank(S) = rank(ST ) = d − dimker(ST ) ≤ d − 1. Putting
together the results obtained, we can conclude that rank(S) = d− 1.

Furthermore, given that 1TS = 0 and dimker(ST ) = 1, then 1 is the only (up to
scalar multiplication) conservation vector such that ST1 = 0.

S.2 Proof of Theorem 4.4

Let qSq ∈ Z(dq−1)×n be the first (dq − 1) rows of the stoichiometric matrix Sq. Then,
similar to (3.7) and since the stoichiometric matrix for the SCRN has the form (4.17),
the system (4.21) can be re-written in matrix-vector form as

(
qS1
)T

0 0

0
. . . 0

0 0
(

qSp
)T
 b = w, (S.1)

which is equivalent to(
qSq
)T

bq = wq for every q = 1, . . . , p such that |Gq| > 1,

where for q = 1, . . . , p, the vectors bq, wq ∈ Zdq−1 are the qth entries of b = (b1, . . . , bp)T

and w = (w1, . . . , wp)T , respectively. Note that for q = 1, . . . , p, if |Gq| = 1, then
qSq ∈ Z(dq−1)×n is a 0 × n matrix, which does not appear in (S.1), and qxq is a zero-
dimensional vector, and so we do not need to consider that component in any coclique
level function, as in (4.22). Consider q = 1, . . . , p such that |Gq| > 1. As noted before
Theorem 4.4, there is a SCRN associated with each Gq. The stoichiometric matrix for

this SCRN is Sq. By Theorem 4.1,
(

qSq
)T

bq = wq has a solution bq ∈ Zdq−1 if and

only if Lq : Zdq−1 → Z given by Lq(qxq) = (bq)T qxq is a coclique level function for the
SCRN associated with Gq. Thus, L is a coclique level function for the whole SCRN if
and only if

L(qx) = bT qx = (b1, . . . , bp)T (qx1, . . . , qxp) =
∑

q=1,...,p:
|Gq|>1

(bq)
T

qxq =
∑

q=1,...,p:
|Gq|>1

Lq(qxq),

where Lq is a coclique level function for the SCRN associated with Gq where |Gq| > 1.
For each weakly connected component Gq such that |Gq| > 1, by Theorem 4.3, there

exists a coclique level structure for the SCRN associated with Gq if and only if Gq

is bipartite. Since G is bipartite if and only if each Gq with |Gq| > 1 is bipartite, we
conclude that a coclique level function for qX exists if and only if G is bipartite.
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S.3 One-dimensional birth-death process: Mean first passage
time.

Let us consider a one-dimensional irreducible finite state continuous time Markov
chain in which the state space X = {0, 1, . . . ,K} and the off-diagonal entries of the
infinitesimal generator Q are all zero except for the following positive rates:

Qx,x+1 = λx if x ∈ {0, . . . ,K − 1},
Qx,x−1 = γx if x ∈ {1, . . . ,K}.

(S.2)

In other words, Q is the infinitesimal generator for a finite state birth-death process.
We will determine an analytical expression for the MFPT from x = K to x = 0

and from x = 0 to x = K for this chain. To this end, it is important to note that
X can be equivalently characterized using holding times with exponential parameters
{qx}x∈X and a transition probability matrix P for the embedded discrete time Markov
chain. More precisely, for each x ∈ X , qx = −Qx,x ̸= 0, since X is irreducible, and for
all x, y ∈ X , Px,x = 0, Px,y =

Qx,y

qx
, for y ̸= x in X . Note that Q = diag(q)(P − I).

Defining B as a nonempty subset of qX such that B ≠ qX and using first step analysis
(see (3.1) in [18]), we obtain that the MFPT from x to B can be written as

hx,B =

{
0 if x ∈ B
1
qx

+
∑

y∈X Px,yhy,B if x ∈ Bc.
(S.3)

Now, let us first focus on the MFPT from x = K to x = 0. In this case B = {0}
and then (S.3) can be rewritten as

h0,0 = 0,

hx,0 = 1
λx+γx

+ λx

λx+γx
hx+1,0 +

γx

λx+γx
hx−1,0 if x ∈ {1, . . . ,K − 1},

hK,0 = 1
γK

+ hK−1,0,

(S.4)

where for x, y ∈ X , hx,y = Ex[τy], τy = inf{t ≥ 0 : X(t) = y}, X is the continuous time
Markov chain with infinitesimal generator given by (S.2). Now, defining ∆hx,x−1 =
hx,0 − hx−1,0 for x ∈ {1, . . . ,K}, we can rewrite (S.4) in the following way:

h0,0 = 0,

∆hx,x−1 = 1
γx

+ λx

γx
∆hx+1,x if x ∈ {1, . . . ,K − 1},

∆hK,K−1 = 1
γK

.

(S.5)

From (S.5), we have an explicit formula for ∆hK,K−1 and any ∆hx,x−1 can be
expressed as a function of ∆hx+1,x. Furthermore, if we sum the ∆hx,x−1 for x =
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1, . . . ,K, we obtain

hK,0 = hK,0 − h0,0 =

K∑
x=1

(∆hx,x−1) = ∆h1,0 +∆h2,1 + · · ·+∆hK−1,K−2 +∆hK,K−1.

(S.6)
Thus, to evaluate the MFPT from x = K to x = 0, we can calculate ∆hx,x−1 for
x = K,K − 1, . . . , 1 and then sum all of the terms. We then obtain

hK,0 =
1

γK

(
1 +

λK−1

γK−1
+

λK−1λK−2

γK−1γK−2
+ · · ·+ λK−1 . . . λ1

γK−1 . . . γ1

)
+

1

γK−1

(
1 +

λK−2

γK−2
+

λK−2λK−3

γK−2γK−3
+ · · ·+ λK−2 . . . λ1

γK−2 . . . γ1

)
+ · · ·+ 1

γ1

=
1

γ1
+

K∑
i=2

1

γi

(
1 +

i−1∑
j=1

λj . . . λi−1

γj . . . γi−1

)
. (S.7)

With a similar procedure, we can obtain the MFPT from x = 0 to x = K. More
precisely, we have

h0,K =
1

λ0

(
1 +

γ1
λ1

+
γ1γ2
λ1λ2

+ · · ·+ γ1 . . . γK−1

λ1 . . . λK−1

)
+

1

λ1

(
1 +

γ2
λ2

+
γ2γ3
λ2λ3

+ · · ·+ γ2 . . . γK−1

λ2 . . . λK−1

)
+ · · ·+ 1

λK−1

=
1

λK−1
+

K−2∑
i=0

1

λi

(
1 +

K−1∑
j=i+1

γi+1 . . . γj
λi+1 . . . λj

)
. (S.8)

A more detailed derivation of the h0,K and hK,0 is given in [1].

S.4 Theorems 3.3 and 3.4 from [2]

Let A be an m×d matrix, with no rows identically zero, and KA = {y ∈ Rd : Ay ≥ 0}.
For x, y ∈ Rd, we say that x ≼A y whenever A(y − x) ≥ 0. For a non-empty set
Γ ⊆ X ⊆ Zd

+, we say that a set Γ is increasing in X with respect to ≼A if for
every x ∈ Γ and y ∈ X , x ≼A y implies that y ∈ Γ. Moreover, we say that a set
Γ ⊆ X is decreasing in X with respect to ≼A if for every x ∈ Γ and y ∈ X , y ≼A x
implies that y ∈ Γ. Furthermore, for x ∈ Rd, let KA + x = {y ∈ Rd : x ≼A y} and
∂i(KA + x) := {y ∈ KA + x : ⟨Ai•, y⟩ = ⟨Ai•, x⟩}6 for each 1 ≤ i ≤ m. We can then

6Here, for convenience of notation, let Ai• denote the row vector corresponding to the i-th row of A, for
1 ≤ i ≤ m. In this article we will adopt the convention of considering the inner product ⟨·, ·⟩ as a function
of a row vector in its first entry and as a function of a column vector in the second entry. In particular,
⟨Ai•, x⟩ =

∑d
k=1 Aikxk.
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characterize the boundary of KA + x as follows:

∂(KA + x) =

m⋃
i=1

∂i(KA + x). (S.9)

Finally, we introduce the concept of usual stochastic order ≼st for two random variables
Y,Z: we say that Y is smaller than Z in the usual stochastic order, that is, Y ≼st Z,
if FY (t) ≥ FZ(t) for every t ∈ R, where FY and FZ are the cumulative distribution
functions for Y and Z, respectively.

In the following theorem, we consider the set of distinct vectors {η1, . . . , ηs} formed
by Avj , for 1 ≤ j ≤ n, where s denotes the cardinality of this set, and we consider the
subsets of indices

Gk := {j : 1 ≤ j ≤ n and Avj = ηk}, for 1 ≤ k ≤ s.

The following theorem applies even if X is countably infinite, although in this
paper all of our state spaces are finite.

Theorem S.1 (immediate consequence of Theorem 3.3 in [2]7). Consider a
non-empty set X ⊆ Zd

+, a collection of distinct vectors v1, . . . , vn in Zd \ {0} and
two collections of non-negative (intensity) functions on X , Υ = (Υ1, . . . ,Υn) and
Ῠ = (Ῠ1, . . . , Ῠn) such that if x + vj /∈ X , then Υj(x) = Ῠj(x) = 0, and assume
the associated continuous time Markov chains (with intensity functions given by Υ
and Ῠ, respectively, for the transition directions v1, . . . , vn) do not explode in finite
time. Consider a matrix A ∈ Zm×d with non-zero rows and suppose that both of the
following conditions hold:

(i) For each 1 ≤ j ≤ n, the vector Avj has entries in {−1, 0, 1} only.
(ii) For each x ∈ X , 1 ≤ i ≤ m and y ∈ ∂i(KA + x) ∩ X we have that∑

j∈Gk

Ῠj(y) ≤
∑
j∈Gk

Υj(x), for each k such that ηki < 0, (S.10)

and ∑
j∈Gk

Ῠj(y) ≥
∑
j∈Gk

Υj(x), for each k such that ηki > 0. (S.11)

Then, for each pair x◦, x̆◦ ∈ X such that x◦ ≼A x̆◦, there exists a probability space
(Ω,F ,P) with two continuous time Markov chains X = {X(t) : t ≥ 0} and X̆ =
{X̆(t) : t ≥ 0} defined there, each having state space X ⊆ Zd

+, with infinitesimal
generators Q and Q̆, associated with Υ and Ῠ respectively (as in (2.4)), with initial
conditions X(0) = x◦ and X̆(0) = x̆◦ and such that:

P
[
X(t) ≼A X̆(t) for every t ≥ 0

]
= 1. (S.12)

7Compared to Theorem 3.3 in [2], Theorem S.1 includes some additional clarifications inserted in
parentheses to improve clarity and completeness in the context of this paper.
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Theorem S.2 (immediate consequence of Theorem 3.4 in [2]8). Consider a
non-empty set X ⊆ Zd

+, a collection of distinct vectors v1, . . . , vn in Zd \ {0} and
two collections of non-negative (intensity) functions on X , Υ = (Υ1, . . . ,Υn) and
Ῠ = (Ῠ1, . . . , Ῠn), such that if x + vj /∈ X , then Υj(x) = Ῠj(x) = 0, and assume
the associated continuous time Markov chains (with intensity functions given by Υ
and Ῠ, respectively, for the transition directions v1, . . . , vn) do not explode in finite
time. Consider a matrix A ∈ Zm×d with non-zero rows and conditions (i) and (ii) in
Theorem S.1 are satisfied.

Let x◦, x̆◦ ∈ X be such that x◦ ≼A x̆◦ and let X = {X(t) : t ≥ 0} and X̆ =
{X̆(t) : t ≥ 0} be two continuous time Markov chains (possibly defined on different
probability spaces), each having state space X ⊆ Zd

+, with infinitesimal generators Q

and Q̆, associated with Υ and Ῠ respectively, and with initial conditions X(0) = x◦

and X̆(0) = x̆◦. For a non-empty set Γ ⊆ X , consider TΓ := inf{t ≥ 0 : X(t) ∈ Γ}
and T̆Γ := inf{t ≥ 0 : X̆(t) ∈ Γ}. If Γ is increasing in X with respect to the relation
≼A, then

T̆Γ ≼st TΓ, (S.13)
and the mean first passage time of X̆ from x̆◦ to Γ is dominated by the mean first
passage time of X from x◦ to Γ. If Γ is decreasing in X with respect to the relation
≼A, then

TΓ ≼st T̆Γ, (S.14)
and the mean first passage time of X from x◦ to Γ is dominated by the mean first
passage time of X̆ from x̆◦ to Γ.

The proof of these theorems can be found in Sections 5.3 and 3.3 of [2], respectively.

8Compared to Theorem 3.4 in [2], Theorem S.2 includes some additional clarifications inserted in
parentheses to improve clarity and completeness in the context of this paper.
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