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In the Supplementary Information we provide a rigorous justification of the results in
the main text, including a proof of the central limit theorem for the final outcome of
a major outbreak. We also outline calculation of properties of some single-population
multitype SIR epidemics, required to implement the asymptotic results. The section
counter continues from the main text, with the first section being Section 9. All refer-
ences to sections, theorems and equations etc. with a section number less than 9 are
to the main text.

9 Rigorous results and proofs

Recall the epidemic model £ defined in Section 2. In order to state and prove rigor-

ous results we consider a sequence of such epidemics, £*) (v =1,2,...), with the

epidemic £() being among a population of m () households comprising mgf ) house-

holds of category n (n € N). Let o) = m{”/m® (n e N). We assume that
limy_ o m® = 00 and limy_, o ag}) = ay, (n € N). We assume also that the config-
uration of initial infectives (i.e. their number and distribution among the household
categories) is the same for all v. Further assumptions are stated as required. Notation
concerning household structure used in earlier sections indexed by v means the same
quantity for the epidemic £*), with un-indexed notation being the limiting value as

v — 0. For example, %v) = Ni(”)/N(”) is the fraction of the population that are of



type i in £ and v; = limy, o vi(v)

that min,e 7 v; > 0.

; note that this limit necessarily exists. We assume

9.1 Branching process approximation

Let B(") denote the branching process defined in Section 4.1 but using the household
structure of £) and now let B be the branching process using the limiting household
structure. Let Z(*) and Z be the total progeny of B(") and B, respectively. (We assume
throughout that total progeny includes the ancestor(s).) Let Z](;) be the total number
of households infected in £, including the initially infected households. We denote
the occurrence of a major outbreak by the event G(*) = {Zg)) > log m(”)}. Let pext
denote the extinction probability of B.

Theorem 9.1 We have limy— oo IF’(G(”)) =1 — poxt-

Proof For ease of presentation, we assume that there is one initial infective in & (”), who is
chosen by first sampling its type j from Pl-(v) (i € J) and choosing an individual uniformly
at random from the N type-j individuals in the population. This implies that in B®™) the
ancestor has the same offspring distribution as all subsequent individuals. A realisation of
B™) can be obtained using independent copies of the augmented single-household epidemics
én’i(AL(n), B) (i € J,n € N;), analogously to B in Section 4.1, where for each global contact

in B(”), the type is distributed according to P,L-(U) (i € J) and given its type is j, the household

category is obtained by that of an individual chosen independently and uniformly from the
N](v) type-j individuals in the population underlying £ (v),

A realisation of £(Y) can be defined in a similar fashion. However, if a global contact (of
type i say) is with a household that has been infected previously in the epidemic then the

ensuing local epidemic and the number of global contacts that emanate from it is not dis-
tributed as En’i(AL (n), B), so the construction of the realisation of £®) then needs modifying

accordingly. Let K (*) be the number of global contacts made in B®) when a previously-used
household is sampled for a global contact for the first time, where K ) = o if all global
contacts in the construction of B(") are with previously unused households. The realisations
of £®) and B™ can be coupled so that they coincide while fewer than K@) households have
been infected in £*). Now

P (zg) < log m(”)) —P (zg) <logm™, K™ <log m(”>)
+ P (z§;> <logm®, K@ > log m(”>)
and
P (Z(”> < logm(v)) —P (Z(”) <logm™, K™ <log m<”>)
+P (Z(”) <logm™®, K™ > log m(”)) .
Under the above coupling,

P (Zg)) < log m(”),K(”) > log m(v)> =P (Z(”) < log m(v),K(v) > logm(v)) ,



SO

’P (Zg)) < logm(v)) —P (Z(v) < logm(v))‘
= ‘]P’ (Z)(Ev) < log m(u),K(U) < logm(v)) —-P (Z(v) < logm(v),K(v) < log m(”))’
<P (K(v) < [logm(”)J) ,

where |log m(”)J is the greatest integer < log m(¥). The probability that a global contact is
with any given household is bounded above by

Nmax

max max n(zv) < OF
i€eJ neN N; N (@) min;e 7

9

(9.1)

Thus, noting the connection with the birthday problem,

(v)
p@wqu%<lmmJ——@%——ﬂ)awaw (9:2)
2 N®) min;e 7 ,y(v)

i

(v)

since N = m®  limy, oo m*) = 00 and limy— o0 mine 7y, ’ = minje s v; > 0. Hence,

: (v) ()Y _ (v) Y| =
vlglg@ )IP’ (ZE <logm ) IP’(Z <logm )’ =0.
To complete the proof, we show that P (Z(”) < log m(v)) — Pext aS v — 00. Let p(vt be

ex
(v)
ext

the extinction probability of B(") and note that p'") — pext as v — oo by Britton et al. 5],

Lemma 4.1, since the offspring distribution of B® converges to that of 5. Hence,

limsupP (Z(v) < log m(v)) < limsupP (Z(v) < oo) = lim supp(i% = Pext- (9.3)

€
vV—>00 vV—>00 vV—00

Note also that for any k € N, we have P (Z(”) < k) — P(Z < k) as v — o0, since there are

a finite number of paths of B® yielding AR Hence, for k e N,
lim inf P (Z(”) < 1ogm(”>) > lim inf P (Z(”) < k) —P(Z<k). (9.4)

Now P(Z < k) 1 pext as k 1 0, so letting k 1 oo in (9.4) yields
livm_)igfIF’ (Z(v) < log m(v)) = Dext,

which together with (9.3) gives IP(Z(U) < log m(v)) — Pext aS v — 00, as required. O

Remark 9.1 Note from (9.2) that Theorem 9.1 holds if the definition of a major outbreak
is replaced by G\?) = {Zg}) > f(m(v))}, where f : N — R4 is any nondecreasing function
satisfying f(m) — o and 77"flf(m)2 — 0 as m — . In fact, Theorem 9.1 holds under

stricter definitions of a major outbreak, see Remark 9.5 at the end of Section 9.2.2, though
the current proof breaks down.

Remark 9.2 A similar argument using (9.2) shows that other properties of the epidemic
5(”), for example the total number infected of each type, converge in distribution to corre-
sponding properties of B as v — . Depending on the property, these asymptotic distributions
may be defective if Ry > 1.



9.2 Final outcome of major outbreak

We prove a law of large numbers and a multivariate central limit theorem for the
final outcome of a major outbreak. The key tool is an embedding construction of the
final outcome of £(*), which in the special case of proportionate global mixing has
a one-dimensional index set (rather than .J-dimensional in the general case). This
leads to simplifications both in the proofs and in computing the asymptotic mean
vector and variance matrix. The embedding construction is described in Section 9.2.1,
with the law of large numbers and multivariate central limit theorem being proved in
Sections 9.2.2 and 9.2.3, respectively.

9.2.1 Embedding construction.

Consider the epidemic model £ described in Section 2. An alternative but equiva-
lent way of treating global infection in that model is via a Sellke [10] construction.
Each susceptible individual in the population is assigned an independent exponential
random variable, having rate k; for a type-i individual, giving the critical amount of
global infection they need to be exposed to before they become infected. During the
epidemic, each susceptible accumulates exposure to global infection from each infec-
tive, at rate §;/N for a type-j infective, and provided they have not previously been
infected locally, a susceptible is infected globally if and when their total exposure to
global infection reaches their critical amount. This way of treating global infection is
faithful to the original model description in Section 2, owing to the lack-of-memory
property of the exponential distribution. Suppose at a given time, t say, there are a;
type-i infectives (i € J) and consider a type-j susceptible, having critical exposure to
global infection L;, that has already been exposed to b units of global infection. The
probability that this susceptible is infected in the time interval (¢,¢ + At) is

P <Lj € (b,b + Nt Z aiBiAt> ‘Lj > b) = KjN_l Z a; B; At + O(At),

e i€J

as in the formulation in Section 2.

To analyse the asymptotic distribution of the final outcome of £(), we use the
embedding approach of Scalia-Tomba [8, 9]. The construction here is closely related
to those in Ball et al. [4] and Ball and Lyne [3]. Consider first a single category-
n household and define a process &, = {E,(t) : t = 0} as follows. Note that here
and in the sequel t refers to global infectious pressure and not to time. For i € 7,
label the type-i individuals in the household (i,5) (j = 1,2,...,n;). Let G,(AL(n))
be a realisation of the random directed graph defined in Section 3.3. For ¢ € J and
J =1,2,...,n let I;; be the infectious period of individual (i, j) if they were to
become infected. Let L;; (i € J,j = 1,2,...,n;) be an independent collection of
independent exponential random variables, where L;; has rate ;. For each t > 0, we
construct an epidemic &, (t) as follows. We determine first who is infected globally
(i.e. externally); specifically, individual (i, ) is infected globally if and only if L;; < t.
We then use the random directed graph G,(A”(n)) to determine who is infected
locally; these local infections take place instantaneously with respect to t.



Fort > 0 and i € J, let AE") (t) denote the sum of the infectious periods of all
type-i individuals infected in &, (t), and let A(™ (t) = 2;1:1 ,Biflgn) (t) be the weighted
severity of &, (t). Note that a single realisation of G, (AY(n)) and (Lyj, Iij) (i€ J,j =
1,2,...,n;) is used to define gn(t), and hence also A(™)(t), for all t > 0, and that
by construction A (t) is piecewise constant and nondecreasing in t. Observe that

En(t) is a realisation of the epidemic &, (A% (n),e ") defined in Section 3.2, where

et = (et e, emin), Thus, B[ A (1)) = fin (AL (m). e~ (i€ )
Let f:'n,k (n € N,k = 1,2,...) be independent, with gmk = {c‘:'n,k :t = 0}

distributed as &, and for ¢ > 0, let A(™F)(t) be the weighted severity of &, x(t).

For v o= 1,2,..., we use g’n)k (n e Nk = 1,2,...,m$f)) to construct a process
— {£W)(t) : t > 0} among a population comprising m!?) households of category

(n eN), ie. among a population having the same household structure as £ () For
t > 0, the epidemic & (¥) (t) assumes that each individual in the population is exposed
to ¢ units of global infectious pressure, in the above sense, and that the epidemics in
the m® = D meN mg} ) households behave independently, with the epidemic in the

household (n, k) being given by &y x(t). Let

IIOEY Z AR (¢ (t =0). (9.5)

neN k=1

This defines a process A" = {AS”) (t) : t = 0}, which is nondecreasing by construction.

The realisation of £ can be used to construct the final outcome of an epidemic
EW) | which is closely related to the epidemic £®), as follows. The epidemic EW s
initiated by exposing the population to Tév) units of global infectious pressure, so each
individual is exposed to 75" = 73" /N®) units. Individuals with tolerance L;; < 75"
will be infected by this initial global pressure. Such individuals will then trigger local
epidemics in their households, which in total will give rise to a further AEU)(TSU))
units of global infectious pressure. Hence, the population is now exposed to a total
of Tl(") = TO(U) + ASU) (TO(D)) units of global infectious pressure. The process can be
continued in the obvious fashion and stops when there is an iterative step which yields
no additional global infectious pressure. Note that this happens in a finite number
of steps as the population is finite. For £k = 0,1,..., let Tlgi)l = TOU) A(v)(T(v))

where T\ = T{/N®). Let k{ = min{k > 0 : T,ﬁi)l = Ty, TV = T(”)) and

To(é)) = TO(OU)/N(”). Note that

o) _ - ), AL )
T = inf {t >0:t=T" + (- (9.6)

Let Z.(U)(t) and Z](;) be the total number of households infected in the epidemics
EW(t) and €™, respectively. Observe that ZSEU) =z (Téov)). Other final outcome



quantities associated with £(*), for example the total number of individuals infected of
a given type or the number of fully infected households, are given by the corresponding

quantities of £() (TCSJ)).

Remark 9.3 The only difference between the epidemics EW and €W is in their initial
conditions. The epidemic EW) s started by a set of initial infectives, while the epidemic EW)

)

of the epidemic EW gs v — a0 are readily available, since EW) s derived from the process
S(”), which is the sum of independent processes. The construction of EW) can be changed
so that the final outcome of EM™) has the same distribution as the final outcome of EW . 1o

)

distribution of gn,k for those households that contain initial infectives is changed but as there
are only finitely many such households that change does not affect our asymptotic analysis of
magor outbreaks.

is initiated by exposing the population to Tév units of global infection. Asymptotic properties

do that we simply set Tév and the tolerances (Lijs) of the initial infectives all to zero. The

9.2.2 Law of large numbers.

For ¢t > 0, let

J J '
an(t) = E[A®(0)| = 31 5B A (0)] = X fins(A (). e B (meN)
i=1 t=1

(9.7)
and a(t) = 3, @nan(t). Let my = lim,_,oo N®/m®) = ¥\ ap|n| be the
asymptotic mean household size.

Theorem 9.2 The function a(t) is strictly increasing and concave on [0,0) and satisfies

(a) a(0) = 0 and a(o0) = X, am Xy Binaptl,
(b) a'(0) = myRy.

Proof To prove the theorem, it is fruitful to obtain an alternative expression to (9.7) for
an(t), using the local susceptibility set Si(;l)
Gn (AL (n)); see Section 5.2. For ease of readability, we repeat here the definition and asso-
ciated notation. Fix n € A and consider the directed graph Gn(A%(n)), with individuals
labelled as in Section 9.2.1. Let V(™) = {(4,7) i =1,2,...,J,5 =1,2,...,n;} be the vertex
set of Gn (AL (n)) and, for i e 7, let VZ-(n) ={(i,7) : 7 =1,2,...,n;} be the set of type-i ver-
tices. For ((i,4),(i',5")) € (V("))Q, write (,7) ~ (i/,5') if there is a chain of directed edges
from (i, 7) to (i',§") in Gn (A% (n)), with the convention that (i, ) ~ (,4). For (4,5) € V™),
let Si(;l) ={(,j) e A (i',5") ~ (3,7)} be the local susceptibility set of individual (i, 5)
and, for k € 7, let Sl(]n)(k) = SZ-(J’-n) ) V,gn) be the set of type-k individuals in (4, j)’s suscep-
tibility set and S{) (k) =[S (k)|. (Note that S{") is defined only if n € N; and SJ” (k)
is the empty set (and Sz(jn)(k) = 0) if n ¢ N). In the following we use the convention that

of individual (i, 7) in the directed random graph



S’Z(Jn)(k) = 0 and un)i7k(AL(n)) = 0if n ¢ N; n N}, where un)i’k(AL(n)) is defined in
Section 3.1.) Also let

Xij

)y = 1 if (i,7) is infected in En(t),
o otherwise,

SO

= Z LM (ieg,t=0).

Note that I;; is independent of X(n)( t) and that Xgn) (t) = 0 if and only if all mem-
n)

/—\

bers of Si(j ™) avoid global infection, which, conditional upon S

exp (—t Zg=1 HkSZ-(;-L)( )) Thus, by symmetry,

E[A™ )] = ninf E XV )] = nan” ( 1 ( [exp ( é )D :

whence

, occurs with probability

A(”) t

2#1 (1 —E |:exp ( S(n)( ))] ) (9.8)

Differentiating (9.8) yields a’(t) > 0 and a”(t) < 0, so a(t) is strictly increasing and
concave on [0, 00). Setting ¢t = 0 and ¢ = oo in (9.8) yields part (a). Finally,

a’(O) = Z an Z ”iﬂ[

neN i=1 j=1

‘M%

N
I
—_

a(t) = Z
neN

I

3

gM
2
Mk

-
Il
it

M&

[s‘" j ] (9.9)

Returning to the random directed graph Gn (AL (n)), note that

2 [Sfln)(j)] = :ZilE [sz’f)(i)} = ;MZJI [ {(,0( zk)}]
_py Z [ @ k)}] = njpm (AP (). (9.10)

Substituting (9.10) into (9.9) yields, after switching the indices ¢ and j,
J J ‘
d0) = Y an 3 Y nikipm (A (n)ul8;. (9.11)
neN  i=1j=1
Comparing (9.11) with (4.1) shows that a’(0) = m R, since
@) N, iy ym™)

o _ (v) _ _ (v
viei(n) = lim v; e (n) = lim s N M nion” Tws




_ Recall that A (t) is the total number of households infected in the epidemic
EW)(t). Hence, for t = 0,

m,,:”)
ZSU)( ) = ) ]]‘{household (n,k) is infected in &y 1 (t)}?
neN k=
SO
E [ZS”) (t) 2 m?) (1 e 'k )
neN
Let 1
2u(t) = lim — [Zf”)(t)] = Y an(t—e7t), (9.12)
m neN
Theorem 9.3 As v — 0,
sup ﬁAsv)(t) —a(t)| £50 and sup %Zﬁv)(t) —zp(t)| 5 0. (9.13)
t=0|mM t=0|m

Proof We prove the first result in (9.13). The second result is proved in the same fashion.
The strong law of large numbers can be applied to each household category separately to
give that, for each t € [0,00) and each n € N,

(“ (1)
Z AR () — o) 1 1 Z AR (1) 25 0 an(t)  as v — 0.

n

m(”

Since there are a finite number of household categories, we sum these to obtain
1
m(v)

A (#) 25 a(t) as v — oo. (9.14)

Note that Agv)(oo) is a weighted sum of the infectious periods of all individuals in the
population, and hence almost surely finite, and a(o0) < 00, so (9.14) holds also when t = «©
Further, both ASU) (t) and a(t) are nondecreasing in ¢. A similar argument to the proof of the

Glivenko-Cantelli theorem shows that the convergence in (9.14) holds uniformly in ¢; see, for
example, the proof of Ball and Britton [2], Lemma 1. O

Suppose that TO(U) 22,0 as v — 0. Recall that N(”)/m(”) — mpyg as v — 0.
Letting v — o0 in the equation satisfied by T(v)

Theorem 9.3 leads to the following equation

in (9.6) and using the first result in

t =my a(t). (9.15)

Lemma 9.1 If Ry < 1, then t = 0 is the only solution in [0,00) of (9.15). If Ry > 1, then
there is a unique solution, T say, in (0,00) and a'(7) < my.



Proof Recall from Theorem 9.2 that a(0) = 0, a/(t) is strictly decreasing on [0,00) and
a’'(0) = my Ry. If Ry < 1 then, for t > 0,

¢ t
a(t) = J- a'(u) du < f mp Ry du < myt,
0 0

so t = 0 is the only solution in [0, 00) of (9.15).

Suppose Rx > 1. Then, there is a unique solution (7) of (9.15) in (0, ), since, by
Theorem 9.2, a(t) is concave with a(0) = 0, a(0) < o0 and a’(0) = mp R« > mp. Suppose,
for contradiction, that a’(7) = mpy. Then, since a’(t) is strictly decreasing on [0, ),

T T
a(T) =J a/(u)du>J mygdu =mgT,
0

0
which is a contradiction as a(1) = mg7. O
Remark 9.4 Note that (9.15) is the same equation as (5.1), since ﬁ =Tp = mI_{l% =

m;Ilocn. Thus, properties of the solutions of (5.1) claimed in Section 5.1 follow immediately
from Lemma 9.1.

We now assume that Ry > 1 and 75" 2% 0 as v — oo. The first result in (9.13)
implies that

sup |T3") + AP (ON® —mzta(t) 250 asv — o (9.16)

t=0

Let € € (0,7/2). It follows from Theorem 9.2 and a/(7) < my that there exists § > 0
such that m'a(t) > t + 0 for t € [e,7 — €] and my'a(t) <t —§ for t € [T + €,0).
Using (9.16) and the definition of T at (9.6), it follows that, almost surely, for all
e € (0,7/2), TO(OU) ¢ [e,7 — €] U [T + €,00) for all sufficiently large v. Thus,

min{T, TS — 7|} 2% 0 as v — oo (9.17)
Further, recalling that Zg}) = va) (Téov )) and using the second result in Theorem 9.3,
min{(m®) "1 ZW |(m) 12 — 25} 250 as v — o, (9.18)

where zg = zg(7), with zg(¢) being given by (9.12).
Recall that Zg)) is the total number of households infected in £®) and G =
{Zg;) > logm}. Let Zg)) = Zg))/m(“).

Theorem 9.4 Suppose Ry > 1. Then,
E(Zg)) | G(v)) 3»6@ as v — o0,

where 0.y s the point mass at zg.



Proof Following Remark 9.3, we construct a realisation of the final outcome of ™) from the
process & () by setting Tév) and the tolerances of the initial infectives to zero. Recall that
the configuration of initial infectives is assumed to be the same for all v. For n € N/, let hy, be
the number of households of category n that contain initial infectives. We construct a process
gW' — {5(” (t) : t = 0}, in the same way as W) except for n € N and k = L2,...,hn,
the process &y, ks replaced by the process En > which is defined similarly to b3 n,k except
the tolerances corresponding to initial infectives are set to zero. Note that (‘:',;L’k (neN,k=
1,2,...,hn) are independent but g;l,k (k=1,2,..., hn) may not be identically distributed,
since the configuration of initial infectives in these households may not all be the same.
In an obvious notation, let

m®

A= ¥ Z AmE @ 33 AP g (¢ 0) 9.19)
neN k=1 neN k=hn,+1

(cf. (9.5)) and define st)/(t) (t = 0) similarly. The first sum in (9.19) is over finitely many
households and is independent of v, as is the corresponding sum in qu)),(t). It follows that
Theorem 9.3 holds with AEU) (t) replaced by A(U) (t) and ZEU) (t) replaced by ZEU),(t). The
argument leading to (9.18), applied to the process 5(1’)/, then yields

mln{Z(U |Z(v zpl} 250 as v — o0. (9.20)
Now
hmsup]P’( (v) ) < limsupP (Zg) > log m(v)) =1 — pext, (9.21)
v—00 2 v—>0

by Theorem 9.1. Turning to lim infvﬁooIP’( (U) Z2 ) first note that (9.20) implies that,
for any ¢ € (0, zg/2),

lim inf P (Z(v) 7) = liminf P (Z(v) 6) . (9.22)

v—00 v—00

To obtain a lower bound for ]P’(Zg]) > 0) we use a device first introduced by Whittle [12].
Using the bound at (9.1), note that, while the total number of infected households in £(*) is
not more than Jm(“), the probability that a global contact is with a previously uninfected

6(”)

household is at least 1 — §, ’, where

55;)) = min {1, 5nmax/'71(171ji)n} ’

with ’y(v.) = ming ey ,YZ_(U). Thus, while the total number of infected households in £W s

min
not more than (Sm(”)7 the process of infected households in ™ can be bounded below by
a branching process, B (6), which is defined analogously to B® in Section 9.1 except,

apart from the ancestors, individuals are deleted at birth independently with probability 5>(,<U).
(Individuals deleted at birth have no offspring and do not contribute to the total progeny.) Let
Z(”)(5) and pg()t () be respectively the total progeny and extinction probability of B(”)(é).
Then,

lim inf P (Z};’ > 5) > lim inf P (Z(”)(é) > 5m<”>) > liminf(1 = p2) (8) = 1= pext (9),
(9.23)
where pext(d) is the extinction probability of the limiting branching process, B(9),
derived from B by independently deleting individuals at birth with probability 6y =

10



min{1, 6nmax/Ymin}.- NoW pext(d) | pext as ¢ | 0. Thus, combining (9.22) and (9.23) and
letting 6 | O yields

v—00

liminfP (23 > 22) > 1 - pext,
which together with (9.21) gives

lim P (Z,(;) > Z—E) =1 — pext. (9.24)

V—00 2

It follows from (9.20) and (9.24) that for any € € (0, zg/2),

lim IP(ZE—6<Z(EU) <ZE+€) =1 — pext.

v—0
Now m(?) (zg —€) = log m®) for all sufficiently large v, so
UILH(}OP<ZE_6< Zg}) < Zzg +€,G(U)) =U1LH;CP(ZE—€ < Zg}) <ZE+6).

Hence, since P (G(U)) — 1 — pext as v — o0, by Theorem 9.1, and pext < 1 as Ry > 1, we
have that for any € € (0, 25/2),

e z® (@)
. o ) - Plzp-e<Zp <zp+eG
Jim P (s —e < Z5) <2p+e| GV) - Jim ( JED) |

limy oo P (zE —e< Zg) <zp+ E,G(U))

limy—o0 P(G(®))
_ 1 — pext _

1- Dext
proving the theorem. O

Remark 9.5 Note that Theorem 9.4 holds if the definition of a major outbreak is replaced by
the one given in Remark 9.1. Further, it is clear from Theorem 9.4 that G can be replaced

by G = {Zg}) > f(m(”))}, where f : N — Ry is any nondecreasing function satisfying
fim) — oo and mflf(m) — 0 as m — 0. Indeed, a major outbreak infects at least a

fraction zg > 0 of households. However, zg depends on the parameters of the model and can
be arbitrarily close to zero.

Remark 9.6 Analogous results to Theorem 9.4 for other properties of a major outbreak,
such as those mentioned in Remark 9.2, can be proved in a similar fashion.

9.2.3 Central limit theorem.

We now prove a multivariate central limit theorem for quantities associated with the
final outcome of a major outbreak. For n € N, consider the process &, = {En(t) :

t = 0} defined in Section 9.2.1. For ¢ > 0, let Rgn) (t),Rgn)(t)L. . .,R;E)n)(t) be a col-
lection of p final outcome quantities defined on the epidemic &, (t). Some examples
are given in Section 5.3. Let R™ (¢) = (R™ (1), R{™(¢), ..., R{™(¢), A™(#))T. (Note
that this notation is slightly different from that in Section 5.3, where R™(t) =
(Rgn)(t), Rén) t),..., Rz(,n) (t))T. For the proof, it is convenient to absorb the weighted
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severity, which is another final outcome quantity, into the vector of final outcome
quantities.) As in Section 9.2.1, a single realisation of G,(A¥(n)) and (Lij,I;;)
(ieJ,j=1,2,...,n;) is used to define R™ (t) for all ¢ > 0, and hence the process
{R™(t)} = {R™(¢t) : t > 0}. Consequently, the jumps of the process {Rl(n) (t)} can
occur only when t = L;; for some (i,7), i.e. only when a new individual is infected
externally in the process of epidemics En.

Let {R™M(#)} (ne N,k =1,2,...) be independent with {R"™" (¢)} distributed
as {R™(t)}. For v =1,2,..., let {R{") ()} be the process defined by

RM(t) = ) Z R(M™F) (t=>0). (9.25)

neN k=1

For each t > 0, the elements of R{")(t) contain final outcome quantities for the epi-
demic £ (t). The corresponding final outcome quantities for the epidemics £*) and
E®) can be obtained via the embedding construction described in Section 9.2.1.

We assume that there exists ¢ > 0 such that

E[IZ) <o (ieJ) (9.26)
and

t=0

E l<sup‘R§">(t)D2+<] <w  (meN,j=1,2,....p). (9.27)

We now introduce some more notation. For conciseness, we define R](D +)1( t) =

AM(t). For j = 1,2,...,p+1,ne N and t > 0, let ré")( ) = E[Rgn)(t)], y’)( ) =
P asz’)r“‘)( t) and 75(t) = Y epr anryV (). Let 7(2) = (r1(),r2(t), ..., rper (8)) 7
Let C™(t,s) = [cgl) (t,s)] be the covariance function with elements

M (t, s) = cov (RE")(t),Rg.”’(s)), 0<ts<o, ij=1,2....p+1

Conditions (9.26) and (9.27) ensure that these covariances are all finite. Note that
Cc™(t,t) = C™(t), where C'™(t) is defined at (5.8).

Note that the final outcome of the epidemic £(*) is given by R( )( s )) For T > 0,
let R\, = {R{")(t): 0 <t <T}.

Theorem 9.5 For any T > 0,

1

Wl (REU% — ]E[R.t’j),]) L X7 asv— o,

m
where Xp = {(X1(t), X2(t),..., Xp(t), Xa(t)T : 0 < t < T} is a zero-mean Gaussian
process with covariance function C(t,s) = Y, cn anC™(t,s) (t,s € [0,T]) and > denotes
weak convergence in the space of bounded functions from [0,T] to RPH! endowed with the
supremum metric.
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Proof The proof uses the usual method of showing convergence of finite-dimensional distri-
butions and asymptotic tightness (see, for example, van der Vaart and Wellner [11], Theorem
1.5.4). It is quite long, so details are given in Section 9.2.4. O

Suppose Ry > 1 and Tév) 2% 0 as v — 0. For € € (0,7), define TO(OU)E to be

the smallest solution in [e,00) of t = Tév) + ﬁ

T(foli)g =T O(OU) otherwise. We use Theorem 9.5 and the crossing problem satisfied by T O(Ov)e

to obtain a central limit theorem for R{")(T. O(OU)G) Let

AE”)(t), provided one exists, with

I, — —#(r
H = <0§ e )> : (9.28)
p mp—a’(T)
where #'(7) = (r{(7),r5(7),...,7,(7))". Note that H is well-defined since Lemma 9.1

implies my > o/ (7).

Theorem 9.6 Suppose that Ry« > 1 and, as v — o0,
(i) vV/m®) (as’) _an) —0 (neN),
(i) Nm®T 2, 0.

Then, for any € € (0,7),

€

m® 2 (RSU)(TCE(;},)) — m(U)T(T)) 2, N(0p+1, HC(T, T)HT) as v — 0. (9.29)

Proof For j =1,2,...,p+1andt >0,

E[R)(0)] = mM el (1) = m™ 3 alr (™ ().
neN
(n)

For n € N and any T > 0, the function r ; (t) is continuous, and hence bounded, on [0, 77,

so Vm) maxggicr |7"§v)(t) —rj(t)] — 0 as v — oo by condition (i). Thus, using Theorem 9.5
and Slutsky’s theorem (e.g. van der Vaart and Wellner [11], Example 1.4.7), we have that,
for any T' > 0,

1(1;) (REU% — m(v)rT> 2 X as v — o0, (9.30)
m

where rp = {r(t): 0 <t < T}.
Forj=1,2,...,p+1,

()73 [RENT0) = mry(r) | =(m ) 7% [RE) (520 = m )y (T |
) [y (T2 — ()]
=AY 4+ B, say. (9.31)

Since condition (ii) implies that TO(U) L, 0 as v — 0, it follows from Theorem 9.3 and the

definition of Tg))e that ng)))ﬁ 2, 7 as v — . Hence, using (9.30), with 7" > 7, and the
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continuous mapping theorem (e.g. van der Vaart and Wellner [11], Theorem 1.3.6), we have
that b
AV Dy X)) asv -, (9.32)

where Xp,11(7) = Xa(7).
Turning to B](vv)7 using the mean value theorem we have that
B = (m®) 2l (el (T8~ ), (9.33)

for some E;v) lying between To(é))e and 7. Now Tg)e L rasv - o, so by the sandwich

theorem, f](v) L, 7 as v — . Also, using 7 = m;Ila(T) and the definition of Tcg)é, and

letting m(;;) = N /m®) we have that

W3 (o )\ 3 A g (1 @) _
(m™)7 (T = 7) = mO) 2T + ()2 (WAS @) —mHlam)

= ()T 4 (m(V)~3 (1 A (TR —m;lla(’r)m(v)>
e
= (m(v))%TéU) + (m(v))_% (AEU)(TO%}’)E) - m(v)a(r)) mfll
(=3 4 () (F(v) r_
+(m ) 2 AT (T ) (m(v) mH) (9.34)
Now
(v)

=2 (v) (v 1 1 D1 4 (v) = (v Wl [ mEg—m
(m*) 2A5)<T5@v)e>< @ ‘m> = (™)AL @) m™) 2 (H 0} )

My H MMy

Theorem 9.3 implies that P ((m(”))flAsv) (Té&)e) < a(oo)) — 1 as v — o0 and condition (i)

()
implies that (m(“))% (%) — 0 as v — 0. Thus,

v)
mHmH

<m<”>)%A£”><T§5iL>< 5o )opu),

m(y)  ma
where op(1) denotes any random variable X, satisfying X, —- 0 as v — oo. Thus,
using (9.33) and (9.34),
B = (m™) 72 [ALT)) = mWa(r) | my'r(€”) + 0p(1),
which, together with (9.31) and (9.32), gives
(m") 3 [RENTED) = m (7))

= X;(r) + ™) 72 [ AL @) = mPa(r) | mig 1€l + 0p(1).

For j = 1,2,...,p + 1, we have r;(gj(.”)) P, r}(’r) as v — 00, since the function r;(t) is
continuous and 5(-1)) L, 7 as v — . Recall that qu,);ﬂ(t) = Ag))(t) and rp11(t) = a(t).

Then, a further application of Slutsky’s theorem yields
(m(v))féG [Rsv) (Téé’)g) - m(v)r(T)] D, X(7) as v — o0,
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where -
_(Ip —my (1)
G= <Og 1—mytd (1))
(=35 [ o) (plo)y _ D ~-1 . .
Thus, (m'?))™2 [R. (Too)e) ’I‘(T)] — G X (1) as v — 0. It is easily checked that

G~! = H, where H is given by (9.28). Hence, G~ X (1) ~ N(0,+1, HC(r,7)H ") and (9.29)
follows. g

Armed with Theorem 9.6, we derive a central limit theorem for a vector of final
outcome quantities defined on the epidemic £(*), conditional upon a major outbreak.
Note that this step is missing in Ball and Lyne [3]. Let R® = (R, R{") .., Réﬁzl)T
be final outcome quantities corresponding to RW (t), but defined on £ rather than
E () (t). Thus, for example, jor)l is the weighted severity of £(*). Again, the notation
is slightly different from that in Section 5.3, where the weighted severity had its own
notation.

Theorem 9.7 Suppose that Ry > 1 and limy—o Vm(®) (a,(,f)fan) = 0, for

each n € N. Then, as v — o0, conditional upon the event G occurring, the
1

law of m(¥) 2 (R(”)fm(”)r(T)) converges to the multivariate normal distribution

N(0ps+1, HC(r,))H ).

Proof We construct a realisation of the final outcome of £ from the process £ by setting
Té”) and the tolerances of the initial infectives to zero, as in the proof of Theorem 9.4. With
this change, R(*) = RSU)(T(SCU)) and, for t > 0, st)(t) and Zg}) are the total number of house-
holds infected in the epidemics £(*)(¢) and ("), respectively. Moreover, Z](EU) = ZEU)(TO(;)).
Let S = inf{t : st)(t) > logm(¥)}, which is finite almost surely since ZSU)(t) 255 m(¥) as
t — oo. It follows from (9.6) and Zg)) = st)(’l_}fo”)) that ZI(EU) > logm(?), i.e. the event G(*)
occurs, if and only if
R0
N®)
Suppose that G occurs. We continue the embedding construction after the population
has been exposed to S () units of global infection, but resetting the tolerances and initial

condition so that it starts again as follows. For an individual who is infected in £(*)(5(")),
whose original tolerance was L;; say, their reset tolerance is L;; = c0. For an individual who

>tforallte [O,S(U)).

T +

is not infected in & (v)(S (”)), whose original tolerance was L; ; say, their reset tolerance is
]:i/j/ = Lyj — S We now consider the embedding construction among the population
of m® households, with the reset tolerances and the population initially being exposed
to Tév) = AEU)(S(”)) — S units of global infection. The lack-of-memory property of the
exponential distribution ensures that the reset tolerances have the required distribution. Let
Zzév) = TO(U)/N(U) and ’fg}) be given by the right-hand side of (9.6) with Tév) replaced by

7. Then, R (TY) 2 R | GO).
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Note that Tév) is bounded above by the sum of the infectious periods of all individuals
in the [logm(")] households infected in &™) (T'(")). Since py) < o for i € J, a simple
application of Markov’s inequality yields (m(v))_%Tév) L2, 0 as v — o0. Moreover, this
convergence also holds conditional upon the event G occurring, since P(G(v)) — 1 — Pext
as v — o and 1 — pext > 0 as Ry > 1. Thus condition (ii) of Theorem 9.6 is satisfied
and Theorem 9.6 can be applied to the reset embedding process. (A similar argument to
the above, using (9.27), shows that the change to the tolerances in the [log m(")] households

infected by &(*) (5(")) and to the contributions of those households to {REv) (t)} do not affect
the conclusions of Theorems 9.5 and 9.6.) Therefore, setting € = 7/2 in Theorem 9.6 yields,
in an obvious notation

()72 (BRI ) = m®r(r)) 25 N0y, HO(nHT)  asv— .

The theorem follows since Theorem 9.4 implies that P(f}g}) > 7'/2\G(”)) —lasv—o. O

9.2.4 Proof of Theorem 9.5.
We show that the finite-dimensional distributions of (m(*))~z (REU% - ]E[REU%]) con-

verge to those of X7 and that the sequence (m())~2 (R(U) - IE[R%L]) (v=1,2,...)
is asymptotically tight. The required weak convergence then follows by van der Vaart
and Wellner [11], Theorem 1.5.4.

We use the Cramér-Wold device to show convergence of the finite-dimensional
distributions. For ¢ = 1,2,...,(p+ 1), let ¢; € N and, for j = 1,2,...,¢;, let X;; e R
and ¢;; > 0. Forv =1,2,..., let

D p+l g

A= 3 35S () - )

neN k=1 i=1 j=1

= Z aﬁf)Y,gv),

neN

where

y(v) =

i M:A

{Z Y (B9 ) - B[R (m)])}

i=1j=1

)
Z Wk say.
v) p=1

m
-

Now Wy (k=1,2,...) are independent and identically distributed, with zero mean,

so by the central limit theorem, AR N(0,02) as n — o0, where
p+1 ¢i p+1l ga

= Z 2 Z Z Aij AabCOV (Rz(n’l)(tij)7Rgml)(tab)) .

i=1j=1a=1b=1
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Further, (Y,(Lv)) (n € N) are independent and al?) = a, as v — 0, s0

RE\”) 2N (O, 2 anafb> as v — 0.

neN

Recalling the covariance function of X in Theorem 9.5, we also have that

p+1 q;
D 2 MiXiltiy) ~ N <0, > anai> .

i=1j=1 neN
Hence,
p+1l q:
R(v) 3’ Z Z )\ini(tij) as v — 0. (935)
i=1j=1

Thus, by the Cramér-Wold device, the finite-dimensional distributions of
(m®)~z (R(”) - E[Rﬁ”%]) converge to those of X, since (9.35) holds for any choice
of g; and (N, ti5) (1 =1,2,...,p+1,j=1,2,...,q).

Turning to asymptotic tightness, by van der Vaart and Wellner [11], Lemma 1.4.3,
it is sufficient to show this for each component of R separately. Note that {Rp +1( )} =
{A™)(t)} satisfies the condition (9.27) by Minkowski’s inequality. Let R denote a
typical component of R. For € > 0, the bracketing number NV, [(]U)(e, T) is defined as the

minimum number of sets N, in a partition [0,7] = Ufil Ag) such that, for each set
A we have

6]’

w
Z t, ‘sEA(U)

neN k=1

m(”)

Also, for T > 0 and f:[0,00) — R, let

| flz = sup [f(£)l.
0<t<T

By van der Vaart and Wellner [11], Theorem 2.11.9, (m(*))~= (Rg) - ]E[Rg’)]) (v =
1,2,...) is asymptotically tight if the following three conditions hold.

(i) For any d > 0, we have

m
Y L hnk)
Z Z g “Vm(”)R

neN k=1

— 0 as v — 0.
R(n,k) >d}
T

1
T {“ Vo)
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(ii) For any sequence (d,) satisfying &, | 0 as v — o0, we have
m®
sup Z Zn L E (R("’k) (t) — R("’k)(s))2 —0asv—®
m®) ’

$,t€[0,T]:[s—t[<6v peN k=1

(iii) For any sequence (6,) satisfying ¢, | 0 as v — oo, we have

Sy
f 1/logN[(]v)(e,T)de—> 0 as v — o0.
0

sup R(")(t)‘ and note

1
Vm®) =0

To show condition (i), for n € N, let X, =

that (9.27) implies (m(”))”%E[Xffc] < 0. Now

neN k=1 T]I{H L R("vk>(t)T>d}] s Z mg)]E [Xn]l{Xn>d}]a

m(
- 1
> Y E|| A
[ m() V@ neN

since {R™F) (1)} (k =1,2,... ,mg)) are identically distributed. Arguing as in a proof
of Markov’s inequality yields

E[Xnlix,oq] =d TTOE[Xnlix, -qd 7] <d OTOE [X2FC].

Hence,
D mWE [ Xnlix,~q] <d 0T Y alImE [ X2
neN neN
< d- OO (m))—3 Z aﬁf)(m(“))“%E[XffC]
neN

— 0 as v — o,

so, condition (i) is satisfied.

Turning next to condition (ii), let (d,) be any sequence satisfying ¢, | 0 as v — o0
and, without loss of generality, assume that 0 < s < t. For n € NV, consider the process
En = {En(t) : t = 0} defined in Section 9.2.1. We construct the tolerances (Li;s) as
follows. Let &; (i € J,j = 1,2,...,n;) be independent Poisson processes, where &;;
has rate ;. Then, for i e J and j = 1,2,...,n;, we set L;; to be the time of the first
point in &;;. Let F,(s,t) be the event that at least one of these &;;s has a point in the
interval (s,t]. Then, since R(™(t) only jumps when ¢ = L;; for some (4, j), we have

E [(R(“) (t) = R™ (8))2] <4E l(sup R™ (t)D 2 1{&(&0}]

t=0
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=4E l(igg R(")(t)Dz] (1 — exp (— i niki(t — s)))

<4E [(Sup R(")(t)D 2] Y mirilt =)

t=0

= (t — s) Ky, say,

where K, < 0o by (9.27). It then follows easily that condition (ii) is satisfied. Finally,
note that (9.36) is satisfied if [0, T] is partitioned into intervals of length L, = ﬁ

(the final interval may have a shorter length). Therefore, N[(]U) (,T) < 5, where
c=2T%, . Kn. It follows that

0w © 0o c
long(e,T)deéj log ( — ) de
L u 0 V (62)

Ve [ u
= Vuexp (—7> du — 0 as v — o,
2 log( ) 2

so condition (iii) is satisfied.

10 Expressions for properties of the epidemics
Eni(AL(n)) and E,(AL(n), )

We give expressions for pin i ;j(AF(n)), fin,j(A¥(n),7) and ¢p (@) in terms of mul-
tivariate Gontcharoff polynomials, which were introduced by Leféevre and Picard [6].
We give also a similar expression for the Laplace transform of R™(t) for final out-
come vectors that are additive over individuals. We first give some notation that is
used throughout this section.

For vectors & = (x1,%2,...,77),y = (y1,¥2,---,ys) € R’ ¥ denotes the product
Hizlxzk, and * < y means xy < yi for all k = 1,2,...,J. For k = (k1,ka,..., k)
and n = (’I’Ll,?’lg,...,ﬂj) € Zi, n[k] = H;»le ni[ki], where Nk = n(n — 1)(n —

k +1) is a falling factorial with the convention ny) = 1. The row vectors consisting
of"J zeros and J ones are denoted by 0 and 1, respectively. Finally, >, . denotes
Zk;:zl Zkz Qg "t Z/w =iy’

Let U = {uz S Zi} be a collection of vectors in R”. The family of multi-
variate Gontcharoff polynomials associated with U, i.e. G;(z|U) (i € Z1), where
x = (x1,%2,...,27), is defined recursively by

k
Y kgul T Gi(alU) = aF (ke Z).

=0
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For i,j € Z7, let ng)(:c|U) denote the partial derivative of G;(x|U) of order
1,42, +,Jy in 21,2, ...,2, respectively. Then, for 0 < j < 4,

GP (@|U) = Gi_j(x)| V),

where BIU = {u;;j : i € Z7]} (Lefevre and Picard [6], Property 4.4).
For ne N and k € Z7, let g, (n) = (q,(cl)(n), q,(f) (n),..., q,(cJ) (n)), where

0y (n) = dr0 (N (ks + A (ks + -+ + AE (k)

with ¢y (0) = Elexp(—0I)] (6 = 0). Note that q,(:’)(n) is the probability that a
type-i infective in a category-n household does not contact anyone in a given set of
size ki + ko + - - - + k; consisting of k; type-j individuals (j € J).

Recall that, for i € 7, e; denotes the unit vector of length J, in which the ‘"
element is 1 and all other elements are 0. The following results follow immediately
from the first display in the proof of Ball [1], Theorem 4.1. For i, € J and n € N,

fimi g (AF (1)) = nj — i(n— ek (@)™ F G (LU (n)), (10.1)
k=0

where U(n) = {u;(n) : i € Z: } with u;(n) = g;(n) (i € Z{). Forne N, j € J and
me[0,1]7,
finy (A (n),m) =y = 3 mpg (ai(n)" " 7 G AU (). (10.2)
k=0

Recall from Section 1.1 that ¢n;(0) (0 = (61,6s,...,0;)7 € RY) is the
joint Laplace transform of (A1, Aa,...,Ay), defined in Section 3.1 for the epidemic
Eni(A¥(n)). For n e N and 0 € RY | let

@i (0) = (a0k(0),45%(0)....a0(0))  (k>0),
where, for i € 7,
(@) — 4 (h. L L L
U 1 (0) = d1) (0 + Ajj(n)k1 + Ap(n)ka + -+ + Aj5(n)ky).

Then it follows from Picard and Lefévre [7], Proposition 4.3, or Ball [1], Theorem 4.2,
that for i € J and n € NV,

$n.i(0) = iz(n —e)ik) (@n(0))" * Gr(1|U(n,0))  (0eRY), (10.3)
k=0

where U(n, 0) = {u;(n,0) : i € Z7} with u;(n,0) = q,, ;(6) (i€ Z7).

20



For n € N, consider the final outcome vector process {R™(t)} =
{(Rg") (t), Rén)(t), ce Rz(jn)(t))T .t > 0} defined on the process &, = {En(t) : t = 0}.
We assume that {R™(t)} is additive over individuals in the household; more pre-
cisely, if the individuals in the household are labelled (i,5) (i€ J,j =1,2,...,n;), as
in Section 9.2.1, then

J n;
(n)
™) t) = Z Z Rij Il{individual (i,5) is infected in &, ()} (t = 0)’

where Rz(;b) (ie J,j=1,2,...,n;) are independent, with RZl ), Rgb), ceey Rg:;} being
identically distributed, for each i € J. The elements of Ri ; may be dependent and
may also depend on the infectious period I;; of individual (4, 7). We assume that RZ(»?)

is independent of the event {(4,j) is infected in &, (t)}, so
J
ra(t) = E [R<"> ] Z fin j(AL(n), e~ [Rgl >] (ReN,t>0),

since &, (t) is a realisation of the epidemic &, (A (n),e ™) (see Section 9.2.1).
Let @ = (61,02,...,0,)" and, for t > 0, let

dn(0,1) = E [exp (—oTR<"> (t))] (6eR?Y)

be the Laplace transform of R™ (t). We give below an expression for &n(a,t), suit-
able differentiation of which enables the covariance matrix C™(t) (see (5.8)) to be
calculated. (The weighted severity A(™)(t) is a final outcome quantity that is additive
over individuals.)

For n e N and 0 € RY | let

Gni(0) = (104(0),00%(0). .. dL(0))  (k=0),

where, for i € 7,

i (0)=E lexp ( 0" R, + Z AL (n)k; Ll)]
j=1
Then, using Ball [1], Theorem 4.2, for m € N and ¢ > 0,
n 7k _ ~
= 2 (@ k(@) e GL1[UM.0)) (0 eRY),

k=0

where U(n, 0) = {@;(n,0) : i € Z7} with @;(n,0) = g, ;(0) (i€ Z7).
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