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In the Supplementary Information we provide a rigorous justification of the results in
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a major outbreak. We also outline calculation of properties of some single-population
multitype SIR epidemics, required to implement the asymptotic results. The section
counter continues from the main text, with the first section being Section 9. All refer-
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to the main text.

9 Rigorous results and proofs

Recall the epidemic model E defined in Section 2. In order to state and prove rigor-
ous results we consider a sequence of such epidemics, Epvq pv “ 1, 2, . . . q, with the

epidemic Epvq being among a population of mpvq households comprising m
pvq
n house-

holds of category n pn P N q. Let α
pvq
n “ m

pvq
n {mpvq pn P N q. We assume that

limvÑ8 mpvq “ 8 and limvÑ8 α
pvq
n “ αn pn P N q. We assume also that the config-

uration of initial infectives (i.e. their number and distribution among the household
categories) is the same for all v. Further assumptions are stated as required. Notation
concerning household structure used in earlier sections indexed by v means the same
quantity for the epidemic Epvq, with un-indexed notation being the limiting value as

v Ñ 8. For example, γ
pvq

i “ N
pvq

i {N pvq is the fraction of the population that are of

1



type i in Epvq and γi “ limnÑ8 γ
pvq

i ; note that this limit necessarily exists. We assume
that miniPJ γi ą 0.

9.1 Branching process approximation

Let Bpvq denote the branching process defined in Section 4.1 but using the household
structure of Epvq and now let B be the branching process using the limiting household
structure. Let Zpvq and Z be the total progeny of Bpvq and B, respectively. (We assume

throughout that total progeny includes the ancestor(s).) Let Z
pvq

E be the total number
of households infected in Epvq, including the initially infected households. We denote

the occurrence of a major outbreak by the event Gpvq “ tZ
pvq

E ě logmpvqu. Let pext
denote the extinction probability of B.

Theorem 9.1 We have limvÑ8 PpGpvq
q “ 1 ´ pext.

Proof For ease of presentation, we assume that there is one initial infective in Epvq, who is

chosen by first sampling its type j from P
pvq

i pi P J q and choosing an individual uniformly

at random from the N
pvq

j type-j individuals in the population. This implies that in Bpvq the
ancestor has the same offspring distribution as all subsequent individuals. A realisation of
Bpvq can be obtained using independent copies of the augmented single-household epidemics
Ên,ipΛ

L
pnq,βq pi P J ,n P Niq, analogously to B in Section 4.1, where for each global contact

in Bpvq, the type is distributed according to P
pvq

i pi P J q and given its type is j, the household
category is obtained by that of an individual chosen independently and uniformly from the

N
pvq

j type-j individuals in the population underlying Epvq.

A realisation of Epvq can be defined in a similar fashion. However, if a global contact (of
type i say) is with a household that has been infected previously in the epidemic then the
ensuing local epidemic and the number of global contacts that emanate from it is not dis-
tributed as Ên,ipΛ

L
pnq,βq, so the construction of the realisation of Epvq then needs modifying

accordingly. Let Kpvq be the number of global contacts made in Bpvq when a previously-used
household is sampled for a global contact for the first time, where Kpvq

“ 8 if all global
contacts in the construction of Bpvq are with previously unused households. The realisations
of Epvq and Bpvq can be coupled so that they coincide while fewer than Kpvq households have
been infected in Epvq. Now

P
´

Z
pvq

E ă logmpvq
¯

“ P
´

Z
pvq

E ă logmpvq,Kpvq
ď logmpvq

¯

` P
´

Z
pvq

E ă logmpvq,Kpvq
ą logmpvq

¯

and

P
´

Zpvq
ă logmpvq

¯

“ P
´

Zpvq
ă logmpvq,Kpvq

ď logmpvq
¯

` P
´

Zpvq
ă logmpvq,Kpvq

ą logmpvq
¯

.

Under the above coupling,

P
´

Z
pvq

E ă logmpvq,Kpvq
ą logmpvq

¯

“ P
´

Zpvq
ă logmpvq,Kpvq

ą logmpvq
¯

,
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so
ˇ

ˇ

ˇ
P
´

Z
pvq

E ă logmpvq
¯

´ P
´

Zpvq
ă logmpvq

¯ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ
P
´

Z
pvq

E ă logmpvq,Kpvq
ď logmpvq

¯

´ P
´

Zpvq
ă logmpvq,Kpvq

ď logmpvq
¯ˇ

ˇ

ˇ

ď P
´

Kpvq
ď tlogmpvq

u

¯

,

where tlogmpvq
u is the greatest integer ď logmpvq. The probability that a global contact is

with any given household is bounded above by

max
iPJ

max
nPN

ni

N
pvq

i

ď
nmax

N pvq miniPJ γ
pvq

i

. (9.1)

Thus, noting the connection with the birthday problem,

P
´

Kpvq
ď tlogmpvq

u

¯

ď

˜

tlogmpvq
u

2

¸

nmax

N pvq miniPJ γ
pvq

i

Ñ 0 as v Ñ 8, (9.2)

since N pvq
ě mpvq, limvÑ8 mpvq

“ 8 and limvÑ8 miniPJ γ
pvq

i “ miniPJ γi ą 0. Hence,

lim
vÑ8

ˇ

ˇ

ˇ
P
´

Z
pvq

E ă logmpvq
¯

´ P
´

Zpvq
ă logmpvq

¯ˇ

ˇ

ˇ
“ 0.

To complete the proof, we show that P
´

Zpvq
ă logmpvq

¯

Ñ pext as v Ñ 8. Let p
pvq

ext be

the extinction probability of Bpvq and note that p
pvq

ext Ñ pext as v Ñ 8 by Britton et al. [5],

Lemma 4.1, since the offspring distribution of Bpvq converges to that of B. Hence,

lim sup
vÑ8

P
´

Zpvq
ă logmpvq

¯

ď lim sup
vÑ8

P
´

Zpvq
ă 8

¯

“ lim sup
vÑ8

p
pvq

ext “ pext. (9.3)

Note also that for any k P N, we have P
´

Zpvq
ă k

¯

Ñ P pZ ă kq as v Ñ 8, since there are

a finite number of paths of Bpvq yielding Zpvq
ă k. Hence, for k P N,

lim inf
vÑ8

P
´

Zpvq
ă logmpvq

¯

ě lim inf
vÑ8

P
´

Zpvq
ă k

¯

“ P pZ ă kq . (9.4)

Now P pZ ă kq Ò pext as k Ò 8, so letting k Ò 8 in (9.4) yields

lim inf
vÑ8

P
´

Zpvq
ă logmpvq

¯

ě pext,

which together with (9.3) gives PpZpvq
ă logmpvq

q Ñ pext as v Ñ 8, as required. □

Remark 9.1 Note from (9.2) that Theorem 9.1 holds if the definition of a major outbreak

is replaced by Gpvq
“ tZ

pvq

E ě fpmpvq
qu, where f : N Ñ R` is any nondecreasing function

satisfying fpmq Ñ 8 and m´1fpmq
2

Ñ 0 as m Ñ 8. In fact, Theorem 9.1 holds under
stricter definitions of a major outbreak, see Remark 9.5 at the end of Section 9.2.2, though
the current proof breaks down.

Remark 9.2 A similar argument using (9.2) shows that other properties of the epidemic

Epvq, for example the total number infected of each type, converge in distribution to corre-
sponding properties of B as v Ñ 8. Depending on the property, these asymptotic distributions
may be defective if R˚ ą 1.

3



9.2 Final outcome of major outbreak

We prove a law of large numbers and a multivariate central limit theorem for the
final outcome of a major outbreak. The key tool is an embedding construction of the
final outcome of Epvq, which in the special case of proportionate global mixing has
a one-dimensional index set (rather than J-dimensional in the general case). This
leads to simplifications both in the proofs and in computing the asymptotic mean
vector and variance matrix. The embedding construction is described in Section 9.2.1,
with the law of large numbers and multivariate central limit theorem being proved in
Sections 9.2.2 and 9.2.3, respectively.

9.2.1 Embedding construction.

Consider the epidemic model E described in Section 2. An alternative but equiva-
lent way of treating global infection in that model is via a Sellke [10] construction.
Each susceptible individual in the population is assigned an independent exponential
random variable, having rate κi for a type-i individual, giving the critical amount of
global infection they need to be exposed to before they become infected. During the
epidemic, each susceptible accumulates exposure to global infection from each infec-
tive, at rate βj{N for a type-j infective, and provided they have not previously been
infected locally, a susceptible is infected globally if and when their total exposure to
global infection reaches their critical amount. This way of treating global infection is
faithful to the original model description in Section 2, owing to the lack-of-memory
property of the exponential distribution. Suppose at a given time, t say, there are ai
type-i infectives pi P J q and consider a type-j susceptible, having critical exposure to
global infection Lj , that has already been exposed to b units of global infection. The
probability that this susceptible is infected in the time interval pt, t ` ∆tq is

P

˜

Lj P

˜

b, b ` N´1
ÿ

iPJ
aiβi∆t

¸

|Lj ą b

¸

“ κjN
´1

ÿ

iPJ
aiβi∆t ` op∆tq,

as in the formulation in Section 2.
To analyse the asymptotic distribution of the final outcome of Epvq, we use the

embedding approach of Scalia-Tomba [8, 9]. The construction here is closely related
to those in Ball et al. [4] and Ball and Lyne [3]. Consider first a single category-
n household and define a process Ẽn “ tẼnptq : t ě 0u as follows. Note that here
and in the sequel t refers to global infectious pressure and not to time. For i P J ,
label the type-i individuals in the household pi, jq pj “ 1, 2, . . . , niq. Let GnpΛLpnqq

be a realisation of the random directed graph defined in Section 3.3. For i P J and
j “ 1, 2, . . . , ni, let Iij be the infectious period of individual pi, jq if they were to
become infected. Let Lij pi P J , j “ 1, 2, . . . , niq be an independent collection of
independent exponential random variables, where Lij has rate κi. For each t ě 0, we

construct an epidemic Ẽnptq as follows. We determine first who is infected globally
(i.e. externally); specifically, individual pi, jq is infected globally if and only if Lij ď t.
We then use the random directed graph GnpΛLpnqq to determine who is infected
locally; these local infections take place instantaneously with respect to t.
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For t ě 0 and i P J , let Ã
pnq

i ptq denote the sum of the infectious periods of all

type-i individuals infected in Ẽnptq, and let Apnqptq “
řJ

i“1 βiÃ
pnq

i ptq be the weighted

severity of Ẽnptq. Note that a single realisation of GnpΛLpnqq and pLij , Iijq pi P J , j “

1, 2, . . . , niq is used to define Ẽnptq, and hence also Apnqptq, for all t ě 0, and that
by construction Apnqptq is piecewise constant and nondecreasing in t. Observe that
Ẽnptq is a realisation of the epidemic ẼnpΛLpnq, e´tκq defined in Section 3.2, where

e´tκ “ pe´tκ1 , e´tκ2 , . . . , e´tκJ q. Thus, E
”

Ã
pnq

i ptq
ı

“ µ̃n,ipΛ
Lpnq, e´tκqµ

piq
I pi P J q.

Let Ẽn,k pn P N , k “ 1, 2, . . . q be independent, with Ẽn,k “ tẼn,k : t ě 0u

distributed as Ẽn, and for t ě 0, let Apn,kqptq be the weighted severity of Ẽn,kptq.

For v “ 1, 2, . . . , we use Ẽn,k pn P N , k “ 1, 2, . . . ,m
pvq
n q to construct a process

Êpvq “ tÊpvqptq : t ě 0u among a population comprising m
pvq
n households of category

n pn P N q, i.e. among a population having the same household structure as Epvq. For
t ě 0, the epidemic Êpvqptq assumes that each individual in the population is exposed
to t units of global infectious pressure, in the above sense, and that the epidemics in

the mpvq “
ř

nPN m
pvq
n households behave independently, with the epidemic in the

household pn, kq being given by Ẽn,kptq. Let

Apvq
‚ ptq “

ÿ

nPN

mpvq
n
ÿ

k“1

Apn,kqptq pt ě 0q. (9.5)

This defines a process A
pvq
‚ “ tA

pvq
‚ ptq : t ě 0u, which is nondecreasing by construction.

The realisation of Êpvq can be used to construct the final outcome of an epidemic
Ẽpvq, which is closely related to the epidemic Epvq, as follows. The epidemic Ẽpvq is

initiated by exposing the population to T
pvq

0 units of global infectious pressure, so each

individual is exposed to sT
pvq

0 “ T
pvq

0 {N pvq units. Individuals with tolerance Lij ď sT
pvq

0

will be infected by this initial global pressure. Such individuals will then trigger local

epidemics in their households, which in total will give rise to a further A
pvq
‚ p sT

pvq

0 q

units of global infectious pressure. Hence, the population is now exposed to a total

of T
pvq

1 “ T
pvq

0 ` A
pvq
‚ p sT

pvq

0 q units of global infectious pressure. The process can be
continued in the obvious fashion and stops when there is an iterative step which yields
no additional global infectious pressure. Note that this happens in a finite number

of steps as the population is finite. For k “ 0, 1, . . . , let T
pvq

k`1 “ T
pvq

0 ` A
pvq
‚ p sT

pvq

k q,

where sT
pvq

k “ T
pvq

k {N pvq. Let k
pvq
˚ “ mintk ě 0 : T

pvq

k`1 “ T
pvq

k u, T
pvq
8 “ T

pvq

k
pvq

˚

and

sT
pvq
8 “ T

pvq
8 {N pvq. Note that

sT
pvq
8 “ inf

#

t ą 0 : t “ sT
pvq

0 `
A

pvq
‚ ptq

N pvq

+

. (9.6)

Let Z
pvq
‚ ptq and Z̃

pvq

E be the total number of households infected in the epidemics

Êpvqptq and Ẽpvq, respectively. Observe that Z̃
pvq

E “ Z
pvq
‚ p sT

pvq
8 q. Other final outcome
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quantities associated with Ẽpvq, for example the total number of individuals infected of
a given type or the number of fully infected households, are given by the corresponding

quantities of Êpvqp sT
pvq
8 q.

Remark 9.3 The only difference between the epidemics Epvq and Ẽpvq is in their initial
conditions. The epidemic Epvq is started by a set of initial infectives, while the epidemic Ẽpvq

is initiated by exposing the population to T
pvq

0 units of global infection. Asymptotic properties

of the epidemic Ẽpvq as v Ñ 8 are readily available, since Ẽpvq is derived from the process
Êpvq, which is the sum of independent processes. The construction of Êpvq can be changed
so that the final outcome of Ẽpvq has the same distribution as the final outcome of Epvq. To

do that we simply set T
pvq

0 and the tolerances (Lijs) of the initial infectives all to zero. The

distribution of Ẽn,k for those households that contain initial infectives is changed but as there
are only finitely many such households that change does not affect our asymptotic analysis of
major outbreaks.

9.2.2 Law of large numbers.

For t ě 0, let

anptq “ E
”

Apnqptq
ı

“

J
ÿ

i“1

βiE
”

Ã
pnq

i ptq
ı

“

J
ÿ

i“1

µ̃n,ipΛ
Lpnq, e´tκqµ

piq
I βi pn P N q

(9.7)
and aptq “

ř

nPN αnanptq. Let mH “ limvÑ8 N pvq{mpvq “
ř

nPN αn}n} be the
asymptotic mean household size.

Theorem 9.2 The function aptq is strictly increasing and concave on r0,8q and satisfies

(a) ap0q “ 0 and ap8q “
ř

nPN αn

řJ
i“1 βiniµ

piq
I ,

(b) a1p0q “ mHR˚.

Proof To prove the theorem, it is fruitful to obtain an alternative expression to (9.7) for

anptq, using the local susceptibility set Spnq

ij of individual pi, jq in the directed random graph

GnpΛL
pnqq; see Section 5.2. For ease of readability, we repeat here the definition and asso-

ciated notation. Fix n P N and consider the directed graph GnpΛL
pnqq, with individuals

labelled as in Section 9.2.1. Let Vpnq
“ tpi, jq : i “ 1, 2, . . . , J, j “ 1, 2, . . . , niu be the vertex

set of GnpΛL
pnqq and, for i P J , let Vpnq

i “ tpi, jq : j “ 1, 2, . . . , niu be the set of type-i ver-

tices. For ppi, jq, pi1, j1
qq P pVpnq

q
2, write pi, jq ⇝ pi1, j1

q if there is a chain of directed edges

from pi, jq to pi1, j1
q in GnpΛL

pnqq, with the convention that pi, jq⇝ pi, jq. For pi, jq P Vpnq,

let Spnq

ij “ tpi1, j1
q P Vpnq : pi1, j1

q ⇝ pi, jqu be the local susceptibility set of individual pi, jq

and, for k P J , let Spnq

ij pkq “ Spnq

ij X Vpnq

k be the set of type-k individuals in pi, jq’s suscep-

tibility set and S
pnq

ij pkq “ |Spnq

ij pkq|. (Note that Spnq

ij is defined only if n P Ni and Spnq

ij pkq

is the empty set (and S
pnq

ij pkq “ 0) if n R Nk). In the following we use the convention that
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S
pnq

ij pkq “ 0 and µn,i,kpΛL
pnqq “ 0 if n R Ni X Nk, where µn,i,kpΛL

pnqq is defined in

Section 3.1.) Also let

χ
pnq

ij ptq “

#

1 if pi, jq is infected in Ẽnptq,

0 otherwise,

so

Ã
pnq

i ptq “

ni
ÿ

j“1

Iijχ
pnq

ij ptq pi P J , t ě 0q.

Note that Iij is independent of χ
pnq

ij ptq and that χ
pnq

ij ptq “ 0 if and only if all mem-

bers of Spnq

ij avoid global infection, which, conditional upon Spnq

ij , occurs with probability

exp
´

´t
řJ

k“1 κkS
pnq

ij pkq

¯

. Thus, by symmetry,

E
”

Ã
pnq

i ptq
ı

“ niµ
piq
I E

”

χ
pnq

i1 ptq
ı

“ niµ
piq
I

˜

1 ´ E

«

exp

˜

´t
J
ÿ

k“1

κkS
pnq

i1 pkq

¸ff¸

,

whence

aptq “
ÿ

nPN
αn

J
ÿ

i“1

βiE
”

Ã
pnq

i ptq
ı

“
ÿ

nPN
αn

J
ÿ

i“1

niµ
piq
I βi

¨

˝1 ´ E

»

–exp

¨

˝´t
J
ÿ

j“1

κjS
pnq

i1 pjq

˛

‚

fi

fl

˛

‚. (9.8)

Differentiating (9.8) yields a1
ptq ą 0 and a2

ptq ă 0, so aptq is strictly increasing and
concave on r0,8q. Setting t “ 0 and t “ 8 in (9.8) yields part (a). Finally,

a1
p0q “

ÿ

nPN
αn

J
ÿ

i“1

niµ
piq
I βi

J
ÿ

j“1

κjE
”

S
pnq

i1 pjq

ı

. (9.9)

Returning to the random directed graph GnpΛL
pnqq, note that

niE
”

S
pnq

i1 pjq

ı

“

ni
ÿ

k“1

E
”

S
pnq

ik pjq

ı

“

ni
ÿ

k“1

nj
ÿ

ℓ“1

E
”

1tpj,ℓq⇝pi,kqu

ı

“ nj

ni
ÿ

k“1

E
”

1tpj,1q⇝pi,kqu

ı

“ njµn,j,ipΛ
L

pnqq. (9.10)

Substituting (9.10) into (9.9) yields, after switching the indices i and j,

a1
p0q “

ÿ

nPN
αn

J
ÿ

i“1

J
ÿ

j“1

niκiµn,i,jpΛL
pnqqµ

pjq

I βj . (9.11)

Comparing (9.11) with (4.1) shows that a1
p0q “ mHR˚, since

γiαipnq “ lim
vÑ8

γ
pvq

i α
pvq

i pnq “ lim
vÑ8

N
pvq

i

N pvq

nim
pvq
n

N
pvq

i

“ lim
vÑ8

niα
pvq
n

mpvq

N pvq
“ m´1

H niαn.

□
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Recall that Z
pvq
‚ ptq is the total number of households infected in the epidemic

Êpvqptq. Hence, for t ě 0,

Zpvq
‚ ptq “

ÿ

nPN

mpvq
n
ÿ

k“1

1
thousehold pn,kq is infected in Ẽn,kptqu

,

so
E
”

Zpvq
‚ ptq

ı

“
ÿ

nPN
mpvq

n

´

1 ´ e´tnκJ
¯

.

Let

zEptq “ lim
vÑ8

1

mpvq
E
”

Zpvq
‚ ptq

ı

“
ÿ

nPN
αnp1 ´ e´tnκJ

q. (9.12)

Theorem 9.3 As v Ñ 8,

sup
tě0

ˇ

ˇ

ˇ

ˇ

1

mpvq
A

pvq
‚ ptq ´ aptq

ˇ

ˇ

ˇ

ˇ

a.s.
ÝÑ 0 and sup

tě0

ˇ

ˇ

ˇ

ˇ

1

mpvq
Z

pvq
‚ ptq ´ zEptq

ˇ

ˇ

ˇ

ˇ

a.s.
ÝÑ 0. (9.13)

Proof We prove the first result in (9.13). The second result is proved in the same fashion.
The strong law of large numbers can be applied to each household category separately to
give that, for each t P r0,8q and each n P N ,

1

mpvq

mpvq
n
ÿ

k“1

Apn,kq
ptq “ α

pvq
n

1

m
pvq
n

mpvq
n
ÿ

k“1

Apn,kq
ptq

a.s.
ÝÑ αnanptq as v Ñ 8.

Since there are a finite number of household categories, we sum these to obtain

1

mpvq
A

pvq
‚ ptq

a.s.
ÝÑ aptq as v Ñ 8. (9.14)

Note that A
pvq
‚ p8q is a weighted sum of the infectious periods of all individuals in the

population, and hence almost surely finite, and ap8q ă 8, so (9.14) holds also when t “ 8.

Further, both A
pvq
‚ ptq and aptq are nondecreasing in t. A similar argument to the proof of the

Glivenko-Cantelli theorem shows that the convergence in (9.14) holds uniformly in t; see, for
example, the proof of Ball and Britton [2], Lemma 1. □

Suppose that sT
pvq

0
a.s.
ÝÑ 0 as v Ñ 8. Recall that N pvq{mpvq Ñ mH as v Ñ 8.

Letting v Ñ 8 in the equation satisfied by sT
pvq
8 in (9.6) and using the first result in

Theorem 9.3 leads to the following equation

t “ m´1
H aptq. (9.15)

Lemma 9.1 If R˚ ď 1, then t “ 0 is the only solution in r0,8q of (9.15). If R˚ ą 1, then
there is a unique solution, τ say, in p0,8q and a1

pτq ă mH .
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Proof Recall from Theorem 9.2 that ap0q “ 0, a1
ptq is strictly decreasing on r0,8q and

a1
p0q “ mHR˚. If R˚ ď 1 then, for t ą 0,

aptq “

ż t

0
a1

puqdu ă

ż t

0
mHR˚ du ď mH t,

so t “ 0 is the only solution in r0,8q of (9.15).
Suppose R˚ ą 1. Then, there is a unique solution (τ) of (9.15) in p0,8q, since, by

Theorem 9.2, aptq is concave with ap0q “ 0, ap8q ă 8 and a1
p0q “ mHR˚ ą mH . Suppose,

for contradiction, that a1
pτq ě mH . Then, since a1

ptq is strictly decreasing on r0,8q,

apτq “

ż τ

0
a1

puqdu ą

ż τ

0
mH du “ mHτ,

which is a contradiction as apτq “ mHτ . □

Remark 9.4 Note that (9.15) is the same equation as (5.1), since α̃n

}n}
“

mn
N “ m´1

H
mn
m “

m´1
H αn. Thus, properties of the solutions of (5.1) claimed in Section 5.1 follow immediately

from Lemma 9.1.

We now assume that R˚ ą 1 and sT
pvq

0
a.s.
ÝÑ 0 as v Ñ 8. The first result in (9.13)

implies that

sup
tě0

ˇ

ˇ

ˇ

sT
pvq

0 ` Apvq
‚ ptqN pvq ´ m´1

H aptq
ˇ

ˇ

ˇ

a.s.
ÝÑ 0 as v Ñ 8. (9.16)

Let ϵ P p0, τ{2q. It follows from Theorem 9.2 and a1pτq ă mH that there exists δ ą 0
such that m´1

H aptq ą t ` δ for t P rϵ, τ ´ ϵs and m´1
H aptq ă t ´ δ for t P rτ ` ϵ,8q.

Using (9.16) and the definition of sT
pvq
8 at (9.6), it follows that, almost surely, for all

ϵ P p0, τ{2q, sT
pvq
8 R rϵ, τ ´ ϵs Y rτ ` ϵ,8q for all sufficiently large v. Thus,

mint sT
pvq
8 , | sT

pvq
8 ´ τ |u

a.s.
ÝÑ 0 as v Ñ 8. (9.17)

Further, recalling that Z̃
pvq

E “ Z
pvq
‚ p sT

pvq
8 q and using the second result in Theorem 9.3,

mintpmpvqq´1Z̃
pvq

E , |pmpvqq´1Z̃
pvq

E ´ zE |u
a.s.
ÝÑ 0 as v Ñ 8, (9.18)

where zE “ zEpτq, with zEptq being given by (9.12).

Recall that Z
pvq

E is the total number of households infected in Epvq and Gpvq “

tZ
pvq

E ě logmpvqu. Let sZ
pvq

E “ Z
pvq

E {mpvq.

Theorem 9.4 Suppose R˚ ą 1. Then,

L
´

sZ
pvq

E | Gpvq
¯

D
ÝÑ δzE as v Ñ 8,

where δzE is the point mass at zE .
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Proof Following Remark 9.3, we construct a realisation of the final outcome of Epvq from the

process Êpvq by setting T
pvq

0 and the tolerances of the initial infectives to zero. Recall that
the configuration of initial infectives is assumed to be the same for all v. For n P N , let hn be
the number of households of category n that contain initial infectives. We construct a process

Êpvq
1

“ tÊpvq
1

ptq : t ě 0u, in the same way as Êpvq, except for n P N and k “ 1, 2, . . . , hn,
the process Ẽn,k is replaced by the process Ẽ 1

n,k, which is defined similarly to Ẽn,k except

the tolerances corresponding to initial infectives are set to zero. Note that Ẽ 1
n,k pn P N , k “

1, 2, . . . , hnq are independent but Ẽ 1
n,k pk “ 1, 2, . . . , hnq may not be identically distributed,

since the configuration of initial infectives in these households may not all be the same.
In an obvious notation, let

A
pvq

1

‚ ptq “
ÿ

nPN

hn
ÿ

k“1

Apn,kq
1

ptq `
ÿ

nPN

mpvq
n
ÿ

k“hn`1

Apn,kq
ptq pt ě 0q (9.19)

(cf. (9.5)) and define Z
pvq

1

‚ ptq pt ě 0q similarly. The first sum in (9.19) is over finitely many

households and is independent of v, as is the corresponding sum in Z
pvq

1

‚ ptq. It follows that

Theorem 9.3 holds with A
pvq
‚ ptq replaced by A

pvq
1

‚ ptq and Z
pvq
‚ ptq replaced by Z

pvq
1

‚ ptq. The

argument leading to (9.18), applied to the process Êpvq
1

, then yields

mint sZ
pvq

E , | sZ
pvq

E ´ zE |u
a.s.
ÝÑ 0 as v Ñ 8. (9.20)

Now
lim sup
vÑ8

P
´

sZ
pvq

E ě
zE
2

¯

ď lim sup
vÑ8

P
´

Z
pvq

E ě logmpvq
¯

“ 1 ´ pext, (9.21)

by Theorem 9.1. Turning to lim infvÑ8 P
´

sZ
pvq

E ě
zE
2

¯

, first note that (9.20) implies that,

for any δ P p0, zE{2q,

lim inf
vÑ8

P
´

sZ
pvq

E ě
zE
2

¯

“ lim inf
vÑ8

P
´

sZ
pvq

E ě δ
¯

. (9.22)

To obtain a lower bound for Pp sZ
pvq

E ě δq we use a device first introduced by Whittle [12].

Using the bound at (9.1), note that, while the total number of infected households in Epvq is

not more than δmpvq, the probability that a global contact is with a previously uninfected

household is at least 1 ´ δ
pvq
˚ , where

δ
pvq
˚ “ min

!

1, δnmax{γ
pvq

min

)

,

with γ
pvq

min “ miniPJ γ
pvq

i . Thus, while the total number of infected households in Epvq is

not more than δmpvq, the process of infected households in Epvq can be bounded below by
a branching process, Bpvq

pδq, which is defined analogously to Bpvq in Section 9.1 except,

apart from the ancestors, individuals are deleted at birth independently with probability δ
pvq
˚ .

(Individuals deleted at birth have no offspring and do not contribute to the total progeny.) Let

Zpvq
pδq and p

pvq

extpδq be respectively the total progeny and extinction probability of Bpvq
pδq.

Then,

lim inf
vÑ8

P
´

sZ
pvq

E ě δ
¯

ě lim inf
vÑ8

P
´

Zpvq
pδq ě δmpvq

¯

ě lim inf
vÑ8

p1 ´ p
pvq

extpδqq “ 1 ´ pextpδq,

(9.23)
where pextpδq is the extinction probability of the limiting branching process, Bpδq,
derived from B by independently deleting individuals at birth with probability δ˚ “
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mint1, δnmax{γminu. Now pextpδq Ó pext as δ Ó 0. Thus, combining (9.22) and (9.23) and
letting δ Ó 0 yields

lim inf
vÑ8

P
´

sZ
pvq

E ě
zE
2

¯

ě 1 ´ pext,

which together with (9.21) gives

lim
vÑ8

P
´

sZ
pvq

E ě
zE
2

¯

“ 1 ´ pext. (9.24)

It follows from (9.20) and (9.24) that for any ϵ P p0, zE{2q,

lim
vÑ8

P
´

zE ´ ϵ ă sZ
pvq

E ă zE ` ϵ
¯

“ 1 ´ pext.

Now mpvq
pzE ´ ϵq ě logmpvq for all sufficiently large v, so

lim
vÑ8

P
´

zE ´ ϵ ă sZ
pvq

E ă zE ` ϵ,Gpvq
¯

“ lim
vÑ8

P
´

zE ´ ϵ ă sZ
pvq

E ă zE ` ϵ
¯

.

Hence, since P
´

Gpvq
¯

Ñ 1 ´ pext as v Ñ 8, by Theorem 9.1, and pext ă 1 as R˚ ą 1, we

have that for any ϵ P p0, zE{2q,

lim
vÑ8

P
´

zE ´ ϵ ă sZ
pvq

E ă zE ` ϵ | Gpvq
¯

“ lim
vÑ8

P
´

zE ´ ϵ ă sZ
pvq

E ă zE ` ϵ,Gpvq
¯

P
`

Gpvq
˘

“

limvÑ8 P
´

zE ´ ϵ ă sZ
pvq

E ă zE ` ϵ,Gpvq
¯

limvÑ8 PpGpvqq

“
1 ´ pext
1 ´ pext

“ 1,

proving the theorem. □

Remark 9.5 Note that Theorem 9.4 holds if the definition of a major outbreak is replaced by
the one given in Remark 9.1. Further, it is clear from Theorem 9.4 that Gpvq can be replaced

by Gpvq
“ tZ

pvq

E ě fpmpvq
qu, where f : N Ñ R` is any nondecreasing function satisfying

fpmq Ñ 8 and m´1fpmq Ñ 0 as m Ñ 8. Indeed, a major outbreak infects at least a
fraction zE ą 0 of households. However, zE depends on the parameters of the model and can
be arbitrarily close to zero.

Remark 9.6 Analogous results to Theorem 9.4 for other properties of a major outbreak,
such as those mentioned in Remark 9.2, can be proved in a similar fashion.

9.2.3 Central limit theorem.

We now prove a multivariate central limit theorem for quantities associated with the
final outcome of a major outbreak. For n P N , consider the process Ẽn “ tẼnptq :

t ě 0u defined in Section 9.2.1. For t ě 0, let R
pnq

1 ptq, R
pnq

2 ptq, . . . , R
pnq
p ptq be a col-

lection of p final outcome quantities defined on the epidemic Ẽnptq. Some examples

are given in Section 5.3. Let Rpnq
ptq “ pR

pnq

1 ptq, R
pnq

2 ptq, . . . , R
pnq
p ptq, ApnqptqqJ. (Note

that this notation is slightly different from that in Section 5.3, where Rpnq
ptq “

pR
pnq

1 ptq, R
pnq

2 ptq, . . . , R
pnq
p ptqqJ. For the proof, it is convenient to absorb the weighted
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severity, which is another final outcome quantity, into the vector of final outcome
quantities.) As in Section 9.2.1, a single realisation of GnpΛLpnqq and pLij , Iijq

pi P J , j “ 1, 2, . . . , niq is used to define Rpnq
ptq for all t ě 0, and hence the process

tRpnq
ptqu “ tRpnq

ptq : t ě 0u. Consequently, the jumps of the process tR
pnq

i ptqu can
occur only when t “ Lij for some pi, jq, i.e. only when a new individual is infected

externally in the process of epidemics Ẽn.
Let tRpn,kq

ptqu pn P N , k “ 1, 2, . . . q be independent with tRpn,kq
ptqu distributed

as tRpnq
ptqu. For v “ 1, 2, . . . , let tRpvq

‚ ptqu be the process defined by

Rpvq
‚ ptq “

ÿ

nPN

mpvq
n
ÿ

k“1

Rpn,kq
ptq pt ě 0q. (9.25)

For each t ě 0, the elements of Rpvq
‚ ptq contain final outcome quantities for the epi-

demic Êpvqptq. The corresponding final outcome quantities for the epidemics Ẽpvq and
Epvq can be obtained via the embedding construction described in Section 9.2.1.

We assume that there exists ζ ą 0 such that

ErI2`ζ
i1 s ă 8 pi P J q (9.26)

and

E

«

ˆ

sup
tě0

ˇ

ˇ

ˇ
R

pnq

j ptq
ˇ

ˇ

ˇ

˙2`ζ
ff

ă 8 pn P N , j “ 1, 2, . . . , pq. (9.27)

We now introduce some more notation. For conciseness, we define R
pnq

p`1ptq “

Apnqptq. For j “ 1, 2, . . . , p ` 1, n P N and t ě 0, let r
pnq

j ptq “ ErR
pnq

j ptqs, r
pvq

j ptq “
ř

nPN α
pvq
n r

pnq

j ptq and rjptq “
ř

nPN αnr
pnq

j ptq. Let rptq “ pr1ptq, r2ptq, . . . , rp`1ptqqJ.

Let Cpnq
pt, sq “ rc

pnq

ij pt, sqs be the covariance function with elements

c
pnq

ij pt, sq “ cov
´

R
pnq

i ptq, R
pnq

j psq

¯

, 0 ď t, s ă 8, i, j “ 1, 2, . . . , p ` 1.

Conditions (9.26) and (9.27) ensure that these covariances are all finite. Note that

Cpnq
pt, tq “ Cpnq

ptq, where Cpnq
ptq is defined at (5.8).

Note that the final outcome of the epidemic Ẽpvq is given by Rpvq
‚ p sT

pvq
8 q. For T ą 0,

let R
pvq

‚,T “ tRpvq
‚ ptq : 0 ď t ď T u.

Theorem 9.5 For any T ą 0,

1
?
mpvq

´

R
pvq

‚,T ´ ErR
pvq

‚,T s

¯

w
ÝÑ XT as v Ñ 8,

where XT “ tpX1ptq, X2ptq, . . . , Xpptq, XAptqq
J : 0 ď t ď T u is a zero-mean Gaussian

process with covariance function Cpt, sq “
ř

nPN αnC
pnq

pt, sq pt, s P r0, T sq and
w

ÝÑ denotes

weak convergence in the space of bounded functions from r0, T s to Rp`1 endowed with the
supremum metric.

12



Proof The proof uses the usual method of showing convergence of finite-dimensional distri-
butions and asymptotic tightness (see, for example, van der Vaart and Wellner [11], Theorem
1.5.4). It is quite long, so details are given in Section 9.2.4. □

Suppose R˚ ą 1 and sT
pvq

0
a.s.
ÝÑ 0 as v Ñ 8. For ϵ P p0, τq, define sT

pvq
8,ϵ to be

the smallest solution in rϵ,8q of t “ sT
pvq

0 ` 1
Npvq A

pvq
‚ ptq, provided one exists, with

sT
pvq
8,ϵ “ sT

pvq
8 otherwise. We use Theorem 9.5 and the crossing problem satisfied by sT

pvq
8,ϵ

to obtain a central limit theorem for Rpvq
‚ p sT

pvq
8,ϵq. Let

H “

˜

Ip
1

mH´a1pτq
r̃1

pτq

0T
p

mH

mH´a1pτq

¸

, (9.28)

where r̃1
pτq “ pr1

1pτq, r1
2pτq, . . . , r1

ppτqqJ. Note that H is well-defined since Lemma 9.1
implies mH ą a1pτq.

Theorem 9.6 Suppose that R˚ ą 1 and, as v Ñ 8,

(i)
?
mpvq

´

α
pvq
n ´ αn

¯

Ñ 0 pn P N q,

(ii)
?
mpvq

sT
pvq

0
p

ÝÑ 0.

Then, for any ϵ P p0, τq,

mpvq´ 1
2
´

R
pvq
‚ p sT

pvq
8,ϵq ´ mpvqrpτq

¯

D
ÝÑ Np0p`1,HCpτ, τqHJ

q as v Ñ 8. (9.29)

Proof For j “ 1, 2, . . . , p ` 1 and t ě 0,

ErR
pvq

‚,j ptqs “ mpvqr
pvq

j ptq “ mpvq
ÿ

nPN
α

pvq
n r

pnq

j ptq.

For n P N and any T ą 0, the function r
pnq

j ptq is continuous, and hence bounded, on r0, T s,

so
?
mpvq max0ďtďT |r

pvq

j ptq´rjptq| Ñ 0 as v Ñ 8 by condition (i). Thus, using Theorem 9.5

and Slutsky’s theorem (e.g. van der Vaart and Wellner [11], Example 1.4.7), we have that,
for any T ą 0,

1
?
mpvq

´

R
pvq

‚,T ´ mpvqrT

¯

w
ÝÑ XT as v Ñ 8, (9.30)

where rT “ trptq : 0 ď t ď T u.
For j “ 1, 2, . . . , p ` 1,

pmpvq
q

´ 1
2

”

R
pvq

‚,j p sT
pvq
8,ϵq ´ mpvqrjpτq

ı

“pmpvq
q

´ 1
2

”

R
pvq

‚,j p sT
pvq
8,ϵq ´ mpvqrjp sT

pvq
8,ϵq

ı

` pmpvq
q
1
2

”

rjp sT
pvq
8,ϵq ´ rjpτq

ı

“ A
pvq

j ` B
pvq

j , say. (9.31)

Since condition (ii) implies that sT
pvq

0
p

ÝÑ 0 as v Ñ 8, it follows from Theorem 9.3 and the

definition of sT
pvq
8,ϵ that sT

pvq
8,ϵ

p
ÝÑ τ as v Ñ 8. Hence, using (9.30), with T ą τ , and the
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continuous mapping theorem (e.g. van der Vaart and Wellner [11], Theorem 1.3.6), we have
that

A
pvq

j
D

ÝÑ Xjpτq as v Ñ 8, (9.32)

where Xp`1pτq “ XApτq.

Turning to B
pvq

j , using the mean value theorem we have that

B
pvq

j “ pmpvq
q
1
2 r1

jpξ
pvq

j q

´

sT
pvq
8,ϵ ´ τ

¯

, (9.33)

for some ξ
pvq

j lying between sT
pvq
8,ϵ and τ . Now sT

pvq
8,ϵ

p
ÝÑ τ as v Ñ 8, so by the sandwich

theorem, ξ
pvq

j
p

ÝÑ τ as v Ñ 8. Also, using τ “ m´1
H apτq and the definition of sT

pvq
8,ϵ, and

letting m
pvq

H “ N pvq
{mpvq, we have that

pmpvq
q
1
2

´

sT
pvq
8,ϵ ´ τ

¯

“ pmpvq
q
1
2 sT

pvq

0 ` pmpvq
q
1
2

ˆ

1

N pvq
A

pvq
‚ p sT

pvq
8,ϵq ´ m´1

H apτq

˙

“ pmpvq
q
1
2 sT

pvq

0 ` pmpvq
q

´ 1
2

˜

1

m
pvq

H

A
pvq
‚ p sT

pvq
8,ϵq ´ m´1

H apτqmpvq

¸

“ pmpvq
q
1
2 sT

pvq

0 ` pmpvq
q

´ 1
2

´

A
pvq
‚ p sT

pvq
8,ϵq ´ mpvqapτq

¯

m´1
H

` pmpvq
q

´ 1
2A

pvq
‚ p sT

pvq
8,ϵq

˜

1

m
pvq

H

´
1

mH

¸

. (9.34)

Now

pmpvq
q

´ 1
2A

pvq
‚ p sT

pvq
8,ϵq

˜

1

m
pvq

H

´
1

mH

¸

“ pmpvq
q

´1A
pvq
‚ p sT

pvq
8,ϵqpmpvq

q
1
2

˜

mH ´ m
pvq

H

mHm
pvq

H

¸

.

Theorem 9.3 implies that P
´

pmpvq
q

´1A
pvq
‚ p sT

pvq
8,ϵq ă ap8q

¯

Ñ 1 as v Ñ 8 and condition (i)

implies that pmpvq
q
1
2

ˆ

mH´m
pvq

H

mHm
pvq

H

˙

Ñ 0 as v Ñ 8. Thus,

pmpvq
q

´ 1
2A

pvq
‚ p sT

pvq
8,ϵq

˜

1

m
pvq

H

´
1

mH

¸

“ opp1q,

where opp1q denotes any random variable Xv satisfying Xv
p

ÝÑ 0 as v Ñ 8. Thus,
using (9.33) and (9.34),

B
pvq

j “ pmpvq
q

´ 1
2

”

A
pvq
‚ p sT

pvq
8,ϵq ´ mpvqapτq

ı

m´1
H r1

jpξ
pvq

j q ` opp1q,

which, together with (9.31) and (9.32), gives

pmpvq
q

´ 1
2

”

R
pvq

‚,j p sT
pvq
8,ϵq ´ mpvqrjpτq

ı

“ Xjpτq ` pmpvq
q

´ 1
2

”

A
pvq
‚ p sT

pvq
8,ϵq ´ mpvqapτq

ı

m´1
H r1

jpξ
pvq

j q ` opp1q.

For j “ 1, 2, . . . , p ` 1, we have r1
jpξ

pvq

j q
p

ÝÑ r1
jpτq as v Ñ 8, since the function r1

jptq is

continuous and ξ
pvq

j
p

ÝÑ τ as v Ñ 8. Recall that R
pvq

‚,p`1ptq “ A
pvq
‚ ptq and rp`1ptq “ aptq.

Then, a further application of Slutsky’s theorem yields

pmpvq
q

´ 1
2G

”

R
pvq
‚ p sT

pvq
8,ϵq ´ mpvqrpτq

ı

D
ÝÑ Xpτq as v Ñ 8,
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where

G “

ˆ

Ip ´m´1
H r̃1

pτq

0Tp 1 ´ m´1
H a1

pτq

˙

.

Thus, pmpvq
q

´ 1
2

”

R
pvq
‚ p sT

pvq
8,ϵq ´ rpτq

ı

D
ÝÑ G´1Xpτq as v Ñ 8. It is easily checked that

G´1
“ H, whereH is given by (9.28). Hence,G´1Xpτq „ Np0p`1,HCpτ, τqHJ

q and (9.29)
follows. □

Armed with Theorem 9.6, we derive a central limit theorem for a vector of final
outcome quantities defined on the epidemic Epvq, conditional upon a major outbreak.

Note that this step is missing in Ball and Lyne [3]. Let Rpvq
“ pR

pvq

1 , R
pvq

2 , . . . , R
pvq

p`1qJ

be final outcome quantities corresponding to Rpvq
ptq, but defined on Epvq rather than

Êpvqptq. Thus, for example, R
pvq

p`1 is the weighted severity of Epvq. Again, the notation
is slightly different from that in Section 5.3, where the weighted severity had its own
notation.

Theorem 9.7 Suppose that R˚ ą 1 and limvÑ8

?
mpvq

´

α
pvq
n ´ αn

¯

“ 0, for

each n P N . Then, as v Ñ 8, conditional upon the event Gpvq occurring, the

law of mpvq´ 1
2
´

Rpvq
´ mpvqrpτq

¯

converges to the multivariate normal distribution

Np0p`1,HCpτ, τqHJ
q.

Proof We construct a realisation of the final outcome of Epvq from the process Êpvq by setting

T
pvq

0 and the tolerances of the initial infectives to zero, as in the proof of Theorem 9.4. With

this change,Rpvq
“ R

pvq
‚ p sT

pvq
8 q and, for t ě 0, Z

pvq
‚ ptq and Z

pvq

E are the total number of house-

holds infected in the epidemics Êpvq
ptq and Epvq, respectively. Moreover, Z

pvq

E “ Z
pvq
‚ p sT

pvq
8 q.

Let Spvq
“ inftt : Z

pvq
‚ ptq ě logmpvq

u, which is finite almost surely since Z
pvq
‚ ptq

a.s.
ÝÑ mpvq as

t Ñ 8. It follows from (9.6) and Z
pvq

E “ Z
pvq
‚ p sT

pvq
8 q that Z

pvq

E ě logmpvq, i.e. the event Gpvq

occurs, if and only if

sT
pvq

0 `
A

pvq
‚ ptq

N pvq
ą t for all t P r0, Spvq

q.

Suppose that Gpvq occurs. We continue the embedding construction after the population
has been exposed to Spvq units of global infection, but resetting the tolerances and initial
condition so that it starts again as follows. For an individual who is infected in Êpvq

pSpvq
q,

whose original tolerance was Lij say, their reset tolerance is Ľij “ 8. For an individual who

is not infected in Êpvq
pSpvq

q, whose original tolerance was Li1j1 say, their reset tolerance is

Ľi1j1 “ Li1j1 ´ Spvq. We now consider the embedding construction among the population

of mpvq households, with the reset tolerances and the population initially being exposed

to Ť
pvq

0 “ A
pvq
‚ pSpvq

q ´ Spvq units of global infection. The lack-of-memory property of the
exponential distribution ensures that the reset tolerances have the required distribution. Let
sŤ

pvq

0 “ Ť
pvq

0 {N pvq and sŤ
pvq
8 be given by the right-hand side of (9.6) with sT

pvq

0 replaced by
sŤ

pvq

0 . Then, R
pvq
‚ p

sŤ
pvq
8 q

D
“ Rpvq

|Gpvq.
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Note that Ť
pvq

0 is bounded above by the sum of the infectious periods of all individuals

in the rlogmpvq
s households infected in Êpvq

pT 1pvq
q. Since µ

piq
I ă 8 for i P J , a simple

application of Markov’s inequality yields pmpvq
q

´ 1
2 Ť

pvq

0
p

ÝÑ 0 as v Ñ 8. Moreover, this

convergence also holds conditional upon the event Gpvq occurring, since PpGpvq
q Ñ 1 ´ pext

as v Ñ 8 and 1 ´ pext ą 0 as R˚ ą 1. Thus condition (ii) of Theorem 9.6 is satisfied
and Theorem 9.6 can be applied to the reset embedding process. (A similar argument to

the above, using (9.27), shows that the change to the tolerances in the rlogmpvq
s households

infected by Êpvq
pSpvq

q and to the contributions of those households to tR
pvq
‚ ptqu do not affect

the conclusions of Theorems 9.5 and 9.6.) Therefore, setting ϵ “ τ{2 in Theorem 9.6 yields,
in an obvious notation,

pmpvq
q

´ 1
2

´

R
pvq
‚ p

sŤ
pvq

8,τ{2
q ´ mpvqrpτq

¯

D
ÝÑ Np0p`1,HCpτ, τqHJ

q as v Ñ 8.

The theorem follows since Theorem 9.4 implies that Pp
sŤ

pvq
8 ą τ{2|Gpvq

q Ñ 1 as v Ñ 8. □

9.2.4 Proof of Theorem 9.5.

We show that the finite-dimensional distributions of pmpvqq´ 1
2

´

R
pvq

‚,T ´ ErR
pvq

‚,T s

¯

con-

verge to those of XT and that the sequence pmpvqq´ 1
2

´

R
pvq

‚,T ´ ErR
pvq

‚,T s

¯

pv “ 1, 2, . . . q

is asymptotically tight. The required weak convergence then follows by van der Vaart
and Wellner [11], Theorem 1.5.4.

We use the Cramér-Wold device to show convergence of the finite-dimensional
distributions. For i “ 1, 2, . . . , pp ` 1q, let qi P N and, for j “ 1, 2, . . . , qi, let λij P R
and tij ě 0. For v “ 1, 2, . . . , let

R
pvq

λ “
1

?
mpvq

ÿ

nPN

mpvq
n
ÿ

k“1

p`1
ÿ

i“1

qi
ÿ

j“1

λij

´

R
pn,kq

i ptijq ´ ErR
pn,kq

i ptijqs

¯

“
ÿ

nPN

b

α
pvq
n Y pvq

n ,

where

Y pvq
n “

1
b

m
pvq
n

mpvq
n
ÿ

k“1

#

p`1
ÿ

i“1

qi
ÿ

j“1

λij

´

R
pn,kq

i ptijq ´ ErR
pn,kq

i ptijqs

¯

+

“
1

b

m
pvq
n

mpvq
n
ÿ

k“1

Wn,k say.

Now Wn,k pk “ 1, 2, . . . q are independent and identically distributed, with zero mean,

so by the central limit theorem, Y
pvq
n

D
ÝÑ Np0, σ2

nq as n Ñ 8, where

σ2
n “

p`1
ÿ

i“1

qi
ÿ

j“1

p`1
ÿ

a“1

qa
ÿ

b“1

λijλabcov
´

R
pn,1q

i ptijq, Rpn,1q
a ptabq

¯

.
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Further, pY
pvq
n q pn P N q are independent and α

pvq
n Ñ αn as v Ñ 8, so

R
pvq

λ
D

ÝÑ N

˜

0,
ÿ

nPN
αnσ

2
n

¸

as v Ñ 8.

Recalling the covariance function of XT in Theorem 9.5, we also have that

p`1
ÿ

i“1

qi
ÿ

j“1

λijXiptijq „ N

˜

0,
ÿ

nPN
αnσ

2
n

¸

.

Hence,

R
pvq

λ
D

ÝÑ

p`1
ÿ

i“1

qi
ÿ

j“1

λijXiptijq as v Ñ 8. (9.35)

Thus, by the Cramér-Wold device, the finite-dimensional distributions of

pmpvqq´ 1
2

´

R
pvq

‚,T ´ ErR
pvq

‚,T s

¯

converge to those of XT , since (9.35) holds for any choice

of qi and pλij , tijq pi “ 1, 2, . . . , p ` 1, j “ 1, 2, . . . , qiq.
Turning to asymptotic tightness, by van der Vaart and Wellner [11], Lemma 1.4.3,

it is sufficient to show this for each component of R separately. Note that tR
pnq

p`1ptqu “

tApnqptqu satisfies the condition (9.27) by Minkowski’s inequality. Let R denote a

typical component of R. For ϵ ą 0, the bracketing number N
pvq

rs
pϵ, T q is defined as the

minimum number of sets Nϵ in a partition r0, T s “
ŤNϵ

i“1 A
pvq

ϵj such that, for each set

Apvq

ϵj , we have

ÿ

nPN

mpvq
n
ÿ

k“1

E

«

max
t,sPApvq

ϵj

ˇ

ˇ

ˇ

ˇ

1
?
mpvq

´

Rpn,kqptq ´ Rpn,kqpsq

¯

ˇ

ˇ

ˇ

ˇ

2
ff

ď ϵ2. (9.36)

Also, for T ą 0 and f : r0,8q Ñ R, let

}f}T “ sup
0ďtďT

|fptq|.

By van der Vaart and Wellner [11], Theorem 2.11.9, pmpvqq´ 1
2

´

R
pvq

T ´ ErR
pvq

T s

¯

pv “

1, 2, . . . q is asymptotically tight if the following three conditions hold.

(i) For any d ą 0, we have

ÿ

nPN

mpvq
n
ÿ

k“1

E

«

›

›

›

›

1
?
mpvq

Rpn,kq

›

›

›

›

T

1"
›

›

›

›

1?
mpvq

Rpn,kq

›

›

›

›

T

ąd

*

ff

Ñ 0 as v Ñ 8.
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(ii) For any sequence (δv) satisfying δv Ó 0 as v Ñ 8, we have

sup
s,tPr0,T s:|s´t|ăδv

ÿ

nPN

mpvq
n
ÿ

k“1

1

mpvq
E
„

´

Rpn,kqptq ´ Rpn,kqpsq

¯2
ȷ

Ñ 0 as v Ñ 8.

(iii) For any sequence (δv) satisfying δv Ó 0 as v Ñ 8, we have

ż δv

0

b

logN
pvq

rs
pϵ, T q dϵ Ñ 0 as v Ñ 8.

To show condition (i), for n P N , let Xn “
1

?
mpvq

sup
tě0

ˇ

ˇ

ˇ
Rpnqptq

ˇ

ˇ

ˇ
and note

that (9.27) implies pmpvqq1`
ζ
2ErX2`ζ

n s ă 8. Now

ÿ

nPN

mpvq
n
ÿ

k“1

E

«

›

›

›

›

1
?
mpvq

Rpn,kqptq

›

›

›

›

T

1"
›

›

›

›

1?
mpvq

Rpn,kqptq

›

›

›

›

T

ąd

*

ff

ď
ÿ

nPN
mpvq

n E
“

Xn1tXnądu

‰

,

since tRpn,kqptqu pk “ 1, 2, . . . ,m
pvq
n q are identically distributed. Arguing as in a proof

of Markov’s inequality yields

E
“

Xn1tXnądu

‰

“ d´p1`ζqE
“

Xn1tXnądud
1`ζ

‰

ď d´p1`ζqE
“

X2`ζ
n

‰

.

Hence,

ÿ

nPN
mpvq

n E
“

Xn1tXnądu

‰

ď d´p1`ζq
ÿ

nPN
αpvq
n mpvqE

“

X2`ζ
n

‰

ď d´p1`ζqpmpvqq´
ζ
2

ÿ

nPN
αpvq
n pmpvqq1`

ζ
2E

“

X2`ζ
n

‰

Ñ 0 as v Ñ 8,

so, condition (i) is satisfied.
Turning next to condition (ii), let pδvq be any sequence satisfying δv Ó 0 as v Ñ 8

and, without loss of generality, assume that 0 ă s ă t. For n P N , consider the process
Ẽn “ tẼnptq : t ě 0u defined in Section 9.2.1. We construct the tolerances (Lijs) as
follows. Let ξij pi P J , j “ 1, 2, . . . , niq be independent Poisson processes, where ξij
has rate κi. Then, for i P J and j “ 1, 2, . . . , ni, we set Lij to be the time of the first
point in ξij . Let Fnps, tq be the event that at least one of these ξijs has a point in the
interval ps, ts. Then, since Rpnqptq only jumps when t “ Lij for some pi, jq, we have

E
„

´

Rpnqptq ´ Rpnqpsq

¯2
ȷ

ď 4E

«

ˆ

sup
tě0

ˇ

ˇ

ˇ
Rpnqptq

ˇ

ˇ

ˇ

˙2

1tFnps,tqu

ff
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“ 4E

«

ˆ

sup
tě0

ˇ

ˇ

ˇ
Rpnqptq

ˇ

ˇ

ˇ

˙2
ff˜

1 ´ exp

˜

´

J
ÿ

i“1

niκipt ´ sq

¸¸

ď 4E

«

ˆ

sup
tě0

ˇ

ˇ

ˇ
Rpnqptq

ˇ

ˇ

ˇ

˙2
ff

J
ÿ

i“1

niκipt ´ sq

“ pt ´ sqKn, say,

where Kn ă 8 by (9.27). It then follows easily that condition (ii) is satisfied. Finally,

note that (9.36) is satisfied if r0, T s is partitioned into intervals of length Lϵ “ ϵ2
ř

nPN Kn

(the final interval may have a shorter length). Therefore, N
pvq

rs
pϵ, T q ď c

ϵ2 , where

c “ 2T
ř

nPN Kn. It follows that

ż δv

0

b

logN
pvq

rs
pϵ, T q dϵ ď

ż δv

0

c

log
´ c

ϵ2

¯

dϵ

“

?
c

2

ż 8

log

ˆ

c
δ2v

˙

?
u exp

´

´
u

2

¯

du Ñ 0 as v Ñ 8,

so condition (iii) is satisfied.

10 Expressions for properties of the epidemics
En,ipΛ

Lpnqq and ẼnpΛLpnq, πq

We give expressions for µn,i,jpΛLpnqq, µ̃n,jpΛLpnq,πq and ϕn,ipθq in terms of mul-
tivariate Gontcharoff polynomials, which were introduced by Lefèvre and Picard [6].

We give also a similar expression for the Laplace transform of Rpnq
ptq for final out-

come vectors that are additive over individuals. We first give some notation that is
used throughout this section.

For vectors x “ px1, x2, . . . , xJq,y “ py1, y2, . . . , yJq P RJ , xy denotes the product
śJ

k“1 x
yk

k , and x ď y means xk ď yk for all k “ 1, 2, . . . , J . For k “ pk1, k2, . . . , kJq

and n “ pn1, n2, . . . , nJq P ZJ
`, nrks “

śJ
i“1 nirkis, where nrks “ npn ´ 1q . . . pn ´

k ` 1q is a falling factorial with the convention nr0s “ 1. The row vectors consisting
of J zeros and J ones are denoted by 0 and 1, respectively. Finally,

řn
k“i denotes

řn1

k1“i1

řn2

k2“i2
. . .

řnJ

kJ“iJ
.

Let U “
␣

ui : i P ZJ
`

(

be a collection of vectors in RJ . The family of multi-
variate Gontcharoff polynomials associated with U , i.e. Gipx|Uq pi P ZJ

`q, where
x “ px1, x2, . . . , xJq, is defined recursively by

k
ÿ

i“0

krisu
k´i
i Gipx|Uq “ xk pk P ZJ

`q.
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For i, j P ZJ
`, let G

pjq

i px|Uq denote the partial derivative of Gipx|Uq of order
j1, j2, . . . , jJ in x1, x2, . . . , xJ , respectively. Then, for 0 ď j ď i,

G
pjq

i px|Uq “ Gi´jpxq|EjUq,

where EjU “
␣

ui`j : i P ZJ
`

(

(Lefèvre and Picard [6], Property 4.4).

For n P N and k P ZJ
`, let qkpnq “

´

q
p1q

k pnq, q
p2q

k pnq, . . . , q
pJq

k pnq

¯

, where

q
piq
k pnq “ ϕIpiq

`

λL
i1pnqk1 ` λL

i2pnqk2 ` ¨ ¨ ¨ ` λL
iJpnqkJ

˘

with ϕIpiq pθq “ Erexpp´θIpiqqs pθ ě 0q. Note that q
piq
k pnq is the probability that a

type-i infective in a category-n household does not contact anyone in a given set of
size k1 ` k2 ` ¨ ¨ ¨ ` kJ consisting of kj type-j individuals pj P J q.

Recall that, for i P J , ei denotes the unit vector of length J , in which the ith

element is 1 and all other elements are 0. The following results follow immediately
from the first display in the proof of Ball [1], Theorem 4.1. For i, j P J and n P Ni,

µn,i,jpΛLpnqq “ nj ´

n´ei
ÿ

k“0

pn ´ eiqrks pqkpnqq
n´k

G
pejq

k p1|Upnqq, (10.1)

where Upnq “
␣

uipnq : i P ZJ
`

(

with uipnq “ qipnq pi P ZJ
`q. For n P N , j P J and

π P r0, 1sJ ,

µ̃n,jpΛLpnq,πq “ nj ´

n
ÿ

k“0

nrks pqkpnqq
n´k

πkG
pejq

k p1|Upnqq. (10.2)

Recall from Section 4.4 that ϕn,ipθq pθ “ pθ1, θ2, . . . , θJqJ P RJ
`q is the

joint Laplace transform of pA1, A2, . . . , AJq, defined in Section 3.1 for the epidemic
En,ipΛ

Lpnqq. For n P N and θ P Rp
`, let

qn,kpθq “

´

q
p1q

n,kpθq, q
p2q

n,kpθq, . . . , q
pJq

n,kpθq

¯

pk ě 0q,

where, for i P J ,

q
piq
n,kpθq “ ϕIpiq pθi ` λL

i1pnqk1 ` λL
i2pnqk2 ` ¨ ¨ ¨ ` λL

iJpnqkJq.

Then it follows from Picard and Lefèvre [7], Proposition 4.3, or Ball [1], Theorem 4.2,
that for i P J and n P Ni,

ϕn.ipθq “

n´ei
ÿ

k“0

pn ´ eiqrks pqn,kpθqq
n´k

Gkp1|Upn,θqq pθ P Rp
`q, (10.3)

where Upn,θq “ tuipn,θq : i P ZJ
`u with uipn,θq “ qn,ipθq pi P ZJ

`q.
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For n P N , consider the final outcome vector process tRpnq
ptqu “

tpR
pnq

1 ptq, R
pnq

2 ptq, . . . , R
pnq
p ptqqJ : t ě 0u defined on the process Ẽn “ tẼnptq : t ě 0u.

We assume that tRpnq
ptqu is additive over individuals in the household; more pre-

cisely, if the individuals in the household are labelled pi, jq pi P J , j “ 1, 2, . . . , niq, as
in Section 9.2.1, then

Rpnq
ptq “

J
ÿ

i“1

ni
ÿ

j“1

R
pnq

ij 1
tindividual pi,jq is infected in Ẽnptqu

pt ě 0q,

where R
pnq

ij pi P J , j “ 1, 2, . . . , niq are independent, with R
pnq

i1 ,R
pnq

i2 , . . . ,R
pnq

ini
being

identically distributed, for each i P J . The elements of R
pnq

ij may be dependent and

may also depend on the infectious period Iij of individual pi, jq. We assume that R
pnq

ij

is independent of the event tpi, jq is infected in Ẽnptqu, so

rnptq “ E
”

Rpnq
ptq

ı

“

J
ÿ

i“1

µ̃n,jpΛLpnq, e´tκqE
”

R
pnq

i1

ı

pn P N , t ě 0q,

since Ẽnptq is a realisation of the epidemic ẼnpΛLpnq, e´tκq (see Section 9.2.1).
Let θ “ pθ1, θ2, . . . , θpqJ and, for t ě 0, let

ϕ̃npθ, tq “ E
”

exp
´

´θJRpnq
ptq

¯ı

pθ P Rp
`q

be the Laplace transform of Rpnq
ptq. We give below an expression for ϕ̃npθ, tq, suit-

able differentiation of which enables the covariance matrix Cpnq
ptq (see (5.8)) to be

calculated. (The weighted severity Apnqptq is a final outcome quantity that is additive
over individuals.)

For n P N and θ P Rp
`, let

q̃n,kpθq “

´

q̃
p1q

n,kpθq, q̃
p2q

n,kpθq, . . . , q̃
pJq

n,kpθq

¯

pk ě 0q,

where, for i P J ,

q̃
piq
n,kpθq “ E

«

exp

˜

´θJRi1 `

J
ÿ

j“1

λL
ijpnqkjIi1

¸ff

.

Then, using Ball [1], Theorem 4.2, for n P N and t ě 0,

ϕ̃npθ, tq “

n
ÿ

k“0

nrks

`

q̃n,kpθq
˘n´k

e´tkκJ

Gkp1|Ũpn,θqq pθ P Rp
`q,

where Ũpn,θq “ tũipn,θq : i P ZJ
`u with ũipn,θq “ q̃n,ipθq pi P ZJ

`q.
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