Appendix
Part 1: PMF of the Shipment Quantity

To evaluate the shipment costs for various parameters, we have to consider eleven
cases in total. As stated in the paper, the shipment quantity is always the sum of
demands/orders during t,—1 and ¢t plus K(t,—1) minus K (¢n). However, the formulas
for the remaining units differ from case to case. We present in the following the graphics
and explanations for the cases, which where not discussed in the paper.

Case 2: Ly <T,T < Ls <T+ Ly

Lqg Lqg

Fig. 1 Shipment cycle when Ly < T,T < Ls <T + Lg

The main difference to case 1 is that it cannot be assured that backorders are satisfied at
the subsequent shipment day. Based on figure 1, the formula for K (¢5) can be expressed
by

K (tn) = max (( mod (IP(tn—1 — L) = Dltn—1 ~ Lo tn—2) = Dltn—,tn1 ~ La)

- D(tn—l - Ld7tn - Ls)) - D(tn - L87tn—1) - D(tn—htn - Ld)
— D(tn — Lg,tn))” ,min(D(tn — Ly, tn), (Cap — D(tn—1,tn — Lg)

= Dltn = Latn) = K(ta-1))") ), M
whereas the remaining units at ¢,,_; can be computed by
K(tp—1) = max((IP(tp—1 — Ls) — D(tn—1 — Ls,tn—2) — D(tn—2,tn—1 — Lq)
— D(tp—1 — Lg,tn — Ls) — D(tn — Ls,tp—1)) ",
min(D(tp—1 — Lg,tn — Ls) + D(tn — Ls,tn—1), (Cap
— D(tn,Q,tn,1 — Ld) — D(tn,1 — Ld,tn — Ls) — D(tn — Ls,tnfl)
— K(th-2))7))- (2)



Case 8: Ly <T,T+ Ly < Ls <2T

L, Ly
Ly Ly
| | | | | | |
[ [ [ [ [ [ [
tn2 tn—1 tn

Fig. 2 Shipment cycle when Ly < T, T + L4y < Ls < 2T

Compared to case 2, tn, — Ls is before t,,_1 — Lg which is illustrated in figure 2. Based
on the given sequence of time points, the remaining units at ¢,, can be obtained by

K(tn) = max (( mod (IP(tn 1 = Ls) = Dltn-1 — Ls,tn-2) = Dltn2,tn ~ L))
— D(tn — Ls,tn—1 — Lg) = D(tn—1 — La,tn—1) — D(tn—1,tn — Lq)
— D(tn — Ly, tn))_,min(D(tn — Ly, tn), (Cap — D(tn—1,tn — Lg)
= D{tn = Lastn) = K(ta-1)) ")) 3)
and the remaining units at t,_1 by

K(tn_1) = max((IP(tn_1 — L) — D(tn—1 — Ls, tn—3) — D(tn—2,tn — Ls)
= D(tn — Ls,tn—1 — La) = D(tn—1 — La,tn—1)) »
min(D(tp—1 — Lg,tn—1), (Cap — D(tn—2,tn — Ls)
= D(tn — Ls,tn—1 — La) = D(tn—1 — La, tn—1) — K(tn—2))"). (4)

Case 4: Ly <T,Ls > 2T
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Fig. 3 Shipment cycle when Ly < T, Ls > 2T

Case 4 is the last case where Ls < T because as soon as Ls > 2T, the sequence of
events is the same for each length of Ls. In figure 3 an example is shown. The remaining



units K (tn) can be computed by

K(tn) = max (( mod (IP(tn—1 — Ls) — D(tn—1 — Ls,tn — Ls)) — D(tn — Ls, tn_2)

— D(tp—2,tn—1 — Lg) = D(tn—1 — Lg,tn—1) — D(tn—1,tn — Lq)
— D(tn — Lg,tn))” ,min(D(tn — Ly, tn),(Cap — D(tp—1,tn — Lg)

= D{tn = Lasta) = K(ta-1))") ), (%)
whereas the remaining units at ¢,_1 can be obtained by

K(tnfl) = max((IP(tn,l — Ls) — D(tn,1 — Lg,tyn — Ls) — D(tn — Ls,tn,Q)
- D(tn72atn71 - Ld) - D(tnfl — Lg, tnfl))iy min(D(tnfl — Lg, tnfl)y
(Cap — D(tn—2,tn—1 — La) = D(tn—1 — La,tn—1) — K(tn—2)) ))- (6)

Case 6: T < Ly <2T,2T < Ls <T + Ly

Ly Lq Ly

tn72 tnfl tn tn+1

Fig. 4 Shipment cycle when T'< Ly < 2T,2T < Ly <T + L4

Similar to case 5, we now investigate cases where T' < L; < 2T, which means orders
are known more than one shipment interval earlier. However, the shipment policy only
allows to ship units to the production facilities one shipment interval earlier. Therefore,
all orders occurring during ¢,,4+1 and t, cannot be shipped at ¢, and are added to the
remaining units directly. Considering the sequence of events given in figure 4, we get

K(tn) = D(tps1 — Ly, tn) + max (( mod (IP(tn—1 — Ls)

- D(tnfl - Ls,tn,1 - Ld) - D(tnfl - Lda tn — Ls)) - D(tn - L57 tnf2)
= D(tn—2,tn — Lg) = D(tn — Lg,tn—1) — D(tn—1,tn41 — Ld)) ;
min(D(tn — Lg,tn—1) + D(tn—1,tn+1 — Lg), (Cap — D(tn—1,tn+1 — Lq)

~ K(ta-1))7)), (7)



and
K(tp_1) = D(tn — Ly, tn_1) + max ((IP(tn_l L) = D(tn—1 — Ls,tn_1 — Ly)
- D(tn,1 - Ld,tn - Ls) - D(tn - L37tn72) - D(tn72’tn - Ld))_7
min(D(tn—l — Lg,tn — Ls) + D(tn — Ls, tn—2) + D(tn—Qytn - Ld)7

(Cap = Dl(tn-2,tn — La) = K(tn-2))" ). (8)

Case 7: T < Ly <2T,Ls >T + Ly

tn—2 tn—l tn tn+1

Fig. 5 Shipment cycle when T'< Ly < 2T,Ls > T + Lg

Case 7 is close to case 6, however, Ls has to be larger than T+ Lg4. In figure 5 we
can observe that t,,_1 — Ls and t, — Ls are the earliest time points which is why an
increase of Ls will not change the sequence of time points anymore. Therefore, we can
obtain the remaining units at ¢y, by

K(tn) = D(tnt1 — Lg, tn) + max <( %ch (IP(tn—1— Ls) — D(tn—1 — Ls,tn — Ls))

s

— D(tn — Ls,ty—1 — Lg) — D(tn—1 — Lg,tn—2) — D(tp—2,tn — Lq)

— D(tn — Ld7tn—1) — D(tn_l, tn+1 — Ld)) 7I’Ilin(l)(tn — Ly, tn—l)

4 D(tp_1,tni1 — La), (Cap — D(tp_1,tni1 — Lq) — K(tn,l))*)). (9)

and the remaining units at ¢,,_1 by
K(tpn_1) = D(tn — Lg, tn_1) + max ((IP(tn_l — L) = D(tn_1 — L, tn — Ls)
- D(tn - Ls,tnfl - Ld) - D(tnfl - Ldytn72) - D(tn727tn - Ld))ia
min(D(tn—1 — Lg,tn—2) + D(tn—2,tn — Lg),

(Cap = D{tn-2,tn — La) — K(tn-2))" ) (10)



Case 8: 2T < Ly < 3T,2T < Ly <T + Ly

Fig. 6 Shipment cycle when Ly > 2T,2T < Ls < T+ Ly

Now, we consider situations where 27" < Lg < 3T'. Case 8 is illustrated in figure 6 which
helps us to determine K (tn) and K (ty,—1). The remaining units at ¢, can be computed

by
K(tn) = D(tps1 — Lay tn_1) + D(tn_1,tn) + max (( mod (IP(ty—1 — Ls)

— D(tn—1 — Le,tn—1 — Lg) — D(tn_1 — Lg,tn — Ls))
— D(tn — Lsytn — Ly) — D(tn — Ly, tn—3) — D(tn—2,tpi1 — Ld)) -
min(D(tn — Ly, tn—2) + D(tn—2,tn+1 — Lgq), (Cap
+ Dltat1 = Lasta-1) = K(ta-1)7) ), ()

whereas the remaining units at ¢, can be computed by

K(tn—1) = D(tn — Lg,tn—2) + D(tn—2,tn+1 — Lg) + D(tn41 — Lg,tn—1)

+ max ((Ip(tn,l — Ls) = D(tn—1 — Ls,tn—1 — L)
—D(th—1 — Lg,tn — Ls) = D(tn — Ls, tn — La)) ",

min(D(tn_l — Lg,tn — Ls) + D(tn, — Ls,tn — Ld)7 (Cap — K(tn—2))_)-
(12)

Case 9: 2T < Lg < 3T,Ls >T + Ly

Fig. 7 Shipment cycle when Ly > 2T, Ls > T + Lyg;



Compared to case 8, t, — Ls is before t,_o — Ly which is shown in figure 7.
Summarizing, the remaining units at ¢, for case 9 can be obtained by

K(tn) = D(tn1 — La, tn—1) + D(tn—1,tn) + max (( mod (IP(ty-1 ~ L)

s

— D(tp—1 — Ls,tn — Ls)) — D(tn — Ls, tn—1 — Lq)
— D(tp—1 — La,tn — Lg) — D(tn — La, tn—2) — D(tn—2,tns1 — Ld)> .
min(D(tn — Ly, tp—2) + D(tn—2,tn+1 — La), (Cap
+ Dlts1 — Lastn—1) = K(ta-1))7) ) (13)
and the remaining units at t,_1 by
K(tp—1) = D(tn — Lg,tn—2) + D(tn—2,tnt+1 — Lq) + D(tn+1 — Lg, tn—1)
+ max ((IP(tn,1 “Ls) = D(tp_1 — L, tn — Ls)
— D(tn — Lsytn_1 — Lg) — D(tn—1 — Lg,tn — Lg)) ™,

min(D(tn-1 = Laytn = La), (Cap = K(ta—2))” ). (14)

Case 10: Ly > 3T,3T < Ls < T+ Ly

Fig. 8 Shipment cycle when Ly > 2T, Ls > T + Lg;

As soon as Ls > 3T, tp+1 — Lg will always be before ¢,,_2, why this is the last
range fore Ly. Again we have to consider the length of Ls compared to T'+ Lg. In
figure 8 the considered case is illustrated, which leads to

K(tn) = D(tn41 — Lg,tn—2) + D(tn—2,tn—1) + D(tn_1,tn)
+ max (( mod (IP(tn—1 — Ls) = Dltn—1 — Ls.tn—1 = La)
— D(tn,1 — Lg,tn — Ls)) — D(tn — Lg,tn — Ld)

— D(tn — La,tn+1 — Ld)) ,min(D(tn — La, tn+1 — La),

(Cap + D(tnst — Ly tn—2) + D(tn—2,tn_1) — K(tn,l))—)). (15)



and
K(tn—1) = D(tn — Lg,tp41 — Lg) + D(tn41 — L, tn—2) + D(tn—2,tn—1)
+ max ((IP(tn,l “Ls) = D(tn_1 — Ls,tn_1 — Ly)
— D(tn—1 — Lg,tn — Ls) — D(tn — Ls,tn — Lq)) ™,
min(D(tn_1 — L, tn — Ls) + D(tn — Ls, tn — Lg), (Cap — K(tn_g))*).
(16)

Case 11: Lqg > 3T,Ls > T + Ly

Ly Ly Ly

tn72 tnfl tn thrl

Fig. 9 Shipment cycle when Ly > 2T, Ls > T + Ly;

Case 11 is shown in figure 9 and represents the last case for the determination of
the pmf of the shipment quantity. The remaining units at ¢, can be computed by

K(tn) = D(tpt+1 — Lg,tn—2) + D(tp—2,tn—1) + D(tn—1,tn)

+ max (( mod (IP(tn—1 = Ls) = Dltn—1 — Ls,tn — Ls))

— D(tn — Ls,tn—1 — Lq) — D(tn—1 — Lg,tn — L)

— D(tn — Lg, tpy1 — Ld)) _, min(D(tn — Ly, tn+1 — L), (Cap

+ Dltas1 = Layt-2) + Dltn-2,ta-1) = K(ta-1))") ) (a7

and the remaining units at t,,—1 by
K(tn—1) = D(tn — Lg,tn4+1 — Lg) + D(tn4+1 — Lg,tn—2) + D(tn—2,tn—1)

+ max ((fp(tn,l — Lg) = D(tn_1 — L, tn — Ls)
= D(tn — Lsytn—1 — Lg) — D(tn—1 — La,tn — Lg))
min(D(tn_1 — L, tn — L), (Cap — K(tn_z))*). (18)

Part 2: Derivation of the expected inventory cost when S > 0

In this subsection we derive the cost expressions the for inventory cost for all sit-
uations. Therefore, we first determine the joint distribution function f;(z,y),7 €
{A,B,C,D,E,F,G}.



Situation A

Q4(9) Ly

t,- 7(;'nfl t"

WHC4

Fig. 10 Situation A

The derivation for f4(z,y) is already given in the paper. Based on that, the inventory
cost can be derived.

E[C4(82 Calz,y)falz,y) dy dx

o=/
/]t/TWLd (n x*Ls+Ld+y>+uw)7<><ywwdx
:/T

Lo (154541 (0) + h(La - L) (@)
Lty
+(h+w)%gs( )
_ +
_ h% ((La= 1)1 - G%(@) + ;(1 -G (L))

(et w T L") (1-c*w)

2T
_ T —TLd)+ ((Ld P _QLd)+) (1 ~ GS(LS))
n ;(1 - GS+1(LS))) + w% (1 - GS(LS))

The further derivation depends on the length of 7" and Lg, why we separate in Ly < T
and Ly >T. For Ly < T we get

E[CA(2(S),V)] = hi _TLd ((a-ro+ r ;Ld) (1-65w))

+ %(1 — G5 L)) + w% (1-65y))

(T ) (1 0%) (-0 )

+w% (1-65w),

(19)



whereas Ly > T lead to

BOA28), V)] = hi(La— Ls + ) (1 - G5(L0)) + 5 (1- @51 (1y)))

n w% (1 _ GS(LS))
=0. (20)
Summarizing we get
gt (P4 1) (- 6¥00)
+§(1 _ GS+1(L5)))
E[CA(£22(S),V)] = -HU%(l—GS(Ls)) ifLy<T (21)

0, otherwise.

Situation B

Q5(3) Ly
Ly VB
1 1 1 1 1 1
tr tn—l tn
WHCE WECE

Fig. 11 Situation B

To obtain the joint probability function fp(z,y), we determine the cumulative distribu-
tion function for situation B by

Fp(z,y) = P(2(S) < z,V < y,ta < to,to <tpn—1 <tg <tn,ts =tn_1).
Thus,
Fa(a,y) = P(2S) <2,V <y tr + Ly < b+ 2(9),
tr + 2(5) < tph—1 <tr+ 2(S)+ Lg < tn)
=P(2(S) <z, V <y,Ls < £2(5),
02(S) <tp—1—tr < 2(S)+ Lg < tn —tr).
(22)
It holds T' =t + £2(S) + Lg — tpn—1 + V, which leads to
Fp(z,y) = P(Ls < £2(5) <2,V <y,

209) <2(8)+Lg+V —T <2(S)+Lg <tn —tp—1+tn—1—1tr)
= P(Ls < 2(S) <z,V <y,
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Q(S) < S)+Lg+V =T < 2(S)+Lg < 2(S)+ Lg+ V)
=P(Ls<S)<z,V<y0<Ly+V-T<Lyg<Lg+V)

(
=P(Ls < 2(S) <z, (T—Lg)" <V <y).

<
<
We get for > Lg and y > (T — Lg)" we get
Fp(z,y) = P(Ls < £2(5) <,V <)
= (¢*@ - &%) (VW) - U(T = La))-
Thus, the partial derivative with respect to both variables is given as

s +
_JgP@uly) , Ls<z<oo,(T—-Lg)" <y<T
Ie(z,y) = { 0 , otherwise. (23)

We get for the expected costs

oo T
- / /( (hw +h(Lg—T—Ls)+eT + (h — 6)y>gs(1‘)u(y) dy d

_ /OO T—(T—-Lyg)" (h§gs+1
L. T A

2 1 2
(h—e)T ((Z;T Ld) ) gS(IL‘) dz

_|_
T-(T-Ly* (h% (1 - GS+1(LS)) v (h(Ld T L)+ eT)-

(1= G*(Ls)) + (b - oL’ = ((7;; Lde) (1-6%w)

(2) + (W(Lg — T — Ls) + eT)g" (z)

Assuming Ly < T, we get
E[Cp(£2(5),V)]

= % (h§ (1 - GSH(LS)) + (h(Ld —T—Ls)+ eT)(l - GS(LS))

f (-l La)? (QTT’ Ld)Q) (1- 65w

b (ram - ) (- ) 31 057 )

+e%(T* 2T . Ld)( GS(LS))
S (CRRIE I EE)

ferd (1 - GS(LS)), (24)
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whereas for Ly > T, we get
ElCp(£2(S),V)]
_ % (;% (1 _ GS“(LS)) + (h(Ld ST — L+ eT) (1 - GS(LS)))
+(h—e) T22_T02 (1-6%w)
- h((Ld ST Le+ %) (1 _ Gs(m)) + %(1 - GSH(LS)))Jr
1))
- h((Ld f % - Ls) (1 - GS(LS)) + ;(1 - GS“(LS))

+e%(1 —GS(LS)). (25)

(1)1 -c0)3

1- GS+1(LS))) +eli(1- GS(Ls)), if Ly <T
(La-% -1 (1-65(Lo) +5-

1_ GS+1(LS)) + e% (1 — GS(LS))7 otherwise

(26)

Situation C

L, Ve = wwoe

WHCC

Fig. 12 Situation C

Case C is similar as Case B except the shipment point.
Fo(z,y) = P(2(S) <z, V < y,ta < to,to <tn—1 <tg <tn,ts=tn)
This is the case with no early delivery.

Fo(z,y) = P(2(S) <z, V <y,tr + Ls < tr + £2(5),
tr + 2(5) < tph—1 <tr+ 2(S)+ Lg < tn)
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This yields

g% (@)uly) , Ls<z<oo,(T—Lg)t <y<T,

fc(myy):{ 0 , otherwise. 0

The expected inventory cost for situation C can be obtained by
[’} T
ElCo@®) V) = [ [ Colwniowy) dyds
0 0
0o T
— [ [ (e Lat ) +un)o @ut) dy do
s J(T—Lq)*

< r_(T_ L)t
= [T L ) + (- L6 )

T2 — (T - La)")?
2T

+ (h+w) gs(:r) dy dz

Lo L™ (1, 1o (1 65@) + 5 (1- 65 (z0)

2 _ +1\2
T ((T;T La)™) (1_Gs(m)).

=h

+ (h+w)

The length of T' and L, define if the further cost derivation. For Ly < T we get

w ((Ld — Ls) (1 - GS(;L«)) + %(1 _ GS“(LS))

2 2
B (D)

E[Cc(£2(5), V)] = h

= h% ((La=1)(1- 6% @) + ;(1 -G (L))
)T (1 65()
_ h% ((% Lo+ T) (1 - GS(LS)) n ;(1 - GS“(Ls))
w% (1-c%wy),

whereas Ly > T occurs inventory cost of

E[C(2(S), V)] = h% ((2a-1)(1-G5@) + §(1 - G5(Ly))

+(h+ U))TQQ;O2 (1 - GS(:E))
(s DYoo)+ S

+w%(1 — Gs(a:)).



13

Finally, the expected inventory cost for situation C are defined as follows.

Li(Le —pg+1)(1-G%)) +5-
—GSTULY)) ) + g (12 G5 (L)), #HLa<T
(La—Ls + B)(1-G5)) + §-
- GH(L ))+w (lfGS(LS)) otherwise
(28)

h
E[Cc(£2 }(L
(1

Situation D

QP(s) Lq

WHCP

Fig. 13 Situation D

Now the unit is first ordered, than available and then demanded.

Fp(z,y) = P(R2(S) <2,V < y,to < ta,
th—1 <taq <tq<tn,ts =1tn)
=P(2(S) <2,V <y, tr + 02(S) < tr + Ls,
tn—1 <tr+ Ls <tr+ 2(S)+ Lg < tn)
=P(2(S) <2,V <y, 2(5) < Ls,
0<tr+Ls—th—1 <tr+02(S)+Lg—tn-1<T)
Since T =V + Lg+ tr + 2(S) — tn—1 we get
Fp(z,y) = P(2(S) < z,02(5) < L,V < y,
0<T—-V—-Lg—0208)+Ls <T-V<T)
=P(Ls — Lg < 2(S5) <=z,02(5) < L,V < g,
V <T —Lg— 2(S) + Ls)
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For Ls —Lg<x<Lsandy<T —Lg+ Ls —x we get
FD(x7y):P(LS_LdSQ(S)§x7V§y7v<T_Ld_‘Q(S)+LS)

:/ P(V<y,V<T—Lg—t+Ls|28)=1t)g>(t) dt

- / P(V <min{y,T — Ly + Ls — t})g° (¢) dt

Ls—Lg
J— ¢ P S
_/LS_Ld Tyg (t) dt
= %(Gs(x) — G*(Ls — Lyg)) (29)

To obtain fp(x,y) we have to compute partial derivative with respect to z and y For
Ls—Lg<z<Lsandy<T—Lg+ Ls —x we get

fo(e,) = 5o Fola.y)

— o (65 (@) = (L~ L))
9(y s
8y< g (fv))
= 265@) = S @uty) (30)

Thus, we obtain

[P @uly) , Le—Li<a<Ly0<y<(T—Lg+Ls—a)t
fo(z,y) = .
0 , otherwise.

The inventory cost can be derived by

E[Cp(£2(5), V)]

/ / Cp(z,y)fp(z,y) dy dx

:/L sL /(TLd+LsI) (h$+h(Ld_LS)+(h+w)y)gS($)u(y) dy di

Now, we have to separate the interval Ls — Ly < £2(S) < Ls in Ls — Ly < £2(5) <y <
Ls—(Lg—T)" and Ls — (Lg—T)" < 2(S) < Ls to divide 0 < y < (T — Lg+Ls —x)"
into0<y<T—-Ly+ Ls—xand 0 <y < 0. We get

E[Cp(2(5), V)]

Ls—(Lg—T)" ,T—Ly+Ls—zx
= / / (hx +h(Lg—Ls)+ (h+ w)y) gS(x)u(y) dy dx
o—Lg 0

e fy (8= 4 0 )P

_ _ +
_ Le=(La=T) pL—=LitLs—z8 s+1
T 27

T—-Lij+Ls—=x
(@) + h(Lq = Ls) ——1="—=¢%(2)

s—La
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+ (h+ w)

. /LS(LdT)+ h(Q(Ld - Ls)(T — Ld + Ls)
Ls—Lg

+

+w

T—Ly+Ls —2)?
( 2L ) 45 (2) da

(T_Ld+Ls)2) s
2T + 2T 9 (@)
Li—Ls T—Lg+Ls\S S(S+1
T T 7 S)X9S+l(x)_h (2T)\2 g2 ()
(T—Lg+Ls)* s, . (T—Lg+Ls)S s41 S(S+1) 510
2T 97 (@) —w X 9 @)+

h(T—Ld+Ls _h

(z) dz

_ /LS(LCZT)+ h<2TLd —2L3 +2LsLg = 2TLs +2LsLq — 2L5 + T2 + L3 + LY

Ls—Lg

_|_

+w

2T
Ls — Lg)S S(S+1
2T o)+t T D350~ (2T)\2) @)
T — Lg+ Ls)? T —Lg+Ls)S S(S+1
( QdT s) gs(x)fw( ;)\ s) g5+ (2T)\2)gs+2
Ls—(Lq—T)"

—2T'Ly+2TLs —2LsLg\ s
)g (z)
(z +w (z) dz

oT T

2 2
:/ h(wgs(m)_i_wgs'*'l(w)
Ls—Lg

— 2 —
SEAD 52 (a)) oo (Ll Lol g5y L Lot Lo)S gy

S(S+1
Zome 0 w) da

_ h(w(GS(LS —(Lg—-T)H) - G%(Ls - Ld))

—+

Jr

Jr

2T
e Z LS (G411, — (g~ 1))~ 5P (L — L)
S(5+1)

2TAZ (GS+2(Ls —(La=T)") = G*F2(Ls - Ld)))

w(w (65(Ls = (La =1)") = G¥(Ls — L))

2T

(T —Lg+Ls)S Ld+L )S G5 (Ls — (Lg —T)T) — G5 (Ls *Ld)>
S(zfrial) (657 (Ls = (La = 1)) = 657 (Le — L)) )
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Summarizing, we get
BICH(2(), V) .
h(w (GS(LS) —G5(Ls — Ld))
k)3 (GSF1(L,) - GSFI(L, — L))
S (G5 (L) - G5 TA(L - L))
+w(% (GS(LS) — G(Ls — Ld))
- L k)S (G541 (Ly) = G54 (Lo — L))
R ) e

n(E e (G5 (Ly — Ly + T) - G5(Ls — La))

e kS (GSPU (L, — Ly +T) — G54 (L — L)

S (G5 (L = La+ T) = G5V (L - L))

o (Cg el (G5 (L — L+ T) - GS(Ls — Ly)
TEEa b La)S (GSHY (g — Ly + T) — G5+ (Ls — Ld))

+ S5 (G52 (L — La+ T) = G5*¥(Ls — Ly)) ), otherwise.

Situation FE

Q5(8) L
L, VE
| —t— | |
tr tn—l tn
WHCF WECF

Fig. 14 Situation E

Now, to, and tq occur in different shipment intervals why flexible deliveries are possible
if enough capacity is available.

Fr(z,y) = P(2(S) <z,V <y,to <ta,ta <tpn—1 <ty <tn,ts=1n-1)
= P(2(S) <z,V <y, tr + 2(S) < tr + Ls,
tr+ Ls <tpn—1 <tr+ 2(5)+ Ly < tn)
= P(2(S) < 2,V <y, 2(5) < L,
Ls <tn_1—tr < 2(S)+ Lg < tn —tr)
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Since T =t + 2(S)+ Lg—th—1+V weget tp_1 —tr=02(S)+Lg—T+V

Fg(z,y) = P(2(S) <min{z, Ls},V <y,Ls < 2(S)+ Lg—T+V
<2(S)+Lg<tn—tn-1+tn—1—tr, M(tn) < Cap)
= P(2(S) <min{x,Ls},V < y,Ls < 2(S)+ Lg — T+
V<RS)+Lg<2(8)+Lg+V,M(tn) < Cap)
= P(Ls — Ly < 2(S) < min{z, L}, T+ Ls — 2(S) — Ly < V < )

For Ls — Ly <z < Ls we get

xr
FE(x,y):/ P(T+Ls—t—Ld<V§y)gS(t)dt
Ls—Lyg

For T+ Ls — Ly —x > y this is zero. Now T'+ Ls — Lg —x < y

Foe) = [ (PV <)~ POV ST+ Lyt~ L)) o°) dt
T+Ls—Lg—y

T
:/ (g_T—s—Ls t Ld)gs(t)dt
THLy—Ly—y L T

Lyg—T—-1L
= VR (65 (@)~ G5(T 4 Ls — La — )
1 [* S
+ = tg® (t) dt
T Jrir.—Li—y

+L;—T — Ls
= YRR =20 (65 (@)~ GS(T+ Lo — La — )

T
15/73 S+1
+ == g7 () dt
TXJrir.—Lo—y
L;—T—-1L
:“dT—S(GS(x)—GS(TJrLS—Ld—y))
1
+T§(Gs+1(x)fGSH(TJrLs*Ld*y))- (34)

To obtain fg(z,y) we have to compute partial derivative with respect to z and y For
Ls—Lij<z<Lsandy>T—Lg+ Ls —x we get

fe(z,y) = %@FE(%?J)

_ 0 {y+Ld_T_Ls
© 0z0y T
13

(Gs(m) —G¥(T+Ls—Lg— y))

n (GSJrl(w) _ GS+1(T+ Ls— Ly — y))}

AN
= 26°(0) = ¢ @)uly). (35)

Thus, we obtain

S
_ g(iv)u(y) 5 Ls_Ld<xSLS,T_Ld+LS_x<yST
Je(z,y) = { 0 , otherwise. o
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Now, we can derive the inventory cost as follows.

E[CE(02(5),V)]

e’} T
= Ce(z,y)fe(z,y) dy dx
0 0

L T
- / / (h(:r ~T—Ls+Lg+y) +e(T— y))gs(w)u(y) dy dx
s—LqJ(T—Lq+Ls—z)t

Ls T
= / / (hx +h(Lg—T—Ls)+eT + (h— e)y) gs(x)u(y) dy dx
Ls—Lg (T*Ld+L37Z)+

Again, we have to separate the interval Ls—Lg < 2(S) < Lsin Ls—Lg < 2(S) <y <
Ls—(Lg—T)" and Ls — (Lqg—T)" < 02(S) < Ls to divide (T — Lg+ Ls—x)" <y <T
intoT —Lg+Ls—x<y<Tand0<y<T.

E[CE(£2(5),V)]

Le—(Lq=T)* T
= / / (hx +h(Lg—T—Ls)+eT + (h—e)y) gs(:v)u(y) dy dx
L;—Lg T—Lg+Ls—x

L, T
+ / / (hw +h(Lg—T—Ls)+eT + (h—e)y) gs(x)u(y) dy dx
Ly—(Lqg—T)+ Jo

Ld—Ls—‘r.T S

Lem(a=T)" [ Lotas8
-/ pPd =BT St (g - 7 - ) P T g5
L

—Ly T A

T? — (T — Lg+Ls —2)® 5

Ld—Ls-i-l' S
== == T g° (z) dz

+eT N g” (x) + (h—e)

L,
+/ 12 g5t (@) + h(Lg — T — Ls)g® (2) + eTg® () + (h—e) - g5 (z) de

T
Lo—(La=T)* 2
S(;; 1)gs+2(x)

(La=T= L) S iy
L) 52 + e%qgs @)+ (e =@ ;;d L) () da

2T —La+Ls)S s+1,.\ 4  S(S+1) s49
HEZ2a 2 L) 3 541 0y — (- ) 2051 5201

Ls_(Loi_,T)Jr _
:/ plaLe S ost1iy 1y,

L.—L, T A

(Lg =T —Ls)(Lg— Ls) s

+h T g°(x)+h

+ eT(Ld — Ls)

+ (h—e)

L

s T S T

/ Wi~ Lo — g% (@) 4+ h5 g% (@) el
Ls_(Ld_T)+

B Ls*(Ld*T)'*’ h(Z(Ld—T—Ls)(Ld _Ls) N T2 _ (T—Ld+Ls)2) S( )
- 2T oT g \z
Lqg— Ls Ly—T—Ls T—Ld+Ls)§ S+1
+h( T " T + T 2 2T A2

2T (Lg — Ls) Tz—(T—Ld+Ls)2> s S(La—Ls) s+1
+e( 2T 2T g (@) e 9 (@)

S(S+1) g42 /L T, s S 511
2T \2 g (z) Lo(La-T)+ (La 579 )g” (z) )\g ()

Ls—Lg

(@) + R3O L) 542y
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+ eggs(:c) dz

L. — _7t+
_ /Lé (La=T) h((2L§ —2TLy—2LsLg — 2LsLy+2TLs +2L2 + T = T? — L2
2T

Ls—Lyg
—L2 4+ 2TL; —2TLs +2LsLy\ s (Ls — Lg)S 541
- — )95 @) + 25 ()
S(S+1) SH(@) N e((QTLd —2TLs —T*+T? 4+ L3+ L2 — 2TLy +2TLs
2T A2 2T
_2L8Ld> s (Lg—Ls)S s41 S(S+1) g42 )
+ 5 )9 (@) + =Y () + 7Y (z)) dz

L

s T S T

+f WL~ Lo - D) + 6% @) + e Lo5 @) do
Ls—(Lq—T)*

Ls—(Ld_T)+ (L - L )2
= h( =450 5 () +
/Ls_Ld < 2T

+e((Ld —Ls)zgs(x) n (Lqg —Ls)Sgs+1( )

Wg&rl(xwr% S+2(x))

S(S+1) s+2 )
2T Tx T o (z)) do
L

° T S T
+f WL~ Lo~ D) @) + 65 @) + e Lo5 @) do
Ls_(Ld_T‘)+ 2 >\ 2

2
= h((Liniijs)(CTYS(Lg _ (Ld _T)+) —GS(LS _Ld)>

+ % (GSH(LS —(La—T)") = G¥(Ls - Ld))
+ 5D (G591~ (1~ 1)7) - G5 (L - 1) )
wo( LB (G52, — (L= 1)) - G(Ls — L)

¢ B LIS (G851, (1 - 1)%) — G5FA (L L)
S (g5, )6 1)

#h((La— Lo~ D) (05 (L) ~ G5 (L — (La—T)))

+ 2 (G L) = 65 L = (La - 1)) )

2(65(0) ~ G5 (L — (La 1)) (37)

+€§
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ElCE(£2(S),V)] (38)
h(% (GS(LS) ~GS(Ls - Ld))

+(Ld;§/s)s (GSH(LS) G (L, — Ld))

+ S5 (G52 (L) - 651 - La) ) )

te(Lagpel (65 (Le) = G5(Ls — La))

+(Ld;§/s)s (GS+1(L3) — G5 (L — Ly)

+ S5 (G52 (L) - G5 (Ls - L)), ifLy<T

h( L (G (Lo = L+ T) = GS(Ls = La))
Loz La)S (GS‘H(LS —Lg+T) -G (L, - Ld))
TiChe) (GS+2(LS —Lg+T)— G2 (Ls - Ld))
HLa— L = 5)(G5(Le) = G5 (Ls — La + 7))

+5 (65 (L) - G5 (Lo — Lq+ 7))
te(Lagpe (G5 (Lo = La+T) = G5 (Ls - L))
plLaLa)S (GS‘H(LS —Lg+T)—-G%TY(L, - Ld))
1 8(S+1) (Gs“‘Z(Ls —Lg+T)—GS*2(Ly — Ly)

2T A2
+Z (GS (Ls) — GS(Ls — Ly + T)))), otherwise
Situation F
Qr(9) Ly
L, VF=wwcF
1 1 1 1 1 1
tr tnfl tn
WHCF

Fig. 15 Situation F

The inventory cost changes if no reserved transportation capacity is available for the
considered ordered unit.

FF(xvy) :P(‘Q(S) §x7V§y7t0 Stavtﬂ« <tn71 <td <tn7t5 :t”)
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We get the same probabilities since only the shipment time is different compared to E.
Thus, we obtain

)_{gs(av)u(y) , Ls—Lg<x<Ls,T—Lg+Ls—x<y<T (39)

fr@y 0 , otherwise

E[CR(£2(5),V)]

o) T
[ [ crnsete dy ie
o Jo
L, T
= / / (h(a: —Ls+ Lg+vy)+ wy) gs(x)u(y) dy dx
Ls—Lg (’T*LdJrLSf:E)+

Lg T
S (e + h(La = Lo) + (b + w)y ) g (@)u(y) dy do
Ly—Lg J(T—Lg+L.—x)+

The interval Ls— Ly < £2(S) < Ls has to be separated in Ls— Lg < £2(S) < Ls—(Lg—
T)" and Ls—(Lq—T)" < 2(S) < Ls to divide the integral (T — Lq+Ls—2)T <y < T
intoT —Lg+Ls—x<y<Tand0<y<T.

E[CR(£2(5), V)]

Le—(La—T)" T
-/ / (e + h(La = Le) + (0 + w)y ) (@)uly) dy do
LS—Ld T—Ld"l'Ls_w
L T
+/ / (h:c+h(Ld—Ls)+(h+w)y)gs(w)u(y) dy dx
L.—(Lg—T)* Jo
Lo—(Lq—T)" L;—Ls+x8 Ly—Ls+«x
:/ h%xg‘yfl(m)+h(Ld—Ls)d+gs(x)
Ls—Lg
T? — (I — Ly + Ls — z)*
+ (h+w) ( 2;,+ = 2) ¢°(z) dz
L S T
+ / RSG5 @) + h(La - L)g® (@) + (h + w) 2 65 (@) do
Ls—(Ld_T‘)+ 2
Lo=(La=T)" 1 L.S§ S ?
B d—LsS g1 S(S+1) s42 (La—Ls)” s
_/LrLd MR @A T @ (@)
Li—Ls S s41 T2 — (T — Ly + Ls)® s
+h 7 39 () + (h 4+ w) 5T g° (z) dz
2T —La+Ls) S s41i,y S(E41) st2
+ (h + w) oT )\g (x) (h + w) T2 (1:)
L S T
+/ hS g5 @) + h(La — L) @) + (b + w) L (@) d
Lo—(Lg—T)+
/Ls(LdT)+h(2(Ld—Ls)2 LT _(T_Ld+LS)2)gS(x)
L, oT 2T
Lg— Ls Lg— Ls T*Ld+L5)§ S+1
+h( e T 9 (@)
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S(S+1) gyo T? — (T — Lg+ Ls)* s
th=mag (@) +w 5T g9 (x)
(T —Lg+Ls)S 11 O S(541) g49
+w—T)\ S(x) WoT (z) dz
L
: T s T
+f n((La— Lo+ D) @)+ 2651 @) +wlo® (@) da
LS—(Ld—T)+ 2 )\ 2
_ /Ls“dT)+ h((2L§ —ALsLg+2L2+T> - T? — L2 — L2 + 2T Ly — 2TLs
L1, 2T
2LsLg\ s (Lg—Ls+T)S s+41 S(S+1) 542 )
+ 555 )g @)+ =0 @)+ e (@)
T2 - 712 2 - L[242TL;—2TLs+2LsLy g
+w( g ()
2T
(T —Lg+Ls)S s41, S +1) 549 )
to— 9 (@) - g (7)) de
L
. T s T
+/ h((Ld—Ls+—)gs(x)+fgs+1(x)) +w—gs(x) dx
Ls_(Ld_,T)+ 2 >\ 2
_ _m\t
_ et (e L) +20(La = L) s | (i = Ls+T)S sty
L. oT g T g
s d
S(S+1) si2 —(Lg—Ls)> +2T(Lg — Ls) s
T Y (‘r)> + “’( 2T 9 (@)
(T=Li+1Ls)S s41,_ SE+1) si0 )
+ /D) 9 @) - =g (@) da

L
° T S T
+f W((La— Lo+ D)@ + 265 @) +wlo® (@) da
Ls—(Lq—T)*

_p(Lam L 4 2T (L= L)

o (6%~ (La=1)") - 5 (Ls ~ La)

= et DS (G541 (1, — (1~ 1)) — G571 (Ls — L)
+ S(QST;D (GS+2(L5 —(La=T)") = 67T, - Ld)))
. w(2T(Ld “ L) (- Lo)? (65 (L = (La— 1) — 65(L — L)
- w (GS“(LS —(La=T)") = G (L - Ld))
SO (65 e~ (La - 1)) - 6L - L))
+h((La— Lo+ ) (65(L0) - G5(Le — (Lg = T)T))

+ 265 (L) 5L — (Lg - 1))

+ug (G5(Ls) = G5(Ly — (Lg = T)T)) (40)
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E[Cp(£2(5), V)]

h((Ld—LS)2;%T(Ld—LS) (GS(LS) G5 (L - Ld))

HESEED (G (L) - 6H(Ls — La)

+52(k7917;\5-21) (G5+2(LS) G, — Ld)))

(B (e ko) (G5 (L) - G5(Ls — La))

HEEHES (G54 (L) = 6T (L — L)

—S (652 (L) - 652 (L — L)), L <T

h<<Ld—Ls>2;;T<Ld—Ls) (GS(LS —Lg+T)—G5(Ls — Ld))
4 {La=LAT)S (GS+1(LS —Lg+T) -G (Ls - Ld))
+% (G5+2(Ls —Ly+T)—GF2(Ls — Ld))

+(Lg—Ls + LY(G5(Ls) — G5 (Ls — Lg + T))

+5 (5 (L) - G5 (Lo — La+ 7))
+w(2T<Ld—L52>;(Ld—Ls>2 (GS(LS —Lg+T)—G5(Ls — Ld))
+ (T=LatLo)s (GS+1(LS —Lg+T) -G (L, - Ld))
_5(55D) (G5+2(LS —Lg+T) -G 2(Ls — Ld))

2T A2
+Z (GS (L) — GS(Ls — Ly + T))), otherwise
(41)

Situation G

Q4(s) La Wwwee

V¢ =WHCY

Fig. 16 Situation G
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Since the unit is available after it is demanded, early-deliveries are not possible.

FG(xay) = P<Q(S) <z,V< Yyto Sta,to <tg <tag <tn,ts = tn)
=P(2(S) <z,V <y, tr + 2(S) < tr+ Ls,
tr + 02(5) < tr + 2(S)+ Lg < tr + Ls < tn,ts =tn)
=P(0(S) <z, V <y, 02(S) < Ls, 2(5) < 2(5) + Lg < Ls)
(42)
For v < Ls — Ly we get
Fg(z,y) = P(R2(S) <z, V <y, 82(S) < Ls, 2(5) < £2(5) + Lg < Ls)
=P(2(S) <2,V <y)
=G (@)U (y) (43)
Thus, the joint density is given as
S
_Jo7@uly) , 2<Ls—Lgy<T
fg(x,y)—{ 0 , otherwise (44)

E[Ca(2(S), V)]
oo T
- /0 /0 Co(a,y) fo(a,y) dy do

Ls—Lgy T
- / / (hy+ 0l + L — L —))g* (@)uly) dy da
0 0
Ls—Lgy T
= / / ((h +w)y+w(Ls — Lg) — wx) gs(x)u(y) dy dx
0 0
Ls—Lg
— [ 03 @)+ it - Le®@) - w3o @) dy do
0

T T s
= h5G%(Ls — La) + w((LS — La+ 5)G (Ls = La) = 26 (L - Ld)) (45)

Part 3: Derivations of the expected inventory cost when S < 0

V=WHC

Fig. 17 Time points when S <0
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The expected inventory cost per unit when S < 0 comply with the expected warehouse
holding cost per unit in situation G when S > 0 because in both cases the unit will
always be first demanded and then it is available. If S = 0, the unit is ordered at the
same time point where the facility order arrives, whereas S < 0 means that we order
the considered unit after the next |S| facility orders are placed. The expected inventory
cost per unit are derived below. Early-deliveries are not possible. The time points when
the unit is ordered, demand or available can be described as: t, =t — 2(|S]) < tq =
tr — 2(|S]) + Lg < ta = tr + Ls.

F(z,y) = P(2(IS]) <2,V < y,to <tqg < ta)
= PA[S]) <,V <y, tr = 2(]S]) <tr = 2(S]) + La < tr + Ls)
P(2(|S]) <2,V <y,0 < Lg < £2(]S]) + Ls)

(46)
For © < oo we get
F(z,y) = P(2(S]) < 2,V < 9,0 < Ly < 2(|S]) + Ls)
=P((|S]) <=,V <y)
=@ () (47)
Thus, the joint density is given as
o = {7 ST 5

During V' time units the warehouse has to keep stock on hand and during an expected
time interval of V + Ls — Ly + §2(|S|) waiting costs occur, why we get the following
equations.

00 T
EC@E)V = [ [ G yds
00 T
- / / (hy + w(y+ Ls — Lo +2)) ¢/ @)uty) dy do
0 0
00 T
= / / ((h +w)y +w(Ls — Lg) + wx)glsl(:p)u(y) dy dz
0 0
- /O (h+ w)%glsl () + w(Ls — La)g"* () + wLi“gS“(x) dy dx
= h%GIS‘(oo) + w((Ls —Lg+ g)G‘S‘(oo) + ka\'GS+1(oo))

T s T
:ha-i—w(%-i—Ls—Ld-i—i) (49)

Part 4: Total cost of the system when flexible deliveries are not allowed

For our numerical study we need to calculate the shipment costs and inventory cost
when ADI is available but flexible deliveries are not allowed. In that case, the shipment
can be obtained in a similar way as shown in ?. Consider that advance orders can only
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be shipped after they are due. When computing the expected inventory cost, there is
no decision about early shipments. Therefore, we do not have to distinguish between all
7 situations as before, we only distinguish between situation A (tq < to) and situation
G (to < tq). This yields inventory cost at the warehouse of

BlCA2S) = h( (La— L + g) (1-¢5e - 1) + %(1 — G (L - L))

+ w% <1 —G5(Ls — Ld)) (50)

E[Co(2(8))] = hg G (L ~ La)

tw((Ls — Lat D)@ (Le— L)~ S G5y~ L)) ()



