Supplement: Heuristic Solutions for Nonlinear Dynamic Pricing
in the Presence of Multiunit Demand and Two-dimensional

Customer Heterogeneity

S.1 Proof of Lemma 1

We will show the first part of the lemma in detail. The second part follows by a similar argumentation.

For every i # k with i,k >j and 1; —1r; # 0 # 1, — 17, it holds that Lr_l;r’m = rkk_:r]m ri:rj. =
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function f (1) = Zm

Zklm

and note that f(l) is continuously differentiable. By differentiating f (1), we
show that this function is monotonically increasing on the whole interval (0, 1):

Applying the quotient rule, we note that
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for all [ € (0,1). Together with the independence of r’ from [, it follows that there is at most one
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To show the second part of this lemma, we use a similar argumentation defining g(1) = =1-
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S.2 Corollary S1

The proofs of Lemma 2, Lemma 4, and Proposition 3 rely on a specific property regarding the interplay

of the curves i > j. This property is stated in the following corollary.
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Corollary S1 Forj >k > i, one of the following three cases applies:
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S.3 Proof of Lemma 2

For any i>], [L{’}i”(r),?f?m(r)] is defined such that max {rj_rk }S b
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Both a) and b) follow directly from Corollary S1 and, together, conclude the proof. i

S.4 Proof of Lemma 3

In this proof, we examine each of the four criteria outlined in the manuscript to demonstrate that these
prices are indeed irrelevant, in the sense that we do not need them to find the optimal solution.

1. Letr; > 1j,4. It follows that X; 1 — X; = w - N=0> 7741 — 1j. Consequently, all customers derive
higher utility from purchasing j + 1 units than from purchasing j units, leading to p;(r) = 0. However,
the same result can be achieved by setting 7; = 1j,4. Since ]P’(Xj+1 - X > 0) =1 (based on the
continuous distribution of 4 and w), it follows that ]P’(Xj+1 —Xj > T4 — rj) = 1 for 1; = 17,4, which

also results in p;(r) = 0.

2. Given that X; = w Z] L = j only holds for A = 1 and w = 1, it follows that [F’(X = ]) = 0. This
implies that p;(r) = 0 for 77 = j. Consequently, we can drop 7; > j and still have the possibility to

achieve p;(r) = 0 by setting r; = j.

3. The rationale behind dismissing prices r; for which r; —7;_; > 1 is grounded in the following

. . ri—r Ti—Ti_ . ..
inequality: ~ max k4> J1>1 which emerges from the condition 7; —ri_; > 1.
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Consequently this leads to p; () = fol (Fw (j+ql<i]1(l<c {%}) —Fo <0<I}33]X_1 {;j_r })) D dl=0.
sKk= i=j <k<

Therefore, maintaining 7; such that 7; —75_; = 1 in our action space suffices to nullify demand for j

units if desired.
4. To prove the remaining part of Lemma 3, we assume that our price vector does not follow the given

condition, i.e. we choose 77 such that (rj -1 1)1 > (r]+1 - rj)l = 0. In this case, it holds that
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With 221 = (1741 — 1})1 . (%) < (1541 — 1), it holds that the condition of the right
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= > 7 , it holds that
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side is met for every [ € [(7"]-+1 — 7‘]-)7, 1]. As



and, thus,
w-Ut >y —rng=2w-U>rn, -
This finally results in w- Yj_, ¥ — Ty =W- Yol — rj for every w € [0,1],1 € [(7}-“ — rj)f, 1]
- .
such that w - Zi:o Ik — r= rrl_lsan{W - Mo 1F = Ti}-
With a similar argumentation, we can conclude that w - Z{;% Ik — =W Z{;}) Ik — 7j for every
1 . .
welo1],le [O, (141 — rj)l’] such that w - Z{(;%)lk -1 = rrilsajx{w DL Y
All in all, we can summarize that for every batch size j and a corresponding batch price 7; such that

1 1
(rj — 7"]-_1)1'—1 > (7}-+1 — rj)f, there is no customer who is willing to purchase j units.

1 1
To eliminate demand for j units, the firm could also choose 7;j such that (1}- — 1}-_1)1'—1 = (1}-+1 — rj)f.

This choice is always possible because of the continuity of prices and r;_; < 7j,4. Thereof, there is no

1 1
need to considers prices 1 with (rj - rj_l)f‘l > (rj+1 - rj)l m
S.5 Proof of Lemma 4

1
We  recall that Rcz{rERC:OSﬁS---SrCSC,1‘]-£j‘v’j,(rj—rj_1)f—1£1forj2

1 1
2,and (r; —1j.1) " < (1741 —13)) for 2<j<c-— 1} and Aj(r) = {l €
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[0,1] | max { it }S 1<  min {ﬂ}} = [b-(r)jj(r)].

We start with a special case by observing that for r € R, it holds by definition that ., =1, = 7;
rj_1 and 1; > 15_q = 7j.1 > 1j. Thus, either r; <1, <--- <717 or there is index { withry =71, = -+ =
T < Tipg < o < T

For the letter case, it holds that A;(r) = A,(rr) = --- = A;_1(r) = @. There is no clear choice of
Lj(r),zj(r), j<i.As A#1 as. for any | € [0,1], we can as well choose [;(r),= Zj(r) =0 (for
consistency) even though [L (), Zj (r)] # 0.

In the following, we will concentrate on j with 7; < 17, regardless of whether j starts at 1 or at the

aforementioned i.
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Basedon [ € Aj(1) = 1 < j+1‘{lsllrclsc {an_ 2 lm}’ we are interested in the order the lines f (1) SN

k = j + 1, are dropping below 1 for given r € R.. As fy (1) is decreasing in [ € [0, 1] this happens at

most once on [0, 1].

. Tig1—Tj
First, we note that 2+— =

1
7 lel= (rj+1 - rj)f as 1; < 1j41. Thereof, we can already conclude from

T € R that fi11 (1) drops below 1 before (or at the same time as) fi.42 x+1 (1) does, for every k > j.
By Corollary S1, we know that fj.,,,(l) is dropping below 1 between fy4q,(I) and fiy2 k41 (D).
Repeatedly applying Corollary S1 shows that fj, 13 (1) is between fy 45 x (1) and fii3 k42D, fr+a: (D)

is between fy43x (1) and fii4+3(1), and so on. We can therefore conclude that the correct order of

lines fi;(1), k > j, dropping below 1 is fj,1,;(D), fj42,;(D, ..., fcj(1). Most importantly, the last [ €

[0,1] with 1 = min {fkj(l), 1} is the point where fj,q ;(1) = 1. At this point fi;(1) = 1, k > j,
jt+1=<k=sc ’

because of the given order and the fact that every f (1) is decreasing in [. This point is given by | =

Tk—Tj

1 1
(Tj+1 — 7}.)1' and we know that the condition 1 < min {W} is met for every | < (1}-“ - rj)f-

j+1sksc
1
We now can set [;(1) = (rj+1 — rj)f . For j = c, the condition is always met, and we set [.(1) = 1.
We now concentrate on o nax 1{ fix(D} < 1.Forj = 1, thisboils downtor; < 1and is always fulfilled
<k<j-—

forr € R.. In this case we set [; () = 0. Ifthere is anindex i withry =1, = =17, <7134 < <1,

then o hax 1{fik(l)} = 0. In this case, we set [;(r) = 0. For the remaining cases, we again apply
<ks<i-—

Corollary S1. With the same argumentation as above, we can conclude that the correct order of lines
fix(D, j > k, dropping below 1 is fjo (1), fj1 (D), ..., fj j-1(1). Some of these fj (1), k < j, might be
below 1 for every | € [0, 1]. However, this does not affect the proof of this Lemma. Particularly, it holds

thatf;; (D <l1e fr(D<1Vk<je o Jnax 1{fjk (D} < 1 because of the given order and the fact
<ks<j-

that every fj (1) is decreasing in [. Therefore, the condition o nax 1{fjk (D} < 1 is met for every | >
<ks<j-

1 1
(Tj — rj_l)f—_l. We now can set Lj(r) = (Tj - 7}'—1)?-

- - L
To sum up, we have shown that [; (r) = 0, [,() = 1 and [;(r) = (rj+1 - rj)f = Lj41(r) and, thus, the

whole lemma. ]

S.6 Proof of Lemma 5

Exemplarily, we will walk one of these cases through and focus on i > j. The other two would follow

in a similar matter and we decided to omit a detailed derivation.

Partially differentiating (9) leads to
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The last equation holds because there are many terms that neutralize each other. This can be observed

by:

_end _

In Remark 1, we established that l]-en (r) is the maximum of [;;j(r) for k > j as well as the
. = i . —end - —

maximum of lj; (1) for k < j. This can be expressedas[; (r) = ‘EE}‘{lkf (r)} = I;IE}({ZJ"‘ (r)}.

For now, we define k™% = arg r’rclgjx{lk ] (r)} and Kp,q = arg T?}({lfk (r)}. Using the same

A . A Tkmax —r;
argumentation as outlined in Remark 2, we conclude that L=

anm(]lx 1(1 gmax (T))

T Tkmax

a _
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Moreover, we know from Remark 2 that for every [ ; (r) * ljen (r) there is I ;(r), h > j, such
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that = and lk] (r)= a _h ().
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The same conclusion holds for L (r) # ljen (r) and its corresponding i, (), h < j.
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Remark 2 further reveals that ]+1(r) = i[ j+1,;(r) and - = 1. Analogously, it

Li+1,j(T)

holds that L) =51 @) and — L =1,
(lj,j—1(r))



Using all of these equations, we get %pj = o __1 fa,( s ) f(D dl. With similar

Lj(r) piLam Vit im

steps, we can build the partial derivatives for cases i < jand i = j. O

S.7 Proof of Proposition 1

An optimal solution for (7) is either found on the boundary of feasible region R or when it satisfies the
first order condition airi (Ziﬂ pr(r) - (rk — A Vt_l(c))) = 0 for every i. The condition for optimality
in the interior is straightforward; however, exploring optimality on the boundary requires additional
consideration: A solution residing on the boundary is marked by at least one batch size j for which
p;j(r) = 0. For simplicity, let us consider the scenario with only one such batch size j, though the

argument can be extended to multiple batch sizes where demand is nullified.

Eliminating the option to purchase j units a priori and reapplying the optimization yields an identical
optimality condition, except the summation now omits the index j. This index can be reintegrated into
the summation because, by definition L (1) = ij (™) (L) = I j(r)) for j > k (j < k), leading to

[ fa,( r-"‘”‘)fl(z) dl =0 ([0 i fo () i) dl = 0). Particularly, i
m=j

b g Lm SO\ b DT

holds for every j with p;(r) = 0 that ai (X1 0k - (e — Ak V—1(0))) = 0.

Tj
In summary, whether on the boundary or in the interior, the optimal solution must satisfy the first order
. D . . .
condition P (Zizlpk (r)- (rk - AkVt_l(c))) = 0 for every i, reinforcing the comprehensive nature
13

of the optimality condition across the entire decision space. m

S.8 Proof of Proposition 2

To prove that the optimal solution r* is an interior point, we show p,(r*) # 0 for every k by
contradiction. To achieve this, we leverage the observation that p; (r) # 0 is equivalent to [, (1) <

L1 (1), for w, 2~UJ0, 1].

We prove Proposition 2 by contradiction, assuming that for the optimal solution r* € R there exists a
batch size k with p; (r*) = 0. In the following, we focus on a single k. However, the technique we use
in this proof could be repeatedly applied (with small adjustments) to contradict optimal solutions with

several batch sizes k such that p, (r*) = 0.

In a first step, we modify the optimal solution by slightly decreasing 1y to r; — € with € > 0 small
enough. We denote this modified version by €. With r™€, the probability to sell a batch of size k is

positive as L, (™€) < L4, (r™€).



k>1:

We recall the argumentation used in Lemma 4 to conclude that p, (r€) = (lkﬂ(r*"") — _k(r*’e)) +

*,E

1(r+€ € gk 1(r €) ri€— -7y T TR+e€
f( )*6 k“k i dl — f( 2 k_—k=1 g with [(r*€) = Tt "6 = Jet1i7TkTE This (1) exists for
L1 (™€) l L) 1 1 e TS, TR—e—Th_y

every € that is small enough.

Plucking r™€ into the first partial derivative leads to:

dr z Pj (r) — AV 1(6)) =2-p (™) - (£k+1(r*'6) - _k(r*'e))

r=r“¢€

( ) e e 1D re _ e w
", =1 T -1,
=2. (lJ(+1(r*f)—J((r*f))+ f "“l—kkdl— f %dl

L1 (™€) Le(r™€)
— (Lar @) = 1™9)).
As %2— for € small enough, it holds that (£k+1(r*'6)—lk(r*'6))+
Tisr T

L ¥t dl — fll(r ) 1 dl<lk“(r )L™ ). Consequently, it holds that

Lig41(€) 1k @*€) k-1 2

i (Z5em - (5= 8% )

<0.

r=r>¢€

Based on the negativity of the partial derivative, the objective function is strictly decreasing for every
™€ (with € > 0 small enough). Thus, in contradiction to the optimality of r*, any ™€ yields higher

expected revenues than r*. A similar argumentation works for 7, if we assume p.(r*) = 0.

k=1:

Our assumption of p; (r*) = 0 implies that r; = r,. To show the suboptimality of this condition, we
need to examine two cases: 1, > exp(—0.5) and r; < exp(—0.5). First, we focus on r; > exp(—0.5).
;e *,€ ;e_r;,e

By definition of py(r), p1(r*9) = (i~ ) + [ . B gi— f 7 dl. Solving

. * * * * a
the integrals leads to py(r*€) = —log(r,"*) - (r,”* — 13 ’6). It holds that d—rk( Seapi() (rj -

AVe-1(0)))

applies.

. <0 for 7€ € (exp(—0.5),7,"%). From here on, the same argumentation as above
r=r®
Next, we focus on 1’ < exp(—0.5). As every customer with w - (1 + ) = r,"¢ is purchasing at least

2 units, we can conclude that }5_;p;(r”€) =1— fol :2 ldl =1-7" (log(2) —log(1)) =1-



exp(—0.5) - log(2) > 0.5. Since the optimal solution must fulfill the condition }.5_; p;(r) = 0.5 (cf.

Remark 3), 7,"¢ < exp(—0.5) cannot occur and has no relevance for our proof.

All in all, we have shown that  with 7, such that p,(r) = 0 cannot be an optimal solution. This
ultimately leads to the statement that the optimal solution is an interior point of R, and has to fulfill the

first order condition. |
S.9 Calculation of pj"(r) for w,1~U[0,1]

—end
We now only have two possibilities for l]-en (r) (cf. Remark 1):

1 Tj+17Tj

rj=Tj—1
or
Fiel=Ti r
2. lsuchthat 2~y =—1
19 21 1 m
m=0

—end

The lower of these two possible values is ljen (). If the first case applies, it holds that A7™ (1) = 9,
—end , —end

AT (r) = [L (™), l]-en (r)], and A7YT;(r) = [1 j+1(), ljen (r)]. If the second case applies, it holds

—end -end -end . -end
that %) = [FH 0.5 @] 472500 = [0, T @), and A28, = [ @5 0]
To express the demand function for both cases with one formulation, we bring back the notation l}’i‘ax (r)

-max max -max max -max
and l; (). In the first case, we choose [/ (1) = [;(r) and [; ;_1(r) = g™ (r) =, (r) =

—_end = -end
ljen (r). In the second case, we choose [ (r) = L;(r), l;,nj(ixl(r) = L™ (r) = l;ill (r), and

-m

L

} ax (T) _ Zjend (T)

. 1 1
Now, we can write pi*(r) = —(r, —1y) - log(ry), p3'(r) = —(r3 — 1) - <Zen_d() - %) + L) -
2 r =

—end iy1—T
L) -1y <log <1 +1 (r)) —log(1+ h’%ﬂ’f(r})) +(r = 11) - log(r), and pJ*(r) = ===

—end

1 1 i (r) r; ri—Ti- 1
U1 = |+ L) = L) _fl'-{g“"(r>zf‘+m R i
<f;.m (r)) (Lj+1(7')) - m=0 (lj,j—1(7'))
1
ym)



S.10Proof of Proposition 3

—end —end

In the following proof, we assume that the order condition ljen (r) < ljer 1 (r) forevery j,with1 < j <
c, is satisfied. In the following lines, we want to show that these conditions lead to a scenario, where
only the events of selling 0, j — 1, and j + 1 units limit the probability of selling j units. We recall that

for any given [ € [0, 1], selling j units only occur iff

i Tk "k~
max T (SW= min SE1i(
0<ks<j-1 Z]-_k [t j+isksc Z [t
=

In our first step, we show that the expression of the upper bound = min {Zk T } can be reduced to
i=j

j+1sksc

=T —-end
% forl < l; (). Thereby, we prove that in the customer choice model the options of purchasing

more than j + 1 units are in no direct competition with the option of purchasing j units. Analogously,

. nd
in the second step, we determine that the lower bound reduces to max {r’ . ;’1 L 5 m} forl < l (r),

leaving only the events of selling 0 or j — 1 units as relevant options for customers, who may purchase

J units.

T S T
U = - 1

—end
1. By definition of l;m (r), we know tha 2 for every | < l (r). Additionally, the

i i i :
Tl > TETEL for every (> and [ < l (r). Consequently, it

order condition ensures that —— = —

follows that ——2— > 1 for every | < l (r) which ultimately y1elds Jnin {T,’i_lr / } =
SELm ] <k<c [Tt

Tj+1

nd
U for every | < l (r).

2. To prove that max 1{;: f} = max {rjl—ji 11 1 o T } for | < l (r), we exclude the special
0k <] i=k 3 [m

send . . . . . .
case where [; () =1 for every j, with 1 < j < c. This case applies for pricing schemes with
increasing marginal prices. Since we use the term “increasing” in a weak sense, linear pricing

schemes also belong to this special case. In this case, it is straightforward to verify that

ri—Tgk Ti—Tj-1 . .
. r’rcla_x . {El_ - zi} =1 zf‘]l for all l. Therefore, we omit this case and focus on the other cases, where
< <] A
i=k

—end Tj—Tk Tj—T]'_l
= - <
at least l; (r) <1. Here, we prove 0<r}ggxl{2] n lm} o for 1 l 1 (r) and

max {—t_% rj —forl € (l-enf (r) l-end (r)]. Similar to the first step, we know from the
osksi-1 (T2 | T T, S ’

definition of l 1 (r) that 2 ’1 > omax_ {Z’T} forl < l 1 (r) From Corollary S1, this order
sis) m=i m

10



carries over to = > max { i m} for l < l 1 (r) Consequently, by continuity, it holds

U= 0<isj-2 Z{n ll

Tji—Tj—1 Tj~
- > <
that ——— = 0<ml<a]x . { m} for [ l 1 (r)-

j—1
Zml

Ti—Tk T —end —end
Finally, we prove the last part, namely max AT, = ST forl € (lj_l ), (r)], b
m=0

0<sks< ] m
—-end
induction over j. We focus on scenarios where [;_; (1) < 1, as the statement is obviously true for

—end = _ -end
(l,ecr_ll(r), l,in (r)] = @ for all k > j. As induction hypothesis, we assume that for all i < j, it holds

Tk _ . . . . . .
that oax {ZL 1klm} 5 —for | € ( i—1 (r) l (r)]. The implication of this assumption is
that r‘ 1m > E‘ = o forl > ll 1 (r) which follows from the induction hypothesis in combination
with the definition of ll 1 (r) stating that E‘ = lm > r‘llr; L forl > ll 1 (r) and from Corollary S1.

Ti—Tk
Snai ™

Obviously, the base case holds with i = 1, as max { } = 1y. For the induction step, we

0<k<i—-1

o . —-end
prove that max {Zr] L } =——J —forl > ljel (7), under the assumption that this holds for i <

0<ksj—1 m erL:lol

j— j _end . . . .
j. As above, we conclude jr_’z 1Lm > ]-_rlj - for [ > [;_; (). The induction hypothesis, combined
m=0 m=0

with l (r) < ll+1 (r) for every i < c, implies that Z‘ - N > Zj_rlj o
m=0

for every i <j and [ >

-1

—end rj T i . -end
li_1 (r). By Corollary S1, we conclude that —— > —= for every i <j and I > [;_; (7).

1
)X LD YA L

. . —end
Finally, this leads to max { Sk }= =  for > ljeill ().

osksj-1 () 1 1m DX

With these two steps, we have shown that batch prices that fulfill the stated condition lead to a certain
structure of the probability function. Thereby, the probability of selling j < ¢ units is only limited by

three events: selling 0, j — 1, and j + 1 units. O

S.11 Trade-off between accuracy and efficiency for E(w)

In this section, we analyze the impact of the sample size of realizations of w on revenues and runtimes.
While a sample size of 100 was used in the base case, we examine the effects of varying sample sizes
s € {10,20,100,1000}. For each sample size, we compute the corresponding policy, measure the

runtimes for the computation, and simulate the resulting revenues.
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As shown in Table S1, revenues increase with the sample size. However, the marginal gains are

decreasing with no noteworthy improvement when increasing the sample size from 100 to 1000. On

the other hand, runtimes (as presented in Table S2) increase approximately linearly with the sample size.

Considering the trade-off between revenues and runtimes, sample sizes of 20 and 100 seem to be good

choices. However, none of the tested sample size breaks the dominance of mechanism D over E(w).

Across all sample sizes, mechanism E (w) yields lower revenues while requiring more time to compute

the corresponding policy.

Table S1: Revenues from mechanism E(w) for C < 120,T = 40, and various sample sizes s

T =40 s=1000 s=100 s=20 s=10
c=1 0.91 0.91 0.91 0.89
Cc=30 16.23 16.23 16.22 16.21
C=60 24.06 24.06 24.05 24.01
C=90 29.02 29.02 29.01 29.00
C=120 3250 32.50 32.49 32.45

Table S2: Runtimes [s] of mechanism E(w) for C < 120,T = 40, and various sample sizes s

T =40 s=1000 s=100 s=20 s=10
C=30 773 71 17 14
C=60 3,826 345 73 51
C=90 9,399 848 177 113
c=120 17,073 1,546 318 197

S.12Fluid approximation

Dynamic pricing problems generally suffer from the infamous curse of dimensionality, where the

number of states in which an optimal solution must be found is given by C - T. In large-scale scenarios,

this makes solving each state computationally burdensome, especially when the problems are complex,

12



thus paving the way for the development of approximation methods. One of these methods is the fluid

approximation, which replaces stochastic demand with (deterministic) expected demand rates.

In fluid approximations, capacity is assumed to be continuously divisible, and demand is no longer
stochastic. Stochasticity is eliminated by replacing probabilities for stochastic events with fractional
weights of events, which technically represent the expected values of the probabilities. In this sense, a
customer no longer purchases j units with probability p; but a fraction p; of each batch j.! Accordingly,

the fluid model is given by:

rtrenggxw{ZL Z]C'=1 Tjt * Dj (re) s Xl Z](;:lj " Dbj (ro) <Candry = 0}-

With time-homogeneous customer choice, one can easily verify that the optimization problem above is
equivalent to:

maX{T'Z]C=1rj'pj (1‘)1 Zf:lj-pj (1") Sg}

TER,

With this equivalence, this optimization problem simplifies to a single-stage problem, resulting in a
static pricing policy that proves optimal for the fluid model. Notably, the fluid model can be brought
into the form of the multiproduct fluid model examined by Maglaras und Meissner (2006). Similarly,
their proof regarding asymptotic optimality of the fluid approximation’s optimal solution also holds for
the static pricing policy defined by the optimal solution of our fluid model. Applying this static policy

in our dynamic setting is therefore asymptotically optimal.

! Note that this is slight abuse of notation, as we should technically write E [p j] to indicate that we are using the
expected value of p; in the context of the fluid approximation. While this would result in the same mathematical
formulation, it highlights the different interpretation and allows for predicting capacity consumption. As our results
in Section 4 hold for both the dynamic program and the single-stage problem from its fluid approximation, we
have decided to use the same notation in both cases.
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The most important observation, however, is that the objective function of the fluid model is essentially

the same as that in the final period of the dynamic program, where A;V;_;(c) = 0. Therefore, all

analytical results from Sections 4.3 and 4.4 can be applied to the fluid approximation.

The optimality conditions described in Propositions 1 and 2 (see Section 4.3) can be utilized to find the
optimal solution to our fluid model, which only needs to be solved once, rather than for every possible

state as in the dynamic program, significantly reducing computational complexity.

Moreover, the approach to modify our formulation (see Section 4.4) also applies to the fluid
approximation. Consequently, all results, such as Remark 4 and Proposition 3, carry over. We tested the
conditions described in Proposition 3 in our numerical study and found them validated in each scenario

we investigated.

S.13Confidence intervals

The following table presents the 95% confidence intervals for the mean revenues of all mechanisms
across five scenarios, as described in Section 6.1. Since the mean revenues are based on a large number
of simulation runs (10,000), we can apply the central limit theorem to approximate the (1-a) confidence

interval as follows:

_ s _ S
[x - Z(l_g)ﬁ,x + Z(l—%)\/_ﬁ]’

2

where X is the sample mean revenue, Z( 1_5) is the (1 — %) quantile of the standard normal distribution,
2

s is the sample standard deviation, and n is the sample size.

Table S3: 95% confidence intervals for mean revenues for C < 120, T = 40

T =40 E()) E(w) D FA Opt S L PL
[0.91, [0.91, [0.91, [0.79, [0.91, [0.91, [0.91, [0.91,

=1 0.92] 0.92] 0.92] 0.81] 0.92] 0.92] 0.92] 0.92]
c—3o 1613, [1619, [1622, [14.81, [16.24, [15.09, [1569, [15.89,
16.23]  16.27] 16.32] 14.97] 16.34]  15.15] 15.79]  15.99]
Coeo 12371 [2398, [24.02, [2270, [24.07, [22.03, [22.76, [23.43,
23.92] 24.15] 24.22] 22.94] 24.26] 22.30] 22.97] 23.62]
Cc—oo [2842, (2890, (2893, [27.66, [29.03, [25.02, [27.16, [28.24,
28.73]  29.16]  29.23]  27.94] 29.32] 25.46] 27.48] 28.53]
C—1p0 [31:67, [3234, (3234, [30.83, [3247, [2673, (3022, [3L66,

32.07] 32.68] 32.73] 31.13] 32.85] 27.31] 30.65] 32.03]
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In every scenario, the confidence intervals for all mechanisms are tight and of comparable size. This
suggests that the number of simulation runs is sufficiently large for the mean revenues to serve as a

reliable approximation of the expected revenues.
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