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A Telescoping sampler

Algorithm: Telescoping sampler for the BGCWM model

Iterate the following steps for t “ 1, . . . , T :

0. Obtain starting values of latent allocations, parameters and hyper-parameters.

1. For i “ 1, . . . , n, draw zi „ Multinomialp1, pi1, . . . , piKq with success probabilities

pik “
πkfN1pyi | αk ` xJ

i βk, σ
2
kqfNppxi | µk,Σkq

řK
l“1 πlfN1pyi | αl ` xJ

i βl, σ
2
l qfNppxi | µl,Σlq

.

and permute the labels t1, . . . ,Ku so that the first K` mixture components are not empty.

2. For steps (2.i)–(2.x) apply for k “ 1, . . . ,K:

2.i Set nk “
ř

i 1pzik“1q, zk “ pz1k, . . . , znkqJ and Zk “ diagpzkq.

2.ii Draw αk „ N
`

n´1
k wkpy ´ XβkqJzk, n

´1
k wkσ

2
k

˘

, where wk “ σ2α{pσ2α ` n´1
k σ2kq.

2.iii Draw βk „ Np

`

A´1
k XJZkpy´αk1n, σ

2
kA

´1
k q

˘

, where Ak “ pXJZkX`T´1
k q and Tk “

diagpτ2k1, . . . , τ
2
kpq.

2.iv Draw σ2k „ IG
`

a` 1
2pnk `pq, b` 1

2 reJ
kZkek `βJ

kT
´1
k βks

˘

, where ek “ py´αk1n´Xβkq.

2.v For j “ 1, . . . p, draw tkj „ InvGaussian
`

σkλkβ
´1
kj , λ

2
k

˘

and set τ2kj “ t´1
kj .

2.vi Draw ℓk „ Gamma
`

p` 0.5, 0.5p
řp

j“1 τ
2
kj ` δkq

˘

and set λk “
?
ℓk.

2.vii Draw δk „ Gamma
`

1, 0.5pλ2k ` 1q
˘

.

2.h Draw µk „ Np

`

pnk ` 1q´1pm0 `
ř

i zikxiq, pnk ` 1q´1Σk

˘

.

2.ix Set Sk “
ř

i zikpxi ´ µkqpxi ´ µkqJ ` pµk ´ m0qpµk ´ m0qJ.

2.x For j “ 1, . . . , p:

2.x.i Form the partitioned matrices Ω
pjq

k ,S
pjq

k ,Φ
pjq

k as defined in Eq. (26).

2.x.ii Draw ηk1 „ Gamma
`

0.5pnk ` 1q, 0.5pskjj ` ψkq
˘

and ηk2 „ Np´1

`

´ Cs
p∖j,jq

k ,C
˘

,

where C “
`

pskjj ` ψkqΩ
p∖j,∖jq´1

k ` diagpϕ
p∖j,jq

k q´1
˘

.

2.x.iii Set ω
p∖j,jq

k “ ηk2 and ωkjj “ ηk1 ` ηJ
k2Ω

p∖j,∖jq´1

k ηk2.

3. For j ă l pl “ 2, . . . , pq, draw ukjl „ InvGaussian
`

ω´1
kjlψk, ψ

2
k

˘

, set ϕkjl “ u´1
kjl.

4. Draw ψk „ Gamma
`

r ` 0.5ppp` 1q, s` 0.5}Ωk}1
˘

.

5. Draw π|pz, γ,Kq „ Dirpγ1 ` n1, . . . , γK ` nKq, where γk “ γ{K, k “ 1, . . . ,K.

6. Draw K|pz, γq from Eq. (27)

7. Draw γ|pz,K, νℓ, νrq from Eq. (28).

Fixed parameters: σ2α “ 103, a “ b “ 10´2,m0 “ 0p, r “ 1, s “ 10´2, νℓ “ 6, νr “ 3, aλ “ 1,
aπ “ 4, bπ “ 3.
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B Technical details

Initialization. The MCMC sampler for the BGCWM model as well as the EM algorithm in
Perrakis et al. (2023) (denoted as RJM in what follows) are initialized by the same procedure.
For this purpose, the initial values of latent allocation variables are set equal to the classification
obtained by estimating a finite mixture of normal linear regression models as implemented in the
flexmix package (Leisch, 2004; Grün and Leisch, 2007, 2008).

Specifically, for the case of fixed number of components, the BGCWM sampler was initial-
ized by setting the allocation variables to the resulting single best clustering arising by running
flexmix under 30 randomly chosen starting values. For the case of the overfitting mixture model
or the telescoping sampler, we repeated the same initialization procedure for 10 randomly selected
numbers of components in the set 6 ď K ď 15. The final starting value is chosen as the one
which corresponds to the highest log-posterior density ppK, γ, tθk, πk, σ

2
k, λk, ψkuKk“1|y,Xq (up to

a normalizing constant) after an additional single iteration of the telescoping sampler.
Concerning the other methods in the comparisons of Section 4, flexmix was initialized after

calling the initFlexmix() function under 100 random starts. The default initialization procedure
was used in MoEclust and flexCWM.

MCMC details and post-processing. In our simulations in Section 4.1, the total number
of MCMC iterations was set equal to T “ 11000. The first 1000 iterations were discarded as burn-
in period. Every 10th iteration was retained for inference. A larger number of MCMC iterations
was considered in the real data application of Section 5. The retained MCMC samples were post-
processed according to the Equivalence Classes Representatives (ECR) algorithm (Papastamoulis
and Iliopoulos, 2010; Papastamoulis, 2016) in order to deal with possible label switching issues. We
have also used the same method in order to suitably permute the final point estimates of the EM
algorithm, and make direct comparisons against the true values as well as the between methods.

C Further simulation results

In this Section we provide more detailed insights to the results of the simulation study of Section
4.1. In particular, Figure C.1 displays the estimated number of clusters per simulation scenario.
The corresponding graphs with the Adjusted Rand Index is given in Figure C.2.
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Figure C.1: Estimation of the number of clusters (true values: K P t2, 3, 4u) per covariate-
simulation scenario.
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Figure C.2: Adjusted Rand Index per covariate-simulation scenario.
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D TCGA Dataset

In this section we provide further results for the analysis of the real dataset in Section 5 of the
main manuscript.

D.1 Influential genes per cluster

Figure D.1 illustrates kernel density estimates of the marginal posterior distributions of the coef-
ficients βk,j which correspond to variables picked up as significant according to the simultaneous
90% credible regions. Table D.1 lists influential genes (in parentheses the gene IDs) per cluster.

Cluster Coefficient Gene name and ID
1 β1,3 WNK4 (65266)
1 β1,4 SLC17A7 (57030)
1 β1,5 LRRC25 (126364)
1 β1,11 PI4K2B (55300)
1 β1,13 CLDN10 (9071)
1 β1,15 P2RY10 (27334)
2 β2,6 SLFNL1 (200172)
2 β2,11 PI4K2B (55300)
3 β3,6 SLFNL1 (200172)
4 β4,4 SLC17A7 (57030)
4 β4,9 ARHGEF15 (22899)
4 β4,13 CLDN10 (9071)
4 β4,14 FAM54B (56181)

Table D.1: TCGA dataset: list of influential genes (in parentheses the gene IDs) per cluster.

D.2 Model diagnostics

To assess the fit of the model, we computed the classification residuals (see e.g. Wadsworth et al.
(2018)). We first selected the most probable number of clusters from the telescoping sampler
output, namely K “ 4. The MCMC output was then post-processed to account for label switch-
ing, conditional on this choice of K. For each observation, we estimated its most likely cluster
assignment ẑi as well as the posterior means of the regression coefficients pα̂k, β̂kq and residual
variance σ̂2k, for each cluster k “ 1, . . . , 4. The (standardized) classification residuals for cluster
Ck :“ ti “ 1, . . . , n : ẑi “ ku are defined as

ri;k “
yi ´ α̂k ´

řp
j“1 β̂kjxij

σ̂k
, i P Ck.

The normal qq-plots of the classification residuals are displayed in Figure D.2, and they indicate
that the model provides an adequate fit.
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Figure D.1: TCGA dataset: Kernel density estimates of the marginal posterior distributions
of the coefficients βk,j which correspond to variables picked up as significant according to
the simultaneous 90% credible regions (shown in red).
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Figure D.2: Normal qq-plot of (standardized) classification residuals for the TCGA dataset
arising from the output of the telescoping sampler, conditional on the most probable number
of clusters (K “ 4).
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E Computing time

Figure D.3 illustrates the run-time for 1000 MCMC iterations of the proposed telescoping sampler
for various values of the number of covariates (p) and sample size pnq. The times are averaged
over 10 repeated calls to the main function. All computations were carried out on a workstation
running Ubuntu 24.04.3 LTS, equipped with an Intel Core i9 processor and 32 GB of RAM.

F Competing models

In this section, we provide more detailed descriptions of the underlying statistical models imple-
mented in each software package considered in the main text (FLEXMIX, MoEClust, flexCWM, RJM).

F.1 Mixtures of regressions (FLEXMIX)

The observed likelihood for a finite mixture of regressions with K components is defined as

ppy|X,θ,π,Kq “

n
ź

i“1

K
ÿ

k“1

πkfpyi|θ
Y
k ,xiq, (F.1)

where π “ pπ1, . . . , πkqJ denotes the vector of mixing proportions with πk ą 0,
řK

k“1 πk “ 1. The
component densities fp¨|θY

k ,xiq belong to a (given) parametric family of distributions indexed by
component-specific parameters θY

k , k “ 1, . . . ,K. The covariate vector xi “ pxi1, . . . , xipqJ, i “

1, . . . , n, is considered fixed. Finally, θ “ tθY
k ; k “ 1, . . . ,Ku denotes the vector of all component-

specific parameters for k “ 1, . . . ,K. The implementation in the R package FLEXMIX (Leisch, 2004;
Grün and Leisch, 2007, 2008; Gruen and Leisch, 2023) includes regression mixtures belonging to
Gaussian, binomial/multinomial, Poisson and gamma families (among others).

For the particular case of finite mixtures of linear regressions (considered in our comparisons
in Section 4), the (observed) likelihood is defined as

ppy|X,θ,π,Kq “

n
ź

i“1

K
ÿ

k“1

πkfN1pyi|αk ` xJ
i βk, σ

2
kq, (F.2)

The component-specific parameters are θ “ tpαk,βk, σ
2
kq, k “ 1, . . . ,Ku P R ˆ Rp ˆ p0,8q, where

αk denotes the constant term of the linear predictor, βk “ pβk1, . . . , βkpqJ is the vector of regression
coefficients for each explanatory variable and σ2k denotes the variance of errors.

Parameter estimation for model (F.2) is carried out using the Expectation–Maximization (EM)
algorithm for a range of values K “ 1, . . . ,Kmax. Ultimately, the number of components (K) is
selected according to information criteria (such as BIC, AIC, or ICL).

The crucial difference with our model is in the way that we treat the covariates: mixtures
of regressions consider that the covariates are fixed, while our cluster-weighted model treats the
covariates as random.
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F.2 Mixtures of experts (FLEXMIX/MoEClust)

The model defined in (F.2) can be further extended by allowing the mixing proportions π to
depend on additional covariates, commonly referred to as concomitant variables. Accordingly, for
observation i “ 1, . . . , n, we denote the vector of mixing proportions by

πi “ pπi1, . . . , πiKqJ,

where πik ą 0 for k “ 1, . . . ,K and
řK

k“1 πik “ 1. Thus, the (observed) likelihood of a mixture of
experts with Gaussian components is defined as

ppy|X,θ,π,Kq “

n
ź

i“1

K
ÿ

k“1

πikfN1pyi|αk ` xJ
i βk, σ

2
kq. (F.3)

In general, the concomitant variables governing the mixing proportions πi may differ from
the explanatory variables entering the component densities fN1 . In our comparisons in Section 4
of the main paper, however, the two coincide, and the mixing proportions depend on the same
covariates x1, . . . , xp. That being said, the mixing proportions are modeled using a multinomial
logit specification, given by

πik “
e 9αk`xJ

i
9βk

řK
j“1 e

9αj`xJ
i

9βj

, k “ 1, . . . ,K

where 9αk P R and 9βk “ p 9βk1, . . . , 9βkpqJ P Rp for k ą 1. For identifiability, the first component

is taken as the reference category, with 9α1 “ 0 and 9β1 “ 0. Alternative formulations are also
available; for instance, Geweke and Keane (2007) proposes a multinomial probit specification.

Model estimation is carried out via the EM algorithm for K “ 1, . . . ,Kmax, and the number
of components is selected using standard information criteria such as BIC, AIC, or ICL. In our
empirical comparisons, finite mixtures of experts were estimated using the implementations in the
R packages packages FLEXMIX (Leisch, 2004; Grün and Leisch, 2007, 2008; Gruen and Leisch, 2023)
and MoEClust (Murphy and Murphy, 2020, 2023).

It should be clear that the main difference of this approach with our proposed model is the fact
that we do not use covariate information in the mixing proportions and that we treat covariates as
random.

F.3 Flexible cluster weighted models (flexCWM)

The family of cluster-weighted models considers the joint distribution of response variables y and
covariates X by assuming a mixtures of regressions with random covariates, leading to an observed
likelihood of the form

ppy,X|θ,π,Kq “

n
ź

i“1

K
ÿ

k“1

πkfpyi|θ
Y
k ,xiqfpxi|θ

X

k q, (F.4)
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with θ “ tpθY
k ,θ

X

k q; k “ 1, . . . ,Ku, where θX

k and θY
k corresponding to the component-specific

parameters, respectively, for k “ 1, . . . ,K. In the implementation of Mazza et al. (2018) (flexCWM
package), the covariates can be of mixed-type, while the supported distributions are multivariate
normal, binomial, Poisson, and multinomial. The estimation is performed within a maximum
likelihood approach by means of the Expectation-Maximization algorithm.

In our setup, the distributions of the response variable and of the covariates are univariate
normal and multivariate normal, respectively, that is

ppy,X|θ,π,Kq “

n
ź

i“1

K
ÿ

k“1

πkfN1pyi|αk ` xJ
i βk, σ

2
kqfNppxi|µk,Σkq, (F.5)

which reduces to Equation (5) of the main paper. Furthermore, the flexCWM package, considers
the eigendecomposition of the covariance matrices Σk, that is,

Σk “ λkΓk∆kΓ
J
k , k “ 1, . . . ,K (F.6)

where λk “ |Σk|1{p, ∆k is the scaled (that is, |∆k| “ 1) diagonal matrix of the eigenvalues of Σk

sorted in decreasing order, and Γk is a pˆ p orthogonal matrix whose columns are the normalized
eigenvectors of Σk (Mazza et al., 2018). Inspired by the work of Celeux and Govaert (1995), the
flexCWM package considers a family of 14 parsimonious parameterizations for the K covariance
matrices in Equation (F.6). These models, summarized in Table 1 of Mazza et al. (2018), are
obtained by imposing equality constraints across components on the parameters λk, Γk, and ∆k,
for k “ 1, . . . ,K. Each parameterization is fitted for K “ 1, . . . ,Kmax and the optimal one is
selected via information criteria.

Evidently, this family of cluster-weighted models enforces sparsity through parsimonious pa-
rameterizations of the covariance matrices of the joint distribution of the random covariates. In
contrast, our Bayesian approach promotes sparsity by imposing a graphical-lasso shrinkage prior
on the covariance matrices (Equation (22)). Moreover, sparsity in the regression coefficients is
encouraged via a double-exponential shrinkage prior (Equation (15)). By embedding the model
within a telescoping sampling scheme that jointly infers the number of components and clusters,
we are able to fully quantify uncertainty in the clustering of observations in a Bayesian framework,
rather than fitting multiple models for fixed values and then selecting a single model based on
information criteria.

F.4 Regularized joint mixture models (RJM)

These models, introduced in (Perrakis et al., 2023), belong to the cluster-weighted family, so the
observed likelihood is again

ppy,X|θ,π,Kq “

n
ź

i“1

K
ÿ

k“1

πkfpyi|θ
Y
k ,xiqfpxi|θ

X

k q. (F.7)

The approach in Perrakis et al. (2023) covers the case of univariate normal responses and of mul-
tivariate normal covariate matrices, so essentially, this leads to the familiar observed likelihood as
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Equation (5) of the main paper:

ppy,X|θ,π,Kq “

n
ź

i“1

K
ÿ

k“1

πkfN1pyi|αk ` xJ
i βk, σ

2
kqfNppxi|µk,Σkq. (F.8)

Estimation is handled via an Expectation-Conditional-Maximization (ECM) algorithm (R pack-
age regjmix, available at https://github.com/k-perrakis/regjmix). The approach considers
potential determination of number of clusters based on information criteria (AIC and BIC).

What separates RJMs from the CWM literature is that here the authors consider regularization
for the main parameters of interest via the assignment of prior distributions. Specifically, for the
parameters of the normal linear regression part, we have the following prior distributions.

ppαk|Kq91 (F.9)

ppβk|σ2k, λk,Kq “

p
ź

j“1

λk
2σk

exp

˜

´ λk
|βkj |

σk

¸

(F.10)

ppσ2k|Kq9
1

σ2k
(F.11)

Note that the prior in (F.10) for the regression coefficients is the same as the one in Equation (15)
in the main paper, but the priors for the intercepts (F.9) and the variances (F.11) are different
(these are flat non-informative priors). The authors consider two different approaches for tuning
the penalties λk ; one based on minimizing the cross-validation mean squared error and one based
on placing a Pareto hyper-prior on each λk. It is worth noting that an additional, alternative prior,
is considered for the regression coefficients; namely, the Normal-Jeffreys prior Figueiredo (2001),
so that

ppβkq9

p
ź

j“1

|βkj |
´1. (F.12)

For the parameters of the multivariate distribution of the covariates, the RJM model considers
regularization for the inverse-covariances Ωk “ Σ´1

k of each group, using graphical-lasso priors of
the form

ppΩk|ψ,Kq9

„ p
ź

j“1

fExppωkjj |ψ{2q

p
ź

jăl,l“2

fDEpωkjl|0, ψq

ȷ

1pΩkPM`q, (F.13)

where ψ ą 0 is the graphical lasso penalty, 1p¨q is the indicator function and M` is the space of
positive definite matrices. Notice the similarity of the prior in (F.13) with the prior in Equation
(22) in the main paper. The difference (which is important) is that in (F.13) the penalty parameter
ψ is common in all groups and is actually fixed to a “universal” threshold given by ψ̃ “

?
2n log p{2

(discussed in Städler and Mukherjee, 2013). Interested readers are referred to Perrakis et al. (2023)
paper for further details.

To conclude, let us highlight the main differences between RJMs and the proposed Bayesian
CWM. First, apart from the double exponential in (F.10) the two models models have different
prior distributions. Not only that, but under the Bayesian CWM we add further levels of hierarchy
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using the half-Cauchy distribution in Equation (14) for the λk’s and the gamma distribution in
Equation (25) for the ψk’s. This allows us to pursue a fully Bayesian approach without having to
rely on tuning procedures or “universal” thresholds. Secondly, the selection of number of clusters
under RJMs is based on information criteria, while we develop a fully Bayesian approach through
telescoping sampling (of course, we also examine the use of information criteria). Third, the
estimation in Perrakis et al. (2023) is not fully Bayesian as it is based on the ECM algorithm
which, essentially, delivers maximum-a-posteriori point estimates. Granted, this makes RJMs more
scalable, on the other hand it does not provide full uncertainty quantification as the MCMC-based
approach (it is worth considering that even finding confidence intervals is not straightforward using
EMs).
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