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1 Theory

To describe a pendant drop, we assume that there exists an interfacial stress at the liquid-liquid
or liquid-gas interface, which can be written as [1]:

σs = σαβ(Γ, T )Is + τ , (1)

where σs is the surface stress, σαβ(Γ, T ) is the isotropic surface tension, which can be dependent
on excess concentration Γ and temperature T and Is is the surface unit tensor defined by
Is = I − nn, where I is the unit tensor and n is the unit normal vector to the interface.

Interfaces which are described by Eq. (1) are referred to as complex. In the case of a constant,
isotropic surface tension, we refer to the interface as being simple, and Eq. (1) reduces to

σs = σαβIs. (2)

1.1 Differential geometry of axisymmetric pendant drop interfaces

In this section, we give a short introduction on the description of the pendant drop problem
using differential geometry. For a full overview of differential geometry, we refer to reader to,
e.g., [2, 3]. The shape of a pendant drop can be described in an cylindrical coordinate system,
with z the axial coordinate, r the radial coordinate, and ϕ the circumferential coordinate (see
Fig. 1). Additionally, we use the curve coordinate s, which describes the length along the
interface in the r-z plane, ranging from s = 0 at the apex to s = L at the neck of the drop.
The drop, which is assumed to have an axisymmetric shape, is attached to a needle that fixes
the radius of the drop neck (denoted by Rn).

We denote the unit vectors in axial direction, radial direction and circumferential direction
by ez, er and eϕ, respectively. Moreover, we will denote the unit vector that is tangent to the
interface and in the r-z plane, and pointing in positive s direction, by es. Note, that es is
perpendicular to eϕ, but not necessarily perpendicular or ez and er. The non-zero derivatives
of the unit vectors with respect to the coordinates are

∂er
∂ϕ

= eϕ,
∂eϕ
∂ϕ

= −er. (3)

We wish to describe the position of any point on the interface, xs, using a pair of local
surface coordinates [4]. In this work we assume that there exists a unique mapping from ϕ
and z to xs. Note, that this choice precludes shapes that have multiple values for a given z
coordinate, e.g. “folded” shapes. By assuming axisymmetry, the mapping can be fully defined
by the function r = rs(z), where rs is a function that maps the z coordinate to a point on the
interface. Thus, we select the cylindrical (ϕ, z) coordinates as the local surface coordinates,
such that

xs(ϕ, z) = rs(z)er + zez, (4)

where we note that the ϕ-dependence in the right hand side is in er and we will drop the explicit
dependence of rs on z for readability.

A pair of tangential vectors on the surface, called the natural basis vectors t(1) and t(2), can
be derived by analyzing how the surface positions, xs, vary along each of the surface coordinate
directions:

t(1) =
∂xs

∂ϕ
= rseϕ, t(2) =

∂xs

∂z
=
drs
dz

er + ez, (5)

where t(1) and t(2) are tangent to the ϕ (circumferential) and s (arc/meridional) coordinates,
respectively, as shown in Fig. 1. Note that t(1) and t(2) are mutually orthogonal vectors of
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non-unit length, such that t(1) · t(2) = 0. If v is a vector that is tangential to the interface,

it can be written in term of the natural basis vectors as v =
∑2

i=1 v
(i)t(i), where v

(i) are the
contravariant components of v.

Since the natural basis vectors are orthogonal, the metric tensor is diagonal and given by

gij = t(i) · t(j) =

[
r2s 0

0 1 +
(
drs
dz

)2] . (6)

And thus for the metric tensor inverse we find

gij = [gij ]
−1 =

[
r−2
s 0

0
[
1 +

(
drs
dz

)2]−1

]
. (7)

To form a complete basis in three dimensions, we require a third vector which is mutually
orthogonal to t(2) and t(1) [4]. We identify this third direction as the unit vector to the interface,
which is defined as:

n =
t(2) × t(1)

G
=
rs
G

(
er −

drs
dz

ez

)
, (8)

where G is given by

G =
∣∣t(2) × t(1)

∣∣ = rs

[
1 +

(
drs
dz

)2
]1/2

. (9)

Note that n is invariant to the choice of curvilinear coordinates.
It is convenient to give explicit definitions of the tangential unit vectors:

eϕ =
t(1)

|t(1)|
, es =

t(2)

|t(2)|
=
rs
G

[
drs
dz

er + ez

]
. (10)

Moreover, we can find an expression for er in terms of es and n by combining Eqs. (10) and
(8):

er =
rs
G
n+

drs
dz

rs
G
es. (11)

Finally, the inverse metric tensor can be used to find the dual basis vectors:

t(1) = g11t(1) =
eϕ
rs
, t(2) = g22t(2) =

(
rs
G

)2(drs
dz

er + ez

)
. (12)

If v is a vector that is tangential to the interface, it can be written in term of the dual basis
vectors as v =

∑2
i=1 v(i)t

(i), where v(i) are the covariant components of v.
To describe the stress at pendant drop interfaces, we will need to apply surface differentiation

operations. We define the surface gradient operator ∇s, as [5]

∇s = Is · ∇ = t(1)
∂

∂ϕ
+ t(2)

∂

∂z
, (13)

where ∇ is the three-dimensional gradient operator. Thus, the gradient of a vector f is defined
as:

∇sf = t(1)
∂f

∂ϕ
+ t(2)

∂f

∂z
. (14)

Similarly, the divergence of a tensor A is given by:

∇s ·A = t(1) · ∂A
∂ϕ

+ t(2) · ∂A
∂z

. (15)

3



<latexit sha1_base64="3zKkW2tXrQRI3oo4k4aFpEc7MCo=">AAACEXicbVDLSsNAFJ34rPVVdelmsAh1UxLxtRGKblxWsA9oQplMJu3QySTM3Ag19Bfc+CtuXCji1p07/8Zpm4W2HrhwOOde7r3HTwTXYNvf1sLi0vLKamGtuL6xubVd2tlt6jhVlDVoLGLV9olmgkvWAA6CtRPFSOQL1vIH12O/dc+U5rG8g2HCvIj0JA85JWCkbqniJprjS+wSRYFIV7AQKm6oCM2Ch1EWqJGreK8PR91S2a7aE+B54uSkjHLUu6UvN4hpGjEJVBCtO46dgJcRBZwKNiq6qWYJoQPSYx1DJYmY9rLJRyN8aJQAh7EyJQFP1N8TGYm0Hka+6YwI9PWsNxb/8zophBdexmWSApN0uihMBYYYj+PBAVeMghgaQqji5lZM+8TEASbEognBmX15njSPq85Z9fT2pFy7yuMooH10gCrIQeeohm5QHTUQRY/oGb2iN+vJerHerY9p64KVz+yhP7A+fwDQfp2t</latexit>

 = arctan

✓
dz

dr

◆

<latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z

<latexit sha1_base64="SoIi+tikGdI+W5/sBdimPmJGRH4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVVa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB4GGNAA==</latexit>r

<latexit sha1_base64="NNhp4HiCDIt6HWe1guuCXXVMPqg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVda9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB4eWNAQ==</latexit>s

<latexit sha1_base64="+z90Ry5KOsMEiXFqjjvUnOzlf+g=">AAAB8XicbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjFLJgMoadTkzTp6Rm6a8Qw5C+8eFDEq3/jzb+xsxw08UHB470qquoFiRQGXffbyS0tr6yu5dcLG5tb2zvF3b26iVPNocZjGetmwAxIoaCGAiU0Ew0sCiQ0gsH12G88gjYiVvc4TMCPWE+JUHCGVnq467QRnjBTo06x5JbdCegi8WakRGaodopf7W7M0wgUcsmMaXlugn7GNAouYVRopwYSxgesBy1LFYvA+Nnk4hE9skqXhrG2pZBO1N8TGYuMGUaB7YwY9s28Nxb/81ophpd+JlSSIig+XRSmkmJMx+/TrtDAUQ4tYVwLeyvlfaYZRxtSwYbgzb+8SOonZe+8fHZ7WqpczeLIkwNySI6JRy5IhdyQKqkRThR5Jq/kzTHOi/PufExbc85sZp/8gfP5A/bdkSA=</latexit>

Rn

<latexit sha1_base64="tFvla1091S4m29u5VlBs7O5HQ5g=">AAAB9XicbVC7TsMwFL3hWcqrwMhiUSExVQniNVawMBaJPqQ2VI7jtFYdO7IdUBX1P1gYQIiVf2Hjb3DaDNByJMtH59wrH58g4Uwb1/12lpZXVtfWSxvlza3tnd3K3n5Ly1QR2iSSS9UJsKacCdo0zHDaSRTFccBpOxjd5H77kSrNpLg344T6MR4IFjGCjZUeeoHkoR7H9soGk36l6tbcKdAi8QpShQKNfuWrF0qSxlQYwrHWXc9NjJ9hZRjhdFLupZommIzwgHYtFTim2s+mqSfo2CohiqSyRxg0VX9vZDjWeTQ7GWMz1PNeLv7ndVMTXfkZE0lqqCCzh6KUIyNRXgEKmaLE8LElmChmsyIyxAoTY4sq2xK8+S8vktZpzbuond+dVevXRR0lOIQjOAEPLqEOt9CAJhBQ8Ayv8OY8OS/Ou/MxG11yip0D+APn8wc8t5MC</latexit>g
<latexit sha1_base64="cMkS7MUrhzEBc5hNiCtvDTRJHMw=">AAAB9XicbVC7TsMwFL3hWcqrwMhiUSExVQniNVawMBaJPqQ2VI7jtFYdO7IdUBX1P1gYQIiVf2Hjb3DaDNByJMtH59wrH58g4Uwb1/12lpZXVtfWSxvlza3tnd3K3n5Ly1QR2iSSS9UJsKacCdo0zHDaSRTFccBpOxjd5H77kSrNpLg344T6MR4IFjGCjZUeeoHkoR7H9srEpF+pujV3CrRIvIJUoUCjX/nqhZKkMRWGcKx113MT42dYGUY4nZR7qaYJJiM8oF1LBY6p9rNp6gk6tkqIIqnsEQZN1d8bGY51Hs1OxtgM9byXi/953dREV37GRJIaKsjsoSjlyEiUV4BCpigxfGwJJorZrIgMscLE2KLKtgRv/suLpHVa8y5q53dn1fp1UUcJDuEITsCDS6jDLTSgCQQUPMMrvDlPzovz7nzMRpecYucA/sD5/AFHWpMJ</latexit>n

<latexit sha1_base64="CSyXaWxx6UzyxtLAdkiwM8Z5mag=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGiQRG1Zrbt2dA60SryA1KNAaVr8Go5ikgkpDONa677mJ8TOsDCOcziqDVNMEkwke076lEguq/Wx+6wydWWWEwljZkgbN1d8TGRZaT0VgOwU2kV72cvE/r5+a8MbPmExSQyVZLApTjkyM8sfRiClKDJ9agoli9lZEIqwwMTaeig3BW355lXQu6t5VvfFwWWveFnGU4QRO4Rw8uIYm3EML2kAggmd4hTdHOC/Ou/OxaC05xcwx/IHz+QMWyI5J</latexit>

�

Figure 1: Geometric relations for a pendant drop.

1.2 Stress of an elastic interface

The stress at any viscoelastic fluid-fluid interface is given by [6]:

(σ1 − σ2) · n = ∇s · σs, (16)

where σ1 and σ2 are the Cauchy stress tensors for bulk phases 1 (inner phase) and 2 (outer
phase), where n points towards 2. Pendant drop methods assume quasi-static conditions, such
that the bulk flow fields can be neglected and the bulk stresses only contain a hydrostatic
pressure term, reducing Eq. (16) to:

(∆P0 −∆ρgz)n = −∇s · σs, (17)

where ∆P0 is the (positive) Laplace pressure jump at vertical location z = 0 (∆P0 = P1(z = 0)−
P2(z = 0)) and ∆ρgz is the hydrostatic contribution, being g the magnitude of the gravitational
acceleration vector, g, and ∆ρ the density difference between phases 1 and 2, ∆ρ = ρ1 − ρ2.
Note that g · zez = −gz in Fig. 1, since g and ez point in opposite directions.

It is convenient to diagonalize σs along its principal directions, such that σs contains only
two unknown components. The principal directions at a given surface point xs are the tangential
es and eϕ directions, such that σs can be expressed as:

σs = σseses + σϕeϕeϕ. (18)

It is straightforward to confirm that the principal axes are given by es and eϕ, since es is
contained within the drop’s symmetry plane and es · eϕ = 0.

Having diagonalized σs, we can now find an expression for its surface divergence, ∇s · σs,
by using Eq. (15) together with the expressions given in Section 1.1:

∇s · σs = −
σϕ
G
drs
dz

es +
σs
G
drs
dz

es +
∂σs
∂z

rs
G
es −

σϕ
G
n+ σs

(
rs
G

)3 d2rs
dz2

n. (19)
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Having obtained an expression for ∇s · σs, we can now return to the the stress balance
equation. Eq. (17) is a vector equation; thus, to obtain its components along the normal and
tangential directions, we take dot products with n, es, and eϕ, yielding:

n : (∆P0 −∆ρgz) =
1

G
σϕ −

(
rs
G

)3 d2rs
dz2

σs = κϕσϕ + κsσs, (20)

es :
∂σs
∂z

=
σϕ − σs
rs

drs
dz
, (21)

eϕ : 0 = 0, (22)

where κs and κϕ are the principal curvatures. Note that the dot products with n and es give
the normal and tangential stress balance equations, while the dot product with eϕ returns a
trivial result. Moreover, note that in Eq. (21) the derivatives with respect to z on both sides
can be converted to derivatives with respect to s by using the fact that s = s(z) and applying
the chain rule.

The expressions for the curvatures can alternatively be obtained by computing the curvature
tensor, ∇sn, which gives

∇sn =
1

G
eϕeϕ −

(
rs
G

)3 d2rs
dz2

eses = κϕeϕeϕ + κseses. (23)

Note that ∇sn is a diagonal matrix, which makes κϕ and κs the principal curvatures defined
along the principal directions, eϕ and the es, respectively. The expressions for the curvatures
are simplified considerably when described in terms of s and ψ, where ψ is the tangent angle
formed between er and es, as described in the following Sections.

1.3 Young-Laplace equation

The normal and tangential stress balance equations (Eqs. (20) and (21)) are applied to simple
interfaces, whose stress is given by Eq. (2). The tangential stress balance returns a trivial result,
whereas the normal stress balance yields the familiar Young-Laplace equation:

∆P0 −∆ρgz = (κϕ + κs)σαβ. (24)

To simplify the computation of the curvature, the interface is described using the tangent
angle ψ and curve coordinate s, as shown in Fig. 1 [7]. Note that s ranges from s = 0 at the
apex to s = L at the neck of the drop. In with follows, we use the notation r instead of rs from
the previous section, with the understanding that r now refers to the curve that describes the
shape of the interface. The two coordinate systems are related through:

dr

ds
= cos(ψ), and

dz

ds
= sin(ψ), (25)

and the curvatures can be expressed in terms of their derivatives with respect to s, and are
written as [7]

κϕ =
1

r

dz

ds
=

sin(ψ)

r
, and κs =

dψ

ds
. (26)

Substitution of Eq. (26) into Eq. (24) yields a first-order ordinary differential equation (with
respect to s), which, together with the geometrical relations in Eq. (25), and proper boundary
conditions, can be solved for r, ψ and z. The boundary conditions relevant for the pendant
drop problem are [8]

rs=0 = 0, ψs=0 = 0, zs=L = 0. (27)
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The solution of Young-Laplace equation can be interpreted as starting at the axisymmetry
axis (r = 0) and integrating the differential equations along s to find a shape. However, an
“end-point” is not specified in this formulation, thus the integration can be continued until some
arbitrary length. A more convenient way of solving the Young-Laplace equation is by imposing
the volume of the drop.

1.3.1 Imposing droplet volume

The reference pressure ∆P0 in Eq. (24) should be interpreted as an input parameter that,
together with σαβ and Rn completely describe the problem. Alternatively, we can use the
volume of the droplet as an input parameter, in which case ∆P0 becomes a Lagrange multiplier.
To impose the volume, the following equation is added as a constraint [7]:

V =

∫ L

0
πr2

dz

ds
ds =

∫ L

0
πr2 sin(ψ)ds, (28)

where V denotes the imposed volume. Note, that the domain length L is unknown with this
approach, which will be tackled in the section on the numerical method.

1.4 Generalized Young-Laplace equation

For complex interfaces, the interfacial stress tensor is not necessarily isotropic, nor constant
along the interface. For this case, a generalized version of the Young-Laplace equation can be
obtained from separate normal and tangential stress balances from Eqs. (20) and (21), yielding:
[7]

∆P0 −∆ρgz = (κϕσϕ + κsσs), (29)

r
dσs
ds

= cos(ψ)(σϕ − σs). (30)

Note that Eq. (30) is equivalent to the one provided in the main manuscript,

σϕ =
d(σsr)

dr
. (31)

For a complex interface, a constitutive relation is needed to describe the interfacial stress
σs. Here we assume a constant σαβ and use the Neo-Hookean model proposed by Pepicelli et
al. for the extra surface stress τ [9]. The principal stresses are then given by

σs = σαβ +
K

J
ln J +

G

2

(
1

λ2ϕ
− 1

λ2s

)
, (32)

σϕ = σαβ +
K

J
ln J − G

2

(
1

λ2ϕ
− 1

λ2s

)
, (33)

whereK and G are the interfacial bulk- and shear modulus, respectively, J = λsλϕ is the relative
change in area, and λs and λϕ are the stretches in tangential- and circumferential direction,
respectively.

The stretches λs and λϕ are defined as

λϕ =
r dϕ

r∗ dϕ
=

r

r∗
, and λs =

ds

ds∗
, (34)
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Figure 2: Curve coordinates for the simple problem: left is the “guessed” domain with curve
coordinates s0 and right is the actual domain with curve coordinate s. Note that when solving
for the simple interface, L0 is known (guessed) whereas L is unknown.

where the asterisk (∗) is used to define the reference state for the elastic problem.
In addition to the boundary conditions used for the Young-Laplace equation (see Section

1.3), additional boundary conditions are required:

dσs
ds

∣∣∣∣
s=0

= 0, and λϕ|s=0 = λs|s=0 (35)

where the first one is added to ensure a smooth solution at the apex, and the second one is
added to avoid a singularity at the apex [7]. In contrast with [7], we also add the boundary
condition

σϕ|s=0 = σs|s=0, (36)

which in our experience avoids a strong oscillation in the stress around r = 0.

2 Numerical method

In this section, the numerical procedure for solving the Young-Laplace equation for simple
interfaces, as well as the generalized Young-Laplace equation for elastic interfaces is presented.

2.1 Simple interfaces

As mentioned in Section 1.3.1, the length of the 1D domain is unknown. This is tackled by
introducing a “numerical” grid of length L0, where L0 is a guess of the curve length (see Fig. 2).
A linear mapping between the numerical grid and the actual grid is assumed: s = s0/C where
C = L0/L. For an arbitrary field on the interface we can write f(s(s0)), and thus using the
chain rule:

df

ds0
=
df

ds

ds

ds0
=

1

C

df

ds
→ df

ds
= Cf ′, (37)

where f ′ is the derivative on the numerical grid, i.e., f ′ = df/ds0. Note that this adds C as an
unknown to the system of equations. The equation that must be added to close the system is
a boundary condition that imposed the needle radius:

rs=L = Rn, (38)

where Rn is the imposed radius of the needle.
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The derivatives and integrals will be approximated using a spectral method [10]. Without
going into detail, the 1D function will be represented at N nodal points at specific locations on
the 1D domain (i.e., the Chebyshev points). The derivatives are then approximated by1

df

ds
= CDf, (39)

where df/ds ∈ RN×1 are the nodal values of df/ds, f ∈ RN×1 are the nodal values of f and
D ∈ RN×N is a differentiation matrix, defined on the numerical grid (i.e., it differentates with
respect to s0). Integration is performed using∫ L

0
fds ≈ wT f/C, (40)

where w ∈ RN×1 is a discrete integration operator defined on the numerical grid (i.e., it inte-
grates over s0),

For simple interfaces, the equations to be solved are the Young-Laplace equation (Eq. (24)),
the two geometrical relations in Eq. (25), the imposed volume Eq. (28) and the boundary
condition for the needle radius (Eq. (38)). The unknowns of the problem are r, z and ψ, and we
have the two additional unknowns C and ∆P0. After discretization using Eq. (39) and Eq. (40),
the complete solution vector will be of length 3×N+2. The resulting non-linear system is solved
using a Newton-Raphson iteration (a symbolic calculation of the Jacobian matrix is present in
the Tensiomet2 code).

2.2 Elastic interfaces

Elastic interfaces are solved by first solving the reference state assuming a simple interface (i.e.,
τ = 0 in Eq. (1)). The deformed drops are all computed with respect to this reference state. We
use an asterisk (*) to denote the reference state (e.g., s as it was defined for the simple interface
problem becomes s∗ when computing the elastic problem), see Fig. 3. Note, that the this fixes
the constant C (with s∗ = s0/C) when computing the elastic interface. However, since the
domain changes length again for the elastic problem, an additional coordinate transformation
is required.

Using the definition λs = ds/ds∗ (Eq. (34), the derivatives on the current (elastic) domain
become [7]:

df

ds
=
ds∗

ds

df

ds∗
=

1

λs

df

ds∗
=

1

λs
C
df

ds0
=
C

λs
f ′, (41)

where f ′ again denotes the derivative on the numerical grid (i.e., the grid that was “guessed” for
the simple interface). Due to the linearity of matrix-vector-multiplication, we can compute this
by (CDf)⊙λ−1

s , where ⊙ is used to indicate component-wise multiplication and λ−1
s ∈ RN×1 is

the column vector contain the nodal values of λ−1
s . Note, that integration also changes according

to ∫ L

0
fds =

∫ L∗

0
fλsds

∗ ≈ (w ⊙ λs)
T f/C. (42)

Finally, the new curve coordinate s can be computed according to

s =

∫ s∗

0
λsds

∗ ≈Wλs/C, (43)

1We will assume that the meaning of expressions involving row/column vectors and matrices is clear from the
context, and they are therefore denoted using regular symbols (preferably lower case for row/column vectors, and
upper case for matrices).
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Figure 3: Curve coordinates for the elastic problem: left is the “guessed” domain with curve
coordinates s0, middle is the solution of the simple interface with curve coordinate s∗ and right
is the current domain with curve coordinate s. Note that when solving for the elastic interface,
both L0 and L are known (and thus C = L0/L is also known).

where W ∈ RN×N is the lower triangular matrix generated using w (each row of W is equal
to wT , but with a lower triangular “mask” imposed). The result of Wλs/C is a column vector
that contains the nodal values of s.

The equations solved for the elastic problem are the generalized Young-Laplace equations
(Eqs. (29) and (30)), the constitutive relations (Eqs. (32) and (33)), the two geometrical relations
in Eq. (25) (similar to the Young-Laplace equation for simple interfaces, but with the derivative
replaced by Eq. (41)) and the integral for the volume Eq. (28)). The final equation is the
expression for λϕ in Eq. (34) (note that the expression for λs is not needed since the stretch
is determined through the constitutive relations). If we discretize the unknowns r, z, ψ, σs,
σϕ, λs, λϕ using N unknowns, and we have one additional unknown ∆P0 (note that C is not
included as compared to the Young-Laplace equation for simple interfaces), the resulting system
will be of size 7×N +1. This non-linear system is solved using a Newton-Raphson iteration (a
symbolic calculation of the Jacobian matrix is present in the Tensiomet2 code).
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3 Results

We present selected results for parameter combinations of Wo, Ar, σαβ, and ∆A/A0 not shown
in the main manuscript.

3.1 Forward problem

3.1.1 Drop profiles

Figure 4: Reference and strained half-drop geometries for: (a) Wo = 0.1, Ar = 1; and (b) Wo
= 0.1, Ar = 5. Profiles correspond to interfaces with σαβ = 60 mN/m, K = 50 mN/m, and
G = 50 mN/m. The axisymmetric drop contour – cast in dimensional cylindrical coordinates
to facilitate comparison with real experimental systems – is shown in black. The dotted lines
represent the strained configurations at different total area strain magnitudes corresponding to
∆A/A0 = 5 (squares), 10 (triangles), and 20 (circles) %.
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3.1.2 Strain and stress profiles for sample geometries.

Strain and stress profiles for different drop geometries, following a step-strain compression with
different magnitudes for the total strain, ∆A/A0, and the isotropic surface tension, σαβ. In each
plot, the dimensionles arc length ŝ = 0 corresponds to the drop apex and ŝ = 1 is the capillary
tip. Images of the unstrained configurations are displayed in the insets.

Table 1: Summary of parameters shown in Figs. 5 – 9. Results for ∆A/A0 = 10% and σαβ = 60
mN/m are shown in the main manuscript.

Figure number ∆A/A0 [%] σαβ [mN/m]

Fig. 5 5 20
Fig. 6 10 20
Fig. 7 20 20
Fig. 8 5 60
Fig. 9 20 60

Figure 5: Strain (top) and stress (bottom) profiles for ∆A/A0 = 5 % and σαβ = 20 mN/m.Top:
Dilatational (λsλϕ, solid lines) and shear (λs/λϕ, dotted lines) deformation fractions, illustrating
the presence of mixed and/or inhomogeneous deformations in all cases. Bottom: Meridional
(σs, solid lines) and azimuthal (σϕ, dotted lines) stresses.
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Figure 6: Strain (top) and stress (bottom) profiles for ∆A/A0 = 10 % and σαβ = 20 mN/m.Top:
Dilatational (λsλϕ, solid lines) and shear (λs/λϕ, dotted lines) deformation fractions, illustrating
the presence of mixed and/or inhomogeneous deformations in all cases. Bottom: Meridional
(σs, solid lines) and azimuthal (σϕ, dotted lines) stresses.

Figure 7: Strain (top) and stress (bottom) profiles for ∆A/A0 = 20 % and σαβ = 20 mN/m.Top:
Dilatational (λsλϕ, solid lines) and shear (λs/λϕ, dotted lines) deformation fractions, illustrating
the presence of mixed and/or inhomogeneous deformations in all cases. Bottom: Meridional
(σs, solid lines) and azimuthal (σϕ, dotted lines) stresses.
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Figure 8: Strain (top) and stress (bottom) profiles for ∆A/A0 = 5 % and σαβ = 60 mN/m.Top:
Dilatational (λsλϕ, solid lines) and shear (λs/λϕ, dotted lines) deformation fractions, illustrating
the presence of mixed and/or inhomogeneous deformations in all cases. Bottom: Meridional
(σs, solid lines) and azimuthal (σϕ, dotted lines) stresses.

Figure 9: Strain (top) and stress (bottom) profiles for ∆A/A0 = 20 % and σαβ = 60 mN/m.Top:
Dilatational (λsλϕ, solid lines) and shear (λs/λϕ, dotted lines) deformation fractions, illustrating
the presence of mixed and/or inhomogeneous deformations in all cases. Bottom: Meridional
(σs, solid lines) and azimuthal (σϕ, dotted lines) stresses.
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3.1.3 Dilatational Anisotropy Parameter (DAP).

Dilatational Anisotropy Parameter (DAP), following a step-strain compression with different
magnitudes for the total strain, ∆A/A0. Results are shown for low σαβ (σαβ = 20 mN/m) in
the top, and for high σαβ (σαβ = 60 mN/m) in the bottom.

Table 2: Summary of parameters shown in Figs. 10 – 11. Results for ∆A/A0 = 10% are shown
in the main manuscript.

Figure number ∆A/A0 [%]

Fig. 10 5
Fig. 11 20

Figure 10: Dilatational anisotropy parameter (DAP) for strained drops at ∆A/A0 = 5 %, with
σαβ = 20 mN/m (top, a–d) and σαβ = 60 mN/m (bottom, e–h). Results are shown for: (a,e)
Wo = 0.1, Ar = 1; (b,f) Wo = 0.1, Ar = 5; (c,f) Wo = 1, Ar = 1; (d,h) Wo = 1, Ar = 5. A high
K/G ratio yields a homogeneous dilatational deformation (i.e., low DAP). The magnitudes of
σαβ, Wo, and Ar have a secondary effect.

14



Figure 11: Dilatational anisotropy parameter (DAP) for strained drops at ∆A/A0 = 5 %, with
σαβ = 20 mN/m (top, a–d) and σαβ = 60 mN/m (bottom, e–h). Results are shown for: (a,e)
Wo = 0.1, Ar = 1; (b,f) Wo = 0.1, Ar = 5; (c,f) Wo = 1, Ar = 1; (d,h) Wo = 1, Ar = 5. A high
K/G ratio yields a homogeneous dilatational deformation (i.e., low DAP). The magnitudes of
σαβ, Wo, and Ar have a secondary effect.
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3.1.4 Stress Anisotropy Parameter (SAP).

Stress Anisotropy Parameter (SAP), following a step-strain compression with different magni-
tudes for the total strain, ∆A/A0. Results are shown for low σαβ (σαβ = 20 mN/m) in the top,
and for high σαβ (σαβ = 60 mN/m) in the bottom.

Table 3: Summary of parameters shown in Figs. 12 – 13. Results for ∆A/A0 = 10% are shown
in the main manuscript.

Figure number ∆A/A0 [%]

Fig. 12 5
Fig. 13 20

Figure 12: Stress anisotropy parameter (SAP) for strained drops at ∆A/A0 = 5 %, with
σαβ = 20 mN/m (top, a–d) and σαβ = 60 mN/m (bottom, e–h). Results are shown for: (a,e)
Wo = 0.1, Ar = 1; (b,f) Wo = 0.1, Ar = 5; (c,f) Wo = 1, Ar = 1; (d,h) Wo = 1, Ar = 5. High
σαβ/K and σαβ/G ratios give a more homogeneous stress distribution along the drop interface
(i.e., low SAP), while the magnitudes of Wo and Ar have a secondary effect.
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Figure 13: Stress anisotropy parameter (SAP) for strained drops at ∆A/A0 = 20 %, with
σαβ = 20 mN/m (top, a–d) and σαβ = 60 mN/m (bottom, e–h). Results are shown for: (a,e)
Wo = 0.1, Ar = 1; (b,f) Wo = 0.1, Ar = 5; (c,f) Wo = 1, Ar = 1; (d,h) Wo = 1, Ar = 5. High
σαβ/K and σαβ/G ratios give a more homogeneous stress distribution along the drop interface
(i.e., low SAP), while the magnitudes of Wo and Ar have a secondary effect.
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3.2 Inverse problem

3.2.1 Apical strain errors, λerr

Apical strain errors, λerr, following a step-strain compression with different magnitudes for the
total strain, ∆A/A0, and the isotropic surface tension, σαβ. For each figure, results are shown
for different geometries (columns) and analytical routines (rows), for mechanical moduli values
spanning 1 ≤ K ≤ 100 mN/m and 1 ≤ G ≤ 100 mN/m.

Table 4: Summary of parameters shown in Figs. 14 – 18. Results for ∆A/A0 = 10% and
σαβ = 60 mN/m are shown in the main manuscript.

Figure number ∆A/A0 [%] σαβ [mN/m]

Fig. 14 5 20
Fig. 15 10 20
Fig. 16 20 20
Fig. 17 5 60
Fig. 18 20 60
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Figure 14: Apical strain errors from the solution of the Inverse Problem, λerr, corresponding to
∆A/A0 = 5 % and σαβ = 20 mN/m. Four different Wo–Ar combinations are explored, with
corresponding geometry schematics at the top of each column: (a, e) Wo = 0.1, Ar = 1; (b, f)
Wo = 0.1, Ar = 5; (c, g) Wo = 1, Ar = 1; and (d, h) Wo = 1, Ar = 5. Two different analytical
routines are examined: SFE in the top row (a–d) and CPT in the bottom row (e–h). Large
errors in the apical strain predictions are incurred for CPT, with magnitudes proportional to
G/K, arising from the anisotropy in the dilatational strain.

19



Figure 15: Apical strain errors from the solution of the Inverse Problem, λerr, corresponding to
∆A/A0 = 10 % and σαβ = 20 mN/m. Four different Wo–Ar combinations are explored, with
corresponding geometry schematics at the top of each column: (a, e) Wo = 0.1, Ar = 1; (b, f)
Wo = 0.1, Ar = 5; (c, g) Wo = 1, Ar = 1; and (d, h) Wo = 1, Ar = 5. Two different analytical
routines are examined: SFE in the top row (a–d) and CPT in the bottom row (e–h). Large
errors in the apical strain predictions are incurred for CPT, with magnitudes proportional to
G/K, arising from the anisotropy in the dilatational strain.
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Figure 16: Apical strain errors from the solution of the Inverse Problem, λerr, corresponding to
∆A/A0 = 20 % and σαβ = 20 mN/m. Four different Wo–Ar combinations are explored, with
corresponding geometry schematics at the top of each column: (a, e) Wo = 0.1, Ar = 1; (b, f)
Wo = 0.1, Ar = 5; (c, g) Wo = 1, Ar = 1; and (d, h) Wo = 1, Ar = 5. Two different analytical
routines are examined: SFE in the top row (a–d) and CPT in the bottom row (e–h). Large
errors in the apical strain predictions are incurred for CPT, with magnitudes proportional to
G/K, arising from the anisotropy in the dilatational strain.
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Figure 17: Apical strain errors from the solution of the Inverse Problem, λerr, corresponding to
∆A/A0 = 5 % and σαβ = 60 mN/m. Four different Wo–Ar combinations are explored, with
corresponding geometry schematics at the top of each column: (a, e) Wo = 0.1, Ar = 1; (b, f)
Wo = 0.1, Ar = 5; (c, g) Wo = 1, Ar = 1; and (d, h) Wo = 1, Ar = 5. Two different analytical
routines are examined: SFE in the top row (a–d) and CPT in the bottom row (e–h). Large
errors in the apical strain predictions are incurred for CPT, with magnitudes proportional to
G/K, arising from the anisotropy in the dilatational strain.
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Figure 18: Apical strain errors from the solution of the Inverse Problem, λerr, corresponding to
∆A/A0 = 20 % and σαβ = 60 mN/m. Four different Wo–Ar combinations are explored, with
corresponding geometry schematics at the top of each column: (a, e) Wo = 0.1, Ar = 1; (b, f)
Wo = 0.1, Ar = 5; (c, g) Wo = 1, Ar = 1; and (d, h) Wo = 1, Ar = 5. Two different analytical
routines are examined: SFE in the top row (a–d) and CPT in the bottom row (e–h). Large
errors in the apical strain predictions are incurred for CPT, with magnitudes proportional to
G/K, arising from the anisotropy in the dilatational strain.
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3.2.2 Apical stress errors, σerr

Apical stress errors, σerr, following a step-strain compression with different magnitudes for the
total strain, ∆A/A0, and the isotropic surface tension, σαβ. For each figure, results are shown
for different geometries (columns) and analytical routines (rows), for mechanical moduli values
spanning 1 ≤ K ≤ 100 mN/m and 1 ≤ G ≤ 100 mN/m.

Table 5: Summary of parameters shown in Figs. 19 – 24.

Figure number ∆A/A0 [%] σαβ [mN/m]

Fig. 19 5 20
Fig. 20 10 20
Fig. 21 20 20
Fig. 22 5 60
Fig. 23 10 60
Fig. 24 20 60
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Figure 19: Apical stress errors from the solution of the Inverse Problem, σerr, corresponding to
∆A/A0 = 5 % and σαβ = 20 mN/m. Four different Wo–Ar combinations are explored, with
corresponding geometry schematics at the top of each column: (a, e) Wo = 0.1, Ar = 1; (b,
f) Wo = 0.1, Ar = 5; (c, g) Wo = 1, Ar = 1; and (d, h) Wo = 1, Ar = 5. Two different
analytical routines are examined: SFE in the top row (a–d) and CPT in the bottom row (e–h).
The prediction of the apical strain is accurate for all methods, showing less than 5% error.
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Figure 20: Apical stress errors from the solution of the Inverse Problem, σerr, corresponding
to ∆A/A0 = 10 % and σαβ = 20 mN/m. Four different Wo–Ar combinations are explored,
with corresponding geometry schematics at the top of each column: (a, e) Wo = 0.1, Ar = 1;
(b, f) Wo = 0.1, Ar = 5; (c, g) Wo = 1, Ar = 1; and (d, h) Wo = 1, Ar = 5. Two different
analytical routines are examined: SFE in the top row (a–d) and CPT in the bottom row (e–h).
The prediction of the apical strain is accurate for all methods, showing less than 5% error.
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Figure 21: Apical stress errors from the solution of the Inverse Problem, σerr, corresponding
to ∆A/A0 = 20 % and σαβ = 20 mN/m. Four different Wo–Ar combinations are explored,
with corresponding geometry schematics at the top of each column: (a, e) Wo = 0.1, Ar = 1;
(b, f) Wo = 0.1, Ar = 5; (c, g) Wo = 1, Ar = 1; and (d, h) Wo = 1, Ar = 5. Two different
analytical routines are examined: SFE in the top row (a–d) and CPT in the bottom row (e–h).
The prediction of the apical strain is accurate for all methods, showing less than 5% error.
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Figure 22: Apical stress errors from the solution of the Inverse Problem, σerr, corresponding to
∆A/A0 = 5 % and σαβ = 60 mN/m. Four different Wo–Ar combinations are explored, with
corresponding geometry schematics at the top of each column: (a, e) Wo = 0.1, Ar = 1; (b,
f) Wo = 0.1, Ar = 5; (c, g) Wo = 1, Ar = 1; and (d, h) Wo = 1, Ar = 5. Two different
analytical routines are examined: SFE in the top row (a–d) and CPT in the bottom row (e–h).
The prediction of the apical strain is accurate for all methods, showing less than 5% error.

28



Figure 23: Apical stress errors from the solution of the Inverse Problem, σerr, corresponding
to ∆A/A0 = 10 % and σαβ = 60 mN/m. Four different Wo–Ar combinations are explored,
with corresponding geometry schematics at the top of each column: (a, e) Wo = 0.1, Ar = 1;
(b, f) Wo = 0.1, Ar = 5; (c, g) Wo = 1, Ar = 1; and (d, h) Wo = 1, Ar = 5. Two different
analytical routines are examined: SFE in the top row (a–d) and CPT in the bottom row (e–h).
The prediction of the apical strain is accurate for all methods, showing less than 5% error.
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Figure 24: Apical stress errors from the solution of the Inverse Problem, σerr, corresponding
to ∆A/A0 = 20 % and σαβ = 60 mN/m. Four different Wo–Ar combinations are explored,
with corresponding geometry schematics at the top of each column: (a, e) Wo = 0.1, Ar = 1;
(b, f) Wo = 0.1, Ar = 5; (c, g) Wo = 1, Ar = 1; and (d, h) Wo = 1, Ar = 5. Two different
analytical routines are examined: SFE in the top row (a–d) and CPT in the bottom row (e–h).
The prediction of the apical strain is accurate for all methods, showing less than 5% error.
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3.2.3 Dilatational modulus errors, Kerr

Dilatational modulus errors, Kerr, following a step-strain compression with different magnitudes
for the total strain, ∆A/A0, and the isotropic surface tension, σαβ. For each figure, results are
shown for different geometries (columns) and analytical routines (rows), for mechanical moduli
values spanning 1 ≤ K ≤ 100 mN/m and 1 ≤ G ≤ 100 mN/m.

Table 6: Summary of parameters shown in Figs. 25 – 29. Results for ∆A/A0 = 10% and
σαβ = 60 mN/m are shown in the main manuscript.

Figure number ∆A/A0 [%] σαβ [mN/m]

Fig. 25 5 20
Fig. 26 10 20
Fig. 27 20 20
Fig. 28 5 60
Fig. 29 20 60
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Figure 25: Elastic dilatational modulus errors from the solution of the Inverse Problem, Kerr,
are shown for different geometries (columns) and analytical routines (rows), for mechanical
moduli values spanning 1 ≤ K ≤ 100 mN/m and 1 ≤ G ≤ 100 mN/m. Results are shown for
∆A/A0 = 5 % and σαβ = 20 mN/m. Four different Wo–Ar combinations are explored, with
corresponding geometry schematics at the top of each column: (a, e) Wo = 0.1, Ar = 1; (b, f)
Wo = 0.1, Ar = 5; (c, g) Wo = 1, Ar = 1; and (d, h) Wo = 1, Ar = 5. Two different analytical
routines are examined: SFE in the top row (a–d) and CPT in the bottom row (e–h). SFE incurs
less than 5 % error for all cases, whereas CPT can show errors of over 100 % in the calculation
of K, due to the assumption of a homogeneous strain field.
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Figure 26: Elastic dilatational modulus errors from the solution of the Inverse Problem, Kerr,
are shown for different geometries (columns) and analytical routines (rows), for mechanical
moduli values spanning 1 ≤ K ≤ 100 mN/m and 1 ≤ G ≤ 100 mN/m. Results are shown for
∆A/A0 = 10 % and σαβ = 20 mN/m. Four different Wo–Ar combinations are explored, with
corresponding geometry schematics at the top of each column: (a, e) Wo = 0.1, Ar = 1; (b, f)
Wo = 0.1, Ar = 5; (c, g) Wo = 1, Ar = 1; and (d, h) Wo = 1, Ar = 5. Two different analytical
routines are examined: SFE in the top row (a–d) and CPT in the bottom row (e–h). SFE incurs
less than 5 % error for all cases, whereas CPT can show errors of over 100 % in the calculation
of K, due to the assumption of a homogeneous strain field.
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Figure 27: Elastic dilatational modulus errors from the solution of the Inverse Problem, Kerr,
are shown for different geometries (columns) and analytical routines (rows), for mechanical
moduli values spanning 1 ≤ K ≤ 100 mN/m and 1 ≤ G ≤ 100 mN/m. Results are shown for
∆A/A0 = 20 % and σαβ = 20 mN/m. Four different Wo–Ar combinations are explored, with
corresponding geometry schematics at the top of each column: (a, e) Wo = 0.1, Ar = 1; (b, f)
Wo = 0.1, Ar = 5; (c, g) Wo = 1, Ar = 1; and (d, h) Wo = 1, Ar = 5. Two different analytical
routines are examined: SFE in the top row (a–d) and CPT in the bottom row (e–h). SFE incurs
less than 5 % error for all cases, whereas CPT can show errors of over 100 % in the calculation
of K, due to the assumption of a homogeneous strain field.
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Figure 28: Elastic dilatational modulus errors from the solution of the Inverse Problem, Kerr,
are shown for different geometries (columns) and analytical routines (rows), for mechanical
moduli values spanning 1 ≤ K ≤ 100 mN/m and 1 ≤ G ≤ 100 mN/m. Results are shown for
∆A/A0 = 5 % and σαβ = 60 mN/m. Four different Wo–Ar combinations are explored, with
corresponding geometry schematics at the top of each column: (a, e) Wo = 0.1, Ar = 1; (b, f)
Wo = 0.1, Ar = 5; (c, g) Wo = 1, Ar = 1; and (d, h) Wo = 1, Ar = 5. Two different analytical
routines are examined: SFE in the top row (a–d) and CPT in the bottom row (e–h). SFE incurs
less than 5 % error for all cases, whereas CPT can show errors of over 100 % in the calculation
of K, due to the assumption of a homogeneous strain field.
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Figure 29: Elastic dilatational modulus errors from the solution of the Inverse Problem, Kerr,
are shown for different geometries (columns) and analytical routines (rows), for mechanical
moduli values spanning 1 ≤ K ≤ 100 mN/m and 1 ≤ G ≤ 100 mN/m. Results are shown for
∆A/A0 = 20 % and σαβ = 60 mN/m. Four different Wo–Ar combinations are explored, with
corresponding geometry schematics at the top of each column: (a, e) Wo = 0.1, Ar = 1; (b, f)
Wo = 0.1, Ar = 5; (c, g) Wo = 1, Ar = 1; and (d, h) Wo = 1, Ar = 5. Two different analytical
routines are examined: SFE in the top row (a–d) and CPT in the bottom row (e–h). SFE incurs
less than 5 % error for all cases, whereas CPT can show errors of over 100 % in the calculation
of K, due to the assumption of a homogeneous strain field.
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3.3 “Noisy interfaces”: Inverse problem

Errors and normalized standard deviations for the apical strain, λerr, and stress, σerr, are shown
for parameter values corresponding to ∆A/A0 = 10 % and σαβ = 60 mN/m. Errors are
computed using drop interface coordinates subjected to ∼ 1 pixel random Gaussian noise,
which simulates experimental contour detection errors. For each K–G combination, the errors
are computed as the average from 10 independent noisy interface profiles and the normalized
standard deviations are computed as outlined in the main manuscript. Results for the modulus
error, Kerr, are shown in the main manuscript.

3.3.1 Apical strain errors, λerr

Figure 30: Apical strain errors, λerr, from the solution of the Inverse Problem, are computed
using drop interface coordinates subjected to ∼ 1 pixel random Gaussian noise. Two different
analytical routines are examined: SFE in the top row (a–d) and CPT in the bottom row (e–h).
Whereas CPT is fairly insensitive to noise, substantial errors in K arise when SFE is applied
to noisy interface profiles, particularly for low–Ar configurations.
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Figure 31: Normalized standard deviation, ∆λerr, arising from the calculation of λerr from 10
independent noisy interface profiles. A large dispersion in the computed apical strain values is
present in SFE, particularly at low Ar.
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3.3.2 Apical stress errors, σerr

Figure 32: Apical stress errors, σerr, from the solution of the Inverse Problem, are computed
using drop interface coordinates subjected to ∼ 1 pixel random Gaussian noise. Two different
analytical routines are examined: SFE in the top row (a–d) and CPT in the bottom row (e–h).
Both CPT and SFE remain accurate in the calculation of the apical stress, despite the errors
introduced by the random Gaussian noise.
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Figure 33: Normalized standard deviation, ∆σerr, arising from the calculation of σerr from 10
independent noisy interface profiles. A large dispersion in the computed apical stress values is
present in SFE, particularly at low Ar.
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