APPENDIX A. APPENDIX: DEFORMED YANG-BAXTER EQUATIONS

The aim of this section is to provide proofs of (2.14) and (2.15). We start with the former.

Proposition A.1. For any parameters ti,ts,t3,mn and any boundary conditions the following equality of
rational functions holds
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Proof. The identity follows at once after noticing that
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and applying the Yang-Baxter equation (2.12). O

Proposition A.2. For any z, s,t,n and any boundary conditions the following equality of rational functions
holds
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Proof. The proof is based on an analytic continuation of certain compositions appearing in the non-deformed
version (2.13), followed by a non-integral shift.
First we introduce a family of vertex weights denoted by

J P > :wz;S(Aaj7Bal)a
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where A = (A;,...,A4,) € C" and B = (By,...,B,) € C" denote analytically continued compositions. The
explicit values of these weights are summarized in a table similar to (2.6):

A A Tq_:i,l‘A
A A A
0 >» 0 i » i 0 >» i
A A A
1 — sz A[1.) (s Ai — 52) Afis 1) 52(Ai — 1) Afit1;m]
1—sz 1— sz 1—sz
(A1)
Tq;iA Tq;iT(;le T(;iqu;j'A
A A A
i >0 i > j J > i
A A A
1-— 82./4[1;”] SZ(.A]‘ - 1)A[j+1;n] 82(./42' - 1)./4[1‘4_1;”]
1—sz 1—sz 1— sz

Here 1 < i < j < n, for the analytically continued composition A = (Ay,..., A,) € C" we set A,y :=
H?:a A; and Ty (resp. T,;il) denotes the operator multiplying the ith component by ¢ (resp. by ¢~ !).
For the configurations not listed above we assume that the weight @..,(A, j;B,1) vanishes, so that the
conservation law holds:
Tq;jA =T B,
where we define 7.0 as the identity operator.
Comparing (2.6) and (A.1) we get the following relation for any 0 < j,! < n and compositions I, K:

(TnQ:J’B)

Be=qXe
c=1,n K
A A
(A.2) j P > = j Z/mn;z )
(TT/2§jA) J'A_Cl:{ZIC‘ '
where in the left hand-side we specialize A = (¢'*,...,¢'"), B = (¢%*,...,¢"") and, as before, T}2.; denotes

the operator multiplying the jth position by 52, acting by identity if 5 = 0. For n = 1 the relation (A.2)
explains the interpretation of the weights w,.s as an analytic continuation of the weights w,..

The next step is an analytic continuation of the weights W, (A, B; C, D). Here we make use of the fact
that these weights actually do not depend on B and C' as long as the conservation law holds, so we define

c
A 2 /42 2
Wes (s*/t*;9)14)-p|(t*; Q) D) Da D1 (A
=1 an_,p (82/t2)‘D| q2i<j i(A;—Dj)
B D B=qPC )
) ! ! (32;(1)|A| };[1 i/ q
A
where B = (By,...,B,) and C = (Cy,...,C,) are analytically continued compositions, and the conservation

law g2 B = ¢PC reads as ¢*B; = ¢P:C; for every i.
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Using the analytically continued weights w,.; and Ws,ta the Yang-Baxter equation (2.13) can be written

as
B B
A A
a e ) B, a Dasis 1132
(A.3) Datt = Watst
Wes;s - u We,s 4
A b1
Aj Az

where A = ¢* = (¢%1,...,¢%") for sufficiently large X = (X1,...,X,,) € Z>o, and B satisfies
Tq;a1qA3A = Tq;bquQB

As before, the diagrams in (A.3) denote sums over all configurations not violating the conservation law for

the weights w,w and W. For fixed boundary conditions there are at most n + 1 such configurations for
each side of (A.3): each allowed configuration is uniquely determined by the label of the internal thin edge,
which has n + 1 possibilities. Since all weights depend rationally on A = (A4, ...,.A,), both sides of (A.3)
are rational functions in A coinciding for A = (¢**,...,¢*"), which implies that they are equal. So the
analytically continued equation (A.3) holds for any .A.

The proof is finished by applying T)2.,, to A and B and then setting back A = ¢?? and B = ¢Ps. By
(A.2) the resulting equation coincides with the claim. ]

APPENDIX B. APPENDIX: COMPUTATIONS FOR THEOREM 8.4

Here we provide computational arguments for several statements used in the proof of Theorem 8.4.
Recall that for fixed real parameters {o1,...,0%}, {p1,---sp0x}, {w1,.. - wi}, {1, .. a}, {B1,.--, 0k}
{71,.--,7v}, 0 satisfying

k k k
Z%ZZ@:Z%:L aiaﬁi77i207
i=1 i=1 i=1

wg < pj <oy < for any 4, 7, d,

we have defined

T = Zﬂz"lfl(o —pi) — 2%‘1’1(9 —wi), Y= Zai%(e —0;) — 2%‘1’1(9 - wi),
I= xZai\I/(Q —0;) — yZBi\II(G —pi)+(y—x) Zw(e — wj),

hiz)=1z— Zxai InT(z—o0y)+ Zyﬂz InT(z—p;) — Z(y —z)y; InT(z — w;),

i
where

U(z) = dizlnf(z), Uy (z)



For the computational purposes it is convenient to plug the expressions for z,y, I into h(z) to obtain

h(z) = — <Z B:i¥1(0 — p;) — Z’yi\lll(G — wl)> Zai (InT(z —0;) — 29(0 — 0;))
+ (Z o U (0 — 0;) — Z%«pl(a - wi)> Zﬁi (InT(z — p;) — 29(0 — p;))

- (Z ;U (0 — o;) — Zﬁi\lll(e - m) Z% (InT(z — w;) — 20(0 — w;)).

The last expression can be rewritten as a convex sum of simpler functions, corresponding to k = 1 case:

k ko k
(B.1) h(z) = Z Z Oéiﬂj’}/dhgi,pj,wd(Z),
i=1 j=1d=1
hopuw(z) =—(¥1(0 —p) — V(0 —w)) (InT (2 — o) — 2V(0 — 0))
+(W1(0 - 0) = Wy (8 — w) (InT(= — p) — 28(0 — p))
— (¥ (0 —0) = T¥1(0 —p)) (InT(2 —w) — 20 (0 —w)).
We will mostly work with the latter functions hy , . (%), which for further convenience we rewrite as
hopw(z) = (P10 —p) — V(0 —w)) (InT(z —p) —InT'(z —0) — 200 — p) + 2¥(§ — 0))
+ (U0 —0) =010 —p)) (InT(z—p) —InT(z —w) — 290 — p) + 29(0 —w)) .

In the following computations we frequently use the following series representations:

1 1 z—0
B.2) VOO =Y S e T L e
(—1)k+1E!
(B.3) Vi(2) = ) =
k g} (n+ 2)F+

In particular, the functions (—1)*¥,(2) are increasing functions from (0,00) to (—o0,0), and

(_1)k+1k!

(B.4) V(e + 1) = Wi(2) = 53

B.1. Derivatives of h(z). This section is devoted to the signs of h(?(8).
Lemma B.1. For any d > 3 we have (—1)T1h(d) () > 0.

Proof. By (B.1) it is enough to prove that (—1)d+1h§fl2,,w(9) > 0 for w < p < 0. By aslight abuse of notation
let h denote h,,, ., during the proof.
Our approach follows [BC15b, Lemma 5.3]. For d > 3 we have

RD(0) = (T1(0 = p) = U1(0 — w)) (Wa1(0 — p) — Va1 (6 — 0))
(10— o)~ (0~ p)) (War(0— p) — Was (0 — ).
Thus, we need to prove
(D)W (0= p) = (D)W (0 —w) (=D W (0 —0) = (=17 (6 p)
Ui (0 —p) — ¥1(0 —w) Uy (0 — o) —W1(6 - p)
By the Cauchy’s mean value theorem this inequality is equivalent to
(D WalQ) (1) W)
P2(C) U5(¢)
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for some & € (0 — 0,0 — p) and ¢ € (0 — p,0 —w). Since £ < ¢, it is enough to prove that the function

(G i 716))

e is increasing on R+ (. Taking derivative, it is enough to prove that

(1) (W gy 1 (2)Wa(2) — Wy(2)Us(2)) > 0, z> 0.

Using series representation (B.3), the left hand side can be rewritten as

. B 2(d +1)! B 6 d!
(—1)* ™ (W1 (2)Wa(2) — Wa(2)Us(2)) _n%o T iR ()

d+1)(m+2)1 =3(n+2)(m+ 2)42 m—n)(m+ z)%2
= 2d! Z ( L (n +>Z)d+2(7n<+z)d)+<2 ) 2 6d! Z (7(L+Z)d4)r<2(m+>z)d+2’

n,m>0 n,m>0

where we have used d > 3 to establish inequality. The proof is finished by symmetrizing the last summation:

d—2 m—n)((m+2)42—(n+2)%2
2 3 - el e ),
D T R P (ST
where for the last inequality we have used that the function 29?2 is increasing for d > 3. ]

B.2. Proof of Proposition 8.1. It turns out that the two parts Proposition 8.1 are closely related. In the
first part we want to prove that x(6)/y(0) is increasing as a function of § € (max; o;,00), where

2= B0 —p) =Y V(0 —w),  y= ali(@—0) =Y uTi(0—w)
Taking derivative, we need to prove that

' (0)y(0) — =(0)y'(6) > 0.

After algebraic manipulations the left-hand side of the inequality above is equal to
Zaz% — i) +y(0 Zﬁz% 0 —ps) sz (0 —wi),

which is exactly how we have defined 2¢(6)3. So, the monotonicity from the first part boils down to showing
that ¢(0)® > 0, which would immediately imply that c¢(f) can be chosen to be positive. But from the
expression above it is clear that @ = h""(#) > 0, with the inequality following from Lemma B.1.
The limits of z(0)/y(0) as § — max; 0;, 0o are readily obtained from the definitions and the limit behavior
of the trigamma function:
li_}m0 Uy(z) = oo, Uy(z) = % + % +0(z7%).
O

B.3. Proof of Proposition 8.6. Here we give a slightly modified version of the proof of the corresponding
fact in [BC15b]. Recall that we want to show that Re[h(0 + bi)] decreases for positive b and increases for
negative b. Since h(z) is a convex combination of hg , ., (2), it is enough to consider the latter functions. By
an abuse of notation we again denote the function h, ,,(2) simply by h(z). By symmetry, it is also enough
to consider the case Im(z) > 0, so we want to prove that

Relih/ (6 + bi)] < 0, b>0.

We have

Relil/ (0 + bi)] = —Im[(¥1(0 — p) — U1 (0 — w))(¥(0 + bi — p) — ¥(0 + bi — 0))
+ (10 —0) — U1 (0 — p))(V(O +bi— p) — V(0 +bi —w))].
From (B.2) it follows that for any real Ay, A2 >0
b b
;0 (n+ A2 402 (n+ Ag)2+b2
58
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Thus, using that b > 0 and setting
1
d(A) = —_—
(4) RZZ%(n—FA)Q—H)?’
the claim is reduced to showing
—(W1(0 = p) — (0 — w))(@(0 — p) — DO — 7)) — (B0 — &) — W30 — p))(@(0 — p) — B0 — w)) < 0.
This inequality can be rewritten in more convenient form
Ui —p) = W1(0—0) _ ¥i(0 —w)—¥i(0 —p)
> )
(0 —p) — 20 —0) (0 —w) — 20— p)
which by Cauchy’s mean value theorem is equivalent to
Ya(8) _ ¥2(¢)
/ > !/
(&)~ 2(C)

for some £ € (8 — 0,0 — p) and ¢ € (0 — p,0 — w). Since 0 < £ < ¢, it is enough to show that the function
\I/Q(z
@'(2)

is decreasing for z > 0, and by taking derivative this is equivalent to
Uy (2)@"(2) — U3(2)®'(2) > 0, z > 0.
Using the definition of ®(z) and (B.3) we obtain

2 6(z +m)? — 2b2 6 2(m+ z)
Gt 2 (Gm 2P £ 2P (at 201 ((m + 22 + )P

Ua(2) D (2) — Uy(2)(2) =

n,m>0

19 Z (m+z)3—|—b2(m—|—z)—(n—i—z)(m—l—z)z—i—%(n—l—z)
I (n+2)4((m+2)? +b2) '
Clearly the terms in the numerator containing b? are positive while for the remaining terms we have
Z (m+2)3 = (n+2)(m+2)? 1 Z n)(m+ z)? (n—m)(n+z)?
(n+ 2)*((m + 2)2 + b2)3 nJrz m+z) +02)3  (m+2)4(n+2)2 +02)3°

n,m>0

where the equality follows by symmetrlzation. To finish the proof it is enough to show that each summand
in the last expression is nonnegative for any n,m,z > 0, which is true:

(m —n)(m + z)? (n —m)(n+z2)? >0
(n+2)4((m+2)2+0%)%  (m+2)4((n+2)*+0%)% —

(i) - (wstm) =

1 1
< (m—n) — > 0.

3 3| —
(1 + (m+z)2) (1 B ﬁ)

-3
) is increasing in m. O

< (m—n)

The last inequality holds since (1 + ﬁ

B.4. Proof of Proposition 8.7. From now on we are working under Assumption 8.3, so 6 € (0, %) and
the function h(z) is a convex combination of the functions hg 1 .,(z) for w < —1. The latter functions are

simpler, and for further convenience we provide an explicit expression for them:
z

ho—1.0(2) = (U1(0 +1) — U1 (0 — w)) <1n(z)—§) 5 (InT(z —w) = InT(z +1) = 2W(0 = w) + 2W(6 + 1))..

Note that to get this expression we use (B.4) in the form W1 (6 + 1) — ¥1(0) = — 5.

Recall that we want to show that Re[h(fe®!)] is increasing for ¢ > 0 and decreasing for ¢ < 0. Due to
assumptions it is enough to consider the functions hg,_1 (), so by an abuse of notation we let h denote a
function hg _1,(2) for the duration of the proof. We consider only the case ¢ > 0, the other case follows by
symimetry.
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We need to prove that
Re[ife®h' (0e?)] >0, ¢ € (0,7).
Computing the derivative and applying (B.2),(B.3) we obtain
1 1 1

W (2) = (W1(0+ 1) — Ty (0 — w)) (z - 9> — (U= w) = W+ 1)~ (0 —w) + T(0 + 1))

nzzo{@zez ((n+91+1)2 - (n+91—w)2> 912<(n+9—2)(:+2—w) B (”+9+21)<5+Z+1)>}

(2—0)? n+1 B n—w
202 n;)[(n—kﬁ—l—l)?(n—kz—!—l) (n+9—w)2(n+z—w)]'

Note that for any real 7

(e 1) .
Re{i&ed"(e D }’16¢‘|2Re[i

7| ¢i|2 Tsin ¢

bi

e

fedt  Qedt 1 Pedi + 7’:| 72 4+ 62 + 207 cos ¢’

so plugging z = fe?! in the expression for h'(z) and factoring out positive terms we need to prove that
2

Z [ (n+1)° 7 (n—w)
(m+1)2+602+20(n+1)cosp)(n+1+0)2 ((n—w)?2+6%2+20(n—w)cosd)(n—w+0)?

n>0

> 0.

It is enough to show that each summand above is positive, which can be rewritten as
X2 N X3
(X2 462 +20X; cosp)(X1+60)2 " (X3 + 62 +20X;cos p)(Xa + 60)2

for X1 =n+1and Xy =n — w. Since w < —1 and both sides of the last inequality are clearly positive, we
can equivalently show that

2
f(X) = (X?+ 6%+ 20X cos ¢) <1 + ;)

is increasing in X > 1 for any fixed ¢. Taking derivative and using 0 € (0 L

,5) we get

(X)) =2(X +0cos ) 1+£ 2—2—9(X2+92+29Xcos¢5) 1+z
- X X2 X

62 62
:2(1_)(2> <X+9(1+COS¢)+X> > 0.

|
B.5. Proof of Proposition 8.8. For convenience, we repeat the statement:

Proposition B.2. Suppose that Assumption 8.8 is satisfied. Let 1¥(e) = arg(ve — 6), where v, is the
intersection point of Cy with the circle of radius € > 0 around 6 satisfying Im[v.] > 0. Then, for sufficiently
small fived € > 0 there exists a depending on € constant b > 0 such that

Re [1(0 + ee*%) — h(0)] > b, ¢ € [¥(e),2m/3).

Proof. Recall that 6 € (0,1). Due to the symmetry, it is enough to consider Re[h(f + ce?*) — h(6)]. Since h
is a convex sum of finitely many hg _1 ., it is enough to consider h(z) = ho,—1,,(2).
We consider only e < 6/2. By Taylor expansion there exists a constant Z > 0 such that

" 4
h(6 + ce®) — h(0) — we‘?ewi - w5464¢i < Eeb
6 24
Taking real part and using trigonometric equalities cos(3¢) = sin(3(¢ —7/2)) and cos(4¢) = cos(4(¢ —7/2)),
we get
h///(e)
6

h4) (6)
24

Re [h(0 + ee?') — h(0)] > e3sin(3(¢p — 7/2)) +
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Since h"’(6) > 0 by Lemma B.1, for any ¢ € [57/8,27/3] we clearly have

hl// (9)

Re [A(0 + ee?) — h(0)] > ——*sin(3n/8) — Are* > Ape®

for some constants Aj,As > 0 and sufficiently small €. So it is enough to consider the claim for ¢ €
[¢(€), 5m/8]. Moreover, note that for ¢ € [7/2,57/8] and fixed € the function

" (4)
(B.5) hT@E?’ sin(3(¢ — w/2)) + hTie)g‘l cos(4(¢ — m/2)) — Ze®

is increasing as a function of ¢, where we have again used Lemma B.1 to get h(¥)(f) < 0. Hence the claim
reduces to showing that the function above is positive at ¢ = 1(e).
Recall that v(e) was defined using v., which can be explicitly described:

207 —¢? ta1 €2 |
20 102"

On the other hand, v. = 0 + ee¥©), so we obtain

el i i cos(w(e) + sin(be)i

This implies that 1 () = § + 55 + O(?) as ¢ — 0. Plugging it into the studied function (B.5) we get

" (4) "
W716) ) e3sin(3(y(e) — 7/2)) + h 24(9) etcos(4(h(e) —m/2)) — Ze® > &t (h 420) + 24( )> Ased

for some constant Ag > 0. So the claim follows as long as
h'(O h(4) 0
0)  hO0)

0 6
We prove the last inequality by direct computation Recall that

Ve

> 0.

h(z) = (U1(0 + 1) — U1 (0 — w)) <ln(z)—%) 02(1nr(z_ W) —InT(z +1) — 20(0 — w) + 2T(0 + 1)),

where w < —1. The derivatives are given by

W(0) = (U4 1) ~ 0a(6 ) — 5 (Wa(6 — ) — Wa(0 + 1))

92
W (9) = f%(\pl(a 1) = Uy (0 — ) — — (Us(0 — w) — Ty (6 + 1)),

02
Rearranging terms we obtain
() R0
OO _ - 1)
where ) . .
f(7) = =700 +7) = 5 Wa(6+7) — o5 s(0+ 7).

So, it is enough to prove that f(7) is increasing in 7 > 1. Using series representations (B.3) write

1 20 n+T
f(T)_ﬁnzgo_(n—l—G—Fr)Q+(n—|—9+7’)3_(n+9—|—r 294714—0—1—7')
The claim follows since —% is increasing in X > 1:

> 0.

X2\ 2X(X +0)+4X2  2X(X —0)
(_ (X + 9)4> - (X +6)° T (X +0)p



