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SL.

Definition of benchmark of numerical models for dilute stratified PDCs

This Supplementary Information defines a benchmark of numerical models for dilute stratified PDCs
on the basis of a large-scale experiment conducted at the eruption simulator PELE. The experiment
generated a PDC through the gravitational collapse of a suspension of particles and air into an
instrumented run-out section (Brosch and Lube 2020). At a run-out distance of 3.12 m after the impact
of the suspension onto the run-out section (defined as x = 0 in the main text), the characteristic
gravity current structure was fully developed, comprising a thick suspended-load region (with the
gravity current head, body, and wake regions) above a basal thin bed-load region (cf. Figs. 2 and 6 of
Brosch and Lube 2020). In this benchmark, the experimental flow profiles at x = 0 (referred to as
Profile 1 in the main text) are provided as the inlet flow conditions for numerical models. The
experimental flow profiles in distal areas (x > 0), particularly at x = 2.65 and 7.78 m (referred to

as Profiles 2 and 3 in the main text), are provided for comparison with the numerical results.

The experimental flow profiles at each point (i.e., Profiles 1, 2, and 3) are obtained through time (¢t)-
and height (z)-variant measurements of the following flow properties: flow velocity, flow temperature,
flow particle volume fraction, and flow grain size distribution. To allow the benchmarking of PDC
models with a range of levels of complexity (e.g., transient 2D/3D models, stationary 2D/3D models,
transient two-layer depth-averaged 1D models, stationary two-layer depth-averaged 1D models, and
other integral models), the experimental flow profiles are expressed as mathematical functions in time-
dependent or time-averaged and depth-dependent or two-layer depth-averaged forms. These forms of
Profiles 1, 2, and 3 are summarized in Tables S1, S2, and S3, respectively. Here the flow velocity

function U,

z/z, — 1 2
U(Z: t) = Umax(Z/Zu)g €Xp [_ <T) - f(Z/Zu - 1)] , (Sl)

and the flow body thickness function H,

H@®) =z,(x + D), (52)
are used, where Up,,, is the maximum velocity, z, is the maximum velocity height, & is the wall
exponent, and y is the outer layer thickness. See Cerminara et al. (2021) for details of the derivation

of the mathematical functions.

This paper uses the time- and depth-averaged forms of Profiles 1, 2, and 3 (see Tables S1, S2, and S3).
For the present purpose of estimating the value of Wy, it is particularly important to assess the
uncertainties in experimentally observed values of ¢y, hyy, and uy,. On the basis of the
measurements of the time-variant volume of deposited mass entering the samplers and the PIV
analyses, the solid volume fraction of the bed load is estimated to be of order 102 (Brosch and Lube

2020); we consider a range of solid volume fractions in the bed load (¢, = 0.01-0.05). The time-
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series data of the bed-load thickness at Profile 1 (x = 0) shows that the time-averaged bed-load

thickness at x = 0 (i.e., hy;) was about 0.005-0.02 m (see Fig. S1a). These observations along

with the time-averaged height-dependent fitting function of flow velocity at Profile 1 (i.e., Eq. (S1))

give the time- and depth-averaged velocity (see Fig. S1b); the depth average between heights 0 and

hyy yields uy; = 2.36-3.27 m/s (Table S1).

Table S1 Experimental flow profiles at x = 0 m (i.e., Profile 1) expressed as mathematical functions

in time-dependent or time-averaged and depth-dependent or two-layer depth-averaged forms

Depth (z)-dependent

Suspended load

Velocity [m/s] Eq. (S1) with 4.818 + 0.8409¢ — 0.316t% —

U=6378+1.267t — 0.0007094t3
0455t2 — 0.0001049¢3,
z, = 0.2142 + 0.03276t,
& =0.1662 + 0.04188t,
X = 4294 —0.3661t
Thickness [m] --- Eq. (S2) with

z, = 0.2142 + 0.03276t,
X = 4294 — 0.3661¢

Temperature [K]  NOT available 283.85 + 11.16t — 36.3t2
+76t% — 91.03t* + 64.36t°
—26.53t5 + 6.218t7
—0.767t° + 0.0386¢°

Particle mass NOT available NOT available

fraction

Particle volume NOT available NOT available

fraction

Grain-size NOT available NOT available

distribution

Profile 1

Depth-averaged

Depth (z)-dependent Depth-averaged

Bed load Suspended Bed load
load
NOT available  Egq. (S1) with 4.8 &
U = 6.451, (2.36-3.27)
2, = 0.2751,
§=02374,
X=36
NOT available 1.265 0.015
(0.005-0.02)
NOT available z L7 292.29
3039 exp [ —0.0942 (W}
NOT available NOT available 0.4617
NOT available NOT available = 0.02
(0.01-0.05)
NOT available NOT available See ESM 2

Table S2 Experimental flow profiles at x = 2.65 m (i.e., Profile 2) expressed as mathematical

functions in time-dependent or time-averaged and depth-dependent or two-layer depth-averaged

forms

Depth (z)-dependent

Suspended load

Velocity [m/s] Eq. (S1) with NOT available
U = 4433 + 2.242( —
1.085t% — 0.1154¢7,
z, = 0.3215 - 0.01421t,
£ =0.184 + 0.01803¢,
X=36
Thickness [m] -— Eg. (52) with
zy = 0.3215 — 0.01421¢,
x=36

Time (0-dependent

Depth-averaged

Depth (z)-dependent Depth-averaged

Bed load Suspended Bed load
load

NOT available Eq. (S1) with NQOT available NOT available
U = 4969,
z, = 0.2943,
£=0218,
x=36

NOT available --- 1.35378 0.0146



Table S3 Experimental flow profiles at x = 7.78 m (i.e., Profile 3) expressed as mathematical

functions in time-dependent or time-averaged and depth-dependent or two-layer depth-averaged

forms

Time (0-dependent

Depth (z)-dependent Depth-averaged Depth (z)-dependent Depth-averaged

Suspended load Bed load Suspended Bed load
load

Eq. (S1) with NOT available NOT available Eq. (S1) with NOT available NOT available
U = 5882 —0.4119t — U = 4.436,

0.2665t% + 0.04998¢3, z, = 0.2795,

z, = 0.2721 - 0.003674t, & =02943,

£=0.0622 + 0.116¢, ¥ =36

X=36

Thickness [m] -— Eg. (52) with NOT available --- 1.2857 0.00794

2, = 0.2721 + 0.003674t,

x=36

Velocity [m/s]

0.06

0.05
0.04
0.03

0[m]

0.02

0.01

Thickness of bed load

at x

o= ‘
0 05 "1 15 2 25 335 4
t [s]

0.03
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0.02} by
OIS i e
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Experimental
(Profile 1) =

z[m]
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Time-averaged velocity
at x=0 [m/s]

Fig. S1 (a) Thickness of bed load at Profile 1 (x = 0) as a function of time t. Circles represent data
from the PELE experiment. Lines represent the values used in the numerical simulations (i.e., hy; =
0.005 (dotted), 0.015 (solid), and 0.02 (dashed) m). (b) Time-averaged flow velocity at Profile 1
(x = 0) as a function of height z. Solid thick curve represents the time-averaged height-dependent
fitting function of experimental flow velocity at Profile 1 (i.e., Eq. (S1) with Up,, = 6.451 m/s,
z, = 0.2751 m, £ = 0.2374, and y = 3.6). The values of uy; used in the two-layer model are
estimated from the parallel volume flux (uyq hy;) by integrating the fitting function of flow velocity

from z =0 to hy; (gray region)



S2. Validation of the hindered-settling model for a dense underflow
In previous two-layer PDC models (e.g., Doyle et al. 2008; Kelfoun 2017; Shimizu et al. 2019), the
basal layer of the stratified PDC is modeled as a dense underflow. In this Supplementary Information,
the numerical result of our basal-layer model is compared with the experimental result of an initially
fluidized granular flow (Girolami et al. 2008), where the sedimentation process has been successfully
explained by hindered settling on the basis of a series of experiments (Girolami et al. 2010). We
estimate the effective settling speed of particles at the bottom of the current (Wgy) that reproduces the
experimental granular flow, and confirm that the estimated Wy is explained by the hindered-settling

model (i.e., Eq. (13) with m = 2-12).

In the numerical simulations, on the basis of the experimental setting, a stationary dense mixture in a
rectangular-lock domain of length x, and height hy, is released at time t = 0 and it flows into a
one-dimensional horizontal channel (i.e., slope angle 8 = 0°) at t > 0. The dynamics of the dense
current with thickness hy(x,t) and velocity uy(x,t) is described by the conservation equation of
solid particle mass (i.e., Eq. (8) where the first term on the right-hand side is set to zero) and that of
solid particle momentum (i.e., Eq. (9) where the third, fourth, and sixth terms on the right-hand side
are set to zero). The aggradation rate of material in the deposits is given by Egs. (10) and (11) where

only the case of the aggradation from the lower layer is taken into account.

The values of input parameters (i.e., Xy, Ry, Psh, Ps, and Cgp) are determined by the experimental
data at t = 0 and existing models (see Table S4). The length and thickness of the initial dense
mixture (x, and hyg) and the solid volume fraction in the dense current (¢¢y) are obtained from
Table 2 of Girolami et al. (2015) under the additional assumption of ¢sp = 0.6. The mean solid
density (ps) is estimated by (Z(ns‘i /Ps,i ))_1, where ng; and pg; are the solid mass fraction and
solid density for each i-th particle class obtained from the experimental data (Table 1 of Girolami et
al. 2008 and Table 1 of Druitt et al. 2007). The basal-drag coefficient (Cyp) is estimated on the basis
of the empirical formula of Hager (1988) (i.e., Cqp, = 0.025Ref;52; cf. Hogg and Pritchard 2004),

where Reyo(= pyUnhuo/Ny) is the representative Reynolds number of the dense current, Uy (=
/p]';);pa ghyo) is the representative flow velocity of the dense current, and the bulk dynamic viscosity
H

of the dense current (ny) is set to 10~5 Pa s on the basis of Thomas (1965). The values of the other
input parameters (except for W) are the same as those used in the numerical simulations of the two-

layer PDC model (see Table 1).

In the numerical simulations, a dense current flows into the horizontal channel, and it produces the

deposits by progressive aggradation at a constant deposition speed D = 3 ¢S'; - Wiy (e, Eq. (11))
sD™Ps
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during flow (see Supplementary Movie 3 (ESM 5) for the results with Wy = 7.3 X 1073 m/s (Table
S4)); the dense current eventually stops its further propagation at the distal point where the horizontal
mass flux of the current at the front becomes zero owing to basal deposition (cf. Shimizu et al. 2019).
These features are consistent with the sedimentation process observed in the experiments (Girolami
et al. 2008). The numerical results quantitatively reproduce the experimental data of the time-series
of the flow front position (Fig. S2a) and that of the profile of the final deposit height (Fig. S2b) when
Wy issetto 7.3 X 1073 m/s (Table S4).

The best-fit value (W, = 7.3 X 1073 m/s) is explained by the hindered-settling model as follows.
The mean terminal velocity for the polydisperse system, Wy = Z(nS,iWT,,-), is estimated to be 0.66
m/s on the basis of the experimental data (Table 1 of Girolami et al. 2008 and Table 1 of Druitt et al.
2007). Substituting this value into Eq. (13) with m =2-12 and ¢sy = 0.42 yields Wy =
9.6 X 107*-2.2 x 1072 m/s, which includes the best-fit value of Wy. This result suggests that Wy
based on the hindered-settling model can reproduce the dynamical features of the initially fluidized

granular flow. Details of this experimental validation will be reported in future work.

Table S4 Input parameters and constants for simulation of the basal-layer model for initially fluidized

granular flow

Variable  Value [unit] Meaning

Cab 1073 Basal-drag coefficient of dense current

huo 0.25 [m] Thickness of initial stationary dense mixture

Wen 7.3 x 1073 [m/s] Settling speed at bottom of dense current

X 0.30 [m] Length of initial stationary dense mixture

Ds 1474 [kg/m3] Mean density of solid particles

bsu 0.42 Mean volume fraction of solid particles in dense current
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Fig. S2 Comparison of numerical results for the basal-layer model with Wy = 7.3 x 10™% m/s (black
curves) with experimental data for an initially fluidized granular flow (gray curves; Girolami et al. 2008).
(a) Front position of the dense current as a function of time t (xyy(t) — xo). The magnitude of typical

errors in the experimental data is expressed by the thickness of the gray curve. (b) Final deposit height as a

function of distance x — xy (z,(x,t = ))
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