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An area of research that recently gained momentum is the inclusion of contin-
uous physical phenomena described by ODEs or PDEs into discrete decision pro-
cesses as an additional type of constraints. For instance, Fligenschuh et al. [4, 3]
describe network flow problems in which the transport equations are included,
Koch et al. [7] and Hahn et al. [6] combine gas dynamics with discrete deci-
sions related to the control of natural gas networks, and Frank et al. [2] consider
the shortest path problem together with the heat equation. We will refer to this
class of problems as Mized-Integer PDE-Constrained Optimization (MIPDECO)
problems, a term introduce in [8]; this notion includes ODEs as a one-dimensional
special case of PDEs.

Classical mixed-integer linear programs have a finite number of constraints, for
instance, one for each node or each arc of a finite graph structure. In contrast,
differential equations are defined on continuous domains, they have to be valid at
infinitely many points. In the numerical treatment of PDEs as well as in the field of
Optimal Control, it is common practice to find a finite system that approximates
the solution with high accuracy. A possible way for solving MIPDECO problems
is thus to adapt known approximation techniques for PDEs in order to obtain an
approximation with only finitely many constraints and variables. A common ap-
proach is to use finite-difference methods, which replaces the differential operators
with suitable difference equations on a finite and regular grid. The approximated
function values on the grid are then included in the MIPDECO formulation as
additional variables, and the difference equations are additional constraints. The
downside of this approach is that even moderately fine grids — by PDE-numerics
standards — lead to a huge number of variables and constraints — by mixed-integer
programming standards. Thus the solution of the linear programming relaxation
(the root node of the evolving branch-and-bound-tree) of such an instance can
take multiple hours or may not even finish on a state-of-the-art numerical solver
(such as Cplex). Even in the case of linear systems (for instance, resulting from
approximations of the heat equation, the wave equation, or the transport equa-
tion) numerical issues uncommon for MILPs derived for combinatorial problems
have to be taken into account. For example, the standard bounds strengthening
routines in the presolve phase of the aforementioned solvers may result in a false
certificate of infeasibility [1].

In the case of linear PDEs, it is sometimes possible to transfer the solution of
the PDE into a preprocessing step. That is, it can be efficient to solve the PDE
for a basis of the control space and apply the principle of superposition to obtain
solutions by linear combinations of the basis [2, 5]. In addition to that, splitting
the solution process of the PDE and the MILP has the additional benefit that
other solution methods, such as Galerkin methods (in particular, finite element
methods) can be applied more readily.



We illustrate these ideas for the convection-diffusion equation, where an ad-
ditional vector of variables w = (w1, ws,...,w,) € R™ representing a control is
included in the righthand side. In full, we consider the following PDE system:

(la)  wu(z,t) — - Vu(z,t) — dAu(z, t) = y(x, t,w) Y (z,t) € Qx(0,7),

(1b) %U(ﬂf,t) = hr(ur — u(x,t)) Y (z,t) € 09 x (0,7),
(1c) u(r,0) = uo(x) Ve

Here Q is a sufficiently regular domain in which the time depending temperature
distribution w is studied. Further given are: a constant outer temperature up
on the boundary 052, a coefficient hy for the heat transfer over the boundary, a
temperature distribution up(x) at time 0, and further constants ¢, d. The function
y on the righthand side expresses the influence of w on the continuous dynamics.
We assume that y depends linearly on w. Then there exist functions y; for all
i €{1,...,n}, such that

n
y(z,t,w) = Z wiy;(z, t).
i=1

By the principle of superposition the solution of the PDE can then be expressed
as

n
(2) u(@,t) = uinn (2, 1) + Y wyili(z, 1),

i=1
where uin, (inh for inhomogeneous) is the solution of (1la) for w = (0,0,...,0)
(which implies y = 0), and each 4; is the solution of (1a) for y = y;,ur = 0, and
up(z) = 0.

Now the approximations of the functions on the righthand side of (2) are calcu-
lated in a preprocessing step. Hereto, a finite element method can be applied, for
instance, which has the additional benefit that the basis functions can be evalu-
ated at arbitrary points in the domain without further approximation techniques
(i.e., not only at grid points), since finite element solutions are discrete functions
that are naturally defined throughout €.

We then replace the system (1) by its approximative solution (2), and thus de-
couple the discretization of the PDE from the further solution process. Constraints
defined for the whole domain, such as a state constraint

(3) u(z,t) >0, V(z,t) € Q2% (0,T)

can be evaluated during the branch-and-bound solution process (technically, as
lazy constraints) at a finite number of positions (z,t), and are added on demand
in case one is violated. Since these constraints are dense in w; (i.e., having many
nonzero entries), it is not clear at first if this approach is computationally advan-
tageous, and thus comparative numerical studies were carried out. The numerical
results we obtained for two case studies — a wildfire hazard controlled by firefighters
operating on a road network, and a contaminated subsurface water flow controlled
2



by filtration stations — show a large reduction in computation time. It turned out
that only very few lazy constraints were in fact generated, so that their density
did no great harm to the solution process.
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