Supplementary material for manuscript “Small Area
Estimation of Socioeconomic Indicators for Sampled and
Unsampled Domains”

1 Fitting algorithms

1.1 Maximum Likelithood Method

The first derivatives of V,4 with respect to 6; = 02, 0y = 02, and 5 = p are
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The second derivatives of V.4 with respect to 0; = 02, 6 = 2, and 03 = p are
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It holds that y ~ No(X3,V), with covariance matrix V = diag (Vy), Vg = Viug + Veq. The

1<d<D
vector of model parameters is ¢ = (3,0'), where 0 = (0,,05,05) = (02,,0%,p). The
log-likelihood is I = S22 14, where

1 1 .

la = b log 2m — EIOg(U?A +oly) — m@dl —ayfh)?, if de Dy,
1 1 1 .

la = =3 log2m = 5108(00 + ) = 53— (i — wfh)’, i d €D
1 1 .

lag = —log2m — 3 log |Va| — Q(yd — XaB)'V;  ya — XaB), if d € Ds.



Let us first consider group D;. The first partial derivatives of [; are
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The second partial derivatives of [; are
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By changing the sign and taking expectations, we have

F _ p| Pl ] reptan o p ~F — 0
Wi brar = 0B0Bs] oty +oy T e
Fag,0, = Fapy0, =0, €=1,23,
1 1
Fiwo, = z7—5——, Fioo, = Faoso, = Faooo, = Fapse, =0, =1,2,3.

2 (031 + del)z’

For group D, the procedure is accordingly. For the sake of brevity, we do not repeat the
mathematical derivations.

Let us consider group D3. The first partial derivatives of [; are

851] (xdlj) 0)‘/d (yd dﬁ)u 85% (07 xd?])‘/d (yd dﬁ)v
8ld 1 -1 1 -1 -1
o, = 2" (Vi Vaae) + 5Wa = XaB)' Vi VaarVy™ (ya = Xab).

The second partial derivatives of [; are
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By changing the sign and taking expectations, we have

P A
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The components of the score vector are
ol . ol , ol
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i 852]' 89g
The (p +3) x 1 score vector is S(1) = (S5(¢), Sy(v)’, where

SB(¢) = (Sﬁu? sy Sﬁ1p1’55217 teey Sﬂ2p2)/7 S@(¢)/ = (Sen 502) S@e,), .

The components of the Fisher information matrix are

Fp;. 61, = ZFdﬁljlﬁlm Fpy; 805, = ZFdﬁznﬂzyg Fp,; 805, = Z B, Baiy

D D D
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d=1

d=1 d=1
The blocks of the Fisher information matrix are

F/31,31 = (Fﬁljlﬁljz)Jl ja=1 Fﬁzﬁz - (Fﬁ2j1ﬁ2j2>]l a=1 Fﬂ1ﬁ2 - (F61j152j2)j1:1 ..... prija=1,..pa

,,,,,,,,,,,,,,,,

Fpp = (Fﬁlj(’e)j:1 ..... b=tz D0 = (Fr32j9e)j:1 ..... puit—1,230 100 = (F‘%%)

The (p + 3) x (p + 3) Fisher information matrix is

Foipy Fpipy o
151 182 1 F 0 F1 1 Fl 2
F@/)) = Fﬁzﬁl Fﬁzﬁ2 Fﬁgg B ( gﬁ Foo ) ’ Fﬂﬂ(w) ( FZZ Fgg )
F@Bl F952 F99 o .

01=1,2,3;fs=1,2,3

The ML Fisher-scoring algorithm is
1. Set the initial values @ = (8 8 6©) and ¢ > 0.

2. Repeat the following steps until the tolerance or the boundary conditions are fulfilled.
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(a) Updating equations: Do

B(TH) = 5 "4 (5(7‘ ) (5(7")79(1”))’
9(r+1) _ 9( r) + Fea (5 r+1)79(r )SG(/B(H_I)»Q(T))'

(b) Boundary condition: If 6" > 0, 65 > 0 and |9§T+1)| < 1, continue. Otherwise,
do 1/3 = ") and stop.

(¢) Tolerance condition: If |¢ (r+1) ng)\ <e,m=1,....,p+3,do ¢ =) and
stop. Otherwise, continue.

3. Output: ¢, F~(¢)).

Remark. As starting values, we take BEO) = Bfo), 6;0) = Aéo), é370 =0, ék,O = &3,670, k=1,2,

where B%O), Béo) and 65,6’0 are the ML estimates of the corresponding bivariate Fay-Herriot
that uses only the data of group Ds.

1.2 Restdual Maximum Likelthood Method

In the case that there are no missing values, the residual maximum likelihood (REML)
log-likelihood is

2D — 1 1 1 1
Lremi(0) = — 5 p10g27r + —log | X'X| — —log V| — —log X'V~ 1X\ yPy, (1.1)

where 0 = (01, 05,05), 01 = 02, 05 = 02,, 05 = p, y is the 2D-vector y = (v}, ...,yp)’, X is the
corresponding 2D x p-matrix X = (X1,...,Xp),and P =V - VIX(X'VIX) 1 X'V~
PV P =P with PX = 0.

In the case that there are missing values, the residual maximum likelihood (REML) log-
likelihood is

_D1+D2+2(D—D1—D2)—

2
1 1 1
—510g|V| — —log]X V- 1X| —y’Py,

1
lreml(‘g) = P 10g 27+ = IOg |X’X|

(1.2)

where now, the vector y and the matrices X and V' are reduced to those rows and columns
that correspond to an observed value of yg, Vd € D and k = 1,2. P is defined as before on
the reduced X and V. Let D := Dy + D, + 2(D — Dy — D»), then the length of y is D and
the dimensions of X and V are D x p and D x D respectively.

By applying the formulas

dlog |V| 18V oVt oV
o0 "\ 5 T A
we calculate the first partial derivatives of l,.,,; with respect to 6,, i.e.
Olrermi(0) 1 oV 1 ,0P
20, "\"o0,) 27 90,” '
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Let us define G = VIX(X'V71X)™! so that P = (I — GX")V!' = V(I — XG). The
first partial derivatives of P = V1 — V7IX(X'V1X)"1 X'V~ with respect to 0, are

oP ov ov

— = —(I-GX'"W 'V ''I-GX'Y=-P—P, (=1,23.
00, ( ) 00, ( ) 00, T
Therefore, the score vector is
/ alreml 1 1 /
S(0) = (51,52, 83)", Se=Se(0) = 20, — 3 tr(PVy) + EyPVgPy, (=1,2,3,
¢
where V; = 5 = diag (Var), @ = (X'V7'X)"! and
1<d<D
OV 1 22 OV 0 £
Va - = o 20u1 o Vuae = = o 202 ’
. dozy ( ga_:ﬁ 0 ) ” doy ( SU_Z; 1 )
v o avud o 0 Ou10u2
uds = 8p N Ou104u2 0 '
For a,b = 1,2, 3, the second partial derivatives of the REML log-likelihood function are
oz, .(0) 1
—Leml 2 = —tr (PV, PV;) — v PV, PV, Py,
0,00, 2 b=y by

where the last equality follows from the fact that V} is symmetric, £ = 1,2,3. By changing
the sign, taking expectations and applying PX =0, PV = I — V"1 XQX’ and the formula

Ey'Ay] =tr(Avar(y)) + E[y]'A E[y],

we get the components of the Fisher information matrix, i.e.
Fp = Fu0) = %tr (PV,PV,), a,b=1,23.
Therefore, the Fisher information matrix is
F(0) = (Fop)gpor03: Fao = Fap(0) = %tr(PVaPVb), a,b=1,2,3.

The REML Fisher-scoring algorithm is

1. Set the initial values B, 6 and e,,, > 0,6 >0, =1,2,3,i=1,...,p. Let 3
denote the i-th element of the vector [, not the vector of regression parameters of the
1-th variable.

2. Repeat the following steps until the tolerance or the boundary conditions are fulfilled.

(a) Updating equation for §: Do §0+1) = () 4 F=1(9™)S(9M).

(b) Boundary condition: If 6™ > 0, 65 > 0 and |9§T+1){ < 1, continue. Otherwise,
do 6 = 6™ and stop.



(c) Updating equation for 8: Do gU+1) = (X’V_l(G(“fl))X)_1 X'VHOD)y.
(d) Tolerance condition: If ‘Qéﬂrl) — 9§T)| < Eptes ﬁ.(rﬂ) — Bi(r)‘ < e, 0 =1,23,

)

1=1,...,p, do ég = QETH), ﬂAz = B-(TH) and stop. Otherwise, continue.

(2

N . . -1
3. Output: 4, 3, F~1(d), (X'vfl(e)x> .
The asymptotic distributions of the REML estimators 6 and /5’ ,
6~ N3(0,F71(0), B~ No(B,(X'VHOX)T),

can be used to construct (1 — a)-level confidence intervals for the components 6, of § and f;
of 5. The confidence intervals are given by

O+ zapavylsy €=1,2,3, Bitzapql’ i=1,...,p, (1.3)

i)

~ ~

where F71(0) = (Vap)ap=123, (X'VHO)X)™' = (qi)ij=1..,p and z, is the a-quantile of the
N(0,1) distribution. For 5; = fy, the p-value for testing the hypothesis Hy : 8; = 0 is

pvalue = 2Py, (B; > |Bo]) = 2P(N(0,1) > |Bol/ /@i )- (1.4)

Remark. As starting values, we take 5;0) = 5}0)’ 50) = BSO), é370 =0, ék,O = 63,670, k=1,2,

where Bfo), Aéo) and 67, ; are the REML estimates of the corresponding bivariate Fay-Herriot
that uses only the data of group Dj.



2 Best prediction of random effects

As the kernel of the n-variate normal distribution is

1 1

- | -
Wl %) = Goyerygpre &P [—Q(y —m'E Ny - u)} o exp {—ﬁy’ﬁl Y+ 'S ly] ,

we have the results R1-R3.
R1. If d € Dy, then the BP of u4y under the MBFH model is

) 20 20 e
uzp - E[ud|yd1] = q)dl ( Bdl 0 ) (?JJl - Xdﬂ)a (I)dl = [( Bdl 0 ) + ‘/ucl1 )

where yg; = (Ya1,0)".
Proof. The conditional distribution of ug, given w1, is

f(ualyar) o f(yarlua) f(ua)
-2 —2
x exp{—%u;[( o 8)+Vuﬂ ta + Py {%( o 8)<yd1—Xd5>]}-

Therefore, f(uq|yq,) is a bivariate normal distribution with parameters

-2 -1 -2
0 _ 0
Vasualval = (%5 0 ) #vi ] =t Bludus) = 0 (75 0 ) (i — a8
O
R2. If d € DDy, then the BP of u4 under the MBFH model is
-1
by - 0 O - B 0 0 1
Uy = Elualya] = P ( 0 Ue_dzz ) (a2 — XaB), Paz = (( 0 ‘76_0122 + Via )
where yz = (0, ya2)"-
Proof. The proof is analogous as the one of Resultl.
R3. If d € D3, then BP of u,; under the MBFH model is
W} = Bludlyd = 2aVg (92 = X)), ®a= (V' + Vi)™
Proof. The conditional distribution of ug given g, is
flualya) o< f(yalua) f(ua)
1
o exp {—5% (Vea" +Via') wa + ug@ " [2a Vg (9a — XaB)] }
Therefore, f(ug|yq) is a bivariate normal distribution with parameters
Varlualyd = (Vig' + Vi)™ = ®a. Elualya] = ®a V3 (s — Xab).
O



3 Analytic Approximation of the Mean Squared Error
of the MBFH Predictor

3.1 Best Predictors

Let us first consider the group ;. We use the notation

_ -1 a [ Qo Pariz (ol 0
b = (Adl Vi ) B ( Gar12 - Par22 ) o Aa= ( 0 0)°

The BP of jig is i = X8 + 42, where

_|_
Ud —(I)dlAdl(yd1 Xdﬂ) =& An uil/ ot .
Lo 02

. . ~bp -
The variance matrix of fi} is

N N Uq] + €
Var(pzp) = var(uzp) = E[ 04 bp'} S AnE [< ilxinﬁ;ﬂ ) (ug1 + ea, —mszﬁg)} An®Pan

2 2
+ 0
= ®5An ( ul 0 Oedl 0 ) An®gy = 21 Ait (Vg + Vea) A @an -

Further, the expectation matrix £ [ud w)] is

Uqp + € 2 ulCu
Elifu)] = dpAnE K ilx;mﬁ;ﬂ ) (UdlaudQ):| = ®gpAn ( 051 pa 60 ? ) = Oy Ag1 Via-

As @ — pg = 4 — ug, the MSE matrix of /i is
MSE(EY) = MSE(@) = B[ — ug) @ - ua)]
= Oy Ap (Vg + Vea) An @an + Via — 2P a1 Aay Via-

For the group Dy, we have similar mathematical derivations. For the sake of brevity, we omit
them.

Let us consider the group D3. The BP of py is ﬂzp = X0+ ﬁzp , where

o, v e ()

The variance matrix of /jzp is
var(i?) = var(a?) = E[ugpuzp’] = O,V var(ug + eq)V.; @4 = ©qV. ' (Vg + Vea) V. @y

Further, the expectation matrix £ [ud w)] is

B[] = ®,V,'E [( a1 F €2 ) (udl,udQ)} = OV Vo,

Ud2 + €42
As 1% — pg = 4 — ug, the MSE matrix of /i is
MSE(iY) = MSE(a)) = B[4} — ua) (0} — uq)']
= OV (Vaa + Vea) Vg ' @a + Vg — 20aV.; Vo

8



3.2 Empirical Best Predictors in Domains of Groups D, and D,

As the mathematical derivations for groups D; and Dy are somehow symmetric, we only

present those corresponding to group ;. Let us consider the group ;. The MSE of the
EBP is

MSE(4g") = E[(ig” = ma)(ig” — ma)'] = E[(if — pa) (if — p1a)']
+ B0 — ) (ig" — )] + 2B (g — i) (i — pa)']

The first summand is Sy = E[(ﬂzp — pa) (A — pa)'] = MSE (4% )
Let us now approximate the second summand Sy = E [(/fbp — @Y (s =y |. The EBP

is a function of the estimators (B , é) and of the target variable y4;. For the sake of brevity,
we write

ha(B,0) £ " = Xab + @arAu(yan — XaB) = ( Zalt ) i U= Tuls ( g ) .
T2 3 Ocdt Pa1,12
where
) 7~ - % ) 63 Aa-u a-u
q)dl Q)dl(e) - (Adl + VUd1> ’ VUd - VUd<9) B ( Ia&ul(la'uZ p 6%2 2 ) .
The derivatives of matrix ®4 (6) with respect to 0y, £ = 1,2,3, are

0D 4
00,

= (A + Vi) Ve VaarVd (A + Vi)™ = ( Ziiii’ii ;’Ziﬁ’g ) |

The derivatives of hq(f,0) with respect to fi; and 0, k =1,2, j=1,...,ps, £ =1,2,3, are

Ohg ( Tq1; ) _ Taij ( Pa1,11 ) N ( hag,; 1 ) Oha _ ( 0 ) ( hagy; 1 >
0B1; 0 o2, \ @d112 hag,;2 )7 OB Tqy; hag,; 2
Ohq P4 < Gare 11(yd1 -, 51) )

_ 9Pay X48) = , o
00, 06, (s = Xaf) = oo Garea2(Yar — hpy 51)

/
_ Yar — ﬂfdlﬁl Garen A Ya1 — B 9do,,1 . hag, 1
ol Pare,2 o2 9db,,2 has, 2

The pi x 1 vectors containing the derivatives with respect to g, k = 1, 2, are

lI>

apr =, ol (hag)s hase = col (has;.2)

and the corresponding py, X py, matrices are Hag, g, ab = Ndg,, a hdﬁk b K1, ke, a,b =
The 3 x 1 vectors containing the derivatives with respect to 8 are

hao1 = 12%3(%95,1)7 9o, = 12%3(9510@,1), hag2 = 12?%3(%9@, 2), Gao2 = 10(21 (9a0,.2)

and the corresponding 3 x 3 matrices are Hggg o = hao ahd9 ps Gdoo.ab = gde#lgél@,b? a,b=1,2.
The crossed py x 3 matrices are Hyg,g.ap = hdgk,ahd(,,b, Gdgkgﬂb hdﬁk,agcw,b? k,a,b=1,2
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We further define the pp x 2 and 3 x 2 matrices

_ Ohg _ Oh(B,0)\ B
hap, = B lgca%pk( BEN ) = 1ow(hap, 1, hag, 2), K =1,2,
_ Oha _ ohy(B,0)\
hag = 00 1§?§3< 90, > = row(hag.1, hao.2)-

A Taylor series expansion of the 2 x 1 vector hy(3,6) around (3, 6) yields

2L & Ok Oy (5,6) - ; .
ha.0) = 043 30 P00 5 )5 PO ) 1310 o101

k=1 j=1 =1

Therefore,

ha(B,0) = ha(B,0) + hiys, (B — Br) + hiys, (B> — B2) + (0 — 0) + 0, (|15 = Bl12) + 0, (1|6 — 6]]2)

S = El(ig" — i) (ig? — iF)] = E[(ha(B,6) — ha(8,0))(ha(B,0) — ha(8B,6))]
E [, ( B — 51 (B — B hag, | + E[hys, (Ba — Ba2) (B2 — B32) hag, ]
E[hy(6 — 6)(6 — 6)' hag)
{Ehis, (1 = B1)(B2 = B2)' hag,] + B[Ry, (B2 — B2)(Br — 1) hag, ] }
)
)

{E [Ny, (B — B1)(0 — 0)'has) + E[hlyp(0 — 0)(Br — Br) has, | }
{E [y, (B2 — B2)(0 — 0) hag] + E[hlyg(0 — 0) (B2 — B2) has, ] }
op([18 = BII3) + 0p(/10 — 0113).

Concerning the first summand of Sy, Eg1 = E[h’dﬁl(ﬁl — Bl)(ﬁl — ﬁl)’hdﬁl], we observe that

+ o+ o+ o+ A

h:iﬂl(él_ﬁl)(él—ﬁl)'hdgl _ ( hag, 1 (Br — Bl)(ﬁl B1) hag,1 hys, 1 (5 51)(51 B1) hag, 2 > ‘

Wyg2(Br = B1)(Br = B1) hag,n Mg, 2(B1 = B1)(Br — B1) g, 2
Note that h&ﬁ171(51 — f1) and hﬁlﬁﬂ(ﬁl — p1) are scalars. Then, for a,b = 1,2, we have
Ryga(Br— B1) (B — B1) hagy s = (Br — B1) hag, whlys, o (B1 — B1) = (B1 — B1) Hag,py 00 (Br — Br).-
Therefore,

Eyn =E |:( (@1 - ﬁl),Hd&ﬁl,H(ﬂ:l - 51) (5:1 - ﬂl)lHdﬁlﬁl,Ql(ﬁil - 51) ):| )
(B1— B1) Hap,p12(B1 — Br)  (B1 — B1) Hap, gy 22(Br — Br)

We apply to z = Bl — 1 the formula

E[Z'Qz] = tr{Qvar(z)} + F[z]'QFE|z].
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As the matrices Hyg, 3, a are not random and E[3; — 1] = O(||51 — f1]2), we obtain

tr{Hag, 11 Var(Bl)} tr{ Hap, 5, 21 Var(Bl)} ) . )
b - 7 3 7 2 + Oax - .
" <tf{Hd6161,12va1"(51)} tr{ Hyp, 3, 20 var(f1)} 2xa([l01 = Aill2)

For the second summand of Sgo, Fgoo = E[hfm2 (Bg — ﬁg)(ﬁz — 62)’hd52], we have

tr{ Hag,p,,11 Var(&)} tr{ Hap,p,21 Var(BQ)} ) . )
E - " 3 o 2 + Oax — .
* < tr{Hag,p,,12 var(B2)}  tr{Hap,p,22 var(f2)} 2x2([|B2 = Bl2)

The fourth summand of Sgo is Egio+ Fao1, where Bl = Eqio = FE [hgﬁl (Bl —Bl)(ﬁg —ﬁg)/hdgz] ,

B2)} tr{Hagypy 1 cov(Br, )}
,B2)} tr{Hag,p, 22 cov (B, B2) }

The third summand of Sy, Ey90 = E[hldg(é — 9)(é — Q)Ihde} 18

B (é — 0)/Hd90,11(é —0) ( 9)/Hd99,21(é —0)
E“°‘E{(<é—wvﬁ%u@—e>< w%a%m@—ﬂ>)]

E . ( tr{HdﬂgB1,11 COV(
dl12 —

s = Brllall B = Bula).
tr{ Hag, p 12 cov( )+ 2x2([[61 = Bullz| 81 = ull2)

A
B

0 —
0 —
We recall that

Hipg.ap =

(yar — iy £1)* ( Gre11 Pare,11Pd1e,12 ) o War — 2 1)°

2 = Gdee,ab
Gdren1Qdie,12 ¢d1£,12 Ocd1

Oom
is random, but Gggg o is not. This is why we calculate Eqy for the estimators édf and Bkcu
k =1,2, based on y4_ = (ya) As the target data y can be split into the independent

parts y;_ and yg,, we have

Eiow = E[(Ba —0)Huow(0s —0)] = By, [Ey, [0 — 0) Husoao(Ba — 0)]]
= E,, [ —0)Gupar(Ba. 0)0 .0 By, [(yar — 20y 51)?]]
o2, + 02 A ! )
_ S kg (0, 0YGuonlls —0)
Oed1
Oaa1 + 00

= L edl L Gage s var(Ba )} + Oawa(||0a — 0]13).

Ocd1

d'#d

~

Taken out (yg1,xq1) from the data file should not have great influence on var(f). Therefore,
we take

E00 = Tutt T Tear ( tr{Gago,11 Var(é)} tr{Gapo.21 Var(é)}
Uéldl tl"{Gdgng var(@)} tr{Gdgggg Val"(@)}

The fifth and sixth surpmands Qf S are Fgi0 + Eq01 and Egg + Egoo respectively, where
Elr = Earo = E [Nz, (Be — Br) (0 — 0)'hag], k = 1,2, and

Eyo = E [( (Bk — Bi) Hagoo1(0 = 0) (B — Br) Hapo12(0 — 0) )}
’ (Br — Br)' Hago1(0 — 0)  (Br — Br) Hapo,22(0 — ’

11
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We recall that

/
H ~ Ya1 — Ty B G
dBebab = — 5 Gdgu6,ab
Ocd1

is random, but Ggg, e is not. It holds that
Ea_roa = [(ﬁkd, — B) Hagpo,0(0a_ — 0)] = By, [Ey, [(ﬁkd, — B) Hagpo,0(0a_ — 0)]]

By, [(Bra- = B) Gago.av(0a. — 0)o gy By, [yar — )] = 0.

Therefore, we take Eg,0 = Oaxo, k=1, 2.

Let us now approximate the third summand Sy3 = F [(,uflbp AP (A% = pg)’ ]. We recall that

A" = i = hig, (B = B1) + hyg, (B2 = Ba) + Hiygg(0 — 0) + 0,(1|8 = Bll2) + 0,116 — 0]]2),

bp _ bp _ Ugt t€dr [ Pgr 11 Ud1
fly —Ha=Tg —Us= ——5—— - :

oZn Pa1,12 Ud2
For k = 1,2, it holds that

Ear = [ d,gk(ﬂkd —5k)( —Ud)/}
= E(Ud_ved_) {hilﬁkd (Bk - BR)E(Udyedl) [U(ﬂT—i_edl< ¢d1,11 ), - < a1 ),H = O2x2,

Oon Gd1.12 Ud2
A . - +eq ([ a1 ugr \ '
Euo = Elby(Oa —0)(alf — )| = B[O — o) “5-=2( G ) — (M) 1]
d30 o (Ora_ )(ud ud) a0 (Oka ) o2, G112 Ugq2
. +ear [ P11\ Ugr \'
= Blug_ea ) |Mao(Oka- — 0)Euye [udl—( ’ )‘( )] = Uaca:
(ua_eq_ ) |: d0( kd_ ) (ug,eq1) Ugdl ¢d1,12 Ugo 2x2

Therefore, we take Sg3 = Oaxo.

Let us assume that ||3 — S|l = O,(D~/2) and ||§ — ]|y = O,(D~*/?). Then

Oax2,p([16 — 0113) 110 — 0113
16 =613 D

Oaxap(|0—0[3) = D = 0252,(1)O2x25(1)O2x2p(D 1) = Oau2p(D71).

For d € Dy, we have the following approximation to MSE(ji; el ).
MSE(ji") = Gar(0) + Gas(0) + Gas(0) + Oza(D7Y),
where Ga(0) = Gaz11(0) + Gaz22(0) + Gaz12(0) + Gy 15(0) and
Ga(0) = P4(0)Ap1(0)(Vaa(0) + Vea(0)) A1 (0)P g1 (0) + Via(0) — 2041 (0) Ag1 (0)Viua(6),

Cora(0) = ( tr{Hap,p,,11(0) COV(ﬁ:aaﬁib)} tr{ Hap,,,21(0) COV(@a,ﬂib)} > ab—19
“ tr{ Hag,6,,12(0) cov(Ba, B)}  tr{Hap,p,22(0) cov(Ba, Bp)} /= o

o+ 0% [ tr{Gage11(0) var(0 )} tr{Gage 21(0) var(¢ )}
Gul) = =5 (tr{cm,m( 0) var(6)} tr{Cusnza(0) var(6)} )

Uedl

An estimator of MSE(ji5") is
mse(fi7) = G (0) + Gaa(0) + 2Ga3().

Note that when using ML instead of REML estimation an additional bias correction term
has to be considered, see Datta and Lahiri (2000) for further details.
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3.2.1 Matrixz Calculations

The vectors hgg, o, k,a = 1,2, are

Ol — Parin — Qa1,11
hdﬁl 1 = COl (hdﬁl' 1) = - 9 COl (xdlj) — % Lq1,
’ 1<5< 7 1<5<
)P Uedl <J1<p1 edl
¢d1 12
hd51’2 - Ld1, hd/3271 = Op2><1> hdﬁQ,Q = Tqg2-
O'
edl
; /
The matrices Hyg, gy, .00 = hdﬂklﬂhdﬁkz’b, ki, ko,a,b=1,2 are
2 2 2
I (oo — Parn1) C g _ Ga112(00 — Par1n) )
dB1f1,11 — 4 Ld1lay, Hdpp12 = — 1 Td1Zqy s
Oed1 Oecdl
¢?ll 12
_ ) / — —
Hd5151,22 =~ TaiZ%g, Hdﬂzﬁz,ll - Op2><172> Hd52ﬁ2,12 - Op2><172>
Ocd1
2
Oear — ¢
_ / _ _ edl d].,].]. /
Hdﬂ252722 = Td2Zg2; Hd,3162,11 = Opy xps> Hd6162,12 =5 Td1T49,
Uedl
H, =0 H, = —@ H, =0 H, =0
dB182,21 — Ypixpas Hdf152,22 — o2 xdlde? dB261,11 — Ypaxprs 41dB2B1,12 — Ypaxprs
edl
2
Ocq1 — Pa111 Par12
edl , / s /
Hagapy01 = 2 Td2Tqrs Hapyp 020 = ——5— Ta2qy
Ocd1 Ocd1
and Hag, g, 12 = Hdﬁkﬂk 21, b =1,2.
The vectors gagq, @ = 1,2, are ggp1 = Col (gzﬁdlg 11), Jag.2 = col (qﬁdlg 12) and the correspond-
’ ' 1<0<3 ’

ing matrices are Gapg.ab = Gdo.a9u9p> @ b =1,2.

3.3 FEmpairical Best Predictors in Domains of Group Dj
Let us consider the group D3. The MSE of the EBP is

MSE(g") = E[(fg" — pa) (" — pa)'] = E[(ig — pa) (i — p1a)']
+ El(ag” — a)(ag? — )] + 2E[(ag" — pf) (i — pna)’].

The first summand is Sy = E[(ﬂzp — pa) (A — pa)'] = MSE(i™).
Let us now approximate the second summand Sy = E [(,&pr — Y (e — plry |. The EBP

is a function of the estimators (B , é) and of the target variable y4. For the sake of brevity, we
write

ha(B,0) 2 0% = X 48 + 04V (ya — Xab),

where

13



The derivatives of matrix ®4(f) with respect to 6,, £ = 1,2, 3, are

00,

S = (V' Vi) VAV (v vy = (e G ),

Par12  Pae22
The derivatives of hy(/, ) with respect to fi; and 6, k =1,2, j=1,...,pg, £ =1,2,3, are

T = (e ) e () = - e (T ) = (),

ahd < 0 ) 1 0 -1 0 A hdﬁ i1
= — ¢,V < > = (I — o,V < > - 2 ;
0Pa; Ta2j Ved Ta2j ( @ ed ) Tdzj < hagp,; 2 >

Ohg 0,

h
Zha _V—l - X A dfy,1 )
a6, 56, < (va = Xaf3) ( hag, 2 )

[I>

For k, ki, ks = 1,2, the p, x 1 vectors containing the derivatives with respect to £ and the
corresponding pg, X pg, matrices are

!
hage1 = | S(}%lpk(hdﬂkj,l)a hag2 = | Scjglpk(hdﬂkj,z)a Hapy, bryab = hagy, ahag,, b @0 =1,2.

The 3 x 1 vectors containing the derivatives with respect to 6 are

/ /
Yar — Ty B Yd2 — Tigp /32
hagy = 12% (hag,1) = ———"—gao1 + =52 Gao .12,
<=3 Ocd1 Ocqo
/ /
Yar — Ty B Ya2 — Tigo /32
hage = 12% (hdag,Q) =5 09,12 T ———5———Jdo,22,
<=3 Ocd1 Ocqo
n = col 11 12 = col 12 92 = col 22
gde, 1§£§3(¢d6’ ): Yao, lggg(cbdz, ). Yao, 13433(¢d£’ )

and the corresponding 3 x 3 matrices are

(ydl - 17&151)2 (de - I&2B2)2

/ / !
Hayo1n = haihgg, = 5 9wnGmw + ——1 9a0,129ap 12
Uedl Ued?
/ !
(ycﬂ - xdlﬂl)(y@ - xd252> / /
+ 5 o (gde,llgde,m + 9d9,129d9711>7
UedlgedQ
(yar — xlpy r)? (Yaz — Tl 3)°
H _ o B — Yd1 d1P1 / i Yaz d2P2 '
deg,12 = deo,21 = de,11lq9 2 = 1 ~9d0.1194002 T 2 9d0,1294p,22
Jedl UedQ
/ /
(ydl - xdlﬁl)(de - $d252) / /
+ 33 (gd0,119d9,22 + gd9,129d9,12)7
JedlaedZ
/ 2 / 2
7 o (Yar — 21 B1) , (Yaz — o 32) ,
60,22 = Ndo2lggo = ————F 91294012 T — 1 9d6,22949,22
Uedl Ued?
! /
(Yar — 71 B1) (Waz — T P2) , )
+ 5 3 (gd9,129d9722 + 9d0,229d9,12)-
Uedlaed2

14



The crossed py x 3 matrices, Hgg, 906 = hdﬁk,ah/de,m k.,a,b=1,2, are

/ /
Ya1 — T b1 , Y2 — Lo B2 ,
Hdﬂk9,a1 - 2 hdﬂk,agdé,ll + 2 hdﬁk,agd6,127 a=1,2,
Gedl JedZ
/ /
Ya1 — T b1 , Y2 — Tigp 2 ,
Hago02 = ——5hapadao2o + =5 Napy,adap 20, @ =1,2.
Uedl Ued2

We further define the p x 2 and 3 x 2 matrices
hag = TOW(hde,l, hd0,2>7 hag, = rOW(hdﬁk,la hdﬁk,Z)a k=1,2.

A Taylor series expansion of the 2 x 1 vector hy(3,0) around (3, 0) yields

. " on,
ha(BoB) = ha(B,0 +Zzah L) By — i) + Z%@ o)

/=1
+ 0pl18 = Bll2) + 0,(116 — 9\!2)-

Therefore,

(5) é) (57‘9)‘*‘%51(31—51)4"’2162(32—52)+h&9(é—6)"‘Op(HB—ﬁ“z)+Op(Hé—9||2)

and

S = B[(ag" — i) (g — if)'] = E[(ha(3,0) = ha(8,0))(ha(5.0) — ha(8,6))]
= E[h] ap, ( (61 — 51 (61— B hag, | + E[hfwg (By — B2) (B2 — B2) hag, |
E[1(0 — 0)(0 — 6)'has)
B1)(B2 = B2)'ha,] + E [Iys, (B2 — 52) (Br — B1)'hag, | }
{E [y, (B — )(é 0)hao| + E [h:ié)(é —0)(B1 — B1) hag, ] }
{ B[R, ( (B2 — B2)(0 — 0)'hag) + E[hp(0 — 0) (B2 — Bs) hag,] }
op([18 = BII3) + 0,116 — 0113)-

Concerning the first summand of Sy, Fg11 = E[ dﬁl(ﬂ 61)(51 61)’hdﬁl}, we observe that

{E [hélﬁl <Bl )

+ o+ + + o+

h:iﬁl,l(ﬁil - 51)(5:1 — B1) hag, 1 h'd,el,1(5:1 - /31)(5:1 — B1) hag, 2
has,2(Br = B1)(Br — B1) hag, 1 g, o(B1 — B1) (B — B1) hag, 2 )

hag, (Bi=B1)(B1—B1) hag, = (

Note that hélﬁl,l(/él — p1) and %5172(51 — p1) are scalars. Then, for a,b = 1,2, we have

b (B = B (B = B1) hagyp = (B — B1) hag, whlys, o (Br — Br) = (B1 — B1) Hagy py,0a(Br — Br).

Therefore,

By = E [( (@1 - 51)/Hd,31,31,11(5:1 — ) (5:1 - 51)/Hd,31,31,21(5:1 — B1) )} '
(B1 = B1) Hap,py12(Br — P1) - (Br — B1) Hag,py 2261 — Br)

15



We apply to z = Bl — 1 the formula
E[Z'Qz] = tr{Qvar(z)} + F[z]'QFE|z].
As the matrices Hyg, 3, a5 are not random and E[3; — 1] = O(||31 — Bi|2), we obtain

tr{ Hyg, p, 11 var(B1) Y tr{Hag, g, 01 var(B1)} ) A 2
) — 161, 2 161, " + Oygy _ )
( er{Hypn s ovar(B)} tr{ Hygyn sovar(n)} ) O2<2UlPr =il

For the second summand of Sgo, Fgo0 = E[hfwz (Bg 2)( Y — 52)%(152], we have

( tr{Hypp11 var(Ba)}  tr{Hys,p, 21 var(fs)} ) . ,
E N 3 2 ) X - .
" ( 00 Hasyp 1o var(Bo)}  tr{ Hags, 00 var(Ba)} ) 2([152 = 22l12)

The fourth summand of Sgo is Egio+ Fa21, where Ely) = Eqio = E [h;wl (Bl —51)(5)2 —52)'hd52] ,

tr{Hdg B1,11 COV<51,52)} tr{Hdg B1,21 COV(ﬁl,ﬁz)} ) ~ ~
E — 281, 261, 10 B B '
e ( {Hasas 1z cov(Br, 50)} tx{Hapap,mcov(fn, )} ) T 072 rllll2 = 2ll)
The third summand of Sg2, Ej0 = E[hfw(é —0)(6 — 0) has], is
By = E K (0= 0) Hago.11(0 = 0) (0 — 60) Hagp.2(0 — 0) )} |
(0 — 0) Hapg,12(0 — 0) (0 — ) Hago,22(0 — 0)

We recall that Hgg qp is random. This is why we calculate Eyy for the estimators QA(L and
Bra_, k =1,2, based on yy_ = (yd’)d';sd' As the target data y can be split into the independent
parts y4_ and yg, for a,b =1 we have

Eq gon1 = E[(éd, —0) Hagp.11(Pa_ -0 =E, [Eyd [(éd, —0) Hagg.11(0a_ — 0)]]

= By, [(éd —0)'gas, 119d9 11( L [(ydl - 1‘21151)2“
+ Eyd, [(é - 9) Gde, 129da 12( 9) [(yd2 - f&zﬁz)QH
+ By, [(éd- - 9) (Qde,ngde,lz + gd9,12gd9,11) (ed_ - 9)0&1210&122Eyd [(Z/dl - xéllﬁl)(de - 33'212ﬁ2)ﬂ
= T O g var(O )} + T g 00 var (D)
Ted1 Ted2
P (g dinga + 9anr29inn) vr(Ga. )} + Oveallfa —018)

Similarly, we obtain

2 2
Oud2 + 0

o2, +0? A )
Eq_0012 = Fa_o021 = M tr{gde,ng:ie,u var(fq_)} + TM tr{gde,mgfw,gz var(fa_)}
Ooq Oed2
POud1Oud2 + Ocd ) )
+ e T 6 (gan.11Gp 20 T 9d0.1209 12) Var(0a_)} + Ozsa([10a_ — 0113),
edlaedQ
o2 4+ g2 A 02+ 02 )
Eq 00220 = M tr{gan,12900 12 Var(fa_)} + M t1{gao.2290 22 var(0a_ ) }
Oon Ted2
POud1Oyd2 + Ocqd ) )
+ 202 22t (9a0.1290.92 + 9a0.22930 1) var(a_)} + Ozsa([l6a_ — 0]3).
edl ed2
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Taken out (y4, Xq) from the data file should not have great influence on Var(é). Therefore,
we approximate Fgo . by substituting 8, by 04 in Eq_oo.a, i-€.

EdO() _ EdOO,ll Ed00,12 + 02><2(||é o 9”%)
Faoo21  Eaoo22

The fifth and sixth summands of Sg are Egio + Eao1r and Eyz + Eag2 respectively, where
Eél()k = EdkO = E[hfwk(ﬁk — 6k)(9 — 0)’hd9], k= 1, 2, and

Ego=FE [( @k - Bk)/HdﬁkG,ll(Q: —0) (Bk — Bk) Hag,0,21(0 —
(Br — Br) Hapo12(0 — 0)  (By — Br) Hapro00(0 —

We recall that Hgg, 9.4 is random. For b = 1, it holds that

%>%>
%%
N—
N—
1

Eq_r0a1 = [(ﬁkd — B) Hagpp,a1 (00 — 0)] = Ey, [Ey, [(Bkd, — B) Hagyp,1 (00 — 0)]]
= By, [(ﬁkd_ - B) hdﬁk,agde,n(@ Q)UezﬂEydl [yd1 - 37&151}}
+ By, [(Bkd, — 5)/hd6k,a9:19,12<é G)UedzEde [?/dZ - %252“ =0.

Similarly, for b = 2 we get Ey roq2 =0, a = 1,2. Therefore, we take Egro = Oax2, k=1, 2.
Let us now approximate the third summand Sy3 = F [(ﬂflbp AP (A% = pg)’ ]. We recall that

A" — g = hya, (61— Bu) + hiyg, (B2 — B2) + higg (6 — 0) + 0,([|8 = Bll2) + 0p(16 — b]2),

ﬂzp — Md = ﬂzp —Uqg = q)dvd (g — XaB) —uqg = ((I)dVe;l - I2><2)ud + (I)dVe;led-
It holds that

Eq 3, = [ dgk(ﬁkd_ ﬁk)(ﬂgp —ud)/]
= B[Wy, (Gra — B { (23" — Too)ua + BV ea) |

= B ea ) [Py B = B (@aVia" = Tosa) Buyfua] + 2V Beled]} | = 020,
k=1,2,

Easo = B|Wlra — 0@} )| = B[RigOra = 0){ (2aV.3" = Bxa)ua + @aVg'ea}|

= B o) PanOra = 0){(@aVig" = Toa) Euylua] + ®aVig Eeyfeal} | = 0z,

Therefore, we take Sg3 = Ogxo.

We further assume that [|§ — B2 = O,(D~"/2) and ||6 — 0]|, = O,(D~/2).
For Dy 4+ Dy + 1 < d < D, we have the following approximation to MSE(i5™).

MSE(jig") = Gar(0) + Gas(0) + Gas(0) + Oza(D7Y),
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where Gdg(e) == Gd2711(0) + Gdgvgg(e) + Gd2712(9) + Gld2,12(0) and

Gar(0) = 2a(0)Viq' (0)(Via(9) + Vea(0)) Vg (0)2a(0) + Via(0) — 20a(0)V,," (0)Vaua(0),

_( w{Hagpn(0) cov(Ba, )} tr{Hag,p, 21(0) cov(Ba, )} Wb —
Coa(6) = (tr{Hdﬁbﬁa 12(0) cov(fi )}t Hlagy g 22(0) covl(, B >}) b=b
_( tr{Hap11(0) var@} tr{ Happ 21 (0) var(f )}
Gas (0) (tr{Hd%,w(e) var(6)}  tr{ Hagp.22(6) var(6)} )

An estimator of MSE(fi5") is
mse(fi57) = G (0) + Gaa(0) + 2Ga3(6).

Note that when using ML instead of REML estimation an additional bias correction term
has to be considered, see Datta and Lahiri (2000) for further details.
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4 Bootstrap Approximations of the Mean Squared Er-
rors of the MBFH Predictor

This section introduces a parametric bootstrap procedure for approximating MSE(ji
Steps B1-B5 below describe the basic procedure for computing an approximation of M SE (i} T )
called direct parametric bootstrap estimator.

~ ebp>

Parametric bootstrap procedure:

B1. Calculate the REML (or ML) estimates 6 and B of 6 and [ respectively by using the
observable data, i.e. (yq1, Xq) Vd € D1, (ya2, Xq) Vd € Dy, and (yq4, Xy) Vd € Dj.

B2. Vd € {1,...,D}, generate independent and identically distributed vectors u} ~
N5 (0, V().

B3. Vd € {1,..., D}, generate independent vectors e}; ~ Ny(0, Veq).

B4. Construct the bootstrap model

yh = XaB+us+e5, Vde{l,..., D}

For step B5 we introduce further notation. Let E, and M SFE, denote the expectation and
MSE under the probability distribution induced by bootstrap model B4, given the initial
target vector y. The bootstrap mean vectors are

= Xy +uh, Vde{l,...,D}.

Let B* and 6* be the REML (or ML) estimators of the parameters B and 0 of bootstrap
model B4. These estimators are calculated by using only the observable bootstrap data
(yjll,Xd) ifd e }D)l, (Yho, Xa) if d € Dy, and (yj;, Xa) if d € Dj.

Let 15 and 5 be the BP and EBP of y under model B4 Vd € {1,..., D}. In the same
way, the bootstrap MSE of [ A*ebp

MSE. (") = E[(iy™ — ) (™ — p)),  vd € {1,...,D}.

These 2 x 2 matrices are called parametric bootstrap estimators. In practice, these estimators
can be approximated via Monte Carlo as described in B5.

B5. Generate B bootstrap vectors y*®) = (3} 0. de {1,...,D}),b=1,..., B, from model

B4. From each vector y*®, calculate the true means ,ud(b and thelr EBPs /i ®) by
using only the observable bootstrap data. Then compute the direct bootstrap estlmators

B
mse ebp _ p-! Z A*ebp . Mz(b)>(ﬂ*ebp(b) _ /J’Z(b)>/> Yd € {1’ ce D} (41)
b=1
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Observe that mse' (") is consistent for MSE, (i) as B — occ.

We can also apply the bootstrap technique to approximate the terms G5 and G3 of MSE (/:Lsz ).
Following this idea, we define the term-to-term bootstrap estimator as

~

mse? (1) = Gar(0) + EL[(5™ — i) (™ — i?y).

As the plug-in estimator Gdl(é) of G41(0) is biased, we introduce the bias-corrected bootstrap
estimator

wse’ (") = 2Ga () — B [Gar(07)] + E[(2g™ — iig™) (g™ — "))

A

A Monte Carlo approximation mse®(/i;””) of the bootstrap matrix MSE, (fi; ), for a = 2,3,
can be obtained similarly as (4.1)).
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5 Approximation of the Mean Squared Error of the
Synthetic Fay-Herriot Predictor

Let us consider a Fay-Herriot model
Yo = Tafd +uqg+eq, ug~ N(0,02), es~ N(0,0%), d=1,...,D,

where the uy’s and ey’s are mutually independent. Let us assume that some of the y, are
missing, while all the x4 are recorded and known. More concretely, the set of domains is
partitioned in two subsets Dy = {1,..., Do} and Dy = {Dy + 1,..., D}, where Dy < D. We
assume that ng > 0 and y, is observed if d € Dy, and that y,; is not observed or ng = 0 if
d € D;. Further, 02, > 0 is known for d € Dy, but it is missing for d € D;. For the subset
Dy, we consider the vector and matrices

— — 1 2 2 _ .
Koy (e Vo= dig (w0 =, gl fua) 0=, gl (o)

The synthetic predictor is )
[I’zyn:xdﬁv dzlv'--7Da

where 3 and 62 are calculated by using the data from Dy. If § and 62 are asymptotically

consistent and independent estimators of 3 and o2, as the ML and REML estimators are,

then the mean and variance of j1}" are

El@"] =~ xqB, var(a}") = xdvar(B)x; ~ zg( XV 1 X))t
As g = x4f + ugq, the MSE of i}/" = zaf is
MSE(if") = E[(i" — 1a)’) = E[(zaB — 2B — va)’] = E[(xa(B — B) — ua)’]

= @B[(B = B)(B = B)]ay + Elug] — 2 [24(8 — B)ud]
rq( XV ' Xo) tal, + 02 — 2F [mdﬁud]

u

Q

If d € Dy, then uy and 3 are independent, so that E[mdﬁud] = xdE[B]E[ud] =0 and

MSE(i") ~ wq(X{ Vo Xo) " al, + o2 (5.1)
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6 Additional results of the model-based simulation

The main manuscript presents the simulation results for 20% missing values in each variable.
For comparison, this section gives the same plots for 5% and 10% missing values of each
variable. Figures show boxplots of the RRMSEs of the predictors MBFH-EBP,
FH-EBP, and FH-SYN for different sampling error correlation pe412 € {0.6, —0.3,0}.

The non-zero sampling error correlations in Figures [6.116.2] and correspond to
situations where both variables stem from the same survey. A zero sampling error correlation
as in Figures and applies if both variables stem from independent surveys. It is
visible for all six Figures [6.1}{6.2], [6.416.6], and [6.8] that in terms of RRMSE the introduced
MBFH-EBP is at least as efficient as the respective FH-EBLUP or FH-SYN. This observation
holds for positively, negatively, and uncorrelated sampling errors. Thus, the application of
the MBFH instead of the FH estimator is profitable for various combinations of sampling
error and random effect correlations.

Further, we note that the benefits of using the MBFH predictor is more visible for higher
percentages of missing direct estimates. Another interesting conclusion is that for the target
variable with a missing direct estimate the MBFH predictor gives significant performance
gains over the corresponding FH synthetic predictor when the variable random effects are
highly correlated.
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Figure 6.2: RRMSE of point estimates, 5% missing domains, peg12
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Figure 6.3: RRMSE of point estimates, 5% missing domains, peq12
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Figure 6.4: RBias of MSE estimates, 5% missing domains, peq12



/\m[z/hel]p) .

MBFH-EBP (i,

FH-SYN (ﬁ{jh,x‘_\‘n) D

FH-EBLUP (ﬁ{j]u'b[up) D

AN O x O <
—_— 0 QO O
S 2 S 3 S
S o o o O
1 1 1 1 1 1 1 1 1 1
L & A 3]
., S,
8 e o
5 Sl .
S o | o
L i== 1 L= i
r== al r=—= hl
-y -
i, 8! L
ek, ¥ (- T
a e, % e
5 el e
@ i, 8 O
% I,
=, % e
Y il .,
o oo
P e r1i -
) [ i1
P ¥ P
A (o
e o
T QIqeLIeA 1 SIqeLIeA
T T T T T T T T T T
NS %83
S o S 3 3
S O O O O
Cyasway

60
90
€0

€0-
9°0-
60"
60
90
€0

€0-
9°0-
6°0-
60
90
€0

£0-
9°0-
6°0-

Correlation (p) of random effects uy

0.6

Figure 6.5: RRMSE of point estimates, 10% missing domains, peqi2
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Figure 6.7: RRMSE of point estimates, 10% missing domains, peq12
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Figure 6.8: RBias of MSE estimates, 10% missing domains, pegi2
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