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This supplement contains all proofs, auxiliary theorems, and the extension of our methodology to multivariate
functional data in Sections In addition, all results of the numerical experiments from Sections 6 and
7 of the main paper are given in Sections [S4] and Furthermore, results for additional simulation studies
to investigate the effect of the heteroscedasticity level, sample sizes, and number of design time points can be
found in Sections [S6HS8] We also give some details on the competitors for the simulation studies in Section [S9
Section [S10] illustrates the limiting distribution of the test statistic and the parametric bootstrap counterpart.
Finally, the computational time and speedup of the tests is analyzed in Section [S11]
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S1. Multivariate Functional Data Setup

Instead of the univariate functional data setup as in Section 2, we may consider a more general setup that
can handle multivariate functional data as well similarly to the setup in [12].

In the following, we consider the Hilbert space £5(T), p € N, of all p-dimensional squared integrable functions
over 7 with inner product

() LYT) x L5(T) = R, (g,h):= / g (t)h(t)dt.
T
Suppose we have k € N independent multivariate functional samples

Xily ooy Xin; ™~ SPp(Th,FZ) iid. for all i € {]., ceny k} (Sl)

with sample sizes n; € Nyn; > 2,7 € {1,....k}, which take values in L5(T). Here, ; : T — RP denotes
the mean function and T'; : 72 — RP*P denotes the covariance function of the ith sample for all i € {1, ..., k},
which are usually unknown. The total sample size is denoted by n := Zle n;. In addition to the univariate
heteroscedastic contrast testing problem, the functional data may be multidimensional in this setup, i.e. p > 1.
Let H € R™P* denote a known matrix. Furthermore, let 5 := (g{,...,n])" : T — RP* be the vector of all
mean functions and ¢ : 7 — R” be a fixed measurable function, e.g. c(t) = Oy, for all t € 7. In the following,
we consider the null and alternative hypothesis

Ho : Hy(t) =c(t) forallt € T vs. Hy:Hp(t) # c(t) for some t € T. (S2)

For constructing suitable tests for the general testing problem (S2)), the following assumptions are required.

Assumption 1. Consider the k independent samples . Let vij = (Vijw)veql,...p} = Xij — Wiy 0 € {1,..., k},
Jj €{1,...,n;}, denote the subject-effect functions. Additionally, assume that the following conditions (M1)-(MG6)
are fulfilled for alli € {1,...,k}.

(M1) The functional data X1, ..., Xin, ~ SPp(n;, ;) are i.i.d. and take values in L5(T).
(M2) The mean functions satisfy q; € L5(T).
(M3) The function T ot L[;(t,t) is continuous and T';(t,t) is positive definite for allt € T.

n
(M4) There exists a 7; > 0 such that — — 7; as n — 00.
n

2
(M5) It holds E [(fvi—g(t)vﬂ(t) dt) 1 < 0.
T

(M6) For all j € {1,2}, it holds

Eout [ sup |||V,'1(t)viTj (t) — Vil(S)V;rj N —=0 asd—0,
t,s€T, [t—s|<d

where here and throughout |||.]|| denotes the spectral norm.

These assumptions are equivalent to the assumptions (A1)—(A6) in the main paper for the univariate case p =
1 and, thus, are natural extensions for the multivariate case. In the following remark, we discuss their practical
meaning.

Remark S1. (1) Assumptions (M1)-(M4) ensure that the mean function estimators are asymptotically Gaus-
sian and (M1), (M3) and (M6) guarantee the uniform consistency of the covariance estimators. Addition-
ally, (M5) is needed for the parametric bootstrap consistency, c.f. Section .

(2) We have [1T;g,q,(t,t)dt < 0o and [, (Cigian(t,8))7 d(t,s) < oo for alli € {1,...k}, q1,q2 € {1,...,p}
under (M3). Here and throughout, A4 4, denotes the entry (q1,q2) of the matriz A.

(3) By applying the Cauchy-Schwarz inequality, it can be shown that (MG6) is satisfied if

Eout [SUP |V21(t)|:| < oo, Eout
teT

sup  [|va(t) — Vﬂ(S)I} =0
t,seT, [t—s|<d

and Eout sup Vi (t)vi (8) — v (s)vi (9)|]]| =0 asd —0
t,seT, [t—s|<d
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hold for all i € {1,...,k}. This is particularly satisfied if Equt [sup,cr || Vi1 (t)]]] < oo holds and v;1 takes
values in an equicontinuous set of functions for all i € {1,...,k}.

(4) The supremum in assumption (M6) and, therefore, in Remark (8) can be replaced by the essential
supremum. That is because we only need L (T)-convergence of the covariance function estimators in the
proofs, see Section[S9 for details.

(5) Assumption (M6) implies that (vi1(t)viy(t)),cr is sample continuous with respect to the spectral norm for
all i € {1,....,k}. Since the supremum of a continuous function is measurable, the outer expectation in
(M6) can be replaced by the usual expectation. Due to the compactness of T, vi1 is bounded almost surely
for alli € {1,...,k}. Even the stronger result

B [sup lva 0] < oo
teT
follows from (M1) and (MG6) for alli € {1,....k}.

We define an unbiased estimator for the mean function of the ¢th group at ¢ by
1 &
mi(t) = — > xij(t)
1 ]:1

and for the covariance function of the ith group at (¢,s) by

nq

D (i () — (1) (x5 (s) — 7i(s)) " (S3)

j=1

ES 1
Li(t,s) :=

TLZ'—].

for all t,s € T,i e {1,...,k}. Let

ko
A(t = —Fi t,
9 =@ ()

be an estimator for

k
1
A(t,s) =P <TFi(t, s)) € RPFXPk
i=1 g

for all t,s € T, where @le A, denotes the direct sum of the matrices Aq,..., Ax. Then, the point-wise
Hotelling’s T?-test statistic regarding the multivariate functional data setup is defined by

PH,,pr.c(t) := n(HR(t) — c(t)) " (HA(t, ) H) " (H(1) - (1)) (54)

for all t € T, where 7j := (7], ..., )| denotes the vector of all mean function estimators. This leads to the
globalizing pointwise Hotelling‘s T?-test (GPH) statistic for the multivariate functional data setup, that is,

T,(H,c) := / PH,, 1.0 (t) dt.
T

The limiting distribution of the GPH statistic for the multivariate functional data setup under the null hypothesis
is given by the following theorem.

Theorem S1. Lety ~ GP,.(0,,HAHT). Under (M1)-(M}), (M6) and the null hypothesis in , we have

T,(H,c) % / y T () (HA HHT )y () dr (s5)
T

as n — Q.

We approximate the limiting distributions again via the parametric bootstrap approach. Hence, I'y, ..., Iy are
substituted by their estimators. Thus, the parametric bootstrap sample x7, ..., XZZ ~ GP,(0,,T;),i € {1,...,k},
conditionally on the functional data (X;1, ..., Xin, )ie{1,....k} is obtained. In the following, we denote the parametric
bootstrap counterparts of the statistics with a superscript P. Then, we define parametric bootstrap globalizing



pointwise Hotelling‘s T?-test statistic for the multivariate functional data setup, that is,
TP (H) := / PH] g (t) dt. (S6)
T

The validity of the parametric bootstrap for the heteroscedastic linear hypothesis testing problem in the
multivariate functional data setup is provided by the following theorem.

Theorem S2. Lety ~ GP,.(0,,HAHT). Under (M1)-(M6), we have

TPHE) S [ yT(OHEAGOHT )y () dt
T

as n — Q.

Proposition S1. Let QF,_, be as in Algorithm 1. Under null hypothesis in (S2), (M1)-(M6), and B =
B(n) — 0o as n — 00, we have lim, o Pout (Tn(H, c) > QZil_a) =aq.

For the multiple testing problem, we interpret H as a block matrix, that is H = [HlT, ey H;] T for matrices
H, c R™** and c = (€o)eeqr,....ry = T — R" as function with measurable component functions ¢, : 7 — R" for

all ¢ € {1,..., R}, where R, € {1,...,r} such that Zzh; r¢ = r. This leads to the multiple testing problem
Hoe: Hen(t) =ce(t) forallteT, for £ € {1,...,R}. (S7)

To show the validity of the multiple testing procedure, we firstly need to investigate the joint distribution
of different GPH statistics in more detail.

Theorem S3. Lety = (ye)ee(1,...r} ~ GP,(0,,HAHT). Under (M1)-(M}), (M6) and the null hypotheses in
, we have

(Tn(HbCZ))ee{l,...,R} 4, (/Ty;(t) (HeA(t,t)H;>+YE(t) dt)ze{L...,R}

as n — Q.

Furthermore, the following theorem ensures the parametric bootstrap consistency for the multiple testing
problem.

Theorem S4. Lety = (ye¢)eeqi,...r} ~ GP,(0,,HAHT). Under (A1)-(A6), it holds

(700 s,y > ([ 970 (A 0BT) vet0 ‘“)Ze{l,.u,m

as n — Q.

Based on these theoretical results, we can apply the same procedure as for the univariate functional data
to approximate suitable critical values for the multiple testing problem. This yields an asymptotically valid
multiple testing procedure, as shown by the following proposition.

Proposition S2. Let qu be as in Section 5, R C {1,..., R} denote the index set of true null hypotheses in
and B = B(n) — 00 as n — co. Under (A1)-(A6), we have

lim Poyut (Igle%(Tn(Hg,CZ)/qu > 1> <a.

n— oo

S2. Auxiliary Theorems

In this section, some useful results are stated.
The first theorem provides a central limit theorem for triangular arrays of independent distributed random
variables in a Hilbert space, which are not necessarily identical distributed. We will use this theorem in order
to prove the consistency of the parametric bootstrap.

Theorem S5 (Kundu et al|[8]). Let H be a Hilbert space with inner product (.,.), induced norm ||.|| and count-
able complete orthonormal system {fm, | m € M} for a countable index set M. Furthermore, let Z1 ..., Znn
be independent random wvariables for all n € N taking values in H and satisfying E [HZgnHQ] < o0 for all
j€{l,..,n},n e N. Suppose



(1) E{Zjn, fm)] =0 forall je{1,...,n},ne Nyme M,

(2) SSE[{Zjmns fm){Zjn, fo)] = 02, as n— oo for some o2, >0 for all m,l € M,
j=1

(3) > i Var ((Zjn, fm)) = >, 02, <00 asn — oo,

meM j=1 meM

(4) Z?:lEW jnvf7n>| 1{[{ Jname >€}] —0asn — oo foralle >0,m e M.

n
Then, Y Z;n converges in distribution to a centered Gaussian variable G with covariance operator C' asn — oo,
Jj=1
where the covariance operator C is characterized by

(Cfe, fm) =02, forallm,l € M. (S8)

Proof of Theorem [S5 This theorem follows immediately from Theorem 1.1 in [8, p. 266]. Therefore, note

that the covariance operator C,, of S, := > Z;,, satisfies
=1

n

(Cofms f) = E[(Sns fn) (Sns f)) =D B Zjns fm)(Zim: fo)]

j=1
for all n € N,m, ¢ € M by the independence and the centeredness of Zi ,,, ..., Zp . O

Remark S2. The Lindeberg‘s condition (4) in Theorem can be replaced by the Lyapunov‘s condition: There
exists a § > 0 such that

ZE (Zjns fn)PT°] =0 asn— oo forallme M.

In order to prove this, we firstly note that |(Z; n, fm)| > € implies [(Zj n, fm)|?/€° > 1. Hence, it follows

n

SB[ Zm fr) PUZjm find] > €] Z
2Pl

x Ly ) UL (Zjoms fo)| > €]

| N

1
0

| A

(Zjn, fm)| 7] =0

asn — oo for alle >0,m e M.
In the following, useful results about Wishart matrices are stated.

Lemma S1. Let p € N with p <n and W, ~ W,(I,,n). Then, we have
lim n"E [tr (W;l)r} =p
n—oo

for all r € N. Here and throughout, W,(I,,n) denotes the Wishart distribution with scale matriz I, and n
degrees of freedom and tr denotes the trace of a matriz.

Proof of Lemma[S1]. It holds
tr (W) =tr <®W;1>
for all n,r € N, where @A = A ® ... ® A denotes the r-fold Kronecker product. Hence, we aim to prove

n"E l@WnI] — I, asn— oo (S9)



for all » € N by induction. From , the statement of the lemma follows easily by

o wefowe ) <

as n — oo for all » € N.
For the base case, let » = 1. By Theorem 3.1 in [16], it holds

_ n
nkE [Wnl] = m]:p

for n > p+ 1. Hence, follows for r = 1.
For the induction step, assume that holds for some r € N. Let vec : RP"*?" — RP*" denote the vectorization
function. Then, (4.2) in [16] implies

r41 r—1 -1 r
_ n—p—1 1 . , _
vec <n’”+1E ®Wn11> = +1p2<r+n - ZPp,r(z)] vec <n E ®Wn1 ® Ip>
=1
2(r+1)

for n > p+ 2r + 1. Here, P, (i) := P1(i) + P2(i) € R? with Py (i), P2(¢) as in [16] for all ¢ € {1,...,7}.
Note that P, (i) particularly do not depend on n for all ¢ € {1,...,r}. Hence, it follows

r+1
vec (n’“HE ®Wn1] ) — vec (I ® 1) = vec (Ir+1)
as n — oo by the induction hypothesis. Thus, also holds for r + 1. O

Applying some basic inequalities for matrices yield an asymptotic result for the rth moment of the norm of
an inverse Wishart matrix.

Corollary S1. Let p € N with p <n and W,, ~ W, (I,,n). Then, we have

limsup B [|[|W,[|'] < o
n— oo

for all r € N.

Proof of Corollary[S1] First of all, we can bound the spectral norm by the frobenius norm, i.e.

WL </ tr(Wa?)

for all n € N. Let A\ (W), ..., A\,(W,,) denote the eigenvalues of W,,. Since W, is almost surely positive
definite, it holds

P 2
r(W,2) =D Mi(Wy) 2 < (Z )\i(Wn)1> = tr (W;!)”

i=1
almost surely for all n € N. Hence, it follows

s

W7 < tr(W,2)772 <t (W)
almost surely for all n,r € N. Thus, we have

limsupn’E [[|[W;'|]"] < lim n"E [tr (W;l)r} =p" < oo
n—oo

n—00

for all r € N by Lemma [ST] O

Lemma S2. Let p € N and W, ~ W,(I,,n), where here and throughout Wy(I,,n) denotes the Wishart
distribution with scale matriz I, and n degrees of freedom. Then, we have

lim E[[[[W,/n— L] = 0.



Proof of Lemma[S2 For all symmetric A € RP*P with eigenvalues \;(A2), ..., \,(A?) of A2 = ATA, we have
4 22 _ N 22 N 4 4
AN = e M(A) < SONAYE = DA (MY = (AT
Hence, it follows

E[|[[Wo/n—LJ[*] <tr (E [(W”/n _ I”)4D

for all n € N. By the binomial theorem, we get

E {(Wn/” - Ip)ﬂ

i(—l)‘*-k (1)n e (W]

k=0

for all n € N. Section 2 of [7] provides n=*E [Wﬁ] — I, for all k € {0,1,2,3,4} and, therewith, it follows

(W1 = S () =0,

k=0
as n — 0o, where 0, denotes the (p x p) zero matrix. Hence, the statement of the lemma follows. O

The following lemma is a rather technical result about the norm of a Moore-Penrose inverse.

Lemma S3. Let r,k € N and H € R™*F. Furthermore, let A € R¥** be a symmetric positive definite matriz.

Then, we have
[[EART)H[|| < [|[B(]]2]]]A7Y]],

where here and throughout |||.||| denotes the spectral norm.

Proof of Lemma[S3. Obviously, HAHT and, therefore, its Moore-Penrose inverse is symmetric and positive
semidefinite. Let A\;(B) > A2(B) > ... denote the ordered eigenvalues of a matrix B. Then, it holds

II(HAH")"(|| = A\ (HAH")T).

The nonzero eigenvalues of (HAHT)T are given as inverses of the nonzero eigenvalues of (HAHT). Hence,
A1 ((HAHT)T) is the inverse of the smallest nonzero eigenvalue of (HAHT). Thus, for h := rank(H) =
rank(HAHT), it holds

I|(HAHT)T||| = 1/X, (HAH").

Furthermore, we have

THAHT
An (HAHT) = min )(Tix
xcker(HT)L\{0,} X'X
.y Ay . xHH x
> min min _
¥y#0, Yy xcker(HT)L\{0,} X'X
=M (A)N(HHT).
Since |[|[HT|||?> = 1/ A, (HHT) and ||[|[A71||| = 1/A\x(A), the lemma is proved. O

The next lemma provides that the distribution function of our limit distributions will be continuous and
strictly monotone.

Lemma S4. Let x ~ GP.(0,,A) be a Gaussian process in L5(T) with covariance function A : T2 — R™"
satisfying [ tr (A(t,t)) dt > 0. Then, the distribution function of ||x||5 = [+ x ' (t)x(t) dt is continuous on R
and strictly increasing on [0, 00).

Proof of Lemma [Sfl We proceed similarly as in [3]. By Lemma 1.1 in [3], P* is log-concave. Let us define
Ay :={x € L5(T) | ||x]|3 < u?} for u > 0. Then, we have AA,+(1—X)As C Ayyp(1-x)s forall X € [0,1],u, s > 0
since

Ay + (1= Nzll3 < Ayl + (1= Nllzll2)* < O+ (1= X)s)?

forally € A,,z € A;, A €[0,1],u,s > 0. Moreover, we have P*(A,) > 0 for all w > 0 by [I0, p. 61]. As in the
proof of Lemma 1.2 in [3], we obtain that (0,00) 3 u — F(u) := P*(4,) is log-concave. Hence, F is continuous
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n (0,00). Since F'(u) = 0 for u < 0, it remains to show F(0) = 0 to obtain continuity on all of R. Therefore,
let {f,, | m € N} denote a countable and complete orthonormal system of £5(7). Then, Parseval’s identity [6]
p. 245] yields

oo

F(0)=P(x|Z=0)=P <Z (x,£0)? = 0) <P((x,£7)=0) forallmeN.

m=1

Due to the Gaussianity of x, we have that (x, fz) is centered normal distributed with variance o2, := E[(x, £)?].
Parseval’s identity [6, p. 245] and Fubini’s theorem imply

Z<X, fm>21 = Z o2

m=1 m=1

E[[[x][3] =E

Since Fubini’s theorem also implies

E[|[x|[3] =E U x| (t)x(t) dt} = / E[x"(t)x(t)] dt = / tr (B [x(t)x" / ) dt > 0,
T T T
there is at least one m € N such that 02, > 0. By choosing this 7 € N, we obtain F(0) < P ({x,fz) = 0) = 0.
The strict monotony follows as in the proof of Corollary 1.3 in [3]. O

Finally, we show that FWER in Lemma S7 in the supplement of [14] is strictly increasing in the application
in the proof of Proposition [S2]

Lemma S5. Let Ty := [(z( )T Ae(t)z(t) dt, ¢ € {1,..., R}, for a Gaussian process z ~ GP.(0,,A) in L5(T),
where A1, ..., AR : T — R™ " are essentially bounded measurable functions with A,(t) being a symmetric positive
semi-definite matriz satisfying [ tr (Ag(t)A(t,t)) dt > 0 for all £ € {1,...,R}. Moreover, let F : R® — [0,1]
denote the cumulative distribution function of (T1,...,Tr) and Fp : R — [0,1],£ € {1, ..., R}, denote the marginal
distribution functions. Then,

(0,13~ FWER(():=1—-F (F{'(1—-(),....F;"(1-))
is strictly increasing.

Proof of Lemma[S3 First of all, note that Fy : R — [0,1],¢ € {1, ..., R}, are continuous and strictly increasing
on [0, 00) by Lemmawith x(t) = A;/Z(t)z(t). Let 0 < 2 < y < 1. We aim to show FWER(y) —-FWER(z) > 0
We have

FWER(y) — FWER(z)
=F(Fi'(1-2),...Fp'(l—2) - F(F{' Q1 —y),... Fg' (1 —y))
=P(We{l,. .R}:T,<F'(1-2))-P(We{l,..R}: T, <F, ' (1-vy)).

We proceed similarly to [3]. Lemma 1.1 in [3] implies that P? is log-concave. Let us define
Ay = {ZEES(T) |vee{l1,..,R}: ||A1/21H2 dt < u*F, (l—x)} for all u > 0.

Now, we aim to show AA, + (1 — A\)A, C Ayuya-n)s for all u,s > 0,A € [0,1]. Therefore, let x € A,,y €
Ag, A € [0,1]. Then, we have
1/2 2 1/2 1/2 2
40w =], = (]|, + 2= [[4i]],)
< (Mu+(1=N)s)2F, 1 (1 —x)

for all £ € {1,..., R}. Hence, it follows Ax + (1 — A\)y € Axy4(1-»)s- Moreover, we have P% (A,) > 0 for all u > 0
by [10, p. 61]. Hence, it follows that (0,00) 3> u +— log(P? (A,)) € (—o0,0] is concave as in Lemma 1.2 in [3].

Let u := maxyeq1,... R} \/F[I(l —y)/F,; (1 - ) < 1. Assume that

0 = FWER(y) — FWER(z)
=P(We{l, R} :T,<F/'(1—2))-P((We{l,..R}: T, <F ' (1—vy)).



By the choice of u, it follows
0 = FWER(y) — FWER(z) > P*(A4;) — P? (A,) > 0.

Hence, we have log(P% (A1)) = log(P? (4,)) and the concavity implies log(P? (A:)) < log(P% (A;)) for all ¢ > 1.
Thus, we obtain lim; . P% (A4:) < P?(A;). Note that

P*(A;)=P(WMe{l,. R} T, <F/'(1-2) <P <F'(l-2)=FR(Ff'1l-2)=1-2<1.

However, the essentially boundedness of Ay, ..., Ar implies that lim; ., P% (A;) = 1, which yields the contra-
diction. Hence, we obtain FWER(y) — FWER(z) > 0. O

S3. Proofs

In this section, the technical proofs of the stated theorems are presented. Note that the theorems and
propositions of the main paper are special cases of the theorems and propositions of the multivariate case in
Section [ST] with p = 1. Thus, we only prove the statements of Section [S1]

Throughout this section, we consider the Hilbert space £5(7") with induced norm ||.||2 and countable complete
orthonormal system {f,, | m € N}.

First of all, we state an useful lemma, which gives us the convergence of the covariance function estimators

uniformly over {(¢,t) € T2 |t € T} in outer probability.

Lemma S6. Under (M1), (M3) and (M6), we have

supH fi(t,t)—l‘i(t,t)w 550 asmi— o0

teT

for alli € {1,...,k}, where here and throughout Ly denotes convergence in outer probability.

Proof of Lemma [S6 We aim to apply Theorem 2.1 in [I5]. Let i € {1,...,k} be fixed but arbitrary. The
pointwise convergence

Ti(t,t) 5 Ty(t,t) asn — oo

is well known for all ¢ € T under (M1), which can be proven by applying the weak law of large numbers. Since
T is a compact interval and 7 > ¢ — I';(¢,t) is continuous under (M3), it is also uniformly continuous and, thus,
equicontinuous. Hence, the stochastic equicontinuity of 7 > ¢ — I';(¢,¢) remains to show. For that purpose, let
e,m >0 and é > 0 such that

Eout

5
sup  ||[Va (v () = va(s)vi(s)ll]| < % (510)
t,s€T, [t—s|<d

holds for j € {1,2}. By (M6), such a § > 0 exists. In the following, we just write |t — s| < § in the index of the
supremum for the sake of clarity. Inserting the definition of the covariance function estimator and applying
the triangular inequality yields

S sup [V — vV )|

Li(t,t) — Ti(s, )] || <

sup H
[t—s|<6 n; — =1 lt=s|<o
1 —
t o 25 e v ) - Vi @vi, @]
J1,j2=11"7%

By Markov's inequality, (M1) and (S10)), it follows

IE:Dout sup ‘ ‘ ‘ ‘ > € S Eout sup ’ ’ ’ ’ /5
[t—s|<d [t—s|<6
nd oo

<0 = o <
= ni—-16  (mi-Dn6 3"

Li(t,t) — Ty(s, s) Li(t,t) — Ty(s,s)

as n — 0o. The lemma is proven by applying Theorem 2.1 in [I5]. O

The following lemma ensures that H7 is asymptotically Gaussian.



Lemma S7. Under (M1)-(M4), we have
Vn(Hj—c) Sy ~GP, (0,,HAH") asn— oo

in L5(T).

Proof of Lemma[S7 Let i € {1,...,k} be arbitrary but fixed. Then, the subject-effect functions v;1, ..., Vi,
take values in £5(7) under (M1) and (M2). Furthermore, it holds by Fubini‘s theorem

E [|lval2] = /T E [tr (v (£)via ()] dt = /T b (E [vir (/v (0)]) dt = /T tr (it 1)) d.

Since T > t — tr(I;(¢,t)) is continuous on the compact set 7 under (M3), it attains its maximum. In particular,
we get

E[[[vall3] = /Ttr (T(t,t)) dt < . (S11)

Hence, Theorem 7.5.1 in [9] provides

1 &
Zvij 4, GP,(0,,T';) asn; = o0

in £5(7) under (M1)-(M3). By Slutsky‘s lemma as in [I8, p. 20], it follows

\/771'(;7\1’ - 'h‘) =

\/g i@ =) % GP,(0,,77T,) asn — oo (S12)

in £5(7) under (A4). Due to the independence of the samples of the different groups and the continuous
mapping theorem as in [I8, p. 32|, the statement of the lemma holds. O

\/ﬁ(ﬁi — ;) =

With the two previous lemmas, we are now able to prove Theorem [S1]

Proof of Theorem [S1] Lemma [S6 provides that A converges uniformly over {(t,t) € T? |t € T} in probabil-
ity to A. In the following, we also write A(t) and A(t) instead of A(t, t) and A(t, ), respectively, for all t € T
Furthermore, Lemma E S7| ensures the convergence in distribution of f (Hp—c) toy.

Let D denote the set of all continuous functions A : 7 — RPF*PF with A( ) symmetric and positive semidefinite
for all ¢ € T and be equipped with the £2¥*P¥(T)-norm. Then, A € D holds due to (M3) and (M4). Moreover,
similarly to Remark 1 (5), A takes values in D almost surely.

Furthermore, the map

+
h:Ly(T)xD> (X,A) l—>/ HA( )HT) X(t) dt € Rf U {oo}
is continuous on L£5(7) x {A}. By the continuous mapping theorem, it suffices to show that the map

h:L3(T)xD > X,A) / %7 (t) (H?\(t)HT)+ %(t) dt € R U {00}
T

is continuous on £5(7) x {A}. Consequently, let Xoo,X1, X, ... € L5(T) and Ay, Ao, ... € D be functions with
Xn = Xoo in L5(T) and A,, — A in LPEXPF(T) as n — oo. The triangular inequality implies

%! ((HK“HT)+ _ (HAHT)+) %0

i) x| )

1

for all n € N. We observe that
|laT Ab]|, ZL!aT(t)A(t)b(t)\ dtS/THa(t)H @[ [I[A@)]] dt < [[a[l2|[b[|2][|A[[[e

holds for all measurable functions A : 7 — R"™*" and a,b € L5(7T) by the Cauchy-Schwarz inequality and the
submultiplicativity of the spectral norm, where here and throughout |||.|||cc denotes the £2X"(7)-norm. The
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second triangular inequality yields ||Xp||2 = ||Xoo||2 < 00 as n — oo. Hence, it remains to show

—0 asn— o0 (S13)

oo

H’(HKnHT)+ — (HAHT)"

to conclude the continuity of A.
Since A(t) is invertible for all t € 7 and A is continuous, we can find an € > 0 such that every K € R™*" with
[l|K — A(t)]|| < e for some ¢ € T is invertible. We consider the set

K:={HAH' e R™" |A e Rpkxpk,gn;|||x —A@D)]|| <&}
€

Since the function j : RPFXPF 5 A s tln7f_|\|1~\ — A(t)||| € R is continuous, it follows that the set j~1([0,¢]) is
€

a closed set. Moreover, it is bounded since sup |[|A(¢)]|| < oco. Thus, K is compact as continuous image of a
teT

compact set. Hence, the continuous map K > K — KT € R"™*" is uniformly continuous on K. Let > 0 be
arbitrary and § > 0 such that |||K] — K7 ||| < n holds for all K, Ky € K with |||K; — Ka||| < §. Furthermore,

let N € N such that ‘HK” - AH‘ < min{e, 6/|||H]||?} for all n > N. Hence, it holds
[E&n T - BA@ET]|] = [|[HE.@) - )BT ||| < 112 ||[Au@) - ||| < 6

by the submultiplicativity of the spectral norm and HKn (t)H" € K for all n > N and almost every t € T and,

therefore, H(HKHHT)Jr - (HAHU*’H’ < nforalln > N. As a result, ll follows and the theorem is
oo

proven.

In the following, we generally condition on the functional data

(Xilaxi%~~)i€{1,...,k}» (S14)

if not otherwise specified.
The following lemma gives an analogue of Lemma [S7] for the parametric bootstrap counterpart of the sample
mean function.

Lemma S8. Under (M1)-(M5), we have

ViHR” Ly ~ GP, (0,,HAH') asn — oo
in L5(T).

Proof of Lemma [S8 Let i€ {1,...,k} be arbitrary but fixed. We aim to apply Theorem [S5| conditionally on
the functional data 1' with Z; ,, = %XZ forallj € {1,...,n;}. Then, Zy ,,,, ..., Zy, n, are i.i.d. conditionally
on (S14) by construction in Algorithm 1. Moreover, Fubini‘s theorem provides

B [|[Za0,|12] = ~E* [ / (5 (1) TxE (1) dt] - L /T B [t (5 () x5 (1))] dt

Uz

n; T
1 . 1 -
m/rf?" (E* [xhOGR@)T]) dt = ol (ri(t,t)) dt < oo

almost surely since the functional data take values in £5(7") under (M1), where here and throughout E* denotes
the conditional expectation given the functional data . It should be noted that all following statements
about conditional expectations hold just almost surely but we will not always add this throughout, for the sake
of clarity. Hence, Zi p,, ..., Zn, n, take values in £5(7) conditionally on the functional data (S14).
Assumption (1) of Theorem [S5|is satisfied conditionally on since Fubini‘s theorem provides

o [<\/177x7’f>} e A L CADNERORE
for all m € N.

Furthermore, due to the identical distribution of the parametric bootstrap observations and Fubini‘s theorem,

11



we have

S [( ot ) ()] = B [
= { /T £ (DX (1) (<1 (5)) THi(s) At 5)
= | O [<EOGE ()] ) it

_ / £T (DT, (1, )fi(s) d(t, 5)
T2

for all m, ¢ € N. It holds

/ ET(OF(t, 3)Bi(s) d(t, 5)
T2 ‘

= ) (i — 1) (1) (ki3 — M) " (9)u(s) d(t, s)
n; =1 T2
1 & . .
= g 2 A Xy — ) (£, xi5 — i)
7 ]:1
1 & 1 & 1 &
= (£, xij) — — D Emoxig,) | | (Bxi) — — > (f %)
T ?ja=1 " Ga=1

for all m,¢ € N. Thus, the term [, £7 ()5 (t, s)f;(s) d(t,s) can be thought of as the sample covariance of
(f,%;1) and (£, x;1). Hence, assumption (2) of Theorem [SH| follows almost surely due to the strong consistency
of the sample covariance, where 0'72nl denotes the covariance of (f,,,x;1) and (f;, x;1) for all m, ¢ € N. By Fubini'‘s
theorem, it holds

o2, = / £T (BTt 5)fi(s) d(t, 5) (515)
TQ

for all m, ¢ € N with similar calculations as above.
Analogously, we can calculate

et el n, (S16)
1 . ~
=> —] > s xij —03)7,
meN j=1

where here and throughout Var* denotes the conditional variance given the functional data (S14]). Hence, it
follows

5 S ()] - 5 oo aes
=Y o2,

meN

(S17)

by Fubini‘s theorem. The sum is finite since Fubini‘s theorem, the monotone convergence theorem and Parseval’s
identity (6], p. 245) yield

S ot = 3 / £ (OE [var (V7 (5)] fin(s) (2, 5)

meN meN

Z (£ V711>2‘| (S18)

meN

=E[|lvall3] <o

=L

12



due to (S11). In order to prove assumption (3) of Theorem [S5|in probability conditionally on (S14)), it remains
to show that the variance of (S16)) vanishes asymptotically. For the second moment of (S16)), we have

2 2
B33 var (< xf>> _E
meN j=1 \/TT

n; — 1 =
Rearranging the summands yields

<f7n7 Xij — ;\h>2
meN

2

: mzeszlvar (< \/>x137f >) n 71 Z E Z fmaxijl _ﬁi>2<fl,Xij2 _ﬁi>2

J1,J2=1 m,leN

Here, the rearrangement is valid since all summands are non-negative. By using the Parseval’s identity [6]
p. 245] and (A1), the expectations on the right side can be expressed for j; = jo € {1,...,n;} by

2

E (Z (£, xi5, — ﬁi>2> = E [I|xij, — milla] = B [|lxin — mill5] - (519)
meN

By applying the triangular inequality, we get

1 e
(xi1 —mi) = — D ki —m)|| <D allxiy — mill2,
j=1

i o

ni—l

[xi1 — 7il]2 =

2

where a; := (n; — 1)/n; and a; := 1/n; for all j € {2,...,n;}. Under (A1) and (A5), Hélder's inequality implies
E[[[xij, = mill2 |1%i5, — mill2 [1%ig5 — mall2 %05, = mill2) < B [|xin = milf5] < o0

for all j1, j2,J3, 74 € {1, ...,n;}. Hence, the expectation in (S19)) can be bounded uniformly over n; since

uz

Elllxin—nills] < Y. aja505,0,B{lxi, — mill %o, — 0ll2 %, — mill2 |xi5, — mill2]
J1,J2,33,Ja=1
4

Y as | Ellxa —mll3] < 2°E[[lxa —mll3] = 16E [||Ixi — mil|3]
j=1

by definition of aq, ..., a,,. Thus, it follows that the sum of the expectations with j; = ja € {1,...,n;}, that is
~ ~ n; ~
o1 Z B Y (X, — )2 (B %5, — 0:)° | = ———5 B [[lxi —7ll3] , (520)
J1=1 m,LeN

vanishes asymptotically as n — oc.
Furthermore, we have for the expectations with j; # j2,j1,j2 € {1,...,n;},

E Z <fm7xij1 - ;\li>2<fla Xijo — ;I\i>2 =E Z <f7n7 Xi1 — ;\li>2<fl7 Xi2 — ﬁi>2
m,leN mLeN

= Z E [(f,vir — (i — 1:))* (1, vio — (G — 1:))?]

m,LeN

due to (M1) and the monotone convergence theorem. By simplifying and applying the Parseval‘s identity [6]

13



p. 245], one can show

E| Y (noxa = 0)(fxio =07 = Y E (B vi) (£, vi2)]

m,leEN m,LeEN

2
I

meN

-(5)

as n — oo under (M5), where the last equality follows as in (S18]). For the sake of clarity, we will not describe
the calculation further.
Summing up the calculations above, we get

E|lY va« (<\Fx”,f >> :0(1)+nin_i1E 3" (fxin — )2 (X2 — 1)

meN j=1 m,LeEN
2
2
S (Z %m>
meN

as n — oo by (S20) and (S21]), where and throughout o(1) denotes convergence to 0. Since

(z) > 3o (g e,)

meN meN j=1

2

holds by (S17)), we can conclude that the variance of (S16|) vanishes asymptotically. Hence, assumption (3) of
Theorem [S5| holds in probability conditionally on (S14)).

Finally, we aim to show assumption (4) of Theorem by using Remark with 6 = 2. By applying the
Cauchy-Schwarz inequality several times and Fubini‘s theorem, one can show

S (L] (55 VETT T )

P

with xp = (x7 for all m € N. Since xj; ,(¢) is normally distributed with mean 0 and variance

s U)ve{l }
T; wv(t,t) conditionally on ) for all v € {1,...,p}, it follows

iE K\;’TXZM >4] < ni (ﬁi[rfi,vv(t,t) dt>2

Jj=1

for all m € N. Hence, Lemma and (M3) yield Lyapunov's condition in Remark in probability conditionally
on with § = 2.

Assumptions (3) and (4) of Theorem [S5 hold in probability conditionally on (S14). Thus, we can find for every
subsequence of increasing sample sizes n; a further subsequence such that (3) and (4) hold almost surely along the
latter subsequence by applying the subsequence criterion. Consequently, Theorem provides that W?)Z’ =

n;
> Z;,, converges in distribution to a centered Gaussian process with covariance function I'; conditionally on
j=1

(S14) almost surely along the latter subsequence as n — oo. Here, the covariance structure of the limiting
process follows from the characterization (S8) and equation (S15

(515)
Since \/n;n!,i € {1,...,k}, are independent conditionally on (S14), it follows with Slutsky’s lemma that

. N
VvnHp" = H ( f_ Vnmf)
AL ie{1,....k}

converges in distribution to y ~ GP,.(0,, HAHT) conditionally on (S14) almost surely along the specified
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subsequence as n — oo. Hence, by applying the subsequence criterion again, it holds

ND : i
as n — oo. O
Theorem [S2] can now be proved by using Lemma [S8]

Proof of Theorem[S2 By Lemma [S8and the subsequence criterion, every subsequence has a further subse-
quence such that /nHR” converges in distribution almost surely along the subsequence toy in £5(7). Applying
the continuous mapping theorem yields that

/ n (HR (1)) (HA® OHT) " HiP (¢) dt
-

converges in distribution almost surely along the latter subsequence to [~ y ' (t)(HA(t,t)HT)Ty(t) dt. Hence,
by applying the subsequence criterion again, it follows

/n(HﬁP(t))T(HA(t,t)HT) dt—>/ £)(HA(t, ) H ) Py (1) dt
-~

as n — oo.
Consequently, it remains to show

TP (H) —/ n (H;f’(zt))T (HA(t,t)H") " HiP (1) dt‘ 50 (S22)
T

as n — 00, where P2, denotes convergence in outer probability conditionally on 1' By the triangular
inequality, Holder’s inequality and the submultiplicativity, one can show

D] (H) S/T

< [IlE || Ve | ( / ]H(me,ﬂm)* _ (HAGOHT)'

(HR" (1)) ((Hﬁ’(t,t)HT)+ — (HA(,H)HT) )Hn ()' dt
9 1/2
dt> |

P (DFGE) > <) <= JIE P [ VAP ] (523)

Hence, by Markov’s inequality and the Cauchy-Schwarz inequality, we have

out

/‘H HA7’ ¢ t)HT) — (HA(t,)HT)*

‘2 dt] (S24)

for all ¢ > 0, where here and throughout P? .. denotes the outer probability and E} , denotes the outer

expectation given the functional data spectlvely. For all t € T, i € {1,...,k}, it holds 7 (¢t) ~
)

N, (Op7 Ts(t, t)/nz> conditional on the data 1 . In the following, let @; 1(t), ..., W; p(t) denote the eigenvalues
of T;(t,t)/n; for all i € {1, ...,k}. Then,

k 2 E p 2
) - <Z|Iﬁ3’<t>!\2> s (ZZ@W&)
=1 =1 v=1

conditional on the data (S14)), where Z 1, ..., Zj , are independent standard normal distributed and independent
n* t)H follows a generalized chi-square distribution. Hence, the expectation in 1) can
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be calculated as

B Il vaaP|ly] =

Il \
3 3
[\v] [\
5— S5—
= o
* *
TR
M= =
=
M*ﬁ j—
i) -
= &
=
N
,d [\v)
N——
[\v}
(oW
~

:n2/TQZZp:@“, (Zzp:w ) (S25)
/QZtr( )/n +<itr( )/nl> dt
Ei /r2;tr (fi(t,t)z) /T2 + <; tr (fi(t,t)) /Ti> dt < oo

as n — oo by Fubini’s theorem and Lemma Thus, it remains to show that the expectation in (S24)) vanishes
asymptotically in probability. By Theorem 4.1 of [I9] p. 221], it holds

H'(H?ﬂ’(t,t)HT)+ — (HALHHT) T

<1f ﬁmaX{H‘(HKP(t,t)HT)+

: ey ||} (3700 ) |

forallt e T.
Since T > t + |||(HA(t,t)HT)*|||? is a continuous function, it attains its maximum over the compact set 7.

2
Hence, there exists a C' > 0 such that H(HA(t, t)HT)+‘H <CforalteT.
Fubini’s theorem, the submultiplicativity and the Cauchy-Schwarz inequality imply

2
dt]

< (1+2\/5>2|||H||4 /TE UH(HTV’(t,t)HT)+

\//TE* [H‘Kp(t”f) — A, t)Hﬂ dt

B, = {inf min  W;,(t) >0 Vie{l, ,k;}}

out

/m (HA” (¢ t)HT) — (HA(HHT)T

+ C* dt- (S26)

Let

teT ve{l,...,p}

By Lemma [S3] it holds

N +|1® . 8
B’ UH(HAP(t,t)HT) H’ ] < ||[E* || OE" “HAP(t,t)_lm ]
+16k”i8*A7> —1(/8
< [EHY (5) B IEP e
i=1
on B, for all t € T since AP (t,t) is almost surely positive definite on B,,. It is well known that

(n — D2 (0, 0OFP (¢, 0T 2 (8, 8) ~ W, (I, ni — 1) (S27)

conditional on the data (S14]) for all ¢ € T,i € {1,...,k} with fi(t,t) positive definite. Let W,,, 1 ~
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Wy (I,,n; — 1). Then, we have

1
* N — ~—1/2 * ~—1/2 b ~—1/2
B [P (6071 < (e — DSIE 20, PE UH(wnn P OER (L OF; 2 0.0)

T
= (na — DYIE 2 PR [|[1W ]

forallt € T,i € {1,...,k} on B,. Therefore, we have

/E*
T
k

.\ 8 ~—
< EHY (5) (- DB [H\wml_lu|8}/7||ri V20| at
i=1

H(HKP(tJ)HT)JrHﬂ dt

k
on B,. Set G := [|[H*[[|'6 32 78 [ |[IT; /% (t,4)]|? dt. Due to (M3), the smallest eigenvalue Awin(t) of Ti(¢, )
=1

attains its minimum Amin(fo) > 0 for some o € T and, thus, |||T; "/ * (&, £)[]|2 = 1/Amin(t) < 1/Amin(to). Hence,
we have G < co. By Lemma it holds Poys (By) — 1. Hence, it follows

. +18
Pout (/ B ’H(HAP(t,t)HT) 1 dt > G+5> -0 (S28)
T
as n — oo for all § > 0 by Corollary [S1]
Furthermore, it can be shown
~ 4 ~ ~ 4 ~ 4
E* UHAP(t,t) —A(t,t)m } < 16E* UHAP(t,t) —A(m)w ] +16H’A(t,t) —A(t,t)m (S29)

for all t € T, where the second summand vanishes uniformly over 7 in probability as n — oo due to Lemma[S6]
Moreover, we have

k 4
* N n * T T
Rl N E S E A [
=1 v
LR R N N .
25 <n) B [T (t,6) 7207 (¢, )R (1,6) 72 = LI 13 (1, 6) /2]
i=1 g

for all t € T on B,,. Recalling (S27) yields

LI 0-Aco|[] dt<Z( ) B W /) 1) [ IR0
T
for all t € T on By,. Lemma [S2| Lemma [S6|and P(B,) — 1 as n — oo imply

/TE* UHKP(t,t)—K(t,t)HH at 2o

as n — oo and, thus,

—~ 4
[ x UHAP(t,t) —A(t,t)m ]

< 16/ B Wﬁp(t,t)—ﬁ(m)Hﬂ dt+16/ H‘K(t,t)—A(t,t)Hr dt (530)
T T
o

as n — oo by (S29).
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By combining (S28]) and (S30)) in (S26)), we get

. + 2
B, V ’H (HAP(t,t)HT) — (HA®HHT)T ‘ dt] 20
T
as n — co. Together with (S23])—(S25)), it follows
Pi. (DP(H) > ¢) 550
as n — oo for all € > 0 and, thus, (S22]). O

The proof of Proposition [S1| uses the same arguments as the proofs in the supplements of [IT], [14].

Proof of Proposition[S1l We aim to apply Lemma S3 in the supplement of [I1], which provides conver-
gence of quantile functions, with F,, being the empirical distribution function of Tf;l, Y f B(n)" With x(¢) :=
(HA(t,H)HT)T) 1z y(t), Lemma implies that JFy is continuous on R and strictly increasing on [0, 00), where
Fo denotes the distribution function of [y (t)(HA(t,t)H")"y(t) dt. Therefore, note that the assumption on
the covariance function is satisfied due to

tr (((HA(t, HHT)F) P HA® OHT (HA(, t)HT)+)1/2> = tr (HA(t,t)H ) PHA(t, H)H")

=rank ((HA(t,t)H")THA(t,t)H")
= rank (HA(t,t)H") = rank (H) > 0

for all t € T. Lemma S7 in the supplement of [I4] and Theorem |S2|imply that JF, (w) 5 5 (w) for all w € R.
By applying the subsequence criterion (Lemma 1.9.2 (ii) in [I8]), Lemma S3 in the supplement of [I1] provides
P

n,l—a

L ]_—0—1(1 — a). As in the proof of Proposition 1 in [14], this completes the proof by Theorem 1. O

With minor adjustments, the proofs of Theorem and can be obtained analogously as the proofs of
Theorem [S1] and [S2] respectively.

Proof of Theorem 3. Lemmaprovides that A converges uniformly over {(¢,t) € 72 | t € T} in probability
to A. Furthermore, Lemma [S7| ensures the convergence in distribution of v/n(H7 — c¢) to z. By the continuous
mapping theorem, it suffices to show that the map

g: L5(T) x D — (Rf U{ooPR, g% A) = (/Ti?(t) (fo(t)H;)+§€(t) dt)@ (o)

is continuous on L5(7) x {A} with D as in the proof of Theorem This holds whenever its component
functions are continuous. The continuity of the component functions follows analogously as in the proof of
Theorem O

Proof of Theorem 4. By Lemma [S8 and the subsequence criterion, every subsequence has a further subse-
quence such that /nH7” converges in distribution almost surely along the subsequence to z in £5(7). Applying
the continuous mapping theorem yields that

( / n (HaP 1) (HA®¢DH]) T HGP (1) dt>
T te{1,...R}

converges in distribution almost surely along the latter subsequence to ( [-z/ (t)(HeA(t,)H, ) Tz(t) dt)ée{1 R}

Hence, by applying the subsequence criterion again, it follows

( /T n (Ha" (1) (HAEDH]) T HA () dt)

Le{1,...,R}
4, < / 2] () (H At ) H] ) 20(t) dt)
T ¢e{1,...,R}
as n — oQ.
Consequently, it remains to show
DF(H,) = |17 (H,) — / n(HzﬁP(t))T (H At OH]) T Hag" (1) dt‘ 250
T
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as n — oo for all £ € {1,..., R}. This can be shown analogously as in the proof of Theorem O

The proof of Proposition is an application of Lemma S8 in the supplement of [I4], which yields the
convergence of the critical values.

Proof of Proposition[S2 We aim to apply Lemma S8 in the supplement of [14] with L = R, F, being
the empirical distribution function of (T27(Hy),...,To"F(Hg)) b € {1,..., B(n)}, and F,1,..., F,, g being its
marginal distribution functions. Furthermore, let F' denote the distribution function of

( [ 370 (A oBT) vt dt)
i

te{1,...,R}

and F1, ..., Fr denote its marginal distribution functions. With x(t) := ((HZA(tt)HZ—)"")l/2 Hyz(t) for z ~
GPi(0g,A), Lemma [S4| implies that Fy,..., Fr are continuous on R and strictly increasing on [0, c0), where the
assumption on the covariance function is satisfied as in the proof of Proposition[SI} Lemma S7 and Remark 1 in
the supplement of [14] and Theorem [S4| guarantee that the assumptions (S10) and (S11) are satisfied. Moreover,
Lemma implies that FWER in Lemma S7 in the supplement of [I4] is strictly increasing on (0, 1] with
t— Ag(t) := H] (HA(t,t)H] )" Hy and [ tr (A¢(t)A(t,t)) dt = [ rank (H) dt > 0. Thus, Lemma S8 in the

supplement of [I4] provides qlPE LN F71 —FWER !(a)) forall ¢ € {1,..., R}. As in the proof of Proposition
in [I4], this completes the proof by Theorem O

S4. More Details on the Data Examples

In this section, we first present the plots of the empirical covariance functions for Example 1 based on the
chlorine concentration data (Section and for Example 2 based on the electrocardiogram data (Section|S4.2)).
For the chlorine concentration data, the sample covariance functions seem to be very similar, which can not be
said for the electrocardiogram data. To verify these issues, we used the tests for equality of covariance functions
by [4, [5]. The results are presented in Table [S1|and confirm our observations.

Table S1: P-values of tests for equality of covariance functions by Guo et al. (2018, Tmax,rp) and by Guo et al. (2019, GPF .,
GPF,p, Fmax’rp) for chlorine concentration and electrocardiogram data

Data set Tmax,rp  GPFny  GPF.,  Fhaxrp
Chlorine concentration 0.515 0.310 0.401 0.427
Electrocardiogram 0.000 0.000 0.000 0.000

Now we describe and present the results of the simulation studies based on both real data examples. To
mimic the data given in the sets, we generated the simulation data from the multivariate normal distribution
with the following specifications:

« the samples sizes from the data example, i.e., n; = 25, i = 1,2, 3 for the chlorine concentration data, and
ny = 292, no = 177, ng = 10, and ny = 19 for the electrocardiogram data,

e the covariance matrix in the i-th group was equal to the sample covariance function for the i-th sample
from the data set.

o for checking the type-I error control, in each group, the mean function was set to the sample mean function
of the pooled data,

o for power investigation, the mean function in the i-th group was equal to the sample mean function for
the i-th sample from the data set.

We have calculated the empirical FWER, sizes and powers for multiple contrast tests. We considered the
Tukey-type contrast matrix. The results of these simulation studies are presented in Sections [S4.3}[S4.4]
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S4.1. Plots of the Empirical Covariances — Example 1
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Fig. S1: Empirical covariance functions for the chlorine concentration data
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S4.2. Plots of the Empirical Covariances — Example 2
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S4.3. Simulation Study inspired by Example 1

Table S2: Empirical FWER, sizes and powers (as percentages) of all tests obtained for the Tukey contrasts in the simulation
based on the chlorine concentration data (Ho,1 : m1 = n2, Ho,2 : 11 =03, Ho,3 : 12 =13)

Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
FWER 4.60 430 5.60 3.95 4.15 425 445 4.70 5.05
Empirical sizes Ho,1 2.15 23 245 1.80 175 1.82 1.78 1.90 1.85
Ho,2 1.65 1.2 205 1.35 1.50  1.25 1.50 1.50 1.95

Ho,3 1.15 1.2 180 1.35 1.06  1.20 1.20 1.30 1.35

Empirical powers Hoq | 70.65 66.55 42.20 36.3 54.30  66.80 69.35 67.90  70.65
Hopo | 25.70 1515 915 7.1 16.20 15.05 24.45 16.00  25.85

Hos | 29.35 2730 2740 23.7 19.85 27.30 28.45 28.45 29.70

S4.4. Simulation Study inspired by Example 2

Table S3: Empirical FWER, sizes and powers (as percentages) of all tests obtained for the Tukey contrasts in the simulation
based on the electrocardiogram data (Ho,1 : m = 12, Ho,2 : m1 =3, Ho,3 : M1 = 14, Ho,4 : M2 =13, Ho,5 : M2 = 04, Ho,e : N3 = 14)

Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
FWER 55.35  33.25  6.90 2.50 4.70 3.7 3.70 5.00 4.75
Empirical sizes  Ho 1 0.80 0.85 0.75 0.55 0.55 1.15  0.75 1.15 1.00
Hoo | 26.05 1715  2.35 0.45 1.35 0.85  1.00 1.20 1.20

Hos | 2365 12.85 1.70 0.90 0.90 1.20  0.55 1.20 1.00

Hoa | 3730  20.50  2.30 0.60 1.25 1.00 1.05 1.30 1.10

Ho,s 13.00 9.95 1.65 0.85 0.90 1.10  0.75 1.25 1.00

Ho,s 2.75 145 1.65 0.75 1.20 0.80  1.15 1.15 1.15

Empirical powers Hp,; | 100.00 100.00 100.0 100.00 100.00 100.00 100.0 100.00 100.00
Ho,2 | 100.00 100.00 100.0  99.75 100.00  98.85 100.0 99.70  100.00

Ho,z | 100.00 100.00 100.0 99.55 100.00 100.00 100.0 100.00 100.00

Ho,a | 100.00 100.00 85.8 44.95 98.00 5730 99.5 67.50  99.70

Hoys | 93.85 89.25 704 58.80 6835 55.60 66.8 61.80  71.65

Hoes | 9990 60.10 744 5155 96.10 43.20 97.7 51.15  98.55

S5. Detailed Results from the Simulation Study

In this section, we present all alternative hypotheses considered and the results of the simulation studies.
The scenarios in the six alternative hypotheses are as follows:

AL pn(t) = pa(t) = p3(t) = 0 and pa(t) = 2t,

A2, () = ia(t) = ps(t) = 0 and pa(t) = 1.5,

A3 () = 0, ja(t) = 0.75, s () = 1.5 and pa(t) = 2.25,

AL () = 0, jio(t) = £, js(t) = 2t and pa(t) = 31,

A5, () = pa(t) = pa(t) = 0 and pa(t) = 2(1 — 5)(1 — 1),

A6, pa(t) =0, p2(t) = (1= 5)(1 = 1), pu3(t) = 2(1 — 5)(1 —t) and pa(t) = 3(1 — 3)(1 — )

for all ¢t € [0, 1].

The results of the simulation studies are presented in tables and figures. The lists of them are given on the
next page (Sections[S5.1}[S5.2)). The results for the usual simulation (i.e., without scaling function) are depicted
in Section [S5.3] while those with scaling function are given in Section [S5.4] In column # in the tables, H;
represents the i-th hypothesis for given kind of contrasts, i.e.,

o for Dunnett contrasts: Ho1 :1m1 =12, Hoz2 : 1 =13, Hoz 1 02 =13,

o for Tukey contrasts: Ho1 : 1 = 2, Ho2 : 1 = 13, Hoz : 1 = N, Hoa @ N2 = 03, Hops : N2 = Na,
Ho6 2 N3 = 1.

Moreover, the column D denotes the distribution of the generated data, i.e., N - the normal distribution, t - the
t5-distribution and x? - the yZ-distribution.
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[5105 Computational time and speedup versus the number of design time points|

S55.3. Results without Scaling Function

Table S4: Empirical FWER and sizes (as percentages) of all tests obtained for the Dunnett contrasts (D - distribution;
= (15,20, 25,30), na = (30,40, 50,60), ng = (60,80,100,120); A = (A1, A2, Az, Aa): A1 = (1,1,1,1) -
homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), A3 = (1.75,1.5,1.25,1) - heteroscedastic case

n = (n1,n2,n3,n4): N1

(negative pairing))

D n X #H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N n; A FWER 435 3.75 555 3.30 6.10 3.06 4.05 4.30 5.20
Ho 1 1.45 1.20 1.90 1.00 1.90 085 1.40 1.30 1.85
Ho,2 205 145 230 1.35 230 120 2.05 1.75 2.20
Ho,3 1.35 1.75 230 1.30 255 155 1.35 1.95 1.95
N n; X FWER 265 1.60 6.15 4.10 6.65 4.55 5.75 5.10 5.90
Ho,1 1.60 095 195 1.20 235 140 1.90 1.60 1.90
Ho,2 0.70 0.40 245 1.40 240 1.7 1.90 1.85 2.10
Ho,3 0.40 0.25 225 1.55 225 1.70 230 1.95 2.50
N n; A3 FWER | 11.75 10.00 4.15 2.30 6.10 2.35 3.65 3.50 5.00
Ho1 225 185 2.05 1.35 1.85 1.15 1.55 1.85 2.30
Ho,2 435 315 185 0.85 250 1.20 1.65 1.70 2.35
Ho,3 845 820 1.65 0.75 225 0.70 1.65 1.25 1.85
N n» A FWER 3.80 4.00 4.15 3.45 4.60 395 3.95 4.50 4.80
Ho,1 1.65 1.30 1.50 1.10 2.00 1.15 1.50 1.65 1.65
Ho,2 1.35 135 1.65 1.25 1.65 145 1.35 1.60 1.70
Ho,3 1.25 1.85 190 1.75 145 190 1.80 2.00 2.15
N n; X FWER 1.80 1.55 5.15 4.00 435 3.55 4.55 4.15 5.10
Ho 1 1.15 1.0 215 1.55 1.60 1.50 1.65 1.80 1.90
Ho2 0.45 050 1.70 1.45 1.40 1.10 1.60 1.35 1.65
Ho,3 0.25 0.06 1.65 1.30 145 1.15 145 1.45 1.70
N n, A3 FWER | 11.35 10.15 3.55 3.00 4.60 3.15 3.50 4.25 4.45
Ho1 1.70 155 1.35 1.25 145 1.20 1.15 1.60 1.65
Ho,2 3.15  3.30 1.50 1.30 1.65 1.25 1.25 1.65 1.60
Ho,z 915 805 1.8 1.35 2.06 1556 1.75 2.25 2.15
N n3 A FWER 410 4.05 445 4.15 4.40 3.75 3.90 4.65 4.40
Ho,1 1.70  1.55 1.85 1.55 1.50 1.65 1.45 1.90 1.75
Ho,2 1.35  1.45 1.75 1.60 1.50 1.25 1.30 1.70 1.45
Ho,3 1.65 1.90 190 1.90 1.65 1.75 1.65 2.25 1.85
N =n3 X FWER 1.80 1.75 4.30 4.05 450 390 5.10 4.10 5.30
Ho,1 1.25  1.20 1.75 1.65 2.00 145 1.95 1.55 2.00
Ho,2 0.40 0.45 1.40 1.30 1.35  1.35 1.90 1.40 1.95
Ho,3 0.25 0.10 1.45 1.40 1.30 1.30 1.45 1.35 1.55
N =n3 A3 FWER | 1220 11.55 4.25 3.90 490 395 4.25 5.35 5.15
Ho 1 240 260 2.00 1.80 175  1.80 1.95 2.55 2.25
Ho,2 3.80 410 1.75 1.60 2.00 195 1.60 2.20 2.00
Ho,3 9.25 875 1.80 1.60 175 135 1.80 2.15 2.25
t n; A FWER 510 3.05 3.95 250 5.20 255 4.70 3.50 5.65
Ho1 1.70  1.20 1.60 0.95 1.90 115 1.45 1.60 1.80
Ho,2 1.95 140 1.90 1.20 1.70 110 2.10 1.50 2.50
Ho,3 1.80 1.10 1.25 0.70 2.10 090 1.60 1.10 1.95
t n; A2 FWER 255 135 4.20 285 5.20  2.55 4.95 3.30 5.40
Ho,1 1.40 095 1.75 1.05 1.55 1.05 1.80 1.30 1.95
Ho,2 1.05  0.25 1.50 1.15 1.80 070 1.85 0.90 2.10
Ho,3 0.30 0.25 1.30 0.90 1.90 1.00 1.65 1.30 1.75
t n; A3 FWER | 11.15 850 3.15 1.60 5.20 1.70 3.40 2.75 4.75
Ho,1 1.90 1.60 1.90 0.95 1.50 090 1.45 1.60 2.00
Ho,2 3.50 235 1.30 0.60 215 0.80 1.10 1.00 1.65
Ho,3 8.00 6.75 0.80 0.40 2.05 045 1.35 0.85 1.95
t n, A; FWER 425 3.60 4.25 3.40 450 3.85 3.30 4.50 4.30
Hon 1.80 1.10 1.50 1.10 175  1.30 1.65 1.55 2.00
Ho2 1.10  1.25 1.60 1.25 1.70  1.30 0.85 1.55 1.10

27



Table S4: Empirical FWER and sizes (as percentages) of all tests obtained for the Dunnett contrasts (D - distribution;
n = (n1,n2,n3,n4): n1 = (15,20,25,30), ny = (30,40,50,60), n3 = (60,80,100,120); A = (A1, A2, A3, Aa): A1 = (1,1,1,1) -
homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), A3 = (1.75,1.5,1.25,1) - heteroscedastic case
(negative pairing)) (continued)

D n X H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
Ho,z 1.65 1.85 2.10 1.70 1.40 1.60 1.15 2.15 1.65
t n, A FWER 220 145 430 3.35 455  3.75 495 4.40 5.35
Ho1 1.25 095 1.80 1.40 1.60 1.60 1.50 1.75 1.60
Ho,2 0.65 045 135 1.05 1.80 1.30 1.70 1.40 1.85
Ho,3 0.30 0.10 1.50 1.25 1.25  1.15 1.90 1.55 2.05
t ng A3 FWER | 11.85 9.90 3.80 2.90 455 3.25 3.80 4.15 5.05
Ho,1 215 17 1.60 1.35 1.40 1.35 1.55 1.70 2.10
Ho,2 3.75 3.60 1.95 1.30 1.65 1.50 1.70 1.90 2.10
Ho,3 9.05 805 1.55 1.30 1.90 125 1.35 1.75 1.95
t ng A1 FWER 4.06  3.75 4.20 3.90 3.60 3.60 3.85 4.45 4.40
Hoa 1.30 1.40 1.50 1.45 095 120 1.20 1.60 1.40
Ho,2 1.30 140 1.70 1.50 1.25 145 1.15 1.75 1.45
Ho,3 1.95 1.7 185 1.65 1.65 1.60 2.00 1.95 2.25
t ng A2 FWER 215  1.00 4.30 3.90 420 435 4.65 4.75 4.95
Ho 1 1.25 0.70 1.55 1.20 140 145 1.85 1.60 2.05
Ho,2 0.60 0.30 1.50 1.35 1.10 145 1.75 1.65 1.80
Ho,z 0.35 0.15 1.50 1.60 1.80 170 1.25 1.80 1.30
t ng A3 FWER | 1285 10.90 3.95 3.45 3.95 3.60 4.10 5.20 5.70
Ho1 215 250 2.00 1.75 1.65 1.65 1.80 2.60 2.20
Ho,2 4.75  3.60 1.75 1.60 1.10  1.65 1.95 2.30 2.95
Ho,3 930 845 1.65 1.45 1.65 1.55 1.10 2.10 1.90
) n; A FWER 4.70  3.00 4.50 2.80 5.50 295 4.55 3.65 5.35
Ho,1 1.65 095 1.30 0.90 1.80 090 1.65 1.15 1.80
Ho,2 1.95 140 240 1.45 225 130 1.75 1.60 2.30
Ho,3 1.55 1.06 1.40 0.80 175 110 1.70 1.40 1.90
) nm; XA FWER 215  1.30 5.00 2.85 5.75  3.15 5.15 3.90 5.35
Hoa 0.90 1.00 2.05 1.35 2.056 130 1.85 1.65 1.85
Ho,2 1.05 0.35 1.65 0.90 2.15  1.15 2.25 1.40 2.35
Ho,3 0.20 0.05 1.50 0.80 1.80 095 1.40 1.15 1.50
X2 n; A3 FWER | 12.05 940 3.90 1.95 5.35 225 3.95 3.85 5.40
Ho 1 210 170 2.05 0.90 1.60 090 1.60 1.70 2.20
Ho2 410 285 1.55 0.70 1.90 080 1.50 1.20 2.15
Ho,3 880 7.15 1.50 0.70 230  1.05 1.90 1.80 2.65
x}) ny A FWER 4.60 425 4.50 3.50 5.20 3.85 4.80 4.50 5.70
Ho1 2.00 195 235 1.70 210 190 1.95 2.10 2.20
Ho,2 1.60 1.30 1.35 1.10 1.10 1.05 1.65 1.40 2.20
Ho,z 2.00 180 210 1.60 235 170 2.05 2.05 2.35
X} ny X FWER 275 170 4.30 3.65 480 390 5.40 4.15 5.75
Ho,1 1.90 135 1.75 1.55 245 1656 2.30 1.80 2.50
Ho,2 0.70 030 1.40 1.10 0.95 1.10 1.60 1.15 1.70
Ho,3 0.25 0.15 145 1.30 1.50 1.60 1.75 1.80 1.80
x? ny A3 FWER | 10.70  9.65 4.00 3.00 455 2.70 3.80 4.00 4.70
Hoa 175 1.55 1.65 1.30 1.85 1.10 1.55 2.05 1.90
Ho,2 330 345 1.75 1.40 1.20  1.35 1.50 1.80 1.90
Ho,3 8.65 780 1.70 1.25 1.95 1.20 1.65 1.70 2.20
x} n3 A FWER 5.05 490 4.80 4.15 4.70 475 4.90 5.30 5.80
Ho 1 220 210 215 1.95 175 205 1.85 2.35 2.25
Ho,2 1.55 1.80 1.80 1.55 1.70 150 1.65 1.90 1.75
Ho,3 2.06 210 195 1.60 1.75 195 2.20 2.30 2.75
x} n3 X FWER 1.90 215 5.85 5.10 4.60 4.65 4.70 5.25 5.05
Ho,1 1.25 1.65 285 245 1.90 250 1.95 2.80 2.20
Ho,2 0.60 0.40 1.75 1.70 1.40 1.20 1.50 1.35 1.60
Ho,3 0.05 0.10 1.60 1.30 1.40 135 1.45 1.50 1.45
X} n3 A3 FWER | 11.55 11.00 3.85 3.70 480 3.55 3.80 5.25 4.80
Ho1 235 240 1.75 1.65 2.15  1.65 1.80 2.35 2.35
Ho,2 340 330 135 1.25 1.70 145 1.40 2.00 1.80
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Table S4: Empirical FWER and sizes (as percentages) of all tests obtained for the Dunnett contrasts (D - distribution;
n = (ni,n2,n3,n4): n; = (15,20,25,30), ny = (30,40, 50,60), ng = (60,80,100,120); A = (A1, 2,3, 4): A1 = (1,1,1,1) -
homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), A3 = (1.75,1.5,1.25,1) - heteroscedastic case
(negative pairing)) (continued)

D n X H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
Ho,3 8.8 890 1.60 1.50 1.60 1.25 1.75 2.10 2.10
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30



All cases

J—
o~ _] 1
— 1
N
1
1
S - 1
—
g
O o o
=
[N
s febef I S SR e D PP PP RPRIPRRN
g © —J---fF-----4 e e R ey B
= ° ' T I
& — ! — N ' N
N A T T T T T T T T —— B e Al e —rererereresrers i I oy S P it
S e R ——— R e
[ [ (-]
[ |
o — T ! —_
—_—
T T T T T T T T T
Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
Normal distribution
o~ _—T
- ! D e—
1
1
o 1
—
g
g =
=
[N
< e
L ©o 4 ---F-----4 -
=
£
L
Al Aetebet sovsesvepun | T
1
N —_—
——
T T T T T T T T T
Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
t—distribution
J—
o~ |
— 1
1
N
o 1
— 1
;\3 1
~ 1
[a e
w [ee]
=
[T
B e
L © SoSpLorosd -
a
£
w
<~ T
~ —_—
T T T T T T T T T
Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
Chi—square distribution
ﬂ _—T
1
1 —_—
S :
i
1
s
[a's ©
w
=
o
B o fuo-
=
£
w
< T
1
N —_—
T T T T T T T T T
Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH

Fig. S4: Box-and-whisker plots for the empirical FWER (as percentages) of all tests obtained for the Dunnett contrasts for
different distributions

31



Homoscedastic case, nn = (15,20,25,30)

o
S g g
1
N
w0 _] e
° ' —
: I —
o —_— 1
o T
g
o
w
=
[T
=
2
a
£
w
T 1
|_o_ | - —_—
o~
T T T T T T T T T
Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
Homoscedastic case, nn = (30,40,50,60)
N
1
|_n. | 1
[Tl 1
1
1
-
1
o |
(Yol 1
g —
o 1
w ]
= 1
o e | —_— JE—— ] ——— T
S ~ L \ ! :
+— = -
i} | R E—
T T T T T T T T T
Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
Homoscedastic case, nn = (60,80,100,120)
N
1
1
1
[Xe} 1
o T |
1
— :
' |
: |
g 2 =
< o []
E ' —_r _
I} ! [l |
1
E ' : ! _ \ :
© ! ' ! ' ' '
2 ) ' + 1 ! T
a : L 1
g‘ ~ : , _
L 1
1 1
—_—
o o Emm— I S B S N
< 7 ] .
: . ' ——
44444444444444444444444444 .-.-.I-.—-:
1
—_— —_—
T T T T T T T T T
Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH

Fig. S5: Box-and-whisker plots for the empirical FWER (as percentages) of all tests obtained for the Dunnett contrasts and
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Positive pairing, nn = (15,20,25,30)
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Fig. S6: Box-and-whisker plots for the empirical FWER (as percentages) of all tests obtained for the Dunnett contrasts and
different sample sizes and positive pairing

33



Negative pairing, nn = (15,20,25,30)
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Table S5: Empirical sizes (Ho,1, Ho,2) and powers (Ho,3) (as percentages) of all tests obtained under alternative Al for the
Dunnett contrasts (D - distribution; n = (ni1,n2,n3,n4): n; = (15,20,25,30), na = (30,40,50,60), n3 = (60,80,100,120);
A= (A1,A2,A3, ) A1 = (1,1,1,1) - homoscedastic case, Ao = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), Az =
(1.75,1.5,1.25,1) - heteroscedastic case (negative pairing))

D n X *H Fmax GPF L2b  Fb CAFB GPH SPH mGPH mSPH
N m, A\  Ho.| 190 145 180 1.15 175  1.40 2.15 1.95  2.30
Hoo | 1.60 070 165 090 210 1.00 1.90 1.30 225
Hos | 81.30 87.35 85.35 79.05 73.85 85.50 79.45  87.70  82.00
N mn; X Hop| 140 100 190 1.15 2.15 1.30 1.85 1.40 1.95
Hoo | 070 030 1.90 1.05 2.15 1.55 1.65 1.75 1.85
Hos | 23.05 2575 57.20 50.00 44.25 5890 49.30  60.90  50.85
N mn; X3 Hop | 175 180 225 120 1.70  1.35 145 2.10  2.00
Hoo | 395 335 135 080 205 115 215 1.80  2.40
Hos | 66.10 69.15 3450 24.65 2775 31.90 27.85  39.30  32.55
t ny A HMoi| 190 1.25 1.80 1.05 1.80  0.90 1.60 1.30 220
Hoo | 1.60 120 145 090 220 110 1.35 1.20 1.60
Hos | 53.35 60.20 55.05 47.15  46.05 55.65 50.65  60.20  54.25
t  my Ay HMoa | 1.25  1.05 1.90 1.05 145 130 150 1.40 1.60
Hoo | 055 035 1.65 1.0 1.50  1.10 1.65 1.15 1.75
Hos | 10.00 870 29.60 24.05 2390 28.65 2655  30.55  27.95
t  ny A3 HMou| 225 150 155 0.90 155 095 1.50 1.55  2.10
Hoo | 420 255 120 070 220 075 175 .00 2.60
Hos | 4540 4550 17.20 11.00 1570 15.15 16.35  19.90  18.90
X2 my A Hoa| 210 110 150  0.65 1.80 1.00 2.10 130  2.40
Hoo | 195 155 240  1.45 1.95 1.70  2.00 2.10  2.45
Hos | 82.00 87.90 83.15 76.80 7290 83.50 79.10  86.95  81.50
X2 my Ay Hop | 135 115 225 120 250 150 1.65 1.60 1.80
Hoo | 070 035 165 1.20 1.50 1.25  1.65 1.60 1.95
Hos | 22.65 2540 5470 48.30 4545 56.50 49.50 5820  51.25
X2 my A3 Hoa| 185 120 145 085 220  1.05  1.20 1.30  2.05
Hoo | 335 235 1.75  0.75 1.85 1.05 1.30 1.60 1.70
Hos | 67.00 69.00 36.50 28.20 31.15 3570 33.35  41.70  37.65
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Fig. S8: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A1l for the Dunnett
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Fig. S9: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A1 for the Dunnett
contrasts and different distributions
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Table S6: Empirical sizes (Ho,1, Ho,2) and powers (Ho,3) (as percentages) of all tests obtained under alternative A2 for the
Dunnett contrasts (D - distribution; n = (ni1,n2,n3,n4): n; = (15,20,25,30), na = (30,40,50,60), n3 = (60,80,100,120);
A= (A1,A2,A3, ) A1 = (1,1,1,1) - homoscedastic case, Ao = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), Az =
(1.75,1.5,1.25,1) - heteroscedastic case (negative pairing))

D n X #H |Fmax GPF 12b Fb CAFB GPH SPH mGPH mSPH
N mn; A Ho. | 210 130 200 105 210 150 2.30 170  2.70
Hop | 165 110 1.8 110 175 125 1.90 1.65  2.15
Hos | 80.95 98.50 97.95 96.50 90.70 98.25 77.75  98.65  80.60
N n; A Hos| 105 08 190 105 205 115 145 1.35  1.75
Hoo | 060 030 140 095 170 115 150 140  1.65
Hos | 2140 57.60 8425 79.95 68.30 84.15 49.70  85.35  51.45
N ny As Hos | 240 145 165 100 210 085 1.70 175 2.30
Hoo | 470  3.80 220 090 260 140 165 2.00 225
Hos | 70.90 85.60 61.75 50.90 4525 5895 30.55  65.65  35.75
t my A Moy | 145 070 180 075 175 095 150 .30  2.15
Hoo | 135 075 165 070 180 0.75 115 .10 1.20
Hos | 47.15 8215 79.20 73.15 6525 7880 4625 8205 49.55
t ny A Hos | 115 085 175 1.00  1.60 1.00 1.35 120 1.45
Hoo | 090 025 1.30 085 150 080 1.80 0.90  1.90
Hos | 8.90 2545 54.90 4855 3870 53.50 26.70 5545  28.35
t my A Hos | 265 180 175 095 160 1.15 1.85 2.00 250
Hoo | 415 285 120 060 280 095 215 140  2.80
Hos | 48.75 64.10 33.85 24.75  26.15 30.85 17.90  36.95 22.35
X2 m A Hos | 185 110 160 080  1.85 1.00 1.85 120 2.05
Hoo | 1.80 1.05 200 1.00 205 125 145 150  1.95
Hos | 8140 98.25 9585 9410  89.60 96.70 78.60  97.45  81.40
X2 m Ay Hop| 115 060 135 080 165 085 1.25 1.00  1.40
Hoo | 060 055 200 150 250 170 1.60 2.00  1.85
Hos | 18.55 59.65 83.70 80.25  68.05 84.35 49.80  85.80  51.55
X2 my Az Hos | 190 170 165 070 170 085 115 .70 1.60
Hoo | 435 330 205 1.30 265 135 185 2.10  2.80
Hos | 7105 8515 60.80 52.35  47.20 59.10 3485  64.30  39.60
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Fig. S10: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A2 for the
Dunnett contrasts and homoscedastic and heteroscedastic cases
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Fig. S11: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A2 for the
Dunnett contrasts and different distributions
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Table S7: Empirical powers (as percentages) of all tests obtained under alternative A3 for the Dunnett contrasts (D - distribution;
n = (ni,n2,n3,n4): n; = (15,20,25,30), ny = (30,40, 50,60), ng = (60,80,100,120); A = (A1, A2, A3, 4): A1 = (1,1,1,1) -
homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), A3 = (1.75,1.5,1.25,1) - heteroscedastic case
(negative pairing))

D n X H#H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N n; A Hoa | 13.80 2655 2930 2290 19.55  26.10 13.65 30.10 15.45
Hoo | 75.15  97.75  97.20 9520 88.265  97.25 73.65 97.75  T76.75
Hoz | 99.85 100.00 100.00 100.00  99.95 100.00 99.70  100.00  99.90
N n; A Hoa 9.05 16.50  23.06 17.35 16.30  19.80 10.50 20.95 11.40
Hoo | 35.85 75.60 86.00 82.05 69.95 86.80 52.25 87.60  53.75
Hosz | 68.00 9845 99.75 99.70 9830 99.85 92.15 99.85  93.10
N n; A3 Hoa 7.50 8.80 8.75 6.00 6.90 7.00  6.30 8.95 8.05
Hoo | 45.06  69.25  56.20 46.20 40.30 53.80 28.35 59.35  33.60
Hosz | 95.70  99.65  96.20 93.70  85.85  96.20 72.65 97.25  T7.55
t n A Hoa 9.40 13.55 15.06  10.65 11.55 12.85  8.60 14.60 9.75
Hoo | 4825 80.65 7840 7285 6525 7810 46.35 81.30  49.50
Hosz | 93.25  99.65 99.15 9890  97.10 99.35 91.45 99.65  92.90
t n A Hoa 6.45 9.15 1435 10.05 10.30  11.10  7.30 12.05 7.70
Hopo | 19.85 43.15  60.15  52.75  44.15  59.05 30.45 61.30  32.25
Hosz | 37.35 8135 9420 9255 8535  94.60 69.35 95.35  71.25
t n A3 Hoa 5.65 5.15 5.40 3.20 4.40 3.95 4.2 9.55 9.25
Hoo | 28.85 4490 3130 23.75  23.85  27.55 15.40 33.95 19.70
Hosz | 81.50  93.85 7810 69.55  63.65 76.50 45.70 81.10  51.05
X2 ni A Hoa | 1545 2840  30.80 24.85  20.75  27.90 16.20 30.75 17.70
Hoo | 7810 9775 9590 94.05 88.25  96.05 76.90 97.30  79.45
Hosz | 99.85 100.00 99.90  99.90  99.80 100.00 99.40 100.00  99.60
x> n1 A Hoa 885 16.35 22.65 18.10 15.70  20.20 11.10 21.30  11.80
Hoo | 35.75  77.20 86.15 8220 71.60 87.10 53.90 88.30  55.70
Hosz | 69.95  99.15  99.75  99.60 9825  99.95 92.95 99.95  94.00
X2 m A3 Hoa 6.80 9.70  10.50 7.20 9.35 855  5.70 11.25 7.00
Hoo | 4850 7235  56.60 48.30  45.55  55.00 32.05 61.90  36.20
Hosz | 96.50 9935  93.70  89.50  85.60 94.15 74.35 95.90  79.25
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Fig. S12: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A3 for the
Dunnett contrasts and homoscedastic and heteroscedastic cases
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Table S8: Empirical powers (as percentages) of all tests obtained under alternative A4 for the Dunnett contrasts (D - distribution;
n = (ni,n2,n3,n4): n; = (15,20,25,30), ny = (30,40, 50,60), ng = (60,80,100,120); A = (A1, A2, A3, 4): A1 = (1,1,1,1) -
homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), A3 = (1.75,1.5,1.25,1) - heteroscedastic case
(negative pairing))

D n X H#H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N n;y M Hoa 12.85  13.75 14.70 10.95 11.50 13.30 12.65 15.60 14.45
Ho,2 77.70  84.75 80.85 73.75 70.00 82.30 75.60 85.35 77.75

)

Ho,z | 100.00  99.95 99.95 99.80  98.80 99.90 99.90 99.95 100.00

)

N my A Hoa 9.05 8.66 1240  8.80 9.65 10.95 11.30 11.95 11.75
Hoo | 3750 4430 60.30 52.00 48.10 60.65 52.80 61.90  53.95
Ho,3 77.00  85.50 95.60 93.90 88.60 96.30 94.30 96.80  94.75
N n; A3 Hoa 6.10 590 635  3.90 495 450  4.55 6.10 6.05

)

Hoo | 4290 4725 3225 2260 2490 28.70 25.80 35.25  30.35

)

Hosz | 95.65 97.15 8220 71.75  66.35 81.05 72.20 86.06  77.35
t n A Hoa 7.15 6.50  7.00 4.55 6.50 585 7.05 7.25 8.30
Hoo | 4835 5540 51.30 43.50 43.45 52.35 47.45 56.35  50.00
Hosz | 93.90 97.10 93.80 91.70  89.05 96.15 92.70 96.85  94.25
t n A Hoa 5.25 480 6.50 4.55 555 540 590 6.10 6.15

)

Hopo | 2040 19.85 32.60 26.95 27.65 33.35 30.30 34.80  31.90
Hosz | 40.50  47.05 7255 67.20 62.85 76.40 69.40 77.80  70.60
t n; A3 Hoa 5.20 3.90 335 205 3.45 255  4.00 3.85 4.80
Hopo | 2330  25.10 15.00 10.45 13.85 13.75 13.50 16.90 15.95
Hoz | 80.05  82.65 48.95 37.40  41.25 47.15 44.55 55.06  49.15
X2 mp A Hoa 13.85 14.35 16.55 11.45 12.85 14.80 13.00 17.15 14.50
Hoo | 7875 85.45 80.056 73.75  71.45 8240 76.05 86.00  78.25
Hosz | 99.80 100.00 99.70 99.55  98.35 99.90 99.55 99.95  99.65
x> mn1 A Hoa 7.55 6.55 10.30  6.75 9.60 870 9.05 9.60 9.95
Hoo | 36.70  43.80 59.15 51.65 49.70 62.65 54.40 64.45  56.00
Hosz | 7835  86.30 9520 93.35 87.55 96.40 94.10 96.95  94.45
X2 m A3 Hoa 6.00 485 530  3.50 555  3.95 4.65 5.10 6.20
Hoo | 4290 46.60 32.05 25.00 27.45 30.95 28.00 35.20  31.70

Hosz | 9495 9550 76.60 67.70 66.65 77.15 71.15 82.45  75.60
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Fig. S14: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A4 for the
Dunnett contrasts and homoscedastic and heteroscedastic cases
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Fig. S15: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A4 for the
Dunnett contrasts and different distributions
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Table S9: Empirical sizes (Ho,1, Ho,2) and powers (Ho,3) (as percentages) of all tests obtained under alternative A5 for the
Dunnett contrasts (D - distribution; n = (ni1,n2,n3,n4): n; = (15,20,25,30), na = (30,40,50,60), n3 = (60,80,100,120);
A= (A1,A2,A3, ) A1 = (1,1,1,1) - homoscedastic case, Ao = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), Az =
(1.75,1.5,1.25,1) - heteroscedastic case (negative pairing))

D n XA H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N ny A Hoa 1.85 1.65 220 1.45 2.25 1.6 1.95 2.10 2.20
Ho,2 1.85 1.15 1.60 0.85 225  1.05 1.85 1.40 2.15
Hozz | 79.15 86.40 8240 75.65 70.55 83.65 76.30 86.55 78.65
N n1 X Hoa 1.10 070 1.75  0.85 175 110  1.50 1.25 1.75
Ho,2 1.05 0.65 245 1.60 245 175 1.90 1.85 2.05
Hos | 2425 2525 53.15 46.15 4220 54.40 48.10 56.60  49.45
N n; A3 Hoa 2.75 1.65 215  0.95 1.70  1.30  2.45 2.00 2.65
Ho,2 4.05 350 2.05 1.20 290 140 215 2.00 2.60
Ho,z | 62.60 66.00 31.85 22.10 25.65 29.20 29.50 35.30 33.80
t n A Hoa 1.50 1.056 1.70  0.95 1.65 1.00 1.05 1.15 1.50
Ho,2 1.60 1.10 1.40 0.85 1.55 0.80 1.40 1.25 1.65
Hosz | 4990 57.75 55.15 4540  44.65 53.90 46.05 59.35  48.95
t n; A2 Hoa 1.00 065 1.40 0.70 1.75  0.75 1.25 1.00 1.35
Ho,2 0.55 020 165 1.05 205 110 1.25 1.35 1.40
Ho,3 9.10 790 2735 2240 22.80 27.30 24.60 28.70  25.85
t n A3 Hoa 2.25 1.70  1.90 1.05 215 120 1.50 1.85 2.00
Ho,2 3.6 270 155 0.85 1.80  0.75 1.60 1.10 1.95
Hos | 4295 43.65 15.85 10.05 15.55 13.85 14.35 18.35 17.55
X2 ni A Hoa 1.50 120 1.80 0.80 2.00 085 145 1.35 1.95
Ho,2 1.70  1.05 145 0.90 215 1.00 1.75 1.45 2.00
Hos | 81.60 87.55 79.65 72.90 74.05 8220 77.10 85.95 79.90
X2 ni A Hoa 1.80 0.60 1.70  0.85 1.55 095 2.20 1.00 2.30
Ho,2 0.80 0.10 145 0.80 1.50 0.70 1.20 1.00 1.50
Ho,z | 20.20 2290 5290 47.30 43.65 53.90 47.35 56.60  48.70
X2 ni A3 Hoa 1.45 1.25 110  0.65 1.90 095 0.95 1.35 1.50
Ho,2 3.50 230 130 0.65 220 075  1.60 1.05 2.45
Hos | 65.60 67.30 35.25 25.95 32.00 34.50 31.90 40.10  36.70
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Fig. S16: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A5 for the
Dunnett contrasts and homoscedastic and heteroscedastic cases
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Fig. S17: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A5 for the
Dunnett contrasts and different distributions
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Table S10: Empirical powers (as percentages) of all tests obtained under alternative A6 for the Dunnett contrasts (D - distribution;
n = (ni,n2,n3,n4): n; = (15,20,25,30), ny = (30,40, 50,60), ng = (60,80,100,120); A = (A1, A2, A3, 4): A1 = (1,1,1,1) -
homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), A3 = (1.75,1.5,1.25,1) - heteroscedastic case
(negative pairing))

D n X H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N n; A Hoa | 1280 1295 14.65 10.85 12.05 1245 12.15 14.85 13.65
Hoo | 73.75 82.00 80.15 72.05 65.75  80.75 71.45 83.50  74.60
Hoz | 99.75 99.95 99.85 99.70 9825 100.00 99.60 100.00  99.75
N n; X Hoa 6.90 680 975 645 8.50 9.06  8.55 9.40 9.10
Hoo | 3440 41.80 57.85 49.85  45.00 5870 49.50 60.60  50.95
Hos | 76.10 82.95 96.10 93.60 87.25 9740 93.25 97.60  93.75
N n; A3 Hoa 5.556  5.05 550  3.50 5.00 3.90  4.35 5.35 5.70
Hoo | 41.15 43.70 28.35 20.15 23.00 26.30 23.85 31.80  28.70
Hos | 9435 96.95 7885 67.85 6235 7810 70.05 83.85  74.55
t n, A Hoa 735 715 850 6.10 7.90 6.95 7.35 8.60 8.40
Hoo | 46.00 52.75 5090 41.80 41.35  49.60 44.00 54.35  46.95
Hosz | 93.25 96.55 93.70 90.95 87.60 94.75 91.35 96.20  93.05
t n; A Hoa 5.00 3.65 530 3.70 4.85 4.55  6.05 5.25 6.50
Hoo | 1815 17.75 31.15 24.85 2580 31.00 28.20 3290  29.15
Hosz | 39.85 4495 71.10 66.75 61.25 7450 67.60 75.90  68.80
t n; A3 Hoa 440 3.70 3.75 250 3.20 290 3.70 3.95 4.45
Hoo | 2490 2490 1545 10.25 14.45  13.30 13.45 16.80  15.90
Hos | 78.75 81.65 47.40 36.65 37.55  46.30 41.20 53.40  46.50
X2 mp A Hoa | 1215 13.10 1520 11.00 13.15 13.70 12.30 15.80  14.10
Hoo | 75.056 83.85 7875 7190 70.85  80.70 73.55 84.20  76.10
Hoz | 99.65 9990 9935 9880 9830 99.70 99.35 99.80  99.45
x> n1 A Hoa 825 6.60 10.20 7.30 8.55 9.15 10.10 9.90  10.65
Hoo | 3495 40.65 56.55 49.25 4545  58.15 51.20 61.00  52.80
Hosz | 7430 84.70 94.50 9240  87.55  95.90 92.20 96.20  92.70
X2 my A3 Hoa 5.25 500 575 3.70 6.25 3.75  4.85 5.50 6.15
Hoo | 42.35 4585 32,60 25.05 28.65 29.90 27.50 35.20 31.25
Hoz | 95.15 96.00 76.80 6795 6735 77.80 72.15 82.65  77.25
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Fig. S18: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A6 for the
Dunnett contrasts and homoscedastic and heteroscedastic cases
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Fig. S19: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A6 for the
Dunnett contrasts and different distributions
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Table S11: Empirical FWER and sizes (as percentages) of all tests obtained for the Tukey contrasts (D - distribution;
n = (n1,n2,n3,n4): n1 = (15,20,25,30), ny = (30,40,50,60), n3 = (60,80,100,120); A = (A1, A2, A3, Aa): A1 = (1,1,1,1) -
homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), A3 = (1.75,1.5,1.25,1) - heteroscedastic case
(negative pairing))

D n X H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N n; A FWER 5.06 3.75 5.10 3.30 540 3.80 4.65 4.40 5.45
Ho,1 0.85 0.50 0.85 0.25 0.90 035 0.85 0.40 1.10
Ho,2 1.20  0.60 1.35 0.50 0.90 050 1.10 0.80 1.30
Ho,3 0.65 1.00 1.20 0.70 1.20 085 0.70 1.05 0.75
Ho,4 0.95 1.00 0.95 0.65 0.80 1.05 0.85 1.25 1.10
Hos 0.55 035 0.70 0.35 1.00 0.60 0.80 0.80 0.90
Ho.c 0.90 095 140 1.00 0.95 1.06 0.85 1.20 0.95
N n; A FWER 540  2.65 5.85 440 6.60 4.40 5.05 5.10 5.75
Ho1 0.7 045 125 0.65 1.20 080 1.15 1.05 1.25
Ho,2 0.50 0.15 1.20 0.55 1.20 070 0.90 0.90 1.00
Ho,3 0.15 0.15 1.25 0.65 1.60 090 0.95 0.95 1.05
Ho,a 0.90 0.85 1.40 0.80 1.25  0.80 1.00 0.95 1.10
Ho,s 0.70  0.70 1.05 0.90 1.25  1.00 0.90 1.15 0.95
Ho,6 0.80 0.85 1.60 1.00 1.10  1.20 1.00 1.45 1.00
N n; A3 FWER | 10.70 845 4.70 3.50 5.55  3.40 445 3.70 5.30
Ho1 0.85 1.05 135 0.75 1.10 075 1.00 0.85 1.10
Ho,2 235 1.60 0.85 0.55 0.95 045 0.80 0.60 0.90
Ho,3 520 480 0.90 0.40 1.25 040 0.80 0.45 1.05
Ho,a 1.05 095 095 0.65 0.95 0.70 0.80 0.80 0.90
Ho,s 275 175 0.80 0.55 1.10 050 1.15 0.90 1.30
Ho,6 1.10  1.10 1.25 0.80 1.10 075 0.90 1.00 1.05
N ny A FWER 420 425 490 4.05 4.75 435 3.85 4.85 4.50
Ho,1 0.85 0.65 0.85 0.55 0.95 0.70 0.90 0.80 0.95
Ho,2 0.65 0.60 0.95 0.65 0.85 0.75 0.55 0.85 0.75
Ho,3 0.85 1.20 135 1.15 0.60 1.20 0.80 1.30 0.85
Ho,4 0.60 0.60 0.90 0.75 0.85 0.65 0.45 0.75 0.60
Ho,s 0.60 0.75 095 0.75 0.95 080 0.75 0.90 0.85
Ho.c 1.05  0.65 1.00 0.90 0.95 0.80 1.00 0.95 1.00
N n, X FWER 4.056 1.70 4.10 3.40 425 3.70 4.50 4.45 5.10
Ho1 0.45 050 1.15 0.75 0.85 0.75 0.95 0.95 1.05
Ho,2 0.25 0.30 090 0.65 0.85 0.75 0.55 0.85 0.85
Ho,3 0.00 0.05 0.85 0.70 0.60 0.70 0.90 0.80 0.90
Ho,4 0.60 0.60 0.80 0.75 0.85 0.75 0.75 0.80 0.90
Ho,s 0.60 0.15 0.65 0.50 0.70  0.60 0.80 0.90 0.85
Ho.6 0.40 0.40 0.65 0.60 0.60 0.70 0.65 0.70 0.70
N n, A3 FWER | 10.75 930 495 3.65 4.65 395 4.75 4.60 5.65
Ho 0.80 0.60 0.75 0.65 0.65 0.50 0.65 0.75 0.75
Ho,2 1.60 190 0.80 0.55 0.85 045 0.55 0.75 0.55
Ho,3 5.50 490 0.80 0.50 1.00 075 0.95 0.85 1.15
Ho,a 1.06  1.10 1.05 0.80 0.65 0.90 0.90 1.15 1.05
Hos 250 190 1.20 0.85 0.90 090 1.20 1.05 1.55
Ho6 1.15  1.60 1.05 1.05 .15 1.10 1.0 1.30 1.15
N =n3 A FWER 4.85 425 445 4.25 3.95 4.00 3.80 4.65 4.25
Ho1 0.75  0.65 0.95 0.95 0.75  0.85 0.65 1.10 0.80
Ho,2 0.65 0.60 0.75 0.70 0.60 0.65 0.65 0.75 0.70
Ho,3 0.75 110 1.10 1.05 1.00 090 0.80 1.05 0.95
Ho 4 0.40 0.85 0.75 0.85 0.45 0.75 0.35 0.80 0.45
Hos 0.65 0.90 0.90 0.80 1.00 085 0.95 1.00 0.95
Ho,e 1.00 090 0.65 0.50 0.75 095 1.00 0.95 1.10
N n3 A FWER 425 235 435 3.75 4.06 420 4.80 4.95 5.25
Ho,1 0.75  0.55 1.10 0.80 1.00 090 0.95 1.00 1.05
Ho,2 0.15 0.25 0.70 0.60 0.55 0.80 0.75 1.00 0.95
Ho,3 0.06  0.00 0.70 0.70 0.60 0.70 0.55 0.90 0.60
Ho,4 0.80 0.60 0.90 0.75 0.85 095 1.00 1.25 1.25
Ho,s 0.65 0.50 1.15 0.90 0.80 090 1.20 1.00 1.30
Ho.e 0.60 0.80 0.70 0.55 0.75 095 0.60 0.95 0.80
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Table S11: Empirical FWER and sizes (as percentages) of all tests obtained for the Tukey contrasts (D - distribution;
n = (n1,n2,n3,n4): n1 = (15,20,25,30), ny = (30,40,50,60), n3 = (60,80,100,120); A = (A1, A2, A3, Aa): A1 = (1,1,1,1) -
homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), A3 = (1.75,1.5,1.25,1) - heteroscedastic case
(negative pairing)) (continued)

D n X H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N =n3 A3 FWER | 11.10 10.25 4.20 3.75 5.06 390 4.60 4.70 5.25
Ho,1 1.15  1.35 1.05 0.95 0.95 1.06 1.10 1.35 1.20
Ho,2 215 230 1.20 1.00 1.10 090 1.00 1.20 1.10
Ho,3 545 515 0.85 0.65 1.00 0.60 0.90 0.90 1.00
Ho,4 1.40 1.15 095 0.8 0.75 090 1.05 1.05 1.15
Hos 205 195 0.80 0.75 0.80 0.70 0.90 0.75 0.95
Ho.c 1.10 090 0.85 0.85 0.80 0.60 0.80 0.85 0.95
t n; A FWER 5.05 330 4.20 270 4.70 235 3.85 3.40 4.65
Ho1 0.80 0.40 0.70 0.35 0.70  0.30 0.70 0.55 0.95
Ho,2 0.85 0.65 095 0.45 0.60  0.55 0.95 0.55 0.95
Ho,3 0.55 0.50 0.60 0.35 1.25 030 0.80 0.35 0.95
Ho,a 0.66 0.70 0.85 0.65 1.05 0.65 0.50 0.80 0.65
Ho,s 0.70  0.85 1.15 0.50 0.90 0.55 0.85 0.85 1.00
Ho,6 0.75  0.60 0.65 0.55 0.45 035 0.80 0.55 0.85
t n; A2 FWER 4.65 235 4.15 3.45 4.65 3.40 4.10 3.70 4.80
Ho1 0.60 0.30 0.90 0.60 0.95 040 0.75 0.55 1.05
Ho,2 0.60 0.10 0.85 0.50 0.90 0.40 1.00 0.45 1.25
Ho,3 0.15 0.15 0.70 0.50 0.90 0.50 0.65 0.60 0.65
Ho,a 0.55 0.40 1.05 0.65 0.95 045 0.70 0.55 0.80
Ho,s 0.50 0.40 0.85 0.80 0.80 0.60 0.80 0.75 0.85
Ho.6 1.20  0.55 0.95 0.6 1.40 070 1.15 0.85 1.25
t n; A3 FWER | 10.65 7.55 3.10 1.80 430 2.60 3.50 2.80 4.25
Ho,1 1.10  0.70 0.90 0.50 0.80 0.40 0.70 0.45 0.85
Ho,2 1.70  1.10 0.50 0.10 1.10 035 0.6 0.40 0.75
Ho,3 5.00 3.30 040 0.15 0.85 0.20 0.60 0.25 0.75
Ho,a 1.40 090 0.65 0.45 0.90 0.50 0.65 0.65 0.90
Ho,s 1.85 1.50 0.55 0.25 0.75 015 0.75 0.55 0.90
Ho.c 1.35 0.65 0.60 0.35 1.20 0.60 0.70 0.65 0.95
t n, A FWER 5.25 440 4.25 3.90 4.40 4.00 4.35 4.40 4.85
Ho1 1.15  0.60 1.00 0.80 0.85 0.60 1.10 0.65 1.15
Ho,2 0.55 0.75 0.80 0.60 0.95 0.65 0.50 0.75 0.50
Ho,3 095 1.05 0.80 0.75 0.65 0.65 0.65 0.90 0.75
Ho,4 1.15 0.85 0.80 0.65 0.70  0.60 1.00 0.75 1.10
Ho,s 0.70  0.80 0.70 0.65 0.60 0.60 0.80 0.85 0.90
Ho.6 0.80 0.90 1.10 0.95 1.25 095 0.90 1.20 1.05
t n, A FWER 490 235 435 4.35 5.15  3.90 5.00 4.85 5.45
Ho 0.65 0.55 0.85 0.80 0.80 0.80 0.90 1.05 1.00
Ho,2 0.40 0.10 0.60 0.70 0.90 055 0.70 0.65 0.75
Ho,3 0.15 0.00 0.70 0.60 0.85 0.60 0.95 0.80 1.05
Ho,a 0.60 0.40 0.75 0.70 0.70  0.60 0.80 0.85 0.95
Hos 0.35 0.30 1.05 0.90 0.80 0.65 0.65 1.00 0.75
Hoe 1.10  1.10 1.25 1.30 1.00 125 1.15 1.40 1.25
t n, A3 FWER | 11.20 9.20 3.85 3.20 425 2.80 3.95 3.85 4.75
Ho1 0.90 0.85 0.75 0.50 0.60 0.30 0.90 0.55 1.10
Ho,2 245 230 095 0.75 0.7  0.65 0.75 1.10 0.90
Ho,3 590 480 0.75 0.60 0.95 0.50 0.65 0.80 0.90
Ho 4 1.10  0.75 0.65 0.45 0.95 0.55 0.95 0.70 0.95
Ho,s 230 215 1.10 0.95 0.90 0.80 0.85 0.90 0.95
Ho,e 0.90 0.60 0.55 0.40 0.40 0.40 0.55 0.55 0.85
t ng A FWER 420 430 495 4385 420 395 440 5.35 4.80
Ho,1 0.75 0.55 0.80 0.70 0.50 0.60 0.65 0.70 0.70
Ho,2 0.50 0.60 0.90 0.95 0.45 0.60 0.50 0.75 0.60
Ho,z 1.15 095 1.05 1.05 1.10 095 1.00 1.15 1.15
Ho,4 110 1.15 1.05 1.00 0.90 085 0.95 1.15 1.05
Ho,s 095 090 1.15 1.05 0.95 1.06 0.95 1.30 1.05
Ho.e 0.95 0.65 0.70 0.65 0.45 0.80 1.10 0.80 1.15
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Table S11: Empirical FWER and sizes (as percentages) of all tests obtained for the Tukey contrasts (D - distribution;
n = (n1,n2,n3,n4): n1 = (15,20,25,30), ny = (30,40,50,60), n3 = (60,80,100,120); A = (A1, A2, A3, Aa): A1 = (1,1,1,1) -
homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), A3 = (1.75,1.5,1.25,1) - heteroscedastic case
(negative pairing)) (continued)

D n X H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
t ng A2 FWER 3.5 235 435 3.70 4.15  4.05 4.25 4.45 4.70
Ho,1 0.75  0.40 0.75 0.65 0.65 0.65 1.00 0.75 1.00
Ho,2 0.25 0.15 085 0.70 0.65 0.55 0.80 0.80 0.95
Ho,3 0.06  0.00 1.00 0.90 0.70  1.15 0.80 1.25 0.80
Ho,4 0.55 0.65 0.95 0.90 0.85 0.65 0.80 0.70 0.90
Hos 0.25 0.50 0.80 0.65 0.70  0.80 0.50 0.90 0.60
Ho.c 0.80 0.75 0.80 0.80 0.90 0.80 0.75 1.00 0.75
t ng A3 FWER | 1230 10.00 4.15 3.90 430 3.40 4.60 4.90 5.55
Ho1 1.15 1.20 0.90 0.90 0.60 0.70 0.85 1.00 1.10
Ho2 280 195 1.10 1.10 0.50 1.06 1.05 1.05 1.35
Ho,3 6.15 565 0.75 0.80 1.10  0.50 0.35 1.10 0.55
Ho,a 1.70  1.056 0.95 0.80 0.80 0.80 1.20 1.15 1.35
Ho,s 230 195 0.70 0.65 0.90 0.70 0.85 0.85 1.00
Ho,6 1.15 1.10 0.85 0.70 0.50 1.00 0.95 1.15 1.05
x! n; A FWER 530 320 4.20 3.20 5.25 3.70  4.75 3.65 5.30
Ho1 0.90 0.50 0.65 0.45 1.05 0.60 0.80 0.65 0.90
Ho,2 1.05 0.80 1.30 0.75 1.20 070 1.00 0.70 1.10
Ho,3 0.75  0.55 0.75 0.50 1.05 0.60 1.10 0.80 1.10
Ho,a 0.95 0.65 0.95 0.80 0.95 0.80 0.80 0.95 0.90
Ho,s 0.85 0.55 0.75 0.50 0.7 045 0.85 0.60 0.95
Ho,6 0.80 0.80 1.05 0.60 1.20 070 0.75 0.85 1.05
) n; X FWER 435 210 440 2.90 480 3.05 4.55 4.05 5.20
Ho,1 0.50 0.50 1.15 0.55 0.95 0.70 0.65 0.85 0.80
Ho,2 0.60 0.10 0.60 0.35 1.15 035 1.30 0.60 1.35
Ho,3 0.15 0.00 0.80 0.35 0.75  0.40 0.70 0.60 0.80
Ho,4 0.80 0.60 0.95 0.45 0.90 0.65 0.95 0.90 1.05
Ho,s 0.30 0.20 0.95 0.75 0.60 035 0.70 0.55 0.95
Ho.c 0.90 0.70 0.95 0.60 0.85 0.70 0.95 0.75 1.05
X2 n; A3 FWER | 11.00 8.65 3.50 2.25 5.55  3.00 4.45 3.30 5.25
Ho1 1.25  0.55 0.70 0.20 0.90 045 0.95 0.65 1.05
Ho,2 220 135 0.60 0.25 1.25 035 1.00 0.35 1.00
Ho,3 9.55 445 0.70 0.35 145 055 095 0.75 1.20
Ho,4 1.05 0.85 0.85 0.50 0.60  0.50 0.65 0.85 0.95
Ho,s 270 170 0.60 0.50 1.40 040 1.10 0.55 1.25
Ho.6 1.25  0.50 0.65 0.40 1.05 035 0.60 0.50 0.75
) ny A FWER 5.20 385 4.25 3.50 490 4.05 4.25 4.75 4.85
Ho 1.25  1.15 1.25 1.00 1.25 115 1.20 1.30 1.35
Ho,2 0.90 0.45 0.70 0.65 0.55 0.55 0.80 0.55 0.90
Ho,3 1.25 0.85 1.25 0.95 1.30 095 1.10 1.20 1.25
Ho,a 0.70  0.75 0.75 0.60 0.60  0.70 0.55 0.80 0.65
Hos 0.75  0.70 0.65 0.50 1.10 075 0.80 0.95 0.95
Hoe 0.75 0.70 0.55 0.55 0.60 0.50 0.90 0.50 1.10
X} ny X FWER 4.85 255 4.15 3.75 5.25 4.00 5.30 4.90 5.80
Ho1 0.95 0.70 1.25 1.00 1.25  1.05 1.65 1.20 1.75
Ho,2 0.20 0.20 0.55 0.45 0.60  0.65 0.90 0.80 0.95
Ho,3 0.10  0.15 0.70 0.75 0.65 0.90 1.00 1.05 1.05
Ho,a 0.70  0.50 0.65 0.55 1.20  0.50 0.70 0.75 0.75
Hos 0.70  0.35 0.80 0.55 1.10 0.80 0.80 0.90 0.95
Ho,e 0.90 0.90 1.20 0.90 0.70  0.85 1.00 0.95 1.10
X2 ny A3 FWER 9.95 8.60 4.45 345 450 3.75  3.95 4.50 4.65
Ho,1 095 0.75 0.65 0.70 1.15 0.65 0.75 0.75 0.80
Ho,2 175 1.95 085 0.65 0.50 0.85 0.75 1.00 0.85
Ho,3 5.05 455 095 0.55 1.00 070 1.00 0.75 1.00
Ho,a 1.25 095 1.15 0.80 0.90 0.65 0.90 0.95 1.20
Ho,s 1.80 1.85 0.85 0.65 0.85 0.60 0.60 0.90 0.80
Ho.e 1.10 090 0.75 0.50 0.90 0.65 1.00 0.90 1.10

55



Table S11: Empirical FWER and sizes (as percentages) of all tests obtained for the Tukey contrasts (D - distribution;
n = (ni,n2,n3,n4): n; = (15,20,25,30), ny = (30,40, 50,60), ng = (60,80,100,120); A = (A1, A2, A3, 4): A1 = (1,1,1,1) -
homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), A3 = (1.75,1.5,1.25,1) - heteroscedastic case
(negative pairing)) (continued)

D n X H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
x> n3 A\ FWER 410 4.60 4.90 4.60 4.65 4.80 5.55 5.30 5.65
Ho,1 1.06 130 1.30 1.10 0.85 1.30 1.10 1.45 1.45
Ho,2 0.90 0.90 0.95 0.90 0.95 1.06 1.15 1.25 1.15
Ho,3 1.35 1.06 1.10 0.90 1.05 085 1.25 1.00 1.45
Ho,4 0.75  0.60 0.65 0.60 0.75  0.60 0.90 0.70 1.00
Hos 1.00 095 0.90 0.95 0.75 1.00 0.95 1.10 1.00
Ho.c 0.85 095 0.85 0.80 0.70  0.85 0.90 1.05 1.10
x? n3 X FWER 3.55 230 425 3.80 4.70 440 4.40 4.70 4.95
Ho1 0.60 1.15 1.40 1.20 1.20 135 0.85 1.55 1.05
Ho,2 0.10  0.10 0.65 0.65 0.65 0.70 0.90 0.75 1.00
Ho,3 0.05 0.05 0.75 0.70 0.95 0.70 0.60 0.80 0.60
Ho,a 0.60 0.45 045 0.45 0.65 0.60 0.80 0.65 0.90
Ho,s 0.30  0.30 0.70 0.50 0.7 0.75 0.75 0.95 0.80
Ho,6 0.40 0.80 0.75 0.70 0.85 090 0.45 1.10 0.65
x> n3 A3 FWER | 10.70 10.45 4.55 4.00 430 4.05 3.75 4.70 4.35
Ho 1 1.35  1.20 080 0.75 0.85 095 0.75 1.20 0.80
Ho,2 225 200 0.8 0.70 0.80 0.85 0.95 0.95 1.05
Ho,3 5.70  5.75 0.75 0.60 0.85 0.50 0.65 0.75 0.90
Ho,a 1.25  1.10 0.95 0.90 0.80 090 0.85 1.15 0.90
Ho,s 210 270 095 1.00 095 1.15 0.65 1.25 0.80
Ho6 0.70  1.10 0.85 0.85 0.50 0.90 0.50 1.00 0.70
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Fig. S20: Box-and-whisker plots for the empirical FWER (as percentages) of all tests obtained for the Tukey contrasts and

homoscedastic and heteroscedastic cases
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All cases
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Homoscedastic case, nn = (15,20,25,30)
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Fig. S22: Box-and-whisker plots for the empirical FWER (as percentages) of all tests obtained for the Tukey contrasts and
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Positive pairing, nn = (15,20,25,30)
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Fig. S23: Box-and-whisker plots for the empirical FWER (as percentages) of all tests obtained for the Tukey contrasts and
different sample sizes and positive pairing
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Negative pairing, nn = (15,20,25,30)
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Fig. S24: Box-and-whisker plots for the empirical FWER (as percentages) of all tests obtained for the Tukey contrasts and
different sample sizes and negative pairing
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Table S12: Empirical sizes (Ho,1, Ho,2, Ho,4) and powers (Ho,3, Ho,5, Ho,6) (as percentages) of all tests obtained under alternative
A1 for the Tukey contrasts (D - distribution; n = (n1,n2,n3,n4): n1 = (15,20, 25,30), na = (30, 40, 50, 60), n3 = (60, 80, 100, 120);
A= (A1,A2,A3, ) A1 = (1,1,1,1) - homoscedastic case, Ao = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), Az =
(1.75,1.5,1.25,1) - heteroscedastic case (negative pairing))

D n XA H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N ny A Hoa 1.05 055 1.15  0.55 1.10  0.60 1.00 0.80 1.15
Ho,2 0.70 030 0.75 0.20 1.15 035  0.55 0.40 0.80
Hozz | 72.70 80.90 78.00 68.25  63.00 7880 69.35 81.55  T71.05
Ho,a 0.80 0.65 1.10 0.60 .15 0.85  0.90 1.00 0.95
Hos | 85.00 91.85 88.10 83.95 77.20 90.85 84.00 92.35  85.20
Hoe | 90.10 95.15 92.25 90.15  83.05 94.90 90.80 95.50  91.40
N n; A Hoa 0.65 0.60 095 0.60 1.00 0.80 0.85 0.95 1.00
Ho,2 030 025 095 0.55 095 065 0.85 0.80 0.90
Ho,z | 16.00 17.70 45.25 37.35  34.15 46.80 38.25 50.85  40.05
Ho 4 0.656 060 115 0.75 1.00 0.70 0.70 0.85 0.70
Hos | 25.40 30.50 40.60 34.55  30.55 43.45 34.45 45.95  36.10
Hoe | 32.10 39.60 38.70 3280 29.55 41.80 33.85 44.00  35.95
N n;1 A3 Hoa 0.80 085 130 0.60 0.85 0.55 0.65 0.80 0.65
Ho,2 250 210 090 0.30 0.90 040 1.35 0.60 1.55
Hoz | 56.40 5895 25.65 15.70  20.20 22.25 18.95 2590 21.25
Ho 4 0.60 095 1.10 0.55 0.70  0.50 0.40 0.80 0.55
Hoys | 66.00 73.45 52.50 44.40 4245 5445 4745 58.95  50.50
Hoe | 82.75 88.65 82.00 7750 69.70 86.20 78.30 88.45  81.15
t n A1 Hoa 0.90 055 090 0.50 085 045 0.90 0.55 1.00
Ho,2 0.70 065 0.65 045 1.20 055  0.80 0.65 0.85
Hos | 41.85 48.35 44.55 36.45  35.65 44.45 38.70 47.75  40.55
Ho 4 0.65 045 0.80 0.40 0.75 050 0.50 0.60 0.55
Hoys | 54.40 62.10 56.45 51.55 4725 60.15 52.40 63.50  54.75
Hoe | 62.25 71.45 65.10 61.45 5595 70.05 60.00 72.80  62.70
t n A Hoa 0.60 045 085 0.55 0.75 060 0.80 0.80 0.90
Ho,2 025 020 090 0.55 0.60 0.60 0.95 0.80 1.00
Ho,3 6.15 540 2040 16.55 17.10 20.55 18.25 22.40 19.50
Ho,a 095 055 065 0.60 1.00 0.55 0.80 0.60 0.95
Hos | 10.65 13.00 19.55 16.20 15.20 19.50 16.55 21.60 18.15
Hoe | 13.20 15.65 15.75 13.50 1290 17.50 13.75 19.20 14.70
t n Az Hoa 1.30  0.80 0.65 0.40 0.80 045 0.85 0.60 0.95
Ho,2 245 135 060 0.20 095 035 0.75 0.50 0.85
Hoz | 36.00 3585 11.30 6.90 11.00 10.05 10.15 11.95 11.45
Ho,a 1.10 090 0.80 0.55 1.20 0.70  0.80 0.90 1.05
Hos | 38.05 41.50 24.55 19.30 21.40 24.65 21.85 28.40  23.70
Hoe | 49.75 57.00 47.65 43.75  39.30 51.80 44.40 54.65  47.20
X2 n; A Hoa 1.05 045 055 0.30 0.65 050 1.20 0.55 1.40
Ho,2 120 070 115 0.75 1.05 0.80 1.00 1.00 1.10
Hos | 7225 80.75 74.80 66.70 62.85 76.15 69.25 78.85  T71.35
Ho,4 0.55 050 0.60 0.50 1.10 045 0.50 0.55 0.55
Hos | 85.80 92.05 86.45 82.30 76.60 90.15 84.20 91.30  85.35
Hoe | 91.75 95.85 92.05 90.40 8595 9540 90.20 96.15  91.55
X2 n; A Hoa 0.80 075 125 0.75 1.20 075 1.10 0.90 1.15
Ho,2 0.35 010 080 0.35 0.85 045 0.55 0.55 0.75
Hos | 1430 15.00 43.65 38.05 35.15 46.25 38.05 48.80  39.75
Ho,a 0.75 065 115 0.90 1.25  0.65 0.95 0.80 1.00
Hos | 25.95 29.65 38.80 34.45  32.30 40.60 36.75 44.05  38.05
Hoe | 31.65 38.65 37.45 33.65 30.00 41.00 32.95 44.05  34.75
X2 ni A3 Hoa 095 0.7 085 0.20 1.15 040 0.70 0.60 0.70
Ho,2 1.65 135 090 0.30 1.10 055  0.70 0.70 0.90
Ho,z | 57.15 59.55 27.65 1850  23.35 25.30 23.45 29.15  25.10
Ho,a 1.50 075  0.50 0.35 1.25 065 1.20 0.65 1.30
Hos | 65.15 71.45 5250 4540  42.30 54.60 47.10 58.65  50.05
Hoe | 81.70 87.10 79.40 7550  69.20 83.10 77.30 85.90  79.35
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All cases
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Fig. S25: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A1l for the Tukey
contrasts and homoscedastic and heteroscedastic cases
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All cases
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Fig. S26: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A1l for the Tukey
contrasts and different distributions
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Table S13: Empirical sizes (Ho,1, Ho,2, Ho,4) and powers (Ho,3, Ho,5, Ho,6) (as percentages) of all tests obtained under alternative
A2 for the Tukey contrasts (D - distribution; n = (n1,n2,n3,n4): n; = (15,20, 25,30), na = (30, 40, 50, 60), n3 = (60, 80, 100, 120);
A= (A1,A2,A3, ) A1 = (1,1,1,1) - homoscedastic case, Ao = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), Az =
(1.75,1.5,1.25,1) - heteroscedastic case (negative pairing))

D n XA H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N ny A Hoa 1.20 090 1.25 0.65 0.90 060 1.10 0.80 1.20
Ho,2 0.80 055 1.05 0.65 0.85 0.50 1.00 0.85 1.25
Hoz | 69.15 97.45 96.00 93.45 85.25 96.95 66.00 97.50  68.05
Ho,a 0.85 080 115 0.6 0.70 085 0.75 0.95 0.80
Hos | 82.40 99.20 9895 9825 9410 99.10 81.90 99.25  83.90
Hoe | 89.90 99.85 99.75 99.55  97.75 99.80 89.80 99.80  90.95
N n; A Hoa 0.50 035 085 0.50 0.90 055 040 0.70 0.65
Ho,2 0.30 020 070 0.50 1.10  0.55  0.75 0.60 0.75
Hoz | 14.10 47.05 77.20 71.50  57.55 76.95 36.50 79.25  39.60
Ho 4 1.20 050 0.85  0.50 1.20  0.60 1.15 0.75 1.20
Hos | 2545 64.25 7240 66.95 5245 73.70 35.40 76.00  37.35
Hoe | 30.80 68.00 6890 6395 50.30 71.10 33.00 73.35  34.95
N n;1 A3 Hoa 1.30  0.80 095 0.55 1.50 045 0.65 0.55 0.85
Ho,2 265 255 110 045 145 045 1.05 0.60 1.30
Hoz | 59.65 79.85 ©51.85 38.80  34.90 4775 21.15 51.80  23.85
Ho,4 0.85 055 060 045 0.70  0.50 0.70 0.65 0.90
Hoys | 65.35 9240 82.05 7630 65.05 8275 45.20 84.95  49.10
Hoe | 7875 98.55 97.65 96.40 89.55 98.30 73.30 98.45  76.05
t n A1 Hoa 0.55 030 055 035 0.90 040 0.80 0.45 0.85
Ho,2 0.60 025 045 035 1.05 030 0.70 0.40 0.75
Hos | 36.15 75.056 71.10 64.60 55.65 71.85 35.50 74.50  37.85
Ho 4 0.70 055 1.00 0.65 1.00 0.60 0.70 0.85 0.80
Hoys | 49.25 88.30 84.90 82.25 70.20 86.90 47.45 88.45  50.40
Hoe | 99.65 93.10 90.35 87.85 77.60 9215 58.20 93.40  60.55
t n A Hoa 0.55 035 085 045 0.80 045 0.80 0.55 0.85
Ho,2 0.55 0.10 055 040 0.65 030 0.90 0.45 1.20
Ho,3 520 16.25 43.25 3745  29.80 42.70 18.15 44.70 19.65
Ho,a 0.75 035 060 0.30 0.60 045 0.80 0.50 0.85
Hos | 11.45 30.15 3895 33.85 2720 39.90 17.55 42.40 18.70
Hoe | 16.35 35.80 35.30 31.60 24.05 37.25 16.55 40.35 17.80
t n Az Hoa 1.80 090 0.75  0.40 090 045 1.10 0.65 1.25
Ho,2 245 145 050 0.30 1.35 035 1.00 0.45 1.25
Hoz | 3890 56.75 24.60 16.45 18.10 21.40 11.55 24.75 13.00
Ho,a 1.35 1.05 1.00 0.60 1.55 0.75  1.00 0.90 1.20
Hos | 41.90 70.30 51.50 45.75  38.10 52.45 24.90 56.80  27.65
Hoe | 48.00 85.30 7855 75.00 62.00 81.75 41.90 84.20  45.15
X2 n; A Hoa 1.10 060 0.70 0.40 1.10  0.60 1.05 0.75 1.10
Ho,2 095 050 1.00 0.60 085 050 0.90 0.60 0.90
Hoz | 70.70 96.65 93.55 90.60 84.20 94.20 68.50 95.00  70.25
Ho,4 095 065 070 0.55 0.65 0.60 0.80 0.75 0.95
Hos | 8225 99.35 97.90 96.95  92.40 98.60 80.50 98.90  81.95
Hoe | 89.35 99.75 99.20 98.95  97.25 99.55 88.95 99.65  90.15
X2 n; A Hoa 0.40 045 060 0.35 085 040 0.6 0.40 0.75
Ho,2 030 025 130 0.65 1.30 0.80 0.70 0.85 0.70
Hos | 11.00 47.15 7645 71.85  57.35 T77.20 36.15 79.15  38.50
Ho,a 0.90 045 125 0.85 1.10  0.65 0.90 0.90 0.95
Hos | 24.80 64.25 72.65 67.85 53.85 73.95 35.70 76.05  37.75
Hoe | 31.75 69.35 6845 63.85 50.95 70.10 34.10 72.45  35.80
X2 ni A3 Hoa 1.05 055 0.60 0.30 0.70  0.50 0.8 0.60 0.90
Ho,2 255 210 140 0.50 1.40 0.70  1.00 0.85 1.40
Ho,z | 61.00 79.45 52.25 42.65  38.60 49.80 25.45 53.35  27.20
Ho,a 1.25 085 1.10 0.75 1.00 0.70  0.60 0.80 0.80
Hos | 66.35 90.65 7850 73.60 63.60 80.05 46.05 82.75  49.05
Hoe | 79.30 98.10 96.00 95.10 89.15 97.00 74.30 97.60  77.25
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Fig. S27: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A2 for the Tukey
contrasts and homoscedastic and heteroscedastic cases
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Fig. S28: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A2 for the Tukey
contrasts and different distributions
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Table S14: Empirical powers (as percentages) of all tests obtained under alternative A3 for the Tukey contrasts (D - distribution;
n = (ni,n2,n3,n4): n; = (15,20,25,30), ny = (30,40, 50,60), ng = (60,80,100,120); A = (A1, 2,3, 4): A1 = (1,1,1,1) -
homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), A3 = (1.75,1.5,1.25,1) - heteroscedastic case
(negative pairing))

D n X H#H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N n;y M Hoa 8.60 18.90 21.60 15.40 13.00 18.15  8.15 20.20 9.05
Hoz | 63.30  95.85 94.60 91.05 81.25  94.65 60.45 95.45  63.70
Hoz | 99.45 100.00 100.00 100.00  99.90 100.00 98.70  100.00  98.95
Hoa | 1290 2990 2985  24.15 18.20  29.80 12.80 32.55 14.25
Hos | 81.90  99.20 9895 98.25 9415  99.40 80.75 99.50  82.55
Hoe | 19.85 4540 4435 3835 2795 4530 18.75 48.20  20.45
N n; X Hoa 5.50  10.75  16.45 11.60 11.05 1285  6.40 14.45 6.95
Ho | 26.06  65.85  79.65 74.00 5990 80.40 40.25 82.15  42.15
Hosz | 95.06  97.15  99.60 99.20  96.10  99.80 84.85 99.85  86.60
Ho,a 495 1030 13.75  10.40 8.70 1230  6.05 13.80 6.65
Hos | 25.35 63.00 7245 67.20 53.35  74.10 34.50 76.15  37.00
Ho.e 4.70 8.60  11.00 8.85 6.75 9.65  4.95 10.45 5.80
N n; A3 Hoa 3.90 5.35 5.70 3.50 3.90 4.15  3.55 4.75 3.90
Hopo | 3425 6090 4585 36.05 30.95 42.75 19.55 4745  21.50
Hosz | 9240  99.05 93.70 88.70  79.25  92.40 60.90 94.35  64.70
Hoa 7.70  13.10 12.00 8.80 8.25  10.50  6.00 12.85 6.95
Hoys | 64.60 9170 8245  76.70  62.95 8290 43.85 85.15  47.00
Hoe | 1450 31.60 27.80  24.10 18.30  28.30 11.55 30.65 12.95
t n; A1 Hoa 5.70 8.60 9.30 6.45 7.70 7.90  5.10 9.45 5.55
Hoo | 37.15 7240 70.70  63.80 54.60  70.00 35.10 72.60  37.00
Hosz | 87.95 99.25 9895 98.10 94.60 98.85 84.65 99.20  86.25
Ho,a 7.30  14.75  14.70  12.20 10.45 1295  7.05 14.50 7.70
Hos | 52.00 88.40 85.15 8245 7090 86.95 49.85 89.25  51.95
Hoe | 10.30  23.65 2140  19.25 13.65  23.30 10.55 25.40 1145
t n A Hoa 3.50 5.75 8.95 5.90 6.15 6.70  3.75 7.75 4.25
Hoo | 1245 33.65  48.65 4240  32.70  48.00 22.40 51.35  23.90
Hos | 2540 73.45 90.00 87.10 77.35  91.25 55.00 9245  57.85
Ho,a 3.00 5.35 6.50 5.45 4.30 5.85  3.50 6.95 4.05
Hos | 12.80 3225 41.60 36.95 2875 4195 18.15 44.80 19.65
Ho,s 3.50 4.90 5.60 4.55 3.85 5.15 3.5 5.85 3.80
t n; A3 Hoa 3.40 3.20 2.75 1.65 2.65 1.90  2.25 2.35 2.70
Hoo | 19.60 3550 2280  15.65 16.50  20.05  9.70 22.70  11.25
Hosz | 73.70  90.65  68.90 5805 53.06 67.20 32.95 71.45  36.00
Ho,a 3.70 6.40 5.80 4.45 3.60 4.75  2.80 5.75 3.45
Hoys | 40.55 6840  51.95 45.05 37.95  51.20 22.75 55.25  25.50
Ho.6 9.05 16.55 14.00 11.70 9.20 1395 7.15 15.80 8.40
X2 n; Ay Hoa | 1030 19.05  23.20  17.40 1445 19.65 9.70 21.40  10.50
Hopo | 66.50  95.80 92.70  89.90  81.60  93.75 63.75 94.60  65.95
Hosz | 99.25 100.00 99.90 99.90 99.50 100.00 98.55 100.00  98.70
Hoa | 1425  33.65 33.15 2765  22.60 33.35 14.05 35.95 15.70
Hos | 83.35  99.20 9840  97.75 9295  98.70 80.85 98.90  82.80
Hoes | 19.00 4230 4215  37.45 2855 4245 19.45 45.30  21.10
x> n1 A Hoa 5.40  10.40 16.50 11.90 10.00  13.90  6.60 15.30 7.10
Hoo | 23.40 6690 7990 74.10 61.05 80.00 41.05 81.95  43.05
Hosz | 54.85 9830  99.50 99.25  96.70  99.80 86.10 99.85  87.75
Ho,a 5.10 8.75  12.70 9.60 885 10.95  6.30 12.50 6.90
Hos | 25.00 65.00 7245  68.65  54.40  74.75 36.50 77.00  39.05
Hos 4.40 8.10  10.15 7.85 5.85 9.55  4.70 10.70 5.00
x> mn1 A3 Hoa 4.05 6.10 6.85 4.40 5.50 5.06  3.50 6.00 4.00
Hoo | 3740 6390 48.15 3935  35.60 45.80 23.30 50.35  25.70
Hogsz | 93.35 9870 88.95 84.20 79.10 89.90 62.65 92.35  66.00
Ho.4 850 14.70  13.15 10.90 8.95 13.10 7.65 14.50 8.20
Hos | 66.00 9090 7840 73.45 65.70 80.65 48.35 83.00  51.00
Hoes | 17.60 3595 3045  26.70  22.20 31.20 14.65 35.45 16.60

68



All cases

§ - _ —_ —_ —_ —_ —_ _ —_ —_—
| | | | | |
: | | | | : | :
| | | | | ' | \
o _| [ ! ! ] |
© | | ' ' |
| ! ] |
< ' ' | '
< 1 | 1
S o 1 ] 1
g © 1 \ !
8 1 1
IS
£ 2 4
= =
=
L
o
39
0 T [
[ 1 ' T | 1
R T— —_ R E— R E— —_ JR— )
o -
T T T T T T T T T
Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
Homoscedastic case
o
8 — —_— T e m— - —_— —_—
[ ! ] ]
1 1 1
1 1 1
o _| L
=)
g
— o |
ago ©
S
=%
©
2 o
= 2
=
Ll
o _| T T T [
39 ' : : . :
[ T [
' T e T
o -
T T T T T T T T T
Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
Positive pairing
o
S _ —_ —_— o —_
- ' ] ] _:_ | ]
| ' |
: 1 : ' 1 —_— 1 b
o _| ' ' 1 ! ' | + '
© | ' ! ' |
. | : | '
= ! ' | :
= '
—_ 1 1
] S |
2 — - !
[=% | '
< ' ! X
2 o | | '
= 2 h
=] '
L |
o ]
39
_ R E— R E— —_—
o -
T T T T T T T T T
Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
Negative pairing
o
S _r
—_ ! —_ _ —_
] | —_ f !
1 1 1 f !
8 ! ! ! _ [ !
1 1 1 ' f !
— | ] ] ' I L
5 ! ' | _
S o ] ! | —_ '
Ug-‘ © L ] ! |
S | \
= ' 1
3 ' '
= (S ' 1
S [
=]
w
[
39
T T
1 1 T
_ _ _ . — X X _ _
o -
T T T T T T T T T
Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH

Fig. S29: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A3 for the Tukey
contrasts and homoscedastic and heteroscedastic cases
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Fig. S30: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A3 for the Tukey
contrasts and different distributions
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Table S15: Empirical powers (as percentages) of all tests obtained under alternative A4 for the Tukey contrasts (D - distribution;
n = (ni,n2,n3,n4): n; = (15,20,25,30), ny = (30,40, 50,60), ng = (60,80,100,120); A = (A1, 2,3, 4): A1 = (1,1,1,1) -
homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), A3 = (1.75,1.5,1.25,1) - heteroscedastic case
(negative pairing))

D n XA H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N ni A Hoa 8.10 885 10.25  6.40 735 870 7.80 9.85 8.65

)

Hoo | 68.30 76.50 72.55 62.85 60.30 73.80 65.95 76.55  67.85

)

Hosz | 99.65 99.85 99.60 99.40 97.80 99.85 99.35 99.90  99.50

)

Hoa | 11.90 12.85 13.90 10.05 11.55 13.50 11.85 14.75 12.85

)

Hos | 83.20 91.10 88.10 83.25 75.30  89.90 82.40 90.90  84.00
Hoe | 17.20 20.25 20.50 16.80 15.45 19.80 17.00 21.80 18.70

)

N n; X Hoa 5.60 510 825 5.35 6.25 6.75 745 7.75 7.90

)

Hoo2 | 27.80 33.30 48.80 41.35 37.95 50.70 42.10 53.25  44.05

)

Hosz | 65.45 76.40 9290 90.05 8220 93.70 89.45 94.35  90.15

)

Ho,a 3.95 440 6.15 4.85 480 5.06 4.95 5.80 5.35
Hos | 27.06 31.10 39.60 33.40 31.50 4290 36.65 45.05  38.45
Ho.c 5.25 450 525  3.90 4.00 525 545 5.90 5.85

)

N n; A3 Hoa 3.35 345 4.00 2.20 3.30 235 230 2.95 2.85

)

Hoo2 | 32.30 36.60 22.35 13.85 18.00 19.95 17.45 23.40 19.10

)

Hos | 9225 94.80 7345 59.70 56.35 71.90 60.75 75.25  63.30

)

Ho 4 6.50 7.00 630 4.30 4.40 470  4.95 5.75 5.70
Hoys | 65.25 7040 51.25 43.35 37.85 53.15 44.60 57.85  48.85
Hoe | 14.05 16.35 13.50 10.20 10.75 13.40 11.35 15.95 12.70

)

t n A Hoa 415 345 4.00 2.60 4.06 330  3.70 4.15 4.00

)

Hoo | 38.20 45.05 40.65 33.35 33.95 41.10 36.70 44.65  38.80

)

Hos | 89.25 94.55 90.10 85.80  82.70 92.55 86.35 94.20  87.85
Ho 4 6.05 6.90 7.10 5.20 6.55 6.45 5.85 7.55 6.40
Hos | 53.00 62.45 55.45 49.50  46.50 60.00 51.55 62.80  53.40

)

Ho,s 930 915 825 7.10 6.80 865  8.90 9.80 9.90

)

t n, A Hoa 3.06 260 4.05 265 3.00 3.00 3.50 3.80 4.00

)

Hoo | 1440 13.25 23.85 18.95 19.25 23.75 21.30 26.10  23.10

)

Hos | 30.85 34.15 62.25 56.90 53.55 66.90 57.30 69.30  60.15
Ho,a 275 3.05 370 255 3.20  3.10 3.20 3.60 3.45

)

Hos | 1070 12.00 17.95 15.55 14.60 18.65 15.55 20.95 16.80

)

Ho,s 3.06 255 275 205 240 240 290 2.80 3.35

)

t n A3 Hoa 320 195 175  1.10 1.95 135 220 1.90 2.80

)

Hoo | 16.80 17.65 990  6.60 9.30  9.05 890 10.40 9.60
Hos | 71.06 7530 37.056 28.15 31.75 35.80 32.70 40.20  34.90

)

Ho.4 425 395 320 225 225 275 3.15 3.60 3.65

)

Hos | 38.85 41.55 25.10 19.40  20.95 25.10 22.20 28.75  25.00

)

Ho,e 6.66 6.15 500 3.85 5.35 475 4.95 5.60 5.85

)

X2 n; A Hoa 8.40 890 1040 7.20 790 880 8.10 9.95 9.20
Hoo | 68.00 77.35 71.80 63.60 60.80 74.45 66.50 7720  68.15
Hos | 99.45 99.95 99.30 98.95  96.95 99.70 98.90 99.80  99.00

)

Hoa | 13.75 15.06 1520 12.90 12.20 14.95 13.95 16.85 15.15

)

Hos | 84.35 89.75 84.70 81.85  76.05 88.00 81.70 89.80  83.55

)

Hoe | 17.35 20.85 19.35 15.55 1590 20.20 17.25 22.65 18.65

)

X2 n; A Hoa 485 355 6.05 4.20 545 5.55  5.80 6.35 6.15
Ho2 | 2635 31.30 47.95 40.25  38.85 50.90 42.15 54.25  44.15

)

Hoz | 66.50 76.90 91.85 89.30  82.15 93.60 90.25 94.40  90.95

)

Ho. 4 410 465 6.10 4.70 5.50 570 5.15 6.75 5.70

)

Hos | 26.30 31.65 40.30 35.60  32.50 43.30 36.80 46.15  39.05

)

Ho6 415 345 440 3.20 435 4.00 4.95 4.90 5.40
X2 ni A3 Hoa 3.06 270 335 2.00 2.60 235 230 3.00 2.75

)

Ho2 | 33.40 36.65 23.85 17.05 19.70  22.30 20.40 25.45 22.55

)

Hos | 92.10 92.60 68.00 57.75  57.05 68.75 61.50 72.30  64.40

)

Ho,a 715 690 6.70 4.60 6.65 5.65 5.75 7.05 6.65

Hos | 66.10 72.60 53.20 46.00 45.75 55.70 47.90 60.10  51.05
Hoe | 14.40 1550 13.25 10.80 11.10 13.80 11.85 16.10 13.15
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Fig. S31: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A4 for the Tukey
contrasts and homoscedastic and heteroscedastic cases
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Fig. S32: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A4 for the Tukey

contrasts and different distributions



Table S16: Empirical sizes (Ho,1, Ho,2, Ho,4) and powers (Ho,3, Ho,5, Ho,6) (as percentages) of all tests obtained under alternative
A5 for the Tukey contrasts (D - distribution; n = (n1,n2,n3,n4): n; = (15,20, 25,30), na = (30, 40, 50, 60), n3 = (60, 80, 100, 120);
A= (A1,A2,A3, ) A1 = (1,1,1,1) - homoscedastic case, Ao = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), Az =
(1.75,1.5,1.25,1) - heteroscedastic case (negative pairing))

D n XA H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N ny A Hoa 1.25 1.05 140 0.80 1.25 090 1.30 1.00 1.45
Ho,2 095 055 080 040 1.30  0.55  1.00 0.70 1.20
Hozz | 69.35 79.20 74.60 64.85  59.00 74.85 65.25 77.60  67.95
Ho,a 1.10 065 0.85 0.50 0.80 085 0.8 0.95 0.85
Hos | 82.35 90.60 87.65 8230 7585 90.00 81.45 91.75  82.80
Hoe | 88.30 94.80 91.90 89.80 81.10 94.75 87.60 95.90  88.75
N n; A Hoa 0.80 035 080 0.35 0.70  0.50 0.75 0.60 0.75
Ho,2 0.40 025 150 0.85 1.35 090 1.15 1.00 1.20
Hoz | 16.45 17.10 42.20 3545  32.60 44.15 37.60 47.15  39.15
Ho,a 0.80 050 110 0.70 1.10  0.80 1.15 1.00 1.40
Hos | 26.80 30.35 38.65 31.85 2990 4140 35.10 45.15  37.15
Hoes | 30.20 35.15 3555 31.05 2795 3775 32.35 40.90  34.15
N n;1 A3 Hoa 145 075 1.00  0.55 0.80 0.50 1.00 0.65 1.35
Ho,2 265 200 115 045 2.05 080 1.05 0.90 1.30
Hoz | 53.85 55.75 2340 14.35 17.75 2045 20.00 23.75  22.55
Ho 4 1.10 090 1.25 0.80 1.00 075  0.90 0.95 1.05
Hoys | 60.45 6825 47.55 39.70 38.15 4895 41.55 53.30  44.55
Hoe | 7860 8520 78.05 73.70 6575 81.60 73.60 84.45  76.00
t n A1 Hoa 0.70 040 085 0.35 0.80 035 0.75 0.35 0.75
Ho,2 0.65 055 070 0.50 0.75 045 0.75 0.50 0.75
Hos | 38.25 46.50 43.00 33.70 35.35 42.00 35.20 4590  37.60
Ho 4 0.85 0.50 0.70  0.40 0.80 040 0.80 0.50 0.95
Hoys | 49.10 57.40 5270 4740  44.40 5545 46.75 57.85  49.00
Hoe | 99.50 68.25 62.00 56.95 51.80 67.25 57.85 70.70  59.80
t n A Hoa 0.60 040 055 045 0.70 040 0.75 0.55 0.95
Ho,2 0.40 010 0.75 040 1.15 055  0.80 0.70 0.90
Ho,3 5.65 455 19.35 15.00 15.85 18.85 17.00 21.10 18.25
Ho,a 045 025 070 045 0.85 030 0.65 0.45 0.75
Hos | 10.05 11.65 17.90 14.80 14.40 18.00 15.30 20.65 16.25
Hoe | 14.10 16.00 16.45 13.60 13.45 17.60 15.60 19.80 16.90
t n Az Hoa 1.30 075 095  0.30 1.15  0.15  1.00 0.35 1.05
Ho,2 200 130 085 0.50 095 050 0.70 0.55 0.95
Hosz | 3295 33.70 10.00 5.70 10.40 830  9.30 10.00 10.55
Ho,a 1.30  0.70 0.50 0.30 1.00 030 0.90 0.35 1.10
Hos | 37.20 41.15 23.80 19.80  20.50 24.70 21.60 28.10  23.70
Hoe | 46.75 52.40 43.75 38.25  35.55 46.95 40.85 50.50  43.90
X2 n; A Hoa 1.00 065 0.65 0.40 1.10  0.50  0.90 0.55 1.25
Ho,2 0.85 050 085 0.50 1.40 040 0.90 0.50 0.95
Hos | 71.70 80.75 7145 65.15 65.00 74.65 67.60 77.10  69.75
Ho,4 1.20 1.15 1.25  0.95 1.50 090 0.85 1.15 1.00
Hos | 8115 89.80 81.75 7810  75.15 86.65 80.50 88.35  81.35
Hoe | 89.45 93.90 89.50 87.80  82.20 93.55 88.70 94.50  90.30
X2 n; A Hoa 1.05 035 0.60 0.25 0.80 040 1.05 0.45 1.20
Ho,2 025 010 0.75 040 0.75 035 095 0.45 0.95
Hos | 13.60 13.95 4295 36.30 33.15 43.80 36.90 46.85  38.95
Ho,a 0.85 0.60 1.15 0.70 1.05 0.60 1.05 0.75 1.20
Hos | 23.70 2935 38.65 33.95 32.00 42.25 34.70 44.90  36.00
Hoe | 28.80 3510 3590 31.70 2845 37.15 30.15 40.25  32.25
X2 ni A3 Hoa 0.60 055 0.60 0.25 0.85 035 045 0.45 0.60
Ho,2 225 130 0.60 0.25 1.55 020 0.90 0.55 1.05
Ho,z | 56.90 57.85 26.15 17.55  24.15 24.15 23.65 27.95  25.60
Ho,a 1.15 085 0.80 0.50 095 060 0.8 0.95 0.95
Hos | 63.30 70.70 50.75 43.95  44.85 53.05 48.00 57.25  50.95
Hoe | 79.90 8585 77.25 73.25 69.80 82.05 75.50 84.45  77.70
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Fig. S33: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A5 for the Tukey
contrasts and homoscedastic and heteroscedastic cases
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Fig. S34: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A5 for the Tukey
contrasts and different distributions
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Table S17: Empirical powers (as percentages) of all tests obtained under alternative A6 for the Tukey contrasts (D - distribution;
n = (ni,n2,n3,n4): n; = (15,20,25,30), ny = (30,40, 50,60), ng = (60,80,100,120); A = (A1, 2,3, 4): A1 = (1,1,1,1) -
homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), A3 = (1.75,1.5,1.25,1) - heteroscedastic case
(negative pairing))

D n XA H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N ni A Hoa 870 830 990 6.00 8.00 750 830 8.70 9.15

)

Hoo | 61.55 73.35 70.15 60.45 56.00 70.30 59.15 73.20  61.80

)

Hosz | 99.35 99.85 99.65 99.15  96.60 99.80 98.95 99.85  99.20

)

Hoa | 11.70 12,55 13.50 10.30 9.65 12.15 11.00 13.30 11.70

)

Hos | 83.10 89.10 85.15 80.60 74.30 88.50 81.45 90.20  82.85
Hoe | 17.06 19.40 18.30 15.15 1490 19.40 16.70 21.90 18.10

)

N n; X Hoa 4.06 450 595 3.9 4.65 550  5.05 6.45 5.60

)

Ho2 | 24.00 31.00 46.70 39.55  34.40 48.00 38.75 50.55  40.55

)

Hosz | 64.30 74.05 91.95 8790 79.90 93.95 87.45 95.45  88.60

)

Ho,a 3.75 345 540  4.05 4.65 4.05 4.15 4.95 4.55
Hos | 25.70  30.75 3885 34.10 29.15 41.25 35.85 44.35  37.60
Ho.c 410 395 520 4.05 4.00 4.65 4.05 5.15 4.80

)

N m A3 Hoi| 320 325 325 160 295 230 245 2.80  2.85

)

Hoo2 | 31.00 34.15 20.30 13.20 15.05 17.50 16.80 20.95  18.35

)

Hos | 90.35 94.40 68.70 5525  51.50 67.15 58.55 71.70  61.85

)

Ho 4 6.75 6.65 640 4.30 9.25 535 545 6.60 5.95
Hoys | 6250 69.20 48.50 40.85 39.30 50.75 41.90 55.50  44.95
Hoe | 12.55 1540 13.20 10.55 11.90 1245 10.15 15.30 11.60

)

t n A Hoa 435 400 550 3.55 4.85 415 420 4.90 4.65

)

Hoo | 34.06 41.45 39.50 31.00 31.60 3845 32.50 42.10  35.35

)

Hos | 88.20 93.40 89.70 8550  81.15 90.90 84.90 92.75  86.40
Ho 4 6.90 6.20 7.65 @ 5.20 540 630 6.35 7.20 7.15
Hos | 49.70 59.00 51.95 46.55  43.05 56.70 48.25 60.15  50.80

)

Ho.e 8.10  8.60 840 6.90 790 825  8.00 9.10 8.60

)

t n, A Hoa 270 210 315 1.80 2.65 220 3.15 2.70 3.60

)

Hoo | 12.30 11.90 21.55 17.00 17.15 2220 20.60 24.65  22.00
Hos | 29.20 3210 61.40 55.75 50.55 65.30 56.55 68.10  58.85
Ho,a 2.65 1.60 240 1.55 175 1.95  2.60 2.55 3.00

)

Hos | 11.40 11.30 17.30 14.70 13.85 18.50 16.05 19.80 17.65

)

Ho.6 235 235 260 195 2.60 255 2.6 3.05 2.85

)

t n A3 Hoa 2656 210 220 1.15 1.70 135 1.85 1.90 2.10

)

Hopo | 17.00 16.90 9.70  6.00 920 820 835 10.40 9.80
Hos | 70.80 73.70 36.45 26.50  29.05 34.15 30.75 38.70  32.95

)

Ho.4 4.00 350 3.15 2.10 295 235 2.70 2.80 3.25

)

Hos | 35.75 40.20 23.40 1770  20.05 2290 21.00 26.20  22.85

)

Ho,e 755 625 530 3.8 485 475 585 5.95 6.75

)

X2 n; A Hoa 7.60 820 10.10 6.50 875 755 7.60 8.95 8.25
Hopo | 65.20 75.10 70.00 61.30 60.75 71.70 63.15 74.85  65.75
Hos | 99.10 99.80 98.45 9780  96.70 99.25 98.40 99.45  98.80

)

Hoa | 13.10 1520 15.25 12.05 11.60 15.85 13.25 17.80 14.25

)

Hos | 83.35 90.50 84.95 81.80  77.00 88.45 82.55 89.80  84.05

)

Hoe | 17.95 20.20 20.00 17.05 14.30 20.90 18.55 23.65  19.90

)

X2 n; A Hoa 465 340 680 4.30 5.25 5.50  6.50 6.55 6.85
Ho2 | 2430 28.35 45.40 3850  34.75 46.85 39.40 49.45  41.80

)

Hos | 61.50 74.40 90.35 87.75 80.90 93.10 86.80 94.15  88.25

)

Ho. 4 490 385 6.10 4.50 4.80 550  5.70 6.05 6.30

)

Hos | 2495 29.40 3855 33.35 30.00 40.65 34.55 43.30  36.45

)

Ho6 3.40 365 485 3.9 3.90 480 4.00 5.50 4.55
X2 ni A3 Hoa 3.06 270 335 235 3.30 250  2.60 2.85 3.10

)

Hoo | 3295 36.15 23.75 17.10 21.10 22.70 19.40 25.35 21.30

)

Hos | 91.60 93.40 68.20 5840 5830 68.20 61.65 73.15  64.60

)

Ho,a 585 645 5.60 4.20 590  5.75  5.60 6.55 6.05

Hos | 64.25 69.15 49.40 4225 42,50 51.50 45.50 55.40  48.25
Hoe | 1455 16.00 14.10 11.65 11.45 13.85 12.00 16.00 13.70
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Fig. S35: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A6 for the Tukey
contrasts and homoscedastic and heteroscedastic cases
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Fig. S36: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A6 for the Tukey
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S5.4. Results with Scaling Function

Table S18: Empirical FWER and sizes (as percentages) of all tests obtained for the Dunnett contrasts with scaling function
(D - distribution; n = (ni,n2,n3,n4): n; = (15,20,25,30), nz = (30,40, 50,60), ng = (60,80,100,120); X = (A1, A2, A3, \1):
A1 = (1,1,1,1) - homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), A3 = (1.75,1.5,1.25,1) -
heteroscedastic case (negative pairing))

D n X #H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N n; A FWER 4.15 425 525 3.75 3.55 3.80 3.80 4.50 4.80
Ho,1 1.90 1.85 2.15 1.50 1.15  1.75 1.55 2.05 2.05
Ho,2 1.20  1.25 1.80 1.20 1.10 1.20 1.05 1.40 1.30
Ho,3 1.60 1.45 2.75 2.15 1.80 1.35 1.60 1.60 2.05
N =n; X FWER 2.00 1.25 6.20 4.40 4.05 3.60 4.30 4.15 4.75
Ho1 1.40 1.06 235 1.55 1.15 1.60 1.65 1.70 1.70
Ho,2 0.30 0.20 2.10 1.45 1.35 075 1.30 0.85 1.65
Ho,3 0.30 0.00 2.40 1.65 1.55 140 1.40 1.75 1.50
N =n; A3 FWER | 1255 9.65 6.60 4.00 3.90 270 3.95 3.75 5.45
Hoa 2.00 170 295 1.85 2.00 1.35 1.55 2.05 2.20
Ho,2 4.00 285 3.10 1.80 1.25  1.05 1.85 1.20 2.55
Ho,3 9.75 755 3.10 1.60 1.55 085 1.75 1.25 2.15
N =n, A FWER 420 3.80 4.65 4.05 345 335 4.15 4.25 5.35
Ho,1 1.70  1.50 1.80 1.65 1.85 145 2.00 1.95 2.35
Ho2 1.30 1.0 255 2.05 1.05 090 1.00 1.05 1.55
Ho,3 1.50 1.55 1.50 1.45 0.85 1.35 1.50 1.65 2.00
N n; X FWER 1.80 1.00 5.30 4.45 3.70  3.70  5.00 4.05 5.40
Ho,1 1.00 0.80 2.15 1.85 1.40 1.10 1.60 1.35 1.85
Ho,2 0.55 0.20 2.10 1.60 1.25  1.00 1.20 1.20 1.40
Ho,3 0.30  0.05 2.00 1.90 1.40 175 245 1.90 2.55
N n; A3 FWER | 1380 11.00 5.15 4.25 4.00 3.15 4.00 4.75 5.60
Ho1 235 190 215 1.95 1.35  1.20 1.85 2.00 2.60
Ho,2 4.70  3.65 255 1.90 1.65 1.55 1.50 2.00 2.55

Ho 3 10.10 855 2.50 2.00 1.50 130 1.65 2.00 2.05
N n3 A FWER| 470 355 3.75 3.50 2.70  3.30 4.50 3.95 5.30

Ho1 1.85 1.45 1.65 1.65 1.40 1.20 1.75 1.45 2.05
Ho,2 2.05 150 1.20 1.05 0.80 1.60 1.95 2.05 2.25
Ho,3 1.30 1.15 1.75 1.60 0.80 1.06 1.30 1.20 1.55
N =n3 X FWER 2.00 215 490 4.45 3.45 4.60 5.00 4.95 5.20
Ho,1 1.45 1.55 1.70 1.50 1.10 2.00 2.05 2.00 2.15
Ho,2 0.40 0.55 2.00 1.60 1.40 155 1.70 1.85 1.70
Ho,3 0.15 0.15 1.70 1.85 1.25 1.60 1.50 1.70 1.60
N =n3 A3 FWER | 1295 12.05 4.70 4.35 3.25 450 4.60 5.90 5.55
Ho,1 2,50 260 220 1.85 1.35  1.80 1.65 2.65 2.20
Ho,2 495 5.00 180 1.65 1.25 225  2.50 3.15 2.85
Ho,z 9.10 895 235 225 1.20  1.65 1.55 2.20 2.10
t n; A1 FWER 4.40 3.60 6.85 5.10 3.85 280 4.15 3.80 4.80
Ho,1 1.60 1.25 230 1.80 1.45 1.00 1.50 1.35 1.80
Ho,2 1.60 145 3.45 240 1.50 1.05 1.55 1.60 1.90
Ho,3 1.80 145 2.75 1.85 1.30 1.15 1.80 1.50 2.05
t n; A2 FWER 290 150 8.35 5.50 3.60 290 3.85 3.60 4.20
Ho 1 1.70 1.0 3.35 2.05 1.30  1.15 1.50 1.25 1.60
Ho,2 1.00 040 3.10 1.95 1.50 1.10 1.45 1.55 1.70
Ho,3 0.30 0.15 270 1.90 1.05 075 1.10 1.00 1.20
t n; A3 FWER | 1285 9.70 6.05 4.05 4.65 240 4.60 3.55 5.80
Ho,1 235 1.7 280 1.95 1.55 1.10 2.15 1.75 2.60
Ho,2 480 3.15 280 1.80 1.80 095 1.90 1.50 2.65
Ho,3 9.50 7.55 3.06 1.50 2.00 0.80 2.15 1.20 2.65
t n, A FWER 5.55 445 5.70 4.60 3.90 4.06 5.05 5.10 5.85
Ho,1 240 195 265 210 175  1.60 2.35 2.15 2.75
Ho,2 1.80 125 245 1.80 1.40 140 1.60 1.65 1.80
Ho,3 1.90 210 1.85 1.40 1.15  1.65 1.60 2.15 1.85

t ng A FWER 1.70  1.30 5.60 4.75 290 345 4.65 3.90 4.85
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Table S18: Empirical FWER and sizes (as percentages) of all tests obtained for the Dunnett contrasts with scaling function
(D - distribution; n = (n1,n2,n3,n4): n1 = (15,20,25,30), ny = (30,40, 50,60), n3 = (60,80,100,120); A = (A1, A2, A3, A1):
A1 = (1,1,1,1) - homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), A3 = (1.75,1.5,1.25,1) -
heteroscedastic case (negative pairing)) (continued)

D n X H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
Ho1 1.00 1.05 235 1.90 0.80 1.25 1.60 1.30 1.65
Ho,2 0.55 0.25 1.75 1.65 1.20  1.25 145 1.55 1.50
Ho,3 0.15 0.10 1.85 1.55 1.05 1.25 1.75 1.40 1.85
t n, A3 FWER | 11.35 9.10 4.75 3.90 3.056 295 3.90 3.90 4.75
Ho 1 1.90 1.60 215 1.80 1.50 130 1.35 1.65 1.85
Ho,2 3.85 310 220 1.85 1.25 135 1.80 1.80 1.95
Ho,3 830 730 215 1.65 0.85 1.40 1.30 1.80 1.65
t ng A FWER 4.45 395 4.75 4.55 3.45  3.55 4.55 4.20 5.35
Ho1 1.50 1.85 1.80 1.70 1.25  1.55 1.50 1.85 1.70
Ho,2 175 1.25 1.80 1.70 1.30 135 1.75 1.50 2.05
Ho,3 1.65 1.06 2.05 1.90 1.20  1.00 1.45 1.20 1.95
t ng A FWER 1.80 1.40 5.10 4.65 295 330 445 3.85 5.00
Ho,1 1.25  0.85 1.85 1.80 1.50 1.30 1.50 1.55 1.85
Ho,2 0.50  0.50 2.20 2.00 095 135 1.80 1.55 1.95
Ho,3 0.05 0.10 1.45 1.25 0.65 1.00 1.40 1.10 1.45
t ng A3 FWER | 1335 11.10 3.80 3.05 245 280 4.55 4.40 5.95
Ho,1 200 165 130 1.15 095 1.20 1.50 1.80 2.00
Ho,2 515 375 2.00 145 0.80 1.30 2.15 2.25 3.00
Ho,3 10.00 885 2.06 1.75 1.15  1.25 1.75 1.55 2.30
X2 m A FWER 490 3.65 6.20 3.90 3.55  3.35 5.00 4.05 5.90
Ho 1 2.00 150 240 1.40 1.20 115 2.20 1.45 2.50
Ho,2 1.80 1.35 2.60 1.55 1.05 140 1.60 1.85 2.00
Ho,3 1.50 1.40 2.60 1.55 1.50 1.35 1.60 1.50 2.10
x}) n; X FWER 275 140 6.80 4.85 3.60 3.256 4.75 4.05 5.05
Ho1 1.70  1.056 2.60 1.55 1.40 1.15 1.70 1.40 1.85
Ho,2 0.60 0.20 2.55 1.40 0.70 1.10 1.35 1.35 1.40
Ho,3 0.50 0.25 2.80 235 1.70  1.30 1.80 1.60 1.90
x) n; A3 FWER | 11.30 880 6.75 3.95 490 230 4.30 3.20 5.45
Ho,1 235 130 290 1.50 1.80 095 1.65 1.50 2.20
Ho,2 3.85 290 3.50 205 1.95 090 1.95 1.25 2.40
Ho,3 850 715 2.85 1.60 1.65 090 1.60 1.20 2.10
) ny A FWER 9.55 455 495 3.90 3.30  4.45 5.20 5.25 5.70
Ho,1 215 155 185 1.35 090 135 210 1.80 2.30
Ho2 205 190 215 1.70 1.50 2.05 2.20 2.40 2.50
Ho,3 2.00 165 1.70 1.40 1.15  1.60 1.95 1.95 2.40
x? ny X FWER 205 195 495 4.00 3.55 5.15 4.80 5.45 5.45
Ho 1.05 1.15 180 1.35 135  1.75 1.65 1.85 1.90
Ho,2 0.50 0.65 1.65 1.40 1.20  1.85 1.50 2.15 1.65
Ho,3 0.66 0.20 1.85 1.55 1.05 170 1.95 1.75 2.20
x? ny A3 FWER | 1245 10.60 4.75 3.65 275 310 4.75 4.30 5.90
Ho1 225 155 215 1.55 1.00 1.20 1.60 1.70 1.95
Ho,2 435 3.70 2.00 1.60 1.20 150 2.25 2.10 2.70
Ho3 9.75 865 230 1.75 1.05 135 2.30 1.85 2.90
X} n3 A FWER 4.70 435 490 4.50 3.30 455 4.75 5.10 5.65
Ho,1 1.95 1.70 1.70 1.50 1.15  1.85 1.85 2.05 2.30
Ho,2 1.85 1.85 215 2.00 1.00 175 1.95 2.00 2.35
Ho3 1.50 1.65 1.90 1.75 1.55 1.7 1.70 1.95 1.95
X} n3 X FWER 145 130 5.75 5.40 295 385 4.10 4.20 4.45
Ho,1 090 090 2.05 1.95 1.25  1.30 1.25 1.40 1.35
Ho,2 0.50 0.40 2.25 2.05 0.80 1.45 1.50 1.60 1.75
Ho,3 0.10  0.00 1.75 1.70 1.00 135 1.50 1.45 1.55
x> n3 A3 FWER | 12.05 9.30 3.80 3.20 2,70  3.00 4.20 4.30 5.35
Ho 1 220 215 1556 1.40 1.25 140 1.70 2.15 2.35
Ho2 3.15  3.05 1.80 1.50 1.00 1.05 1.55 1.60 2.00
Ho,3 9.10 695 190 1.55 0.90 1.20 1.65 1.70 2.25
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Fig. S37: Box-and-whisker plots for the empirical FWER (as percentages) of all tests obtained for the Dunnett contrasts with
scaling function for homoscedastic and heteroscedastic cases
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Fig. S38: Box-and-whisker plots for the empirical FWER (as percentages) of all tests obtained for the Dunnett contrasts with
scaling function for different distributions
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Homoscedastic case, nn = (15,20,25,30)
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Fig. S39: Box-and-whisker plots for the empirical FWER (as percentages) of all tests obtained for the Dunnett contrasts and
different sample sizes with scaling function and homoscedastic case
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Positive pairing, nn = (15,20,25,30)

Empirical FWER (%)
I
{

~ - —_
e —
- T T T T T T T T T
Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
Positive pairing, nn = (30,40,50,60)
P
P
1
— . S —
© i . :
| | — | _
P h [m—
— '
1
;\g B I B ot A ey e
o e L
i 0 .
; —_—
= L
=
2 o !
= —
=
L
o~ — _—T
; 1
— — —_—
T T T T T T T T T
Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH

Positive pairing, nn = (60,80,100,120)

JE— | _
[
5
~ <
o
w
=
= _ '
S | _
=
g o —
_
N e — |
| e— |
%
T T T T T T T T T
Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH

Fig. S40: Box-and-whisker plots for the empirical FWER (as percentages) of all tests obtained for the Dunnett contrasts and
different sample sizes with scaling function and positive pairing
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Negative pairing, nn = (15,20,25,30)
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Fig. S41: Box-and-whisker plots for the empirical FWER (as percentages) of all tests obtained for the Dunnett contrasts and
different sample sizes with scaling function and negative pairing
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Table S19: Empirical sizes (Ho,1, Ho,2) and powers (Ho,3) (as percentages) of all tests obtained under alternative Al for
the Dunnett contrasts with scaling function (D - distribution; n = (n1,n2,n3,n4): n; = (15,20, 25,30), na = (30,40, 50, 60),
n3 = (60,80,100,120); A = (A1, A2,A3,A4): A1 = (1,1,1,1) - homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case
(positive pairing), Az = (1.75,1.5,1.25,1) - heteroscedastic case (negative pairing))

D n X H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N n; A Hoa 1.85 1.35 265 1.80 1.20  1.15 1.85 1.60 2.25
Ho,2 1.65 090 270 1.90 1.60 0.70  1.40 1.00 1.80
Hosz | 83.65 88.30 2.60 1.75 6.20 85.90 79.50 88.20  82.10
N n; X Hoa 1.10 050 2.60 1.90 1.85  0.75 1.20 0.95 1.35
Ho,2 1.10 095 220 1.55 1.65 1.70 2.35 1.85 2.50
Hosz | 22.65 2520 2.55 1.70 3.30 56.45 49.80 58.40  51.20
N n; A3 Hoa 2.85 2.00 280 1.90 1.35 1.35  2.20 1.85 2.85
Ho,2 415 290 1.75 1.10 1.15  1.25  2.00 2.00 2.50
Hosz | 64.80 66.75 3.20 1.90 3.35 30.25 28.60 37.50  32.90
t n, A Hoa 215 120 245 1.35 1.20  1.20 2.15 1.45 2.40
Ho,2 1.95 145 295 1.90 1.60 120 1.65 1.80 2.05
Hosz | 51.90 58.75 2.65 1.55 3.00 54.55 48.75 59.30  52.50
t n; A Hoa 1.25 0.65 230 1.45 1.25 1.20 1.50 1.35 1.75
Ho,2 095 025 1.80 1.20 1.00 1.25 1.70 1.45 1.80
Ho,z 820 895 210 1.30 1.85 28.85 25.60 30.85 26.90
t n; A3 Hoa 1.85 145 3.10 2.10 1.70 090 1.60 1.45 2.15
Ho,2 3.15 260 320 1.95 1.85 0.70  1.40 1.25 1.80
Hosz | 45.15 46.05 3.80 2.20 3.65 15.85 15.00 20.75 18.25
X2 ni A Hoa 1.70 1.10 275 1.70 145 1.15 1.85 1.40 2.00
Ho 2 1.70 145 240 145 1.50 1.30 145 1.55 1.70
Hosz | 82.75 88.60 3.30 2.00 8.00 85.05 79.35 87.45  81.65
x> n1 A Hoa 1.05 090 2.85 1.80 1.20 1.25 1.50 1.30 1.55
Ho,2 0.95 040 3.00 2.05 1.75 1.30  1.80 1.45 2.10
Hosz | 21.90 25.05 2.70 2.10 3.55  55.70  50.30 57.30 5175
x> ni A3 Hoa 1.55 130 240 1.55 1.40  0.95 1.10 1.80 1.65
Ho 2 450 3.60 280 2.05 2,50 120 215 1.95 2.75
Hoz | 67.70 68.30 3.60 2.05 4.65 35.20 32.75 41.40  37.25
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Fig. S42: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative Al for the
Dunnett contrasts with scaling function and homoscedastic and heteroscedastic cases
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Fig. S43: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative Al for the
Dunnett contrasts with scaling function and different distributions

89



Table S20: Empirical sizes (Ho,1, Ho,2) and powers (Ho,3) (as percentages) of all tests obtained under alternative A2 for
the Dunnett contrasts with scaling function (D - distribution; n = (n1,n2,n3,n4): n; = (15,20, 25,30), na = (30,40, 50, 60),
n3 = (60,80,100,120); A = (A1, A2,A3,A4): A1 = (1,1,1,1) - homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case
(positive pairing), Az = (1.75,1.5,1.25,1) - heteroscedastic case (negative pairing))

D n X #H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N ny A Hoi| 150 120 260 145 115  1.05 1.90 1.50 2.20
Hoo | 155 115  2.60 1.60 1.60 1.05  1.40 1.45 1.75
Hos | 81.10 9830 81.35 73.65 85.75 98.00 79.35 9855  82.40
N n; X Hoa| 180 1.00 28  1.90 1.90 140  2.00 1.50 2.10
Hoo | 085 020 255 1.85 1.60 115 175 1.30 1.90
Hoss | 23.10 57.35 53.00 47.60 57.95 8325 50.05  84.70  51.50
N n; A3 Hoa| 190 155 310 1.85 145 115 145 1.75 2.00
Hopo | 420 340 320 2.25 220  1.05 1.70 1.75 2.55
Hos | 69.95 86.15 39.65 31.15 36.90 5810 30.35  64.60  35.80
t  my A Hoa | 145 115 265 1.70 1.05 120 1.25 1.45 1.55
Hoo | 135 1.06 245 1.75 1.55 0.90  1.50 1.20 1.60
Hos | 52.30 85.05 54.50 46.85  58.25 82.10 49.45  84.45  53.75
t  ny Ay Hoa| 100 105 255 1.80 1.35 155 1.00 1.55 1.05
Hoo | 055 025 3.056 230 1.35 115  1.50 1.25 1.55
Hos | 975 26.75 33.70 30.00 3430 54.65 2725  56.75  28.75
t  my As Hoa | 215 115 290  2.00 1.40  0.80 1.60 1.20 2.20
Hopo | 350 275 245  1.60 1.30  0.75 150 1.35 2.00
Hos | 50.40 63.30 2535 17.75  20.55 30.50 17.05  36.90  20.50
x> m A Hoi | 160 090 225 1.25 1.05 0.85 1.65 1.15 1.95
Hoo | 155 115 245  1.40 1.30 110  1.60 1.50 2.10
Hos | 81.35 98.70 79.60 73.05 84.45 96.80 7895  97.75  81.60
x> m Az Hoq | 155 090 225 1.40 145 1.05 1.85 1.20 1.95
Hoo | 070 045 290 1.95 1.30 115 1.85 1.20 1.95
Hos | 2030 59.30 53.20 46.30  56.55 84.25 49.35  84.90  51.10
x> my A3 Hoa | 155 165 220 1.35 0.85 1.20 1.55 1.65 1.80
Hoo | 3.80 310 285 1.85 225 0.85  1.90 1.50 2.15
Hos | 71.75 85.15 44.10 34.65 4450 59.35 36.00  65.85  42.00
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Fig. S44: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A2 for the
Dunnett contrasts with scaling function and homoscedastic and heteroscedastic cases
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Fig. S45: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A2 for the
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Table S21: Empirical powers (as percentages) of all tests obtained under alternative A3 for the Dunnett contrasts with scaling func-
tion (D - distribution; n = (n1,n2,n3,n4): n1 = (15,20, 25,30), na = (30,40, 50, 60), ng = (60, 80,100,120); A = (A1, A2, A3, A1):
A1 = (1,1,1,1) - homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), Az = (1.75,1.5,1.25,1) -
heteroscedastic case (negative pairing))

D n A H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N ny AN Hoi | 1645 29.00 20.45 15.25 18.45  27.75 15.50 30.80 17.70
Hopo | 75.35 9830 76.65 69.20 82.15  98.15 74.00 98.50  77.60
Hoz | 99.75 100.00 99.40 98.75  99.85 100.00 99.65 100.00  99.80
N ny X Hoa 9.10 17.00 16.00 12.25 11.80  20.50 11.15 21.95 12.05
Hoo | 35.10  75.00 5830 5090 6230 86.80 52.65 88.25  54.45
Hos | 71.90 9895 91.90 89.00 96.15  99.95 93.95 99.95  94.55
N ny A3 Hoa 6.65 830 7.65 525 5.15 6.60  5.00 8.80 6.40
Hopo | 45.10 7030 35.75 2850  33.75  52.70 27.30 59.15  32.10
Hosz | 96.40  99.65 78.05 6795 80.70 97.00 71.90 97.95  78.05
t n A1 Hoq | 1010 1450 12.75  9.60 9.25 1420 9.10 15.90 10.40
Hoo | 47.65  81.85 53.25 45.15 5495 79.35 45.90 82.60  49.65
Hos | 93.35  99.70 90.90 87.25  94.85  99.60 91.70 99.60  93.05
t n; A2 Hoa 5.15 780 9.10 6.6 6.20 8.85  5.70 10.00 6.15
Hopo | 17.65 42.10 3830 32.05 3810 57.75 27.95 59.75  29.75
Hoz | 3890 8130 69.75 65.35 78.40  94.85 69.10 95.06  70.45
t n; A3 Hoa 4.85 540 545  3.55 3.85 4.15  4.15 5.25 5.35
Hoo | 28.35 46.40 21.90 15.60 18.35  28.40 16.00 34.30 19.20
Hos | 82.60  94.75 54.30 42.75  53.65 7740 45.00 82.95  50.95
X2 ni A Hoa | 1520 2810 20.25 15.80 17.60  28.20 15.40 31.15 17.60
Hopo | 76.30 9740 7475 67.75  81.65  96.15 74.65 96.90  77.70
Hos | 99.80 100.00 9870 9725  99.25 100.00 99.35 100.00  99.70
X2 ni Ay Hoa 8.00 1525 14.70 10.75 11.20  19.90 10.30 20.85 11.30
Hopo | 3455 76.80 57.65 5145 6140 86.90 52.75 88.30  54.40
Hosz | 71.35 9895 9095 8785  95.15  99.75 93.75 99.85  94.25
X2 ni A3 Hoa 6.95 8.60 915 6.85 7.30 7.65  5.50 9.75 7.00
Hoo | 46.45 7170 37.70 30.85  38.00 53.45 29.50 60.40  33.90
Hos | 96.45  99.20 7720 66.75 81.30 95.00 74.30 96.55  79.90
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Fig. S46: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A3 for the
Dunnett contrasts with scaling function and homoscedastic and heteroscedastic cases
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Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A3 for the

Dunnett contrasts with scaling function and different distributions
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Table S22: Empirical powers (as percentages) of all tests obtained under alternative A4 for the Dunnett contrasts with scaling func-
tion (D - distribution; n = (n1,n2,n3,n4): n1 = (15,20, 25,30), na = (30,40, 50, 60), ng = (60, 80,100,120); A = (A1, A2, A3, A1):
A1 = (1,1,1,1) - homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), Az = (1.75,1.5,1.25,1) -
heteroscedastic case (negative pairing))

D n A H#H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N n;y AN Hoi | 1225 13.05 2.00 1.10 1.20 12.85 12.05 15.65 13.35
Hopo | 77.70  85.05 2.70 1.70 720 83.70 75.95 85.85  78.35
Hosz | 99.85  99.95 3.15 2.00 18.65 99.95 99.80 99.95  99.90
N 1 A Hoa 8.65 8.40 3.05 1.95 1.30 1045  9.80 11.15 10.40
Hoo | 36.25  43.75 2.70 1.90 3.06 60.95 51.20 63.10  52.70
Hogsz | 77.40 84.00 3.05 2.35 10.00 97.45 94.00 97.75  94.85
N ny A3 Hoa 6.80 5.80 2.85 2.05 1.85 4,50  5.10 5.95 6.35
Hopo | 43.90 47.50 3.50 2.10 3.25  28.90 26.20 35.30  31.30
Hoz | 95.80 97.00 3.20 2.00 6.50 80.30 72.85 85.35  77.60
t n A Hoa 7.20 5.80 2.20 1.80 1.90 540 6.50 6.70 7.70
Hoo | 47.10  54.80 295 2.00 410 51.45 45.35 55.55  48.80
Hos | 94.05 96.40 3.10 1.80 9.45 94.50 9245 96.06  93.75
t n; A2 Hoa 4.70 4.75 275 1.85 1.90 590 5.55 6.70 5.80
Hopo | 16.60 19.00 2.50 1.80 2.55 3235 26.65 34.06  28.15
Hos | 39.85 4755 2.50 1.65 5.75 76.80 68.95 79.06  T71.35
t n, A3 Hoa 3.65 3.10 230 1.30 1.30  1.90 2.70 3.05 3.40
Hoo | 2445 27.00 2.75 1.80 240 13.15 12.80 17.50 15.55
Hos | 81.05 82.85 3.15 2.00 3.70 48,50 43.45 56.06  48.90
X2 mi A Hoa | 1265 13.60 2.30 1.30 2.00 13.90 12.55 16.00 14.15
Hoo | 76.65  86.25 2.90 2.00 6.00 82.00 74.60 85.60  77.25
Hosz | 99.90 100.00 3.85 2.40 18.85 99.95 99.45 99.95  99.70
x> mn1 A Hos 8.05 6.70 2.60 1.55 1.70  9.00 9.35 9.95 9.95
Hoo | 38.85 43.056 3.20 1.80 3.80 61.50 53.40 63.85  55.20
Hoz | 76.60  85.65 3.30 2.35 9.90 96.80 93.70 97.20  94.25
X2 ni A3 Hoa 6.05 5.00 2.80 1.80 1.90 4.00 4.60 5.80 6.30
Hoo | 44.30 4735 2.60 1.55 3.15  30.00 29.20 36.60  33.40
Hosz | 95.15  96.30 3.30 2.30 6.65 79.40 72.60 84.20  77.00
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Fig. S48: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A4 for the
Dunnett contrasts with scaling function and homoscedastic and heteroscedastic cases
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Fig. S49: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A4 for the
Dunnett contrasts with scaling function and different distributions
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Table S23: Empirical sizes (Ho,1, Ho,2) and powers (Ho,3) (as percentages) of all tests obtained under alternative A5 for
the Dunnett contrasts with scaling function (D - distribution; n = (n1,n2,n3,n4): n; = (15,20, 25,30), na = (30,40, 50, 60),
n3 = (60,80,100,120); A = (A1, A2,A3,A4): A1 = (1,1,1,1) - homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case
(positive pairing), Az = (1.75,1.5,1.25,1) - heteroscedastic case (negative pairing))

D n X *H Fmax GPF L2b  Fb CAFB GPH SPH mGPH mSPH
N m XA\ Ho.| 1.8 130 300 1.75 150 1.40 1.55 1.60  2.20
Hoo | 1.80 135 3.05 215 1.20  1.25 1.80 140  2.05
Hos | 80.40 86.20 9515 91.75  94.05 8340 76.70  86.15  79.15
N mny X Hoa| 130 075 270 1.60 1.60 1.10 1.45 1.30 1.70
Hoo | 075 050 2.80 1.85 150  1.35 1.30 1.55 1.40
Hos | 2010 2375 7535 70.20 7415 55.05 44.30  56.45  45.85
N n; A3 Hop | 240 200 240 145 1.05 155  2.05 2.25  2.50
Hoo | 435 355 275 170 090 130  2.30 1.60 275
Hos | 62.65 6825 61.25 49.40  49.55 29.80 27.10  36.70  31.60
t  ny A HMoi| 205 095 245  1.60 145 0.80 1.90 1.35 220
Hoo | 1.90 155 250  1.55 1.75 160 2.20 1.70  2.60
Hos | 48.70 54.45 79.40 71.90 73.70 51.40 47.85  56.05  50.60
t  my Ay Hoa | 1.00 070 235 170 1.30 080 1.15 0.90 1.25
Hoo | 050 025 235  1.90 145 110 1.50 1.30 1.75
Hos | 940 830 5295 47.30 47.85 2810 25.80  29.60  27.25
t  ny A3 HMoi | 220 125 235 115 1.35  0.90 1.70 115 2.05
Hoo | 375 285 255 115 125 065 1.25 1.05  2.25
Hos | 4275 42.85 39.35 29.55 28.60 13.00 1325 1685  16.20
X2 my A Hoa | 210 145 245 170 1.35  1.20  2.00 1.65 225
Hoo | 195 135 245 1.75 1.80 1.20  2.00 1.60  2.40
Hos | 7970 87.35 93.40 90.20  93.55 8255 76.75  85.55  79.25
X2 m A Hoa| 135 100 270 185 145 125 165 1.40 1.70
Hoo | 065 035 320 230 130  1.25 1.40 1.40 1.50
Hos | 19.00 2265 78.05 73.30 7550 55.60 46.15  57.25  47.90
X2 my A3 Hoa | 215 165 280 1.75 1.30  1.30  1.60 1.75 215
Hoo | 440 320 290 1.80 190 095 175 1.75 245
Hos | 65.20 66.00 5890 48.95 5495 33.70 31.80 3840  35.95
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Fig. S50: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A5 for the
Dunnett contrasts with scaling function and homoscedastic and heteroscedastic cases
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Fig. S51: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A5 for the
Dunnett contrasts with scaling function and different distributions
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Table S24: Empirical powers (as percentages) of all tests obtained under alternative A6 for the Dunnett contrasts with scaling func-
tion (D - distribution; n = (n1,n2,n3,n4): n1 = (15,20, 25,30), na = (30,40, 50, 60), ng = (60, 80,100,120); A = (A1, A2, A3, A1):
A1 = (1,1,1,1) - homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), Az = (1.75,1.5,1.25,1) -
heteroscedastic case (negative pairing))

D n X H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N n; A Hop | 1190 13.10 30.10 24.40 2220 13.15 11.60 15.25 13.55
Hopo | 7270 8170 93.25 89.00 90.70 80.10 70.15 83.45  72.95
Hoz | 99.65  99.90 99.95 99.95 99.95 99.95 99.45 99.95  99.55
N n; X Hoa 8.95 9.30 25.55 20.75 19.80 10.90  9.95 12.30  10.40
Hoo | 3400 42.00 81.85 76.65 79.20 60.05 51.20 61.70  52.90
Hosz | 7415 8255 98.65 98.10 9895 96.80 92.75 97.20  93.65
N ny A3 Hoa 5.40 4.50 1220 8.45 725 3.10 4.30 4.70 5.40
Hopo | 3850 4295 54.80 45.05 4520 24.85 22.85 31.25  26.90
Hosz | 9490  96.85 93.35 87.85  91.15 77.10 67.00 82.50  72.60
t n, A Hoa 8.20 720 19.55 14.90 13.95 6.10 7.70 7.60 8.40
Hoo | 4545 5230 7530 68.60 71.65 48.70 42.40 54.20  46.15
Hosz | 9310  96.85 9870 97.50 98.80 95.65 91.55 96.45  93.05
t n; A Hoa 4.90 3.85 16.30 11.60 9.95 480 5.65 5.45 6.05
Hoo | 16.45 1825 5520 48.65  50.55 30.90 27.50 32.60  28.80
Hosz | 39.95 4540 8885 86.10 90.15 7535 68.05 78.10  69.35
t n; A3 Hoa 3.40 3.20 735  5.05 3.75 180 240 2.95 3.70
Hoo | 2395 2425 3510 26.60 26.10 11.45 12.60 14.40  15.75
Hos | 77.75  80.60 75.55 65.75  68.10 47.00 40.70 55.10  45.25
x> m1 A Hon | 1275 12,95 34.10 27.75 2595 13.00 12.35 14.85 14.10
Hoo | 7795 8425 93.15 8895 9280 81.25 76.35 84.10  78.65
Hoz | 99.75 100.00 99.90 99.85  99.95 99.80 99.00 99.90  99.10
x> n1 A Hoa 6.50 6.00 26.05 19.75 16.85 855  8.75 9.35 9.50
Hopo | 3455 38775 81.25 7720 7845 56.15 50.90 58.60  52.35
Hosz | 73.60  83.05 99.05 9825 99.25 95.25 93.10 96.25  93.45
X2 my A3 Hoa 7.10 5.80 1280  9.10 7.60 4.85  5.60 6.60 7.10
Hoo | 43.70 4470 56.80 4745 4990 29.65 28.45 35.65  33.00
Hoz | 95.35 9550 91.80 84.90 90.20 76.15 70.60 82.10  76.05
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Fig. S52: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A6 for the
Dunnett contrasts with scaling function and homoscedastic and heteroscedastic cases
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Fig. S53: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A6 for the
Dunnett contrasts with scaling function and different distributions
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Table S25: Empirical FWER and sizes (as percentages) of all tests obtained for the Tukey contrasts with scaling function
(D - distribution; n = (n1,n2,n3,n4): n1 = (15,20,25,30), ny = (30,40, 50,60), n3 = (60,80,100,120); A = (A1, A2, A3, A1):
A1 = (1,1,1,1) - homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), A3 = (1.75,1.5,1.25,1) -
heteroscedastic case (negative pairing))

D n X H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N n; A FWER 450 455 640 4.65 3.85 3.60 4.20 4.55 4.70
Ho,1 1.10 095 1.55 0.85 0.65 0.70 0.95 0.90 0.95
Ho,2 0.50 0.75 1.05 0.70 0.55 0.65 0.45 0.65 0.45
Ho,3 0.65 0.65 2.00 1.00 1.05 0.50 0.80 0.60 0.80
Ho,4 095 0.65 1.25 0.70 0.35 0.60 0.75 0.70 0.95
Hos 0.75 0.85 135 0.95 0.60 095 0.95 1.10 1.00
Ho.c 1.15 0.80 1.40 1.05 0.75 0.70 1.20 0.95 1.40
N n; A FWER 3.90 195 6.20 4.90 4.06 345 4.35 3.90 4.95
Ho1 0.65 045 145 0.85 0.65 0.70 1.05 0.90 1.10
Ho2 0.10  0.10 1.50 0.85 0.80 0.35 0.45 0.40 0.65
Ho,3 0.06 0.00 1.25 0.75 0.70 0,50 0.80 0.70 0.85
Ho,a 0.75 0.55 1.35 0.80 0.60 0.85 0.90 1.00 1.05
Ho,s 0.66 0.45 1.20 1.00 0.85 090 1.10 1.10 1.25
Ho,6 0.50 0.50 1.40 0.95 0.65 0.55 0.55 0.65 0.70
N n; A3 FWER | 11.05 875 6.70 4.35 4.00 2.70 4.50 3.65 5.25
Ho 1 .15 0.70 1.70 1.30 0.90 0.60 0.70 0.85 0.85
Ho,2 230 195 1.90 0.95 0.55 0.50 1.15 0.75 1.25
Ho,3 6.10 435 1.90 0.85 0.90 035 1.05 0.45 1.30
Ho,a 1.06  1.06 1.00 0.70 0.60  0.60 0.90 0.80 1.15
Ho,s 1.95 1.56 1.15 0.80 0.75  0.70  0.60 0.80 0.75
Ho.6 1.10 1.0 1.25 0.95 0.45 0.80 0.90 1.10 1.10
N ny A FWER 495 450 530 4.15 320 335 445 4.80 5.05
Ho,1 1.00 090 140 1.05 0.80 0.80 1.05 1.05 1.10
Ho,2 0.40  0.50 1.25 0.90 0.55 0.25 0.25 0.45 0.35
Ho,3 0.65 0.70 090 0.70 0.50 0.45 0.65 0.65 0.80
Ho,a 1.25 090 0.85 0.70 0.50 090 0.95 1.15 1.05
Ho,s 0.95 085 0.90 0.80 0.40 0.75 0.80 0.80 1.00
Ho.c 1.30  1.10 0.75 0.65 0.45 1.30 1.25 1.60 1.35
N n, X FWER 485 195 5.05 4.45 3.35  3.85 5.00 4.40 5.50
Ho1 0.65 045 135 1.15 0.80 0.70 1.00 0.85 1.10
Ho,2 0.10  0.00 1.15 0.85 0.75  0.40 0.60 0.40 0.70
Ho,z 0.10 0.05 1.30 1.10 0.80 1.00 1.25 1.15 1.40
Ho,4 0.65 0.60 0.90 0.70 0.40 0.65 0.90 0.85 0.95
Ho,s 0.55 0.50 0.85 0.85 0.35 090 1.00 1.00 1.05
Ho.6 0.40 0.55 0.70 0.65 0.45 0.80 0.75 0.90 0.75
N n, A3 FWER | 11.40 945 595 5.10 3.60 290 4.10 3.20 4.95
Ho 1 1.20  0.60 1.40 1.10 0.55 0.50 0.95 0.60 1.05
Ho,2 245 195 145 1.15 0.80 0.75 0.50 0.80 0.65
Ho,3 6.15 530 1.60 1.30 0.70  0.60 0.85 0.75 1.10
Ho,a 1.05 1.00 1.15 0.85 0.65 0.85 0.90 0.95 1.15
Hos 235 200 1.25 1.05 0.55 0.60 0.75 0.75 0.95
Hoe 0.95 090 1.30 1.00 0.60 0.75 0.45 0.85 0.70
N =n3 A FWER 4.65 4.60 4.60 3.90 3.30 395 5.35 5.00 5.70
Ho1 1.05  0.55 0.90 0.95 0.75  0.55 1.00 0.75 1.15
Ho,2 1.30  0.75 0.70 0.55 0.40 0.65 1.05 0.80 1.15
Ho,3 0.60 0.65 0.80 0.70 0.45 0.55 0.60 0.65 0.65
Ho 4 1.25 1.056 090 0.90 0.60 1.00 1.20 1.10 1.45
Hos 1.06 1.40 1.20 1.10 0.75 1.30 1.00 1.55 1.10
Ho,e 1.00 1.10 0.75 0.70 0.45 1.15 1.05 1.40 1.10
N n3 A FWER 3.85 260 4.95 4.80 345 480 5.15 5.15 5.50
Ho,1 0.55 0.70 0.95 0.90 0.55 1.06 1.25 1.25 1.35
Ho,2 0.30  0.25 1.00 1.00 0.75  0.75 0.95 0.95 1.10
Ho,z 0.10 0.00 1.20 1.15 0.50 1.10 0.70 1.15 0.80
Ho,4 0.75 0.85 1.15 0.85 0.65 1.00 1.30 1.10 1.30
Ho,s 0.20 0.20 1.20 1.15 0.80 0.85 0.8 0.95 0.85
Ho.e 0.80 0.40 0.90 0.85 0.85 0.60 0.60 0.65 0.75
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Table S25: Empirical FWER and sizes (as percentages) of all tests obtained for the Tukey contrasts with scaling function
(D - distribution; n = (n1,n2,n3,n4): ny = (15,20,25,30), ny = (30,40,50,60), ng = (60,80,100,120); A = (A1, A2, A3, Aa):
A1 = (1,1,1,1) - homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), A3 = (1.75,1.5,1.25,1) -
heteroscedastic case (negative pairing)) (continued)

D n X H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N =n3 A3 FWER | 1205 11.20 5.55 5.20 4.00 4.15 4.80 4.75 5.90
Ho,1 1.35 1.45 1.00 0.85 0.75 1.20 0.95 1.30 1.10
Ho,2 3.15 320 095 0.80 0.60 1.10 1.40 1.40 1.80
Ho,3 6.15 5.60 1.50 1.35 0.75  0.50 0.75 0.70 1.00
Ho,a 1.30 1.30 1.05 0.90 0.60 090 0.95 1.15 1.00
Hos 205 240 1.25 1.10 0.55 0.95 0.80 1.05 1.05
Ho.c 0.80 1.10 1.25 1.20 0.65 0.75 0.65 0.95 0.75
t n; A FWER 520 380 6.95 4.85 4.00 2.75 4.65 3.80 5.35
Ho1 0.95 0.50 1.80 1.40 0.75  0.50 0.80 0.55 0.95
Ho2 1.00 0.65 2.00 1.00 0.90 040 0.95 0.55 1.05
Ho,3 1.10 055 145 0.75 0.90 0.60 1.15 0.65 1.30
Ho,a 0.90 0.70 1.25 0.80 0.55 0.60 0.80 0.65 0.90
Ho,s 0.90 0.70 140 0.75 0.35 0.50 0.80 0.85 0.95
Ho,6 0.90 0.80 1.10 0.90 0.40 090 0.85 1.00 1.00
t n; A FWER 3.80 1.70 6.30 4.50 3.10 2.60 4.15 3.20 4.90
Ho1 0.80 045 190 1.15 0.65 0.60 0.75 0.85 0.80
Ho,2 0.30 0.20 1.55 0.85 0.75 0.70 1.05 0.75 1.20
Ho,3 0.10  0.00 1.15 0.80 0.30  0.15 0.50 0.25 0.65
Ho,a 0.70  0.50 1.20 0.90 0.55 0.50 0.75 0.60 1.00
Ho,s 0.45 0.15 1.05 0.60 0.30  0.40 0.80 0.45 0.85
Ho,6 0.50 0.55 1.15 0.80 0.45 0.75 0.65 0.85 0.70
t n; A3 FWER | 1295 890 7.25 5.70 5.35 290 4.75 4.25 5.55
Ho,1 1.30 0.90 1.90 1.10 0.95 045 1.05 0.60 1.20
Ho,2 285 175 1.65 1.00 1.20 055 0.6 0.80 1.15
Ho,3 6.95 420 1.55 0.95 1.10 025 1.10 0.50 1.40
Ho,4 175 120 1.70 1.15 1.00 095 1.10 1.05 1.30
Ho,s 2.00 140 1.60 0.90 0.60 045 1.05 0.55 1.05
Ho.c 1.55 1.06 1.80 1.35 0.66 0.80 1.25 0.90 1.40
t n, A FWER 530 445 6.45 5.85 4.06 345 4.50 4.35 5.05
Ho1 1.15  1.15 1.50 1.25 0.90 0.80 1.00 0.90 1.20
Ho,2 1.10  0.65 1.50 1.20 0.70  0.80 0.70 1.00 0.70
Ho,z 1.10  1.10 1.20 1.05 0.65 0.85 0.75 1.05 0.75
Ho,4 1.05  0.70 1.75 1.25 0.90 0.75 1.05 0.95 1.15
Ho,s 0.66 0.75 130 1.05 0.60  0.50 0.65 0.65 0.80
Ho.6 1.10 0.60 1.10 0.85 0.45 0.70 0.75 0.80 1.10
t n, A FWER 4.15 245 5.00 3.85 2.75  3.60 3.90 4.65 4.55
Ho 0.35 0.70 1.35 1.00 0.45 0.70 0.90 0.85 0.95
Ho,2 0.30 0.25 0.95 0.85 0.55 0.60 0.80 0.65 0.85
Ho,3 0.10  0.10 1.15 0.90 0.55 0.55 0.85 0.75 0.90
Ho,a 0.65 0.80 0.95 0.70 0.55 090 0.55 1.10 0.75
Hos 0.45 0.25 090 0.65 0.60 0.70 0.70 0.90 0.90
Hoe 0.60 0.65 0.65 0.65 0.45 0.65 0.80 0.80 1.00
t ny, A3 FWER | 1090 9.35 5.50 4.75 3.75  3.60 4.20 4.40 4.75
Ho1 0.90 090 1.25 0.85 0.85 0.70 0.50 0.85 0.55
Ho,2 220 195 1.30 0.70 0.60 0.45 0.80 0.80 0.80
Ho,3 540 490 1.15 1.00 0.35 035 0.65 0.80 0.80
Ho 4 1.00 1.10 1.30 0.95 0.70  0.70  0.70 0.90 0.85
Hos 280 245 1.00 0.85 0.55 1.00 1.10 1.10 1.25
Ho,e 095 095 145 1.15 0.85 0.85 0.90 1.00 1.10
t ng A FWER 490 345 445 4.35 3.50 3.80 4.30 4.40 4.75
Ho,1 0.95 0.85 090 0.85 0.65 1.06 0.90 1.15 1.05
Ho,2 0.90 0.60 1.20 1.05 0.70  0.75 1.00 0.80 1.00
Ho,3 0.85 0.40 0.95 0.80 0.40 035 0.70 0.45 0.70
Ho,a 1.00 0.75 1.00 0.85 0.75 095 0.95 1.20 1.10
Ho,s 0.90 095 095 0.85 0.75  0.80 0.80 0.95 0.90
Ho.e 0.25 0.50 0.90 0.75 0.40 0.25 0.35 0.35 0.50
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Table S25: Empirical FWER and sizes (as percentages) of all tests obtained for the Tukey contrasts with scaling function
(D - distribution; n = (n1,n2,n3,n4): ny = (15,20,25,30), ny = (30,40,50,60), ng = (60,80,100,120); A = (A1, A2, A3, Aa):
A1 = (1,1,1,1) - homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), A3 = (1.75,1.5,1.25,1) -
heteroscedastic case (negative pairing)) (continued)

D n X H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
t ng A2 FWER 4.00 210 445 3.70 3.06 345 4.10 4.15 4.60
Ho,1 0.55 0.40 095 0.85 0.90 0.55 0.80 0.70 0.95
Ho,2 0.35 0.40 085 0.75 0.50  0.95 0.90 1.10 0.95
Ho,3 0.06  0.00 0.75 0.65 0.30  0.60 0.90 0.65 0.95
Ho,4 0.60 0.40 0.90 0.85 0.60 0.65 0.60 0.70 0.75
Hos 0.35 0.30 090 0.75 0.40 0.65 0.70 0.75 0.75
Ho.c 0.70  0.60 0.60 0.60 0.40 0.65 0.85 0.75 0.90
t ng A3 FWER | 1225 10.30 4.35 3.85 2.60 3.10 5.05 4.45 5.70
Ho1 1.05 1.06 045 045 0.35 0.65 0.85 0.80 0.90
Ho,2 3.06 235 1.00 0.80 0.40 0.70 1.10 0.90 1.40
Ho,3 6.35 490 1.056 0.85 0.55 0.55 0.90 0.80 1.00
Ho,a 1.15  0.85 0.75 0.55 0.40 0.60 0.95 0.75 1.05
Ho,s 240 210 095 0.90 0.35 0.75 0.85 1.00 0.95
Ho,6 1.35 125 1.15 0.85 0.35 1.00 1.05 1.35 1.20
x! n; A FWER 5.20 425 6.35 4.70 4.00 3.35 4.90 4.30 5.65
Ho 1 1.25 0.7 1.35 0.70 0.70  0.65 1.10 0.70 1.30
Ho,2 1.05 0.85 1.45 0.80 0.55 0.55 0.80 0.85 1.15
Ho,3 0.85 0.95 1.60 0.90 0.80 0.70 0.65 0.95 0.70
Ho,a 0.90 0.60 0.90 0.75 0.20 0.50 0.85 0.55 1.00
Ho,s 1.15 0.85 1.55 1.05 1.00 075 1.30 1.00 1.35
Ho,6 0.85 0.90 1.50 1.10 0.7 0.75 0.85 1.00 1.05
) n; X FWER 455 195 6.25 4.35 395 3.45 4.55 3.90 5.05
Ho,1 1.00 0.50 1.25 0.60 0.85 0.75 1.05 0.85 1.10
Ho,2 0.45 0.10 1.25 0.80 0.30 0.40 0.80 0.60 0.95
Ho,3 0.35 0.10 1.90 1.10 0.95 0.70 0.80 0.80 0.85
Ho,4 0.75 040 095 0.55 0.60 0.50 0.85 0.60 1.00
Ho,s 0.20 0.10 1.55 1.00 1.00 050 0.75 0.60 0.85
Ho.c 0.95 0.50 1.25 0.85 0.7 0.85 0.85 0.85 0.95
X2 n; A3 FWER | 1025 7.75 6.40 4.85 4.40 270 3.75 3.35 4.75
Ho1 0.85 0.45 1.50 1.00 1.20  0.50 0.80 0.70 0.90
Ho,2 245 155 2.05 0.95 0.85 0.45 0.75 0.50 1.05
Ho,3 9.25 420 1.75 0.95 0.85 0.40 0.65 0.55 0.90
Ho,4 1.40 095 1.40 0.90 0.60 0.80 0.90 0.85 1.10
Ho,s 2.00 195 1.30 0.70 0.65 0.70 0.85 0.85 1.20
Ho.6 0.75 0.25 1.20 0.75 0.50 0.25 0.65 0.30 0.70
) ny A FWER 4.40 470 520 3.65 3.06 440 5385 5.25 5.65
Ho 1 1.40 1.00 0.95 0.70 0.45 0.70 1.45 0.85 1.50
Ho,2 115 1.15 1.10 0.80 0.60 0.85 1.05 1.00 1.30
Ho,3 1.05 0.80 1.05 0.75 0.65 095 1.30 1.00 1.35
Ho,a 0.80 0.70 0.95 0.80 0.65 0.75 0.80 1.00 0.85
Hos 0.90 0.65 1.00 0.45 0.50 0.70 1.00 1.10 1.00
Hoe 0.90 1.00 0.80 0.60 0.75 1.05 0.80 1.20 0.95
x> n2 Xy FWER 4.45 270 490 3.85 2.70  3.90 4.50 4.95 5.10
Ho1 0.66 0.75 0.70 0.55 0.60 0.70 0.85 0.95 1.00
Ho,2 0.25  0.20 0.90 0.70 0.60 0.85 0.80 1.15 1.00
Ho,3 0.35 0.10 1.10 0.90 0.55 0.60 1.00 0.85 1.05
Ho,a 0.50 0.65 0.70 0.55 0.35 0.75 0.65 0.90 0.75
Ho,s 0.40 035 1.20 1.20 0.60 0.75 0.85 0.80 0.95
Ho,e 0.70  1.15 0.70 0.45 0.55 1.05 0.70 1.20 0.85
x? ny A3 FWER | 11.80 10.50 5.15 4.10 3.35 3.45 445 4.35 5.15
Ho,1 1.05 0.80 1.20 0.95 0.50 0.45 0.80 0.60 0.80
Ho,2 275 240 095 0.70 0.80 095 1.25 1.00 1.70
Ho,3 6.55 5.50 1.40 0.90 0.60 0.55 0.95 0.80 1.20
Ho,4 115 1.15 1.05 0.6 0.70  1.00 1.00 1.10 1.05
Ho,s 1.95 220 085 0.70 0.45 0.65 0.65 0.80 0.90
Ho.e 1.15 090 1.15 0.85 0.45 0.80 0.95 0.95 1.05
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Table S25: Empirical FWER and sizes (as percentages) of all tests obtained for the Tukey contrasts with scaling function
(D - distribution; n = (n1,n2,n3,n4): ny = (15,20,25,30), ny = (30,40,50,60), ng = (60,80,100,120); A = (A1, A2, A3, Aa):
A1 = (1,1,1,1) - homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), A3 = (1.75,1.5,1.25,1) -
heteroscedastic case (negative pairing)) (continued)

D n X H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
x> n3 A\ FWER 435 475 540 4.45 3.10 5.00 4.90 5.50 5.70
Ho,1 0.90 1.10 0.90 0.75 0.50 1.10 0.90 1.30 1.05
Ho,2 1.05 085 1.35 1.05 0.20 1.00 1.05 1.15 1.25
Ho,3 1.06  1.35 1.20 1.00 0.70  1.15 1.15 1.20 1.25
Ho,4 1.00 1.15 0.90 0.8 0.60 1.35 1.05 1.45 1.15
Hos 1.05 0.40 1.15 1.10 0.75  0.55 0.70 0.65 0.90
Ho.c 0.66 095 0.75 0.75 0.50 0.80 0.75 1.00 0.85
x? n3 X FWER 415 225 575 5.35 3.30  3.60 4.20 4.65 4.55
Ho1 0.45 035 1.25 1.10 0.65 0.70 0.75 0.75 0.85
Ho2 0.20 0.15 1.30 1.30 0.30  0.75 0.85 1.00 0.85
Ho,3 0.00 0.00 1.15 0.75 0.50 0.55 0.65 0.75 0.70
Ho,a 1.00 0.70 1.30 1.20 0.85 0.80 1.05 1.05 1.25
Ho,s 0.35 0.45 1.60 1.50 0.50 0.80 0.75 0.85 0.80
Ho,6 0.90 045 090 0.75 0.40  0.55 0.90 0.60 0.90
x> nz A3 FWER | 11.00 9.20 5.00 4.40 3.056 3.60 4.65 4.85 5.15
Ho 1 1.10  0.75 0.90 0.80 0.70  0.60 0.90 0.85 1.05
Ho,2 2.15 160 1.10 0.90 0.50 0.60 0.75 0.80 0.80
Ho,3 540 455 1.06 1.05 0.55 0.55 0.80 0.85 0.80
Ho,a 1.20  1.15 1.05 1.05 0.55 0.80 0.90 0.90 1.05
Ho,s 255 205 1.00 0.95 0.45 0.75 1.00 1.20 1.20
Ho.6 1.15 1.30 0.85 0.70 0.60 1.05 0.80 1.30 1.00
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Fig. S55: Box-and-whisker plots for the empirical FWER (as percentages) of all tests obtained for the Tukey contrasts with scaling
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Homoscedastic case, nn = (15,20,25,30)
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Fig. S56: Box-and-whisker plots for the empirical FWER (as percentages) of all tests obtained for the Tukey contrasts and
different sample sizes with scaling function and homoscedastic case
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Positive pairing, nn = (15,20,25,30)
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Fig. S57: Box-and-whisker plots for the empirical FWER (as percentages) of all tests obtained for the Tukey contrasts and
different sample sizes with scaling function and positive pairing
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Negative pairing, nn = (15,20,25,30)
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Fig. S58: Box-and-whisker plots for the empirical FWER (as percentages) of all tests obtained for the Tukey contrasts and
different sample sizes with scaling function and negative pairing
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Table S26: Empirical sizes (Ho,1, Ho,2, Ho,4) and powers (Ho,3, Ho,5, Ho,6) (as percentages) of all tests obtained under alternative
A1 for the Tukey contrasts with scaling function (D - distribution; n = (n1,n2,n3,n4): n; = (15,20, 25, 30), na = (30,40, 50, 60),
n3 = (60,80, 100,120); A = (A1,A2,A3,A4): A1 = (1,1,1,1) - homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case
(positive pairing), Az = (1.75,1.5,1.25,1) - heteroscedastic case (negative pairing))

D n X H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N n; A Hoa 0.70  0.60 1.80 0.90 0.65 0.55  0.90 0.70 1.00
Ho,2 0.95 050 1.60 1.10 0.80 0.55 0.95 0.55 1.10
Hosz | 74.05 8210 1.85 1.30 3.90 7840 68.85 80.55  T71.15
Ho,a 0.80 080 1.45 0.95 0.80 095 0.70 1.10 0.75
Hos | 8495 91.90 1.55 1.00 5.30  90.35 83.65 92.40  85.50
Hoes | 9095 9580 1.50 1.05 6.45 95.50 90.80 96.25  91.85
N n; A Hon 0.50 040 1.60 1.20 0.95 055 0.75 0.55 0.85
Ho,2 0.50 040 1.50 1.10 0.90 145 1.20 1.50 1.40
Hoz | 14.056 16.50 1.15 1.00 1.85 44.75 38.70 4790  40.20
Ho,a 0.80 0.60 1.25 0.95 0.7 075 0.85 0.90 1.00
Hos | 27.85 31.05 210 1.25 2.35 43.90 37.40 46.50  38.45
Hoes | 32.45 36.20 1.85 1.30 1.60 38.05 34.85 41.40  36.35
N n; A3 Hoa 1.10  1.00 1.75 1.10 0.80 085 1.15 1.05 1.50
Ho,2 2.06 175 1.10 0.65 0.70  0.55  0.90 0.70 0.95
Hosz | 54.85 5875 1.75 1.10 2.00 20.85 19.75 24.10  21.90
Ho,a 1.25 0.80 145 0.80 0.65 065 1.10 0.80 1.25
Hos | 65.60 70.80 1.70 1.25 2.40 53.25 46.00 56.65  48.50
Hoes | 80.70 86.55 1.95 1.40 4.55 83.25 75.65 85.95  78.05
t n; A1 Hoa 1.30  0.65 1.30 0.70 0.70 050 1.15 0.70 1.25
Ho 2 1.05 055 1.80 1.20 075 045 1.05 0.70 1.30
Hoz | 40.50 48.85 1.55 0.75 1.90 44.85 37.90 47.10  40.05
Ho,a 145 075 1.50 1.05 0.60 065 1.15 0.80 1.25
Hoys | 54.25 6245 1.40 0.80 2.50  58.95 52.55 62.40  55.05
Hoes | 62.00 71.15 090 0.85 3.30  69.15 60.85 72.40  63.30
t n; A Hou 0.70 040 1.30 0.75 0.60 0.65 0.70 0.75 0.85
Ho,o 0.55 0.15 1.00 0.60 0.55 065 1.10 0.75 1.20
Ho,3 495 510 1.15 0.70 1.05 20.75 17.80 22.70  19.20
Ho,a 0.85 050 1.45 0.75 0.70  0.65 1.00 0.80 1.05
Hos | 1275 13.05 1.60 1.00 1.15 20.065 17.05 22.65 18.70
Hoes | 15.10 16.20 1.10 0.80 1.00 17.00 15.65 19.40  16.85
t n; A3 Hoa 0.95 0.65 2.00 1.10 0.75 050 0.90 0.70 1.05
Ho,2 2.00 140 205 1.20 1.15 035 0.75 0.45 0.90
Hoaz | 36.15 37.65 240 1.45 1.85 10.15 9.95 11.95 11.20
Ho,a 1.35 085 1.05 0.80 0.65 065 1.10 0.70 1.45
Hoys | 38.65 43.80 1.55 0.80 1.55 23.60 23.20 27.00  24.80
Hoe | 49.95 58.60 1.20 0.85 2.85 5235 44.30 56.05  46.80
X2 n; A Hoa 1.05 050 1.35 0.95 0.40 050 0.80 0.65 1.00
Ho,2 0.85 0.90 1.35 0.70 085 085 0.85 0.95 1.10
Hosz | 73.60 8270 1.90 1.15 5.556  78.00 70.80 80.40  72.85
Ho,a 0.70  0.70 1.20 0.90 0.65 0.70  0.60 0.90 0.65
Hos | 8420 91.50 1.70 1.30 5.90 88.85 81.10 90.10  82.50
Hoes | 91.55 95.60 1.60 1.15 6.10 94.80 90.55 95.75  91.25
X2 n; A Hoa 0.80 0.65 1.70 0.80 0.60 0.60 0.65 0.65 0.75
Ho,2 0.50 0.10 1.75 1.00 0.90 0.75  1.40 0.85 1.50
Hosz | 13.70 15.60 1.90 1.25 2.30  45.65 37.90 47.85  39.85
Ho,a 0.50 0.35 1.60 0.90 045 0.60 0.65 0.65 0.65
Hos | 2545 30.05 1.55 1.05 1.90 4295 34.85 46.20  36.65
Hoes | 3230 37.70 1.50 1.10 1.75 39.60 34.15 42.45  35.70
x> n1 A3 Hoa 0.70  0.60 1.55 0.85 0.75 030  0.60 0.50 0.65
Ho,2 2,70 205 205 1.25 1.25 055 1.25 0.75 1.50
Hoaz | 57.55 59.10 2.25 1.10 2.90 26.15 24.05 29.75  26.40
Ho.4 1.40 1.00 1.75 1.35 0.60 0.65 0.90 0.90 1.15
Hos | 67.06 7220 1.85 1.15 3.15 53.25 46.95 97.35  49.75
Hoes | 81.95 8745 1.50 1.30 4.20 84.35 76.70 86.80  79.55
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All cases
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Fig. S59: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A1l for the Tukey
contrasts with scaling function and homoscedastic and heteroscedastic cases
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Fig. S60: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A1l for the Tukey
contrasts with scaling function and different distributions
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Table S27: Empirical sizes (Ho,1, Ho,2, Ho,4) and powers (Ho,3, Ho,5, Ho,6) (as percentages) of all tests obtained under alternative
A2 for the Tukey contrasts with scaling function (D - distribution; n = (n1,n2,n3,n4): n; = (15,20, 25, 30), na = (30,40, 50, 60),
n3 = (60,80, 100,120); A = (A1,A2,A3,A4): A1 = (1,1,1,1) - homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case
(positive pairing), Az = (1.75,1.5,1.25,1) - heteroscedastic case (negative pairing))

D n XA H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N ny A Hoa 0.85 050 1.55 0.80 0.75 050 1.05 0.60 1.20
Ho,2 0.80 065 145 0.85 0.75 0.60 0.60 0.85 0.75
Hoz | 69.65 97.35 72.85 63.20 78.85 96.15 66.65 96.85  69.10
Ho,a 0.7 075 140 0.85 040 055 0.55 0.80 0.80
Hos | 83.06 99.60 8245 7800 89.65 99.45 80.55 99.55  82.40
Hoe | 88.55 99.80 86.95 83.90 94.70 99.85 88.35 99.85  89.60
N n; A Hoa 1.00 025 1.80 1.20 085 045 0.90 0.60 1.35
Ho,2 0.60 0.15 1.65 095 0.65 045 1.15 0.55 1.25
Hoz | 14.85 4550 44.30 37.45  49.00 75.70 36.45 77.65  38.30
Ho,a 0.85 050 135 1.05 0.65 060 1.10 0.70 1.15
Hos | 25.60 63.80 39.40 3420 4520 74.15 35.45 76.55  37.70
Hoe | 31.05 67.15 3830 3260 4290 69.35 33.30 71.45  35.80
N n;1 A3 Hoa 095 1.00 160 0.85 0.80 0.65 0.85 0.75 0.95
Ho,2 250 1.7 205 1.30 1.20  0.60 0.80 0.70 1.15
Hoz | 59.10 80.70 32.10 23.35  28.00 46.80 21.05 51.50  23.40
Ho 4 1.50 1.056 155 1.20 0.65 065 1.35 0.95 1.40
Hoys | 64.00 91.90 52.05 44.15 5495 8290 43.70 85.45  47.35
Hoe | 76.25 98.05 76.00 70.10 83.05 97.80 71.60 98.15  74.80
t n A1 Hoa 1.00 060 1.40 0.80 0.60 0.50 0.85 0.60 0.90
Ho,2 0.80 0.60 145 1.20 040 030 0.80 0.50 0.90
Hos | 39.15 77.85 4575 37.85  48.60 74.75 38.05 77.60  39.75
Ho 4 08 040 115 0.75 0.80 030 0.6 0.45 0.75
Hoys | 51.75 87.00 53.90 4740 62.05 8525 48.70 87.10  51.70
Hoe | 60.90 93.60 61.55 56.70  72.05 92.75 60.60 94.00  63.50
t n A Hoa 055 045 145 0.85 0.65 090 0.55 0.95 0.60
Ho,2 025 020 200 1.25 0.75 050 0.60 0.70 0.65
Ho,3 5.30 1785 26.95 2250 25.60 44.30 18.15 47.45 19.50
Ho,a 0.66 040 215 1.35 0.95 050 0.70 0.55 0.70
Hos | 13.15 33.15 23.85 20.00 22.60 42.75 19.00 45.80  20.50
Hoe | 16.45 36.95 2215 19.25  21.00 38.75 17.35 42.20 18.30
t n Az Hoa 1.25 080 215 1.35 0.90 045 0.75 0.55 1.05
Ho,2 220 130 1.60 1.05 0.65 040 0.70 0.40 0.90
Hoz | 38.65 54.40 1885 12.30 14.30 21.85 10.70 24.75 12.30
Ho,a 0.8 08 1.65 1.20 0.65 0.70 0.60 0.85 0.80
Hos | 39.056 68.10 31.15 24.80 31.65 50.60 22.70 55.70  25.65
Hoe | 49.10 85.50 48.20 42.15  54.50 82.30 42.90 84.45  46.35
X2 n; A Hoa 095 050 125 0.6 0.60 055 0.95 0.65 0.95
Ho,2 0.90 065 140 0.8 0.55 0.60 0.90 0.80 0.95
Hos | 70.65 97.25 7255 6270 79.00 94.85 67.40 95.75  70.35
Ho,4 1.10 055 1.55  0.90 0.60 065 1.15 0.75 1.20
Hos | 83.30 99.10 80.30 75.40  87.60 98.80 82.20 98.90  83.30
Hoe | 89.90 99.55 86.55 82.90 93.25 99.45 89.00 99.45  90.65
X2 n; A Hoa 0.75 055 125 0.75 0.80 055 0.95 0.65 1.00
Ho,2 0.30 030 185 1.05 0.50 0.65 0.75 0.70 0.80
Hos | 1220 46.60 43.20 36.55  47.05 76.60 37.20 78.70  39.30
Ho,a 0.50 040 1.05 0.65 0.90 060 0.75 0.70 0.95
Hos | 24.00 63.85 40.30 34.35 46.55 7230 34.10 75.00  35.75
Hoe | 33.40 68.85 38.00 33.25 4215 69.80 33.90 72.30  36.30
X2 ni A3 Hoa 1.00 060 145 0.90 0.55 040 0.85 0.55 0.95
Ho,2 195 1.7 1.75  1.00 1.25 050 0.85 0.50 1.15
Ho,z | 61.25 80.50 36.75 26.90 35.75 50.20 26.30 53.90  28.65
Ho,a 1.10 095 1.20 0.90 0.60 080 0.90 1.10 1.20
Hos | 65.70  90.90 51.85 43.75 5830 79.90 46.25 82.80  49.80
Hoe | 79.20 98.05 76.25 70.50 84.15 96.85 73.35 97.40  76.60
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Fig. S61: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A2 for the Tukey
contrasts with scaling function and homoscedastic and heteroscedastic cases
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Fig. S62: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A2 for the Tukey
contrasts with scaling function and different distributions
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Table S28: Empirical powers (as percentages) of all tests obtained under alternative A3 for the Tukey contrasts with scaling func-
tion (D - distribution; n = (n1,n2,n3,n4): n1 = (15,20, 25,30), na = (30,40, 50, 60), ng = (60, 80,100,120); A = (A1, A2, A3, A1):
A1 = (1,1,1,1) - homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), Az = (1.75,1.5,1.25,1) -
heteroscedastic case (negative pairing))

D n A H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N n;y A Hoi | 1000 21.05 14.70 9.50 12,75 21.25  9.60 23.25 10.85
Hopo | 62.45  96.65 68.65 58.25 74.45  96.15 60.90 96.85  63.80
Hoz | 99.35 100.00 9890 97.15  99.60 100.00 98.80 100.00  99.20
Hoa | 12.60  30.00 17.40 13.45 15.65  29.35 12.40 32.20 13.15
Hos | 7995  99.15 82,00 7715 8875 99.15 79.35 99.30  81.10
Hoe | 1890 4140 24.10 20.30 24.05 4185 18.30 44.75 19.75
N n;y A Hoa 5.25 1090 1145 7.85 7.00 14.00 6.25 15.35 6.95
Hopo | 25.20 65.35 48.15 40.75  52.25  80.00 39.90 82.10  42.15
Hogz | 57.85 9745 8745 83.00 93.10 99.75 87.45 99.80  88.55
Ho,a 5.10 9.85 990 7.60 730 11.95 6.10 13.65 6.75
Hos | 2555  63.15 4285 3710 46.20 73.50 35.35 76.05  36.95
Ho,6 570  10.25 875 6.85 6.6 11.50 6.4 12.60 7.10
N ny A3 Hoa 3.70 485 515  3.00 3.05 3.60  2.75 4.75 3.40
Hopo | 3425 60.85 28.65 20.70 24.15 41.90 16.90 46.00 19.40
Hos | 9295 9935 70.80 58.75 71.20  93.85 58.20 95.50  61.85
Ho,a 6.55 11.95 7.65 5.65 6.10 9.70  5.60 11.60 6.30
Hoys | 65.40  91.80 53.05 43.85  55.20 82.30 44.35 84.75  48.10
Hoe | 15.06  33.55 17.00 14.10 15.55  29.80 12.60 34.15 14.20
t n A1 Hoa 5.65 9.70 945 6.70 6.45 9.20  5.70 10.50 6.45
Hopo | 3525 73.95 44.10 36.35 45.05 7175 34.85 74.70  36.90
Hos | 87.55 9935 86.65 80.30 91.60 99.15 84.80 99.45  86.25
Ho,a 7.5 1415 995 7.30 750 1380 7.85 16.00 8.50
Hoys | 51.80  88.35 56.95 49.70 64.30 87.35 50.15 88.55  52.50
Hoe | 10.45  21.75 1295 10.95 11.45  21.55 10.25 23.60 11.15
t n A Hoa 2.95 5.55  6.00 3.60 3.30 5.80 295 6.50 3.35
Hopo | 11.65 3220 30.70 23.70  29.65 46.95 19.45 50.00  21.20
Hos | 28.10 7215 6240 56.20 69.15 91.20 56.40 92.50  58.70
Ho,a 3.65 530  6.10 4.60 4.05 6.10  3.75 6.55 4.35
Hos | 11.95  33.15 25.10 20.05 23.55 42.90 18.85 45.90 19.80
Ho,s 3.75 520 485 3.70 3.45 5.55  3.75 6.45 4.15
t n Az Hoa 2.55 3.15 335 1.70 2.65 235 205 2.70 2.60
Hoo | 19.95 37.00 15.55 10.95 13.15  20.30  9.75 23.50 11.30
Hos | 73.75 9230 45.65 32.15  43.55 6835 33.80 72.00  36.90
Ho,a 4.10 6.30 580 4.20 3.30 4.50  3.45 5.80 3.65
Hoys | 39.06  66.00 30.70 24.10 2890 47.50 21.75 51.70  24.55
Ho,s 780 1485 9.90  7.65 7.70 12,50  6.25 14.05 7.05
X2 n; A Hoa 9.90 20.85 14.85 10.70 12,55  21.10  9.90 23.10 11.05
Hopo | 6490 9535 6730 59.30 75.00 93.35 61.45 94.50  64.35
Hoz | 99.40 100.00 9775 9470  98.55 100.00 98.50 100.00  98.80
Hoa | 1290  30.65 17.70 13.30 15.65  29.90 13.25 33.10 14.40
Hoys | 82.65 99.40 78.00 7280 88.15 98.70 80.70 99.10  82.50
Hoe | 1820 4415 23.70 20.05 2450 43.30 18.25 45.75  20.05
X2 n; Ay Hoa 4.95 9.90 1035 6.8 7.55 12.75  6.15 14.55 6.80
Hoo | 2290 6595 49.05 41.00 52.60 79.30 39.40 81.95  41.85
Hoz | 56.50  97.60 86.45 81.85  93.20 99.55 87.75 99.60  89.00
Ho,4 545 10.60 9.20 6.85 7.00 1235 6.70 14.00 6.90
Hos | 23.60 64.70 41.65 37.05  46.05 7445 35.60 76.70  37.80
Hoe 5.15 940 755 5.35 4.70 9.95 6.00 11.20 6.70
X2 ni A3 Hoa 4.10 5.55  6.50 4.50 4.65 4.70  3.50 5.70 4.05
Hopo | 36.056  62.60 31.30 23.55 30.35 43.30 22.00 47.80  23.80
Hozsz | 93.20  98.85 69.60 56.95 73.35  91.15 62.50 92.50  65.90
Ho,a 740 13.65 9.70  7.05 7.25 12.00  6.05 13.55 7.10
Hoys | 66.65  90.80 5240 44.30 57.80 80.40 45.45 82.85  49.05
Hoe | 15.06  33.80 18.00 14.60 16.95  29.90 12.90 33.20 14.10
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Fig. S63: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A3 for the Tukey
contrasts with scaling function and homoscedastic and heteroscedastic cases
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Fig. S64: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A3 for the Tukey
contrasts with scaling function and different distributions
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Table S29: Empirical powers (as percentages) of all tests obtained under alternative A4 for the Tukey contrasts with scaling func-
tion (D - distribution; n = (n1,n2,n3,n4): n1 = (15,20, 25,30), na = (30,40, 50, 60), ng = (60, 80,100,120); A = (A1, A2, A3, A1):
A1 = (1,1,1,1) - homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), Az = (1.75,1.5,1.25,1) -
heteroscedastic case (negative pairing))

D n X H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N n; A Hoa 770 790 1.05 0.55 0.65 770 7.55 8.55 8.30
Hopo | 67.15 77.40 1.50 1.00 4.80 75.30 64.90 78.06  67.00
Hosz | 99.35 99.95 1.45 0.90 13.40  99.90 99.10 99.95  99.45
Hoa | 12.35 14.80 1.70 1.20 1.25 1440 12.05 16.20  13.10
Hos | 8545 91.15 1.50 1.00 4.65 90.95 84.90 91.75  86.50
Hoes | 16.70 2090 1.20 0.80 1.40 20.15 17.15 23.20  18.55
N n; A Hon 4.75 4.60 1.70 0.90 0.75  6.35 590 7.15 6.55
Hopo | 2545 3295 1.55 1.05 1.55 50.05 39.90 53.06  41.45
Hosz | 65.20 75.056 1.75 1.05 6.65 95.05 88.65 96.05  89.60
Ho,a 3.90 490 095 0.35 0.75 560 445 6.60 4.85
Hos | 26.05 31.65 1.45 1.05 2.35 4430 35.35 47.00  37.50
Ho.6 450 4.65 1.00 0.75 0.85 540 4.80 6.40 5.30
N n; A3 Hoa 430 3.50 2.00 1.40 1.25 250 3.40 3.00 3.75
Hopo | 33.35 3745 220 1.60 2.15 20.00 17.60 22.85 19.60
Hosz | 9250 9440 2.00 1.55 4.65 70.70 60.60 74.60  64.00
Ho,a 6.20 5.60 1.75 1.10 1.05 455 490 5.45 5.65
Hos | 65.70 70.55 1.70 1.20 2.55 5245 45.00 56.40  47.95
Hoe | 13.65 15.15 1.30 0.90 1.45 1240 10.75 14.25 12.30
t n; A1 Hoa 420 310 1.60 1.10 1.10 2.80 3.55 3.50 4.10
Hoo | 36.80 43.70 1.70 1.05 2.35 4040 35.35 43.95  37.45
Hosz | 89.10 93.90 1.55 0.80 6.25 91.35 86.65 92.15  88.20
Ho,4 6.50 6.35 1.15 0.80 095 6.30 6.50 7.35 7.10
Hoys | 52.55 61.30 1.70 1.30 2.90 59.15 50.00 61.70  52.40
Ho.6 9.30 935 1.30 0.80 1.10 850 8.25 10.15 9.25
t n; A Hou 2.60 290 1.70 1.15 1.10 340 3.25 3.85 3.70
Hoo | 11.20 11.65 1.45 1.05 1.30 22.80 18.10 25.05 19.65
Hosz | 29.20 3540 1.40 1.05 3.65 67.35 58.45 69.65  60.65
Ho,a 230 215 130 0.85 0.85 250 220 3.15 2.40
Hos | 10.65 1290 1.15 0.95 1.15 18.80 16.85 21.05 18.45
Ho.6 225 195 145 1.00 0.75 205 245 2.60 2.80
t n; A3 Hoa 1.90 1.65 145 0.75 0.75 110 1.55 1.30 1.80
Hoo | 1695 1835 1.80 1.35 1.20 800 845 10.40 9.40
Hoaz | 72.65 7585 2.15 1.10 2.10 3720 32.55 41.10  35.15
Ho,a 3.20 435 150 1.05 1.10 2.60 2.60 3.45 3.05
Hoys | 39.40 4275 1.40 0.85 1.85 2540 23.80 29.60  25.70
Ho.e 785 7.60 1.40 0.80 1.25 555 5.80 6.95 6.50
X2 n; A Hoa 755 870 1.25 0.70 145 945 7.6 10.45 8.25
Hoo | 66.40 77.75 2.05 1.20 340 73.75 64.10 76.75  66.65
Hosz | 99.55 99.95 230 1.20 12.50 99.70 99.05 99.75  99.20
Hos | 12.80 13.90 2.05 1.60 1.60 13.70 12.80 15.85 13.95
Hoys | 86.00 91.40 1.75 1.30 5.30  90.40 84.25 92.05  85.50
Hoes | 1855 2195 1.65 1.20 1.30 21.70 18.20 23.90 1945
X2 n; A Hoa 5.15 385 1.30 0.85 0.80 580 6.05 6.45 6.45
Hoo | 2895 3190 1.50 1.00 2.35 49.80 42.40 53.25  44.45
Hosz | 65.85 76.60 1.95 1.55 6.65 94.00 88.20 94.95  89.80
Ho,a 445 445 1.20 0.80 1.05 530 4.95 5.85 5.25
Hoys | 26.50 30.85 1.65 1.15 1.60 41.50 34.65 44.70  36.85
Ho.6 415 345 150 1.05 0.50 410 4.70 4.90 5.35
x> n1 A3 Hoa 3.55 305 155 1.15 1.10 235 2.80 2.95 3.40
Hopo | 33.80 36.35 1.65 1.00 1.95 21.25 21.05 2435 2290
Hosz | 9225 93.90 2.40 1.55 4.40 70.50 61.85 74.40  64.35
Ho.4 6.50 6.30 1.50 1.05 0.90 515 5.20 6.45 5.95
Hoys | 6440 71.00 1.60 0.85 3.25 54.35 48.10 58.40  50.65
Hoe | 1575 17.25 1.50 1.15 0.90 14.00 13.45 16.60  14.85
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Fig. S65: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A4 for the Tukey
contrasts with scaling function and homoscedastic and heteroscedastic cases
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Fig. S66: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A4 for the Tukey
contrasts with scaling function and different distributions
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Table S30: Empirical sizes (Ho,1, Ho,2, Ho,4) and powers (Ho,3, Ho,5, Ho,6) (as percentages) of all tests obtained under alternative
A5 for the Tukey contrasts with scaling function (D - distribution; n = (n1,n2,n3,n4): n; = (15,20, 25, 30), na = (30,40, 50, 60),
n3 = (60,80, 100,120); A = (A1,A2,A3,A4): A1 = (1,1,1,1) - homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case
(positive pairing), Az = (1.75,1.5,1.25,1) - heteroscedastic case (negative pairing))

D n XA H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N ny A Hoa 0.8 0.7 165 1.15 0.70 085 0.75 0.95 0.90
Ho,2 095 0.60 185 0.90 0.50 055 0.70 0.70 0.85
Hoz | 69.65 77.85 91.65 87.40  90.35 74.90 65.25 78.10  68.15
Ho,a 095 060 170 1.25 0.90 050 095 0.60 1.05
Hos | 83.65 90.55 96.15 94.00 96.80 90.40 81.20 91.60  82.95
Hoe | 89.65 95.30 9845 97.50  99.25 94.95 89.95 95.85  90.65
N n; A Hoa 0.40 030 155 1.10 0.80 0.50 0.65 0.55 0.85
Ho,2 030 020 155 1.15 0.75 0.70 0.60 0.75 0.70
Hoz | 13.80 15.80 67.05 60.50 65.056 43.80 33.70 46.50  35.10
Ho,a 095 050 135 1.05 0.75 055 0.90 0.85 1.00
Hos | 2440 27.55 63.00 57.85  59.50 38.75 34.00 41.90  35.70
Hoe | 27.15 3490 60.10 5520 57.65 37.65 29.20 40.20  30.80
N n;1 A3 Hoa 1.50 1.15 135 0.85 0.65 090 1.10 1.00 1.25
Ho,2 260 220 165 0.90 0.50 075 1.05 1.00 1.35
Ho,z | 53.00 5795 51.40 39.50 3890 19.20 17.95 23.05 19.95
Ho,4 0.85 080 1.50 0.90 085 065 0.80 0.85 0.80
Hoys | 6245 6895 7795 7030 73.70 49.55 42.80 54.55  45.95
Hoe | 79.80 8595 9420 91.85 94.60 8290 76.45 85.15  78.80
t n A1 Hoa 140 045 135 0.85 0.75 035 1.25 0.45 1.35
Ho,2 1.10 1.00 1.20 1.00 1.20 095 1.35 1.05 1.45
Hos | 3850 4530 71.15 62.75 64.30 40.95 36.60 44.60  39.15
Ho 4 1.15 075 125 0.80 0.60 0.60 1.15 0.75 1.20
Hoys | 51.80 60.60 77.80 73.15 78.35 58.30 49.45 61.65  52.20
Hoe | 99.20 69.90 84.80 81.00 86.40 68.50 57.80 71.70  59.80
t n A Hoa 0.15 025 170 1.10 0.80 045 0.60 0.55 0.60
Ho,2 0.15 015 170 1.00 0.65 0.60 0.85 0.65 0.90
Ho,3 5.55  4.65 44.25 38.50 3880 19.70 18.55 22.45  20.00
Ho,a 0.80 035 090 0.75 0.60 025 1.00 0.40 1.00
Hoys | 1040 11.75 40.70 3440 34.00 1850 15.55 20.15 16.75
Hoe | 14.65 16.10 37.60 33.15 3240 17.05 14.75 19.25 16.55
t n Az Hoa 1.25 065 1.25 0.60 0.50 040 0.75 0.55 0.90
Ho,2 230 140 1.10 0.50 0.50 030 0.75 0.45 0.95
Hosz | 32.80 32,65 3095 21.55 21.10 810 8.05 10.15 9.35
Ho,a 1.00 095 140 0.95 0.30 055 0.85 0.70 0.90
Hos | 36.35 39.45 47.45 40.50  43.80 23.70 20.30 26.70  22.50
Hoe | 47.30 54.40 72.65 67.05 69.70 48.85 40.95 53.40  43.80
X2 n; A Hoa 1.25 060 1.60 1.15 035 070 1.15 0.80 1.15
Ho,2 1.10 075 165 1.10 1.00 050 1.15 0.65 1.20
Hos | 71.00 80.50 90.25 85.00 90.00 75.05 67.50 77.15  69.80
Ho,4 1.00 085 135 0.70 055 035 0.75 0.60 0.75
Hos | 81.95 90.35 94.90 92.75  95.85 87.15 80.75 88.65  82.30
Hoe | 89.45 95.25 97.25 96.40  98.55 94.15 88.45 94.95  89.75
X2 n; A Hoa 0.70 030 1.75 0.90 095 050 0.6 0.70 0.85
Ho,2 030 025 1.8 1.05 0.75 055 0.7 0.65 0.80
Hos | 1220 1430 7095 63.30 67.90 44.00 3545 4740  37.00
Ho,a 0.65 035 095 0.65 085 035 0.60 0.45 0.70
Hos | 25.40 29.60 66.30 60.20 62.95 41.40 36.00 44.90  38.30
Hoe | 30.10 34.00 63.05 5795 58.65 36.30 31.90 39.10  33.60
X2 ni A3 Hoa 1.10 075 1.70  1.00 0.70  0.55  0.90 0.75 1.05
Ho,2 260 1.8 170 0.85 095 035 095 0.70 1.20
Ho,z | 54.90 56.70 51.25 40.60  46.55 25.05 23.95 28.10  25.85
Ho,a 1.00 085 1.06 0.55 085 050 1.10 0.65 1.20
Hos | 65.15 70.50 75.35 67.75 74.05 52.95 47.40 57.85  50.90
Hoe | 79.15 86.00 92.35 89.35 93.60 81.80 74.50 84.40  76.70
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Fig. S67: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A5 for the Tukey
contrasts with scaling function and homoscedastic and heteroscedastic cases
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Fig. S68: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A5 for the Tukey
contrasts with scaling function and different distributions

128



Table S31: Empirical powers (as percentages) of all tests obtained under alternative A6 for the Tukey contrasts with scaling func-
tion (D - distribution; n = (n1,n2,n3,n4): n1 = (15,20, 25,30), na = (30,40, 50, 60), ng = (60, 80,100,120); A = (A1, A2, A3, A1):
A1 = (1,1,1,1) - homoscedastic case, A2 = (1,1.25,1.5,1.75) - heteroscedastic case (positive pairing), Az = (1.75,1.5,1.25,1) -
heteroscedastic case (negative pairing))

D n XA H Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
N ny A Hoa 775 825 24.15 17.15 16.00  8.60  8.00 9.85 8.60
Hopo | 62.25 72.65 8845 8290 8595 70.95 59.20 74.05  60.95
Ho,z | 99.10  99.90 99.90 99.75  99.90 99.75 98.30 99.95  98.50
Ho,a | 10.75 1245 32.00 27.10 24.60 1240 10.30 14.25 11.00
Hos | 80.30 89.65 97.20 9530  97.50 88.50 79.40 90.25  81.45
Hoe | 17.056 19.75 40.35 3545  33.25 1940 17.05 21.50 18.25
N n; A Hoa 5.10 5.60 19.10 14.45 13.65 7.00 6.35 8.05 6.90
Hopo | 24.75 30.10 74.30 66.45 70.50 47.70 39.00 50.60  40.95
Hoz | 61.80 72.60 97.50 96.40 98.15 93.75 87.00 94.80  88.50
Ho 4 5.45  4.60 1495 11.50 1095 5.55  6.00 6.45 6.40
Hos | 2445 33.056 63.85 5820  60.70 4290 34.70 45.80  36.40
Ho.c 415 380 1140 9.55 7.80 480 4.60 5.50 4.95
N n;1 A3 Hoa 295 260 815 5.30 450 1.60  2.15 2.10 2.75
Hop | 29.55 33.35 45.55 35.25 3545 16.80 16.05 19.55 18.15
Hoz | 90.95 94.20 89.55 80.80  85.10 66.45 55.10 71.10  58.35
Ho,4 6.50 6.75 16.55 13.15 1045 525 5.15 6.75 5.90
Hoys | 6495 7090 77.80 70.25 74.60 54.40 44.70 58.70  47.95
Hoe | 1275 14.80 30.30 25.35  23.65 12,55 10.55 14.90 11.95
t n A1 Hoa 5.00 4.00 1440 9.80 9.15 4.00 4.80 4.55 5.35
Hopo | 33.85 40.50 67.15 59.40  62.35 37.20 31.55 40.60  33.95
Hos | 88.40 94.50 97.60 9585  97.75 91.80 85.30 93.30  87.05
Ho 4 495 595 17.60 14.45 11.55  5.50  5.00 6.50 5.50
Hoys | 49.70 57.85 80.10 75.10 7845 55.70 47.65 58.95  49.90
Ho,s 8.25 8.65 2215 18.70 17.50 840  7.50 9.40 8.60
t n A Hoa 260 215 1085 7.55 6.85 290 3.40 3.20 3.75
Hoo | 10.35 11.90 46.10 3945  40.25 2140 18.70 24.50 19.80
Hos | 29.20 33.20 84.05 79.15 8395 65.80 58.90 68.65  60.55
Ho,a 235 215 9.00 7.05 550 280 2.85 3.35 3.05
Hoys | 11.15 1295 39.80 34.75 3530 19.10 16.50 21.15 17.70
Ho,s 27 270 835  6.90 5.15 260 270 3.20 3.15
t n Az Hoa 175 135 470 295 1.85 0.60 1.25 0.90 1.50
Hoo | 16.90 16.25 26.45 18.80 18,70  7.25 840 8.70 9.50
Hoz | 6850 73.25 6845 5590  59.50 34.75 29.45 38.70  32.70
Ho,a 290 3.00 955 6.8 5.00 225 240 2.85 2.70
Hos | 34.55 38.60 50.80 41.65  42.55 22.90 20.45 26.00 2240
Ho,e 6.06 6.25 14.85 11.20 9.85 4.60 5.10 5.80 5.50
X2 n; A Hoa 8.25 8.60 27.05 20.90 19.60  9.05 8.05 10.00 8.80
Hoo | 67.10 76.90 8890 83.00 88.65 73.15 66.80 75.30  68.45
Hosz | 99.15 99.80 99.85 99.50 99.85 99.35 98.15 99.50  98.30
Ho,a | 11.85 13.60 35.05 29.30 2840 13.50 12.30 15.20 13.50
Hos | 83.10 89.60 95.50 93.10  96.05 87.35 81.05 89.30  82.30
Hoe | 18.10 20.30 40.35 3545  36.20 20.00 18.50 22.35 19.80
X2 n; A Hoa 3.80 290 1855 13.70 11.90 450 4.95 5.55 5.30
Hoo | 2425 2695 74.60 6790 T71.10 4595 39.35 48.70  41.60
Hosz | 62.05 7430 98.10 97.05 9840 91.50 86.65 93.15  87.95
Ho,a 5.05 435 16.25 12.95 10.65 535 5.6 6.25 6.25
Hos | 25.20 31.00 65.00 59.75  63.15 4245 35.10 45.15  37.15
Ho6 420 490 13.70 11.30 9.10 545 440 6.80 4.90
X2 ni A3 Hoa 3.60 3.00 865 6.10 4.60 235  3.00 3.20 3.85
Hopo | 33.45 36.05 48.20 38.00 41.00 21.90 20.55 24.40  22.65
Hoz | 91.85 92.55 87.95 77.60 84.55 67.45 60.30 71.15  62.90
Ho,a 6.50 6.35 17.00 13.35 1285 545 5.15 6.55 6.00
Hos | 6495 71.00 74.70 67.25 74.00 53.95 47.80 58.45  51.20
Hoe | 14.95 1575 30.00 26.056 25.75 13.30 12.70 15.15 14.00
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All cases
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Fig. S69: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A6 for the Tukey
contrasts with scaling function and homoscedastic and heteroscedastic cases
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All cases
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Fig. S70: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A6 for the Tukey
contrasts with scaling function and different distributions
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S6. Additional Simulation Studies for Heteroscedasticity Level

To investigate the effect of the heteroscedasticity level, we conducted additional simulation studies under
the null hypothesis and Alternative Al for (nq,ne,ns,n4) = (15,20, 25,30). In the setup, we have considered
two additional configurations for heteroscedasticity: positive pairing A\; = 14 0.5(¢ — 1) and negative pairing
A =2.5—0.5(i — 1), where i = 1,2,3,4. In comparison to the values of \; considered before, the variances are
mainly larger, and the differences between them are also larger. Thus, the heteroscedasticity level increases.
The results of the comparison are presented in Figures [S7TI}S78] In general, the results for the new \; are very
similar to the previous ones. There are just two points to mention. First of all, the conservativity or liberality
of a test can be even clearer. For example, the empirical sizes of the Fmax- and GPF-tests for a new negative
pairing case are much greater than it is for a smaller heteroscedasticity level - liberality of these two tests
increases. Second, when the heteroscedasticity level increases, the empirical power decreases, which is natural.
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Positive pairing — lambda = (1,1.25,1.5,1.75)
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Fig. S71: Box-and-whisker plots for the empirical FWER (as percentages) of all tests obtained for the Dunnett contrasts for
various heteroscedasticity levels
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Positive pairing — lambda = (1,1.25,1.5,1.75)
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Fig. S72: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative Al for the
Dunnett contrasts and various heteroscedasticity levels
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Positive pairing — lambda = (1,1.25,1.5,1.75)
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Fig. S73: Box-and-whisker plots for the empirical FWER (as percentages) of all tests obtained for the Tukey contrasts and various
heteroscedasticity levels

135



Positive pairing — lambda = (1,1.25,1.5,1.75)
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Fig. S74: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A1l for the Tukey
contrasts and various heteroscedasticity levels
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Positive pairing — lambda = (1,1.25,1.5,1.75)
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Fig. S75: Box-and-whisker plots for the empirical FWER (as percentages) of all tests obtained for the Dunnett contrasts with
scaling function for various heteroscedasticity levels
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Positive pairing — lambda = (1,1.25,1.5,1.75)
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Fig. S76: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative Al for the
Dunnett contrasts with scaling function and various heteroscedasticity levels

138



Positive pairing — lambda = (1,1.25,1.5,1.75)
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Fig. S77: Box-and-whisker plots for the empirical FWER (as percentages) of all tests obtained for the Tukey contrasts with scaling
function and various heteroscedasticity levels
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Positive pairing — lambda = (1,1.25,1.5,1.75)
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Fig. S78: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A1l for the Tukey
contrasts with scaling function and various heteroscedasticity levels
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S7. Additional Simulation Studies for Sample Sizes

In this section, we investigate the power behavior of the tests when the sample size increases. We simulate
the data in the scenario of alternative Al with (ni,n9,n3,n4) = K - (15,20,25,30) for K = 1,2,4. The
resulting empirical powers are summarized in the box-and-whiskers plots in Figures As we expected,
the empirical powers increase with the increase in sample size, illustrating the consistency of the tests. The
exception is in the scaled functional data, where the L2b- and Fb-tests, which are not scale-invariant, have the

trivial power in all cases (see Figures 590)).
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Homoscedastic case, nn = (15,20,25,30)
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Fig. S79: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative Al for the
Dunnett contrasts and different sample sizes and homoscedastic case
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Positive pairing, nn = (15,20,25,30)
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Fig. S80: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative Al for the
Dunnett contrasts and different sample sizes and positive pairing
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Negative pairing, nn = (15,20,25,30)
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Fig. S81: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative Al for the
Dunnett contrasts and different sample sizes and negative pairing
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Homoscedastic case, nn = (15,20,25,30)
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Fig. S82: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A1l for the Tukey
contrasts and different sample sizes and homoscedastic case
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Positive pairing, nn = (15,20,25,30)
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Fig. S83: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A1l for the Tukey
contrasts and different sample sizes and positive pairing
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Negative pairing, nn = (15,20,25,30)
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Fig. S84: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A1l for the Tukey
contrasts and different sample sizes and negative pairing
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Homoscedastic case, nn = (15,20,25,30)

o
S
i
o
o
1 1
1 1
< ' ! : : !
= 1 1
5 3 | —_ | | — !
= 1 —_ 1 '
8_ —_ 1 —_—
pa— —_—
8
a o _|
= <
w
o
o~
—
—_—
o -
T T T T T T T T T
Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
Homoscedastic case, nn = (30,40,50,60)
o
S e e ==
—_— —_—
—_—
o _
[ss)
£ o
— ©
(<
=
o
o
T
2
a o _|
= <
w
o
) ==
—_—
o -
T T T T T T T T T
Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH
Homoscedastic case, nn = (60,80,100,120)
o
S
i
o _
[ss)
g o
— ©
(<
=
o
o
T
2
a o _|
5 N E
w
1
1
—_—
g -]
o -
T T T T T T T T T
Fmax GPF L2b Fb CAFB GPH SPH mGPH mSPH

Fig. S85: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative Al for the
Dunnett contrasts and different sample sizes with scaling function and homoscedastic case
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Positive pairing, nn = (15,20,25,30)
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Fig. S86: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative Al for the
Dunnett contrasts and different sample sizes with scaling function and positive pairing
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Negative pairing, nn = (15,20,25,30)
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Fig. S87: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative Al for the
Dunnett contrasts and different sample sizes with scaling function and negative pairing

150



Homoscedastic case, nn = (15,20,25,30)
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Fig. S88: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A1l for the Tukey
contrasts and different sample sizes with scaling function and homoscedastic case
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Positive pairing, nn = (15,20,25,30)
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Fig. S89: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A1l for the Tukey
contrasts and different sample sizes with scaling function and positive pairing
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Negative pairing, nn = (15,20,25,30)
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Fig. S90: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative A1l for the Tukey
contrasts and different sample sizes with scaling function and negative pairing
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S8. Additional Simulation Studies for Number of Design Time Points

To investigate the effect of the number of design time points on the properties of the tests, we conducted
additional simulation studies under the null hypothesis and alternative A1l for the number of design time points
equal to 25, 50, 100, and 200. Note that in the other simulation studies, we generated the data in 50 design time
points. The results are presented in Figures We can observe that the increasing number of design
time points does not affect the results; they are very stable.
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Homoscedastic case, ntp = 25
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Fig. S91: Box-and-whisker plots for the empirical FWER (as percentages) of all tests obtained for the Dunnett contrasts, various
numbers of design time points (ntp) for homoscedastic case
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Positive pairing, ntp = 25
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Fig. S92: Box-and-whisker plots for the empirical FWER (as percentages) of all tests obtained for the Dunnett contrasts, various
numbers of design time points (ntp) for positive pairing
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Negative pairing, ntp = 25
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Fig. S93: Box-and-whisker plots for the empirical FWER (as percentages) of all tests obtained for the Dunnett contrasts, various
numbers of design time points (ntp) for negative pairing
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Homoscedastic case, ntp = 25
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Fig. S94: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative Al for the
Dunnett contrasts, various numbers of design time points (ntp) and homoscedastic case
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Positive pairing, ntp = 25
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Fig. S95: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative Al for the
Dunnett contrasts, various numbers of design time points (ntp) and positive pairing
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Negative pairing, ntp = 25
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Fig. S96: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative Al for the
Dunnett contrasts, various numbers of design time points (ntp) and negative pairing
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Homoscedastic case, ntp = 25
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Fig. S97: Box-and-whisker plots for the empirical FWER (as percentages) of all tests obtained for the Tukey contrasts, various
numbers of design time points (ntp) and homoscedastic case
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Positive pairing, ntp = 25
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Fig. S98: Box-and-whisker plots for the empirical FWER (as percentages) of all tests obtained for the Tukey contrasts, various

numbers of design time points (ntp) and positive pairing
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Negative pairing, ntp = 25
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Fig. S99: Box-and-whisker plots for the empirical FWER (as percentages) of all tests obtained for the Tukey contrasts, various
numbers of design time points (ntp) and negative pairing
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Homoscedastic case, ntp = 25
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Fig. S100: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative Al for the
Tukey contrasts, various numbers of design time points (ntp) and homoscedastic case
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Positive pairing, ntp = 25
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Fig. S101: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative Al for the
Tukey contrasts, various numbers of design time points (ntp) and positive pairing
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Negative pairing, ntp = 25
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Fig. S102: Box-and-whisker plots for the empirical powers (as percentages) of all tests obtained under alternative Al for the
Tukey contrasts, various numbers of design time points (ntp) and negative pairing
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S9. Details on the Competitors for the Simulation Studies

In this section, more details on the competitors for the simulation studies are provided. Here, we use the
notation of the main paper.
The Fmax- and GPF-test by [Smaga and Zhang] [I7] are using the test statistics

] -S_SHZ(-t)/T . } and GPFn::/ _ -S_SHZ(-t)/r _—
>oiz1(ni = 1)7:(t, )/ (n — k) A S (i — DA, 1)/ (n — k)

Fmax,, := sup {
teT
where SSH,, (¢) := (H#(t) — c(t)) " (HD,,H")"'(H75(t) — c(t)) for all t € T and D,, := diag(1/ny,...,1/nz).
The critical values are approximated with a nonparametric pooled bootstrap approach as described in [20,
p. 159]. Here, the bootstrap counterparts v, J € {1,...,n;},i € {1,...,k}, of the subject-effect functions are
randomly generated from z;; — 7;,5 € {1,..,n;},7 € {1,....,k}. Based on the resulting bootstrap samples
z; = vl + 0,5 € {1,..,n:},7 € {1,..., k}, the bootstrap counterparts of the Fmax- and GPF-test statistic can
be calculated.
The L2b- and Fb-test statistics by [Zhang| [20] are defined by

1.2,
K i [ At 1) dt

L2b,, := /SSHn(t) dt and Fb,, :=
T

with ay, 4; being the ith diagonal element of A,, = D711/2HT(HD,LHT)_1HD71/2 for alli € {1,...,k}. The critical
values are approximated by using a nonparametric groupwise bootstrap approach as described in [20, p. 329].
In contrast to the nonparametric pooled bootstrap, the ith bootstrap sample z7;,j € {1,...,n;}, is randomly
generated from the ith sample z;;,j € {1,...,n;}, for each i € {1, ..., k}.

For the CAFB-test by |Cuesta-Albertos and Febrero-Bande| [2], the null hypothesis

MY H /T v(t)p(t) dt = /T v(t)e(t) dt (S31)

is examined with the robust ANOVA test of Brunner et al.| [I] based on the projected data fT v(t)z;(t) dt,j €
{1,...,n:},% € {1,...,k}, where v is randomly chosen from a Gaussian distribution such that each of its one-
dimensional projections is non-degenerate. This leads to the CAFB-test statistic

(f v(O)HR(E) — c(t)) dt) T (HHET) ! ([ v()(HER() - c(t)) di)

S Mo (v) /i

where m;; denotes the ith diagonal element of M := H (HH ") 'H and 52(v) denotes the empirical variance
of [v(t)x;(t) dt,j € {1,...,n;}, for all i € {1,...,k}. The p-value can be determined from the F-distribution,
see [I]. For stabilization, this is done for 30 independent Gaussian white noise processes vy, ..., v30 and, then,
the resulting p-values are adjusted with the Bonferroni correction. The global null hypothesis (2) is rejected
whenever at least one of the local hypotheses is.

Finally, the SPH-test by Munko et al. [13] is using the test statistic SPH,, := sup,c7 {TFp a,c(t)} and ap-
proximates the critical values with the same parametric bootstrap approach as described in Section 4. Moreover,
for the multiple tests (mSPH), the same procedure as in Section 5 is applied.

CAFB,(v) :=

)
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S10. Empirical Illustration for the Limiting Distribution of the GPH-based Test Statistic

Let us empirically discuss the convergence in Theorems 1 and 2 of the main paper. Theorem 1 presents
the asymptotic null distribution of the GPH-based test statistic, while Theorem 2 shows the same asymptotic
distribution for the parametric bootstrap version of this test statistic. In Figure the empirical distribution
functions of the GPH-based test statistic under the null hypothesis, its parametric bootstrap, and asymptotic
distributions are given. They were obtained based on the simulation study inspired by Example 1 in Section[S4]
We used the same sample sizes for the three groups: ny = nes = ng = 10,20, 30,40. We can observe that the
empirical distribution functions of the null distribution of the test statistic and its parametric bootstrap version
are very similar, which resulted in good finite sample results in the simulation studies. On the other hand,
the asymptotic null distribution is quite far away from them. However, as the sample size increases, the null
distribution becomes increasingly close to the asymptotic null distribution, which illustrates the convergence in
Theorems 1 and 2 in the main paper.
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Fig. S103: Empirical distribution functions of the GPH-based test statistic under the null hypothesis (black), its parametric
bootstrap distribution (red), and asymptotic distribution (blue) given in Theorem 1 in the main paper.
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S11. Computational Time and Speedup of Tests Performing

Let us take into consideration the computational time needed to perform the tests considered. For this
purpose, we have calculated the computational time and speedup for all tests considered in simulation studies
for data generated under the null hypothesis. The experiments were performed for one physical computer with
16 cores, processor 11th Gen Intel Core i7-11800H @ 2.30GHz, 16 GB RAM, Ubuntu 22.04 64-bit, R 4.5.1.

To check how the sample size affects the computation time, we generated the data with (ny,ng,ns,ng) =
K - (15,20,25,30) for K = 1,...,10. The results are presented in Figure We can observe that the L2b-
and CAFB-tests are the fastest ones. This is natural as they need fewer computations than the others. The
next group of slower tests consists of the Fmax-, GPF-, and Fb-tests. In this group, we have to calculate the
denominator, which distinguishes their test statistics from that of the L2b-test. Interestingly, this group of tests
also characterizes the fastest speedup. On the other hand, the four tests based on GPH and SPH spend the
most time performing, as they use a lot of bootstrap computations, but their speedup is the smallest.

Now, let us check how the increasing number of design time points affects the computational time and
speedup of the tests. For this purpose, we have generated the data with (nq,ne,ns,ns) = (15,20, 25,30) and
the number of design time points equal to K - 50 for K = 1,...,5. Figure presents the results. We can
observe a similar behavior as for increasing sample sizes, but there is an important exception. Namely, an
increasing number of design time points results in much greater computational time and faster speedup for the
four tests based on GPH and SPH.
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Fig. S104: Computational time and speedup versus the number of observations (ni1,n2,ns,n4) = K - (15,20, 25,30) for K =
1,...,10 for 1-Fmax, 2-GPF, 3-1.2b, 4-Fb, 5-CAFB, 6-GPH, 7-SPH, 8-mGPH, and 9-mSPH.

100 120
| |
12
1

N
10

Computational time (sec.)
60
|
N\
Speedup
‘tns‘ RO

20
|

)
P
RPN

T T T T T T T T T T T
2 3 4 5 2.0 25 3.0 3.5 4.0 4.5 5.0

K K

Fig. S105: Computational time and speedup versus the number of design time points K - 50 for K = 1,...,5 for 1-Fmax, 2-GPF,
3-L2b, 4-Fb, 5-CAFB, 6-GPH, 7-SPH, 8-mGPH, and 9-mSPH.
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