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Appendix A: Detailed description of Fig. 2

Here, we follow the notation defined in Section 4.

Let T(P) = Ex~p[X] and wop = (-—-)2. We use bit
flip [13], a generalization of the randomized response for
continual domains, as a randomization mechanism Q.
Treating L as 7 and letting Z = {e¢7/(e* — 1), —7 (e —
1)}, for y € [0, 7],
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This Z; is an unbiased estimator for Y;, that is, E [Z;|Y; = y] _

= y. Using these Z;s, let T'(Zy.,) be Mo Zi/n.
For the Z1.,, T, T and wo p, the non-maximum risk
is decomposed to the bias and variace terms as follows:

where P is fixed, unlike the maximum and minimax
risks. The first term of the last line is the variance, and
the second term is the squared bias.
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We analyze the bias and variance terms for the T, T,
and Z;s. The variance term is evaluated as follows:
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The bias is
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Figure 2 is the visualization of the non-maximum
risk and squared-bias and variance terms varying thresh-
old 7, where the non-maximum risk is replaced by the
simple word “error”. In the figure, P is fixed to the
exponential distribution with inverse scale parameter
A =1, and n = 1000. The squared-bias term is mono-
tonically decreasing, and the variance term is monoton-
ically increasing. Furthermore, the error is not constant
and is minimum around 7 = 1.5.

Appendix B: Proof of Theorem 1

We prove the Theorem 1 with the following two steps:

1. Lower bound the minimax risk with the error prob-
ability of a hypothesis test.



2. Further lower bound the error probability with an
information-theoretic distance between two distri-
butions.

First, we derive a lower bound of thAe risk, which is
characterized by the probability that p(T'(X1.,), T(P)) >
0. For any weighting function w and any § > 0 such that

w(d) > 0, we obtain
Ex,~pr |wo p(T(X1.0), T(P))
> w(8)P(p(T(X1n), T(P)) > 6).

We then lower bound P(p(T(X1.,), T(P)) > §) us-
ing the error probability of a finite hypothesis test. Ob-
viously, we have

inf sup P(p(T(XLn),T(P)) >6)
T Pep

P(p(T(X1:n), T(P)) > 4)

> inf max

(B.1)
7 Pe{Py,P1}

for any subset { Py, P; } of P. Here, we refer to Py and Py
as hypotheses, and we refer to any A-measurable func-
tion ¢ : X™ — {0,1} as a test. We select 26-separated
hypotheses such that

p(T(Fy), T(Py)) = 20.

Note that ¢ is not required to be a universal constant.
Then, for any estimator 7" and j = 0,1, we obtain

Pi(p(T(X1.0), T(P})) > 6) > Pj(* (X1 T) # J),
(B.2)

where ¥* : X" — {0, 1} is the minimum distance test

defined by ¥*(X1.,; T) = arg minje{o,l}p(T(le), T(P;))).

In this context, (B.2) is obtained by the triangle in-
equality and the property of ¥*. Combining (B.1) and
(B.2), we obtain the following:

inf sup P(p(T(X1:n), T(P)) > 6)

T PeP
P(p(T(X1.0),T(P)) = 8) = pe,

> inf max
T Pe{Py,P1}

where p, is the error probability of the best test:

. = inf P;((X1., ).
pe = inf max, i (V(X 1) # 4)

The infimum is taken over all tests {¢) : X™ — {0,1}}.
The following lemma is introduced to lower bound
the error probability.

Lemma 1 (Theorem 2.2 of [16]) Let Py and P,
be two probability measures on (X, A). If there exists a
real value o such that:

Drv(Py.PY) = sup |B(8) ~ PI(S)| o< 1,
e n

then po > (1 — a)/2.

Lemma 1 implies that we obtain a lower bound for the
error probability if we have an upper bound for the total
variation between the two hypotheses.

Combining inequalities (B.1), (B.2) and Lemma 1,
we obtain Theorem 1.

Appendix C: Derivation of (14)

The basic proof idea is identical to that of Le Cam’s
method. We reduce the estimation problem to a binary
hypothesis test and evaluate the error probability of
the test. However, unlike in the standard estimation
problems, considered in Theorem 1, an estimator T is
a function of top-coded and randomized records Zi.,,.
Due to this difference, we must modify the proof.

Here, we consider a testing problem described as
follows: First, j = 0 or 57 = 1 is selected uniformly at
random. Then, X;., are sampled from P;. To satisfy
e-LDP, X;., are top-coded and randomized, which are
denoted by Z;.,. Finally, a test decides j =0or j =1
using Z1.,. Figure 11 describes the difference between
the tests used in here and Appendix B, respectively.

We modify the inequalities that appeared in Ap-
pendix B for the modified test. First, we consider the
counterpart of (B.1).

inf sup Pr(p(T(Z1:n), T(Py)) > 6| X ~ P)
T PeP

> inf max Pj,Z(p(T(len)aT(Pj)) > 0).

T j€{0,1}
This inequality is derived using the basic property of
the max operator and the relationship {Py, P} C P,
independent of top coding and LDP.

Next, we consider the counterpart of (B.2). For dis-
tribution pair (P, P1) such that p(T'(FPy),T(P1)) > 24,
we have

Pz (p(1(Z1n), T(Py)) = ) = Py s (0 (Zyan; T) # ),
(C.3)

where ¢* : 2" — {0,1} is the minimum distance test
defined by ¢*(Z1.n; T') = arg min; ¢ g 130(1(Z1:0), T(P;
This inequality is derived by using the property of the
minimum distance test, which is independent of top
coding and LDP.

As Lemma 1, the error probability of the test func-
tion ¥* is lower bounded using the total variation be-
tween P, and PJ', as follows:

max Pj z(V(Z1n) # 7)

P; “(Zyn
max Py (6" (Z1) Zinf max.

> inf

je{o,1} ¥
1

> 5(1 — Drv(Py'z, P'z)).

Combining inequalities that appeared in this sec-
tion, we obtain (14).
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Fig. 11: Binary hypothesis tests used in the minimax risk analysis of the standard and our estimations. Test ¢*
takes raw records X7., in (a); otherwise, it takes top-coded and randomized records Zi., in (b).

Appendix D: Derivation of (21)

The KL divergence between P,y and Py y is written
as follows:

T T
Dyr(Payl[Pxy) = /0 Px(w)log Ifjf((m)) o
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P)\/(X > T)'
(D.4)

+ Py(X > 7)log

()

We analyze each term of (D.4). The first term is
()
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Since PA(X >7) =1-P\(X <7)=1—(1—¢?") =
6_)‘7, the second term is

P,\(X>T) _

Thus,

AN
DKL(.P>\7y||P)\/7 ) <10g b\ + X — 1> (]. — e*/\T).

Appendix E: Proof of Theorem 7

Proof Let Z ={—1,+1} and
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We use the MLE defined as follows:

T(Z1y) =\ = 1 Z1om).
(Z1:n) max 0gPx,z(Z1:n)

Then, the likelihood is written as follows:
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We note 0 < (1 —e™7)/A7 < 1 for any A7 > 0.



We next analyze the mapping A — P z.

e —1(A\T)Te ™ — 7(1 —e™?7)
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for A > 0. The last inequality holds by (31). The proba-
bility is monotone decreasing with respect to A, and this
monotonicity implies that A # X' = Py z # Py z.
Since P,\7z(Z = 71) =1- P)\7z(Z = +1),
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for all A > 0. The Fisher information is
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For any At > 0,
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for A\ <« 1. We also have
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The Fisher information is
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Thus, the distribution of the MLE weakly converges
to the normal distribution with variance a
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