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Appendix A: Auxiliary results

The following lemma gives a computationally efficient formula for ¥, that requires
inverting a 2 X 2 matrix, instead of inverting a p X p matrix.

Lemma A.1l. It holds that
Uy =Yg~ ZaBy(Vag + Vua + Vea) ' BaZa.
Proof. We apply the inverting formula
(A+TCD) ' =A"'— A 'T(C™ + DAT'T) 'DA™Y,

with A= X, T = Blj, C = (Vyq + Vea) * and D = B,. We obtain

_ _ 1 _
Ug = (Bél (Vud + Vea) 'Ba+ %, 1) = Y4~ Y4By (Vua+Vea+BaXaBy) 'By%a.
As Vg = ByX4BJ;, the result follows. O

Propositions A.1-A.3 derive some expectation of cross products. They are later
needed to calculate the mean squared error of the BP of ug.

Supported by the Spanish grant PGC2018-096840-B-100 and by the grant ” Algorithmic Opti-
mization (ALOP) - graduate school 2126” funded by the German Research Foundation.

Jan Pablo Burgard
Research Institute for Official and Survey Statistics (RIFOSS), Trier University, Germany.
E-mail: burgardj@Quni-trier.de

Maria Dolores Esteban and Domingo Morales
Operations Research Center, University Miguel Herndndez de Elche, Spain.

Agustin Pérez
Departments of Economic and Financial Studies, University Miguel Herndndez de Elche, Spain.



2 JP Burgard, MD Esteban, D Morales, and A Pérez

Proposition A.1l. Under model (4), the covariance matrices between ug4, vq4, agp
and ﬁgp are

Blugi®?'|zd] = Vua(Vad + Vea) " ®a,  Blvat?'|xq] = ZaBi(Vaa + Vea) '@,
B[0Pl |2q] = WaBi(Vaa + Vea) ™ (Vaa + Vaa + Vea) (Vaa + Vea) ™ a,
Efugt?’|xa] = Vaua(Vua + Vea) " BaWa, E[vad?'|z4] = ZaBiy(Vua + Vea) ' Ba¥a.

Proof. We define {3 = yq — Zan — XaA = Bqvg + ugq + eq. It holds that
Eua€i|za] = Vua, E[va€ilza] = XaBg, E[€aalra] = Vaa + Vua + Vea
The covariance matrices are

Bluqt}'|za] = E[uailza] (Vaa + Vea) ' ®a = Vua(Vaa + Vea) ' @4,
Efvgil'|zd] = Eva€ilza)(Vaa + Vea) ' ®a = ZaBi(Vad + Vea) ' Pa,
E[65Pa% |xa] = WaBy(Vua + Vea) ™ E[€a€hlza] (Vaa + Vea) ' 4
= WyBi(Vid + Vea) ' (Vaa + Vad + Vea) Vaa + Vea) @4,
E[udﬁg”’lmd] = Bluai|ta) (Vaa + Vea) " Ba¥a = Vaa(Vua + Vea) ' Ba¥a,
Elvat?|zq]) = E[va€h|za]l (Vua + Vea) ' BaWa = ZaBiy(Vaa + Vea) " Ba¥a.

Similarly, we obtain the corresponding transpose matrices. O

Proposition A.2. Under model (4), it holds that

E[i)f|za) = Zan + Xa,
B[ i |za] = (Zan + XaX)(Zan + XaN)'
+ BaWaBy(Vua + Vea) " (Vad + Vad + Vea) Vaa + Vea) " BaWa By
+ D3(Vag + Vea)  (Vad + Vad + Vead) (Vag + Vea) ' @4
+ BaWaBi(Vaa + Vea)  (Vaa + Vad + Vea) Vaa + Vea) P4
+ Ba(Vaa + Vea) ™ (Vaa + Vaua + Vea) Vaa + Vea) ™ BaWa Bi.

Proof. As 4% = Zgn 4+ X4\ + Bgd'? + a5 and E[aP|z4) = E[05|x4) = 0, by
applying Proposition A.1 we get

E[p i |wa] = (Zan + XaX)(Zan + Xa))'
+ ByB[05P 05 |xq) By + E[alP 0l |va] + BaE [P0 |xa] + E[alP 05 |24) By
= (Zan + XaN)(Zan + XaN)'
+ BaWaBy(Vua + Vea) ™" (Vaa + Vaud + Vea) (Vud + Vea) ' Ba¥a By
+ Sq(Vaa + Vea) " (Vad + Vua + Vea) (Vaa + Vea) ' @q
+ BaWaBiy(Vua + Vea) " (Vad + Vad + Vea) Vad + Vea) '@y
+ Ba(Vad + Vea)  (Vaa + Vaa + Vea) Vaa + Vea) ' Ba®aBlj. 0O
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Proposition A.3. Under model (4), the cross-product matrix between ﬂzp and

Hd 18

Elpaiie?'|xa] = (Zan + Xa)(Zan + Xa))'
+ BaZaBi(Vua 4 Vea) ' BaWaBl + Vua(Vad + Vea) ' &4
+ BaZaBiy(Vaa + Vea) ' @a + Vua(Vua + Vea) ™" BaWaBl.

Proof. As pug = Zan + Xg\ + Bavg + ug, ,&Zp = Zan + XaX + Bdf)gp + ﬁzp,
E[ﬁgp|xd] = E[@gp\xd} = 0 and Efug|zq] = Elva|zq] = 0, by applying Proposition

A.1 we get

Eluapy

llmd] —

(Zan + XaX)(Zan + XqA)'

+ BuFE [vdﬁgp'|xd] B,/i + E[udﬂgp'\md} + BdE[vdﬁZp/Md] + F [ud{)gp/md] B:i
= (Zan + Xa))(Zan + XaX)'
+ BayZaBi(Vua 4 Vea) " BaWaBj + Vua(Vad + Vea) @4

+ BaXaBi(Vad + Vea) ' Pa + Vua(Vua + Vea) ' BaWaBj.

|
Appendix B: Tables
Table B.1. Men (top) and women (bottom) poverty proportions in 2008.
province ng Ny dir  eblup rmse.dir rmse.ebp
Soria 14 19607 0.3600 0.1236 0.1440 0.0329
Teruel 82 62529 0.0699 0.1071 0.0332 0.0256
Lérida 126 212149 0.2119 0.1772 0.0407 0.0275
Salamanca, 158 145415 0.3026  0.2392 0.0432 0.0292
Le6n 189 187253 0.1841 0.1803 0.0328 0.0263
Ceuta 212 36775 0.3955 0.3108 0.0394 0.0285
Toledo 288 325132 0.2502 0.2295 0.0319 0.0250
Pontevedra 440 474953 0.1558 0.1648 0.0194 0.0184
La Coruna 507 528266 0.1613 0.1607 0.0174 0.0160
Baleares 584 528518 0.1132 0.1182 0.0147 0.0136
Madrid 1235 3018699 0.1209 0.1160 0.0112 0.0111
Soria 9 11760 0.5303 0.1416 0.1846 0.0354
Teruel 81 63996 0.1291 0.1452 0.0502 0.0295
Lérida 123 201188 0.2130 0.1720 0.0382 0.0289
Salamanca 155 145453 0.3484 0.2719 0.0458 0.0315
Le6n 227 256784 0.1825 0.1795 0.0293 0.0231
Ceuta 238 39496 0.3976  0.3305 0.0375 0.0260
Toledo 270 307611 0.2713 0.2468 0.0336 0.0253
Pontevedra 460 457734 0.1931 0.1955 0.0220 0.0183
La Coruna 605 632648 0.1894 0.1876 0.0175 0.0157
Baleares 613 520372 0.1445 0.1427 0.0191 0.0173
Madrid 1371 3161588 0.1474 0.1409 0.0116 0.0111
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Table B.2. Men (top) and women (bottom) poverty gaps in 2008.

province ng Ny dir  eblup rmse.dir rmse.eblup
Soria 14 19607 0.0589 0.0206 0.0233 0.0055
Teruel 82 62529 0.0159 0.0244 0.0084 0.0070
Lérida 126 212149 0.0797 0.0535 0.0251 0.0139
Salamanca 158 145415 0.0767 0.0634 0.0136 0.0110
Leén 189 187253  0.0505 0.0490 0.0108 0.0091
Ceuta 212 36775 0.1720 0.1140 0.0208 0.0135
Toledo 288 325132  0.1255 0.0769 0.0307 0.0133
Pontevedra 440 474953 0.0486 0.0505 0.0073 0.0067
La Corufna 507 528266 0.0480 0.0477 0.0064 0.0060
Baleares 584 528518 0.0437 0.0441 0.0077 0.0070
Madrid 1235 3018699 0.0392 0.0393 0.0059 0.0055
Soria 9 11760 0.0868 0.0239 0.0300 0.0060
Teruel 81 63996 0.0232 0.0286 0.0106 0.0083
Lérida 123 201188 0.0482 0.0423 0.0108 0.0100
Salamanca 155 145453 0.0916 0.0827 0.0163 0.0121
Ledn 227 256784 0.0440 0.0458 0.0085 0.0079
Ceuta 238 39496 0.1973 0.1330 0.0217 0.0130
Toledo 270 307611 0.1204 0.0809 0.0317 0.0141
Pontevedra 460 457734 0.0625 0.0616 0.0088 0.0077
La Coruna 605 632648 0.0531 0.0528 0.0062 0.0054
Baleares 613 520372 0.0481 0.0473 0.0079 0.0070
Madrid 1371 3161588 0.0396 0.0411 0.0064 0.0061

Appendix C: Maximum likelihood method

This appendix derives the Fisher-scoring algorithm for calculating the ML es-
timators of the MEBFH model parameters. Section C.1 presents some matrix

derivatives and Section C.2 gives the fitting algorithm.

C.1. Matrix derivatives

Fork=1,2,j=1,...

, Pk, let us define ey; =

The first derivatives of V)4 are

V)\dlj - W -
J

OVaa _ (2€1;Zq11 0 €)X a12)2
Ao Xgo1€1; 0

The second derivatives of V4 are

Vg

Vadi1jy5, = OMNij, 0N,

Vadi2j: = Vad21j15, =

(

26’1 : Edllel j O
J _
n 2 0 ) Vad22ini =

0

8*Vyg

ON1j,0N2j,

(

Pk

) v WVaazj =

0

/
€14, 2d12€24,

OVxd

0Na;

13(31’%1 (613) = (07'“70:1(j)707"'70);)k><1-

0 N1 Xa12€2; )

( 2 X211 2€5; Xgao o

OA2j,0A25, ~\o0 2€I2j12d22€2j2

0

0 0

/
€15, 2d12€24, >
)

).
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The first derivatives of V.4 with respect to 021, 025 and p are

avud 1 POu2 8V d 0 POwu1
20, _ ua 20,
Vudr = = PO w2 Tul ) Vudz = = POw1 Tu2 )

2 2
8Uul 20,1 0 6Uu2 20,2 1

OVua ( 0 0u10u2>

Viuds =
43 op Oulow2 O

The second derivatives of V4 are

—pTu2 —pou1
PVua 0 5 Ve [ HAem O
Vudi1 = —pouo ) Viudzz = —pou1 )
ZL%u2 ZPTu1

dog,00%, 157 0 00732005, 0 405,
0*Via 00 0*Vua 0 =2
V. — L Tua _ , V. -7 Tue 40,1002 ,
uass 0pdp < 00 > udt? 80316032 40,“/130,“2 0
aQVud 0 Tu2 82‘/ 4 0 Tul
Vu = = o 201 5 Vu = L= o Zouz .
M 0020p  \gpx 0 T 002,00 \ 3k 0

C.2. ML Fisher-scoring algorithm

It holds that y|X ~ N(Zn+ X\, V), with covariance matrix V = diag (V4),
1<d<D

Va = Vad + Vg + Vea. The vector of model parameters is 1 = (', \',0’)’, where
0 = (61,02,05) = (021,022, p)". The log-likelihood is I = 3%, 14, where

1 1 _
lg = —log2m —  log [Va| — §(yd — Zan — XaN)' Vi (ya — Zan — Xa))

Fori=1,....qx,i=1,...,pk, k =1,2, £ =1,2,3, the first partial derivatives of
{4 are

ol _ ol _
3 L = (2414, 0)Vy ' (ya — Zan — Xa)), 3 L = (0, 2a2:)Vy "(ya — Zan — Xa),
MN14 124
ol 1 _ _
d — —ftr(Vd lV,\dlj) + (za15,0)V; 1(yd — Zgn — XaN)
8)\1j 2
1 _ _
+ §(yd — Zan — XaN) Vi Vaa;Vy (ya — Zan — Xa)),
ol 1 _ _
d _ —*tr(Vd 1V)\d2j) + (0, dej)Vd 1(yd — Zan — Xd>\)
0)\2j 2
1 _ _
+ 5 (Wa — Zan — XaN) 'V Vaao; Vi (ya — Zan — Xa)),
Olg

1 _ 1 _ _
0, = —itr(Vd Woae) + é(yd — Zan — XaN) 'V VeV (ya — Zan — Xa)).
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The second partial derivatives of £ are

8zld -1 / 821d 1 ,
T o, = i Ve (a1, 0 5o = (0,202 )Va (0, 242 )

1 12 71 19

8%l _ 821 B
W = ~ (a1, OV (0, 2221, ﬁ = (ears, )V (ai,, 0

and -1 / 82ld _1 ,
— = =—(0 ,V 0, is) y _— = — s , in) s
Onz2i, ONzi, (0. Za2iy Va0, 22z, i, OAzi, (zariy, OV (0, Taziy)

&lg

1 —1 -1 1 —1 —1
E V) Ve S (Ve Vaag, Ve Vaang,) = 5te(Ve Vaas,) = (@a,, 0V (a1, 0)'

— (a1, 00V, Vaarjo Vi (ya — Zan — XaX) — (Ta1jn, OV " Vaar, Vi (ya — Zan — Xa))
— (Ya — Zan — XaN)' Vi " Vaaris Vg Vaaria Vi (ya — Zan — Xa))
1 _ _
+ 5(Wa — Zan — XaN)'Vy Vaarij .V ' (ya — Zan — XaX),
8%, 1 1 -1 1 -1 1 ’
e e, §tr(Vd Vaazju Vi Vadzjy) = §tr(Vd Vad22j15,) — (0, azj,)Vy (0, Zaz;,)
J1 J2
— (0, 2425, )V "Vaa2i Vi (a — Zan — XaX) — (0,2425,)Vy Vaazj Vi (ya — Zan — Xa))
— (Ya — Zan — XaN)'Vy "Vaazjs Vi " Vaazjs Vi (Ya — Zan — Xa))
1 _ _
+ 5(yd — Zan — XaN)' Vi Vaazog i Vi (Ya — Zan — Xa),
8%l 1 1 -1 1 -1 -1 /
o, 00y, — 20 Ve VaginVam Vaa,) = g0 (Ve Vaaizgig) — (a1, 00V (0, azja)
— (Ta1j,, )V Vaazio Vi ' (Wa — Zan — XaX) — (0,3a2;,)Vs Vaari,Vy ' (ya — Zan — Xa))
— (Ya — Zan — Xa\)' Vi Va2, Vi ' Vaar, Vi (a — Zan — Xa))

1 _ _
+ §(yd — Zan — XaN) Vi Vaar2j1o Vi (Ya — Zan — Xa)),

0?1 3 -
anuadee = —(2a14,0)V; 1Vudng 1(yd — Zgn — Xg)\),
%14 . »
6772‘892 = 7(07Zd2i)vd Vudng (yd - Zd77 _ Xd)\),
ﬂ = ltr(V_IV deV_1V>\d1 ) — (a1 O)V—IV dZV_l(yd ~ Zan— XaN)
8)\1j802 2 d u d j s 0 ” f
= (ya — Zan — XaN)'Vy VaaeVy Vaar; Vi (e — Zan — Xa)),
821(1 1 . . B B
ey 00, itr(Vd VuaeVy "Vaazs) = (0,2a2;)Vy  VauaeViy H(ya — Zan — Xa))
— (Ya = Zan — XaN)'Vy VaaeVy 'Vaaz; Vi (ya — Zan — Xad),
621d 1 _1 . 1 o
m = itr(Vd Vud@ng Vud@l) - gtr(Vd Vudeléz)

— (Ya — Zan — XaN)'Vy  Vaae, Vi Vaae, Vi (ya — Zan — Xa))

1 _ _
+ i(yd — Zan — XaN)' Vi Vaae, 0,V (ya — Zan — Xa),
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By changing the sign and taking expectations, conditionally on X4, we have

- —1
Fd?’llilnuz = (Zdlimo)vd 1(Zd1i2?0)/’ Fd772i177212 = (Ovdeil)Vd (0721121'2)/7
deil N2y — (Zdliuo)vd_l(ov Zd?’iz)lv Fd??u,)qj = (Zdliv O)Vd_l(mdlja 0)17
Fanying = (OaZdZi)Vdil(Qdej)la Finiing = (Zd1i,0)Vd71(07$d2j)l’
1 _ _ 1 _

Faxiong, = =50 (Va "Waa1s, Vi Vaars,) + S (Vs "Wad115,5s)

_ _ _ 1 _

+ (a0 Vg @1z, 0) + tr(Vy  Vaars, Vi Vaang,) — gtr(Vd Vadi15,5.)

1 _ _ _
= gtf(Vd "Waa17, Ve Vaarg,) + (@a1s,, 0V (@a1z,,0),

1, N _
Faxy, 2oy = §tr(Vd "Waazj, Vi Vadzs,) + (0, 2azj )V (0, zaz;,) s

1, _ _
Faxijxa, = 5tr(V "WVaazi, Vi Vaarss) + (@ais,, 0)Vy (0,2 az;,)

1 _ _ 1 _ _
Fax,;0, = gtr(Vd 1VudeVd 1V>\d1j)7 Fax,;0, = §tr(Vd 1VudeVd 1V>\d2j)7

1 _ _
Fdezl Oe, = itr(vd 1VUd52Vd 1Vudll)’ dez‘@z = Fd”nﬂz =0.

The components of the score vector are

ol 2. ol
Smi = Z 4 1<j<p1; Spy= an;iwlfjﬁp%
—1 J

D

ol ol
,1 <5 <py; Sm: 0>\d 1<j<ps; So = Zaod,é—lz?)

ald

S)\lj = a

The score vector is

S(’L/J) = (Smlv e '7577111175”217 .. ‘vSm%?S)\llv .. '75/\1;0175/\217 .. -7S>\zp2a50175027393)l-

The components of the Fisher information matrix are

77171U1/2 E Fdnlgln1g2 77271772/2 E Fdnzjlﬂzgg 771;1)\232 E deglnz]z

D D

F>‘1j1 A1jy = Z Fd)‘lh)‘ljz’ F>‘2J'1 Azj, = Z Fd>‘2]1 A2jy0 F>‘1j1 Azjy = Z Fd>‘1]1 Azjy s
d=1 d=1

d=1
D
77131 >\1J2 Z Fdnlgl /\112 772J1 >\2_)2 Z Fdﬂ211 >\232 771J1 >\232 Z d771]1 >\2J2

D

ij@z E deﬂw n2;00 — E:Fdnzjee’
d=1
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D

D D
Fx,0, = E Faxy;000 Fxo0, = E Faxs00 Fo,, 00, = E Fao,, 6,,-
d=1 d=1 d=1

The blocks of the Fisher information matrix are

F”I1771 - (Fﬂ]jlﬁlj?)il,izzl,m,qﬂFnznz - (1-?77%1"2]?)1’1,2‘2:1,'”,(127an2 = (Fm“n%)ilzlwuﬂh;iz:lww%7

Fan = (FM“>\1j2)j17j2:17~-~»171’F>\2)\2 - (F)leA2j2)j1,j2:17---71727FAl)\Q - (FAljl)\2j2)jlzlv"'vp1§j2:17~-~1p2’

Fnix = (F"“/\”)i=1,»--,<h;j=l,---,p1’Fm)‘z = (F"“)‘zj)i=17---,qz;j=1,---,p2’
Fouxe = (F’“i*%)izl,.‘.,ql;j:l,...,pz’ Foo = (F"“"f)izl,...,ql;ezl,zeﬁ Fnao = (F"Zief)izl,‘.‘,qz;e:1,2,3'

o= (FAljel)j:l,...,pl;Z:1,2,3’ a0 = (FA?jef)jzl,...,pg;@:l,Z,S’ Foo = (th%)41:1,2,3;42:1,2,3'
The Fisher information matrix is

me Fmﬁz F’rh)q F’rh)\z Fn19
Flem Fn2n2 Fﬂ2>\1 Fﬂ2>\2 Fﬂ29
F(d)) = F>\17]1 F>\1772 F>\1A1 F>\1A2 F>\19
F>\2711 F>\2772 F>\2A1 F>\2A2 F>\29
Fem F9n2 Fox, Fox, Foo (p+q+3) X (p+q+3)

The ML Fisher-scoring algorithm is

1. Set the initial values (®) = (n§°), 1750), /\§°), A50)7 9(0)) ande; >0,5=1,...,p+
3.
2. Repeat the following steps until the tolerance or the boundary conditions are
fulfilled.
(a) Updating equation: Do 91 = @ 4 F=1(#) 5 (),
(b) Boundary condition: If 9§i+1) > 0, QéH—l) > 0 and |9§i+1)’ < 1, continue.
Otherwise, do ’(21 = w(i) and stop.
(c) Tolerance condition: If }wj(.H'l) - w;z)’ <& j=1,...,p+3,do ¢ =+t
and stop. Otherwise, continue.
3. Output: ¥, F~1(1)).

Remark. As starting values, we take ngo) = ﬁ§0), néo) = ﬁéo), )\go) = 5\50), Aéo) =

5\50)5 é370 =0, ék,O = a-ik,07 k = 1,2, where 77%0)) ﬁéO)v 5‘50)7 5‘;0) and (}ik,o are
the REML or the ML estimators of the corresponding bivariate Fay-Herriot model
without measurement errors.



