Extended Washburn equation with slip boundary
condition
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From the Navier-Stokes momentum conservation equation, considering uni-
directional Hele-Shaw flow between parallel plates at steady state is given by,
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Integrating the above equation twice to obtain velocity gives,
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Boundary conditions are U = 0 at y = 0 and at y = h 4 2\ [where the slip

lengths end] gives Co = 0 and Cy = _ﬁ%(h +2X).

Substituting the constants (Cy, Cy) for U gives,
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Figure 1: Illustration of the problem set-up.



The average velocity within the channel is given by
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Solving the above equation gives
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The maximum velocity occurs at the centre of the channel at a height of

h/2 + A. Substituting h/2 + X in Eq. [4] gives
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The ratio of Upaz t0 Uawg is obtained by dividing Eq. [§ with Eq[f] giving

(2\ + h)?
Unaz = 1.5Ugpg 5.
Yh2 4+ 6h\ + 6)2

Active forces are the capillary and viscous.
Capillary force is given by

Feap = 2wocos(0).
The viscous force is given by
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From Hele-Shaw equation,
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Substituting Vp from Eq. [f gives,
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Substituting VU in Eq[TT] gives
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Balancing the active forces (Eq, [10]and Eq. results in
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Integrating on both sides results in requiring to solve for the positive root
of the following quadratic equation to find the position of the meniscus,
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The position of the meniscus is given by
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To determine the velocity of the meniscus, U = dx,,/dt. Solving the above
differential equation after some algebraic transformation gives,
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where M is the viscosity ratio defined as pu, /fiy-
The reference velocity is,
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and the reference time is,
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Example:
For a slip length A = 0.1um, with channel height h = 10um, channel length
¢ = 400pum with the surface tension o = 0.01kg/s?> and contact angle = 45,
the reference velocity is U,y = 0.0312m/s.



