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Abstract This supplementary material contains complete proofs of the tech-
nical results and primary theorems.

S.1 Proofs

Proof of Proposition 1

Let P denote the probability measure with density f0 with respect to m, and
let Pn = n−1

∑n
i=1 δXi . Define the measure m0 by

m0 (dx) = 1 {f0 (x) > 0}m (dx) .

Following van de Geer (2000), write f̄ = (f + f0) /2 and

F̄ =
{
f̄ : f ∈ F

}
, F̄1/2 =

{
f̄1/2 : f̄ ∈ F̄

}
.

Let f̂n : Ω → F denote a maximum likelihood estimator:

f̂n ∈ argmax
f∈F

Pn log f.

For any 0 < δ ≤ 1, define the local class

F̄1/2 (δ) =
{
f̄1/2 : f̄ = (f + f0) /2, f ∈ F , h (f, f0) ≤ δ

}
,
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and the associated local bracketing entropy integral in L2 (m0):

J[]

(
δ, F̄1/2 (δ) ,L2 (m0)

)
= δ ∨

∫ δ

0

√
H[]

(
u, F̄1/2 (δ) ,L2 (m0)

)
du. (S.1)

By van de Geer (2000, Cor. 7.5), if there exists a function Ψ : R>0 → R>0

such that
Ψ (δ) ≥ J[]

(
δ, F̄1/2 (δ) ,L2 (m0)

)
,

where Ψ (δ) /δ2 is non-increasing in δ, then there exists c1 > 0 such that

P

(∫
X
log

f̂n
f0

dPn ≥ δ2

)
≤ c1 exp

{
−nδ

2

c21

}
,

for every δ ≥ δn, where δn satisfies
√
nδ2n ≥ cΨ (δn) for a universal constant

c > 0.
It therefore suffices to show that our hypothesis Ψ (δ) ≥ J (δ), where J is

defined in (3), implies

Ψ (δ) ≥ J[]

(
δ, F̄1/2 (δ) ,L2 (m0)

)
.

We first relate the bracketing numbers of F̄1/2 in L2 (m0) to those of F in
L1 (m).

Lemma S.1 If F is a space of probability densities on X, then for each δ > 0,

N[]

(
δ, F̄1/2,L2 (m0)

)
≤ N[]

(
2δ2,F ,L1 (m)

)
.

Proof Let δ > 0 and let
([
fLj , f

U
j

])
j∈[N ]

be a 2δ2-bracketing of F with respect
to the L1 (m) norm. Replacing bracket endpoints by their positive parts if
necessary, we may assume that fLj and fUj are nonnegative; this preserves
the bracket order for nonnegative densities and does not increase the L1

width. For each j, define f̄Lj =
(
fLj + f0

)
/2 and f̄Uj =

(
fUj + f0

)
/2. Then for

f̄ = (f + f0) /2, we have f̄Lj ≤ f̄ ≤ f̄Uj whenever fLj ≤ f ≤ fUj .

Moreover, for a, b ≥ 0,
(√

a−
√
b
)2

≤ |a− b|. Hence,

∥∥∥(f̄Uj )1/2 − (f̄Lj )1/2∥∥∥2L2(m0)
=

∫
X

{(
f̄Uj
)1/2 − (f̄Lj )1/2}2

dm0

≤
∫
X

∣∣f̄Uj − f̄Lj
∣∣dm0 ≤

∫
X

∣∣f̄Uj − f̄Lj
∣∣dm

=
1

2

∫
X

∣∣fUj − fLj
∣∣dm ≤ δ2.

Thus,
[(
f̄Lj
)1/2

,
(
f̄Uj
)1/2] is a δ-bracket for F̄1/2 in L2 (m0), and the claim

follows. ⊓⊔
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By the preceding lemma, for each u > 0 and 0 < δ ≤ 1,

H[]

(
u, F̄1/2 (δ) ,L2 (m0)

)
≤ H[]

(
2u2,F (δ) ,L1 (m)

)
.

Since the bracketing entropy is non-increasing in its first argument, we have

H[]

(
2u2,F (δ) ,L1 (m)

)
≤ H[]

(
u2,F (δ) ,L1 (m)

)
.

Therefore,

J[]

(
δ, F̄1/2 (δ) ,L2 (m0)

)
= δ ∨

∫ δ

0

√
H[]

(
u, F̄1/2 (δ) ,L2 (m0)

)
du

≤ δ ∨
∫ δ

0

√
H[] (u2,F (δ) ,L1 (m))du = J (δ) .

Thus, if Ψ (δ) ≥ J (δ), then also Ψ (δ) ≥ J[]
(
δ, F̄1/2 (δ) ,L2 (m0)

)
, and Proposi-

tion 1 follows from van de Geer (2000, Cor. 7.5). ⊓⊔

Proof of Lemma 3

For each k ∈
[
k̄
]
, let N ϕ

k =
{
− log f : f ∈ Mϕ

k

}
. We first show that N ϕ

k are GC

classes. Indeed, if we write Sk =
{
(π1, . . . , πk) ∈ [0, 1]

k
:
∑k
z=1 πz = 1

}
×Tk ⊂

R(m+1)k, then we can characterise N ϕ
k as

N ϕ
k = {− log f (·;ψk) : ψk ∈ Sk} ,

where we index by the compact Euclidean space Sk instead of Mϕ
k . Moreover,

by A2 and A3 the map ψk 7→ − log f(x;ψk) is continuous for each fixed x
(since f(x;ψk) > 0), and Sk is compact. Hence, once an envelope in L1(P ) is
available, the bracketing numbers N[]

(
δ,N ϕ

k ,L1(P )
)

are finite for every δ > 0

by the second part of Lemma 1. We can write ℓk,n (ψk) = −Pn log f (·;ψk) and
ℓk (ψk) = −P log f (·;ψk), and by A1 and Lemma 1

∥Pn − P∥Nϕ
k
= max
ψk∈Sk

|ℓk,n (ψk)− ℓk (ψk)|
a.s.−→
n→∞

0

if there exists a G ∈ L1 (P ), such that |log f (x;ψk)| ≤ G (x), for each x ∈ X.
We prove the following useful bound from Atienza et al. (2007).

Lemma S.2 Under A2 and A3, for each f (x;ψk) =
∑k
z=1 πzϕ (x; θz) ∈ Mϕ

k

and x ∈ X,

|log f (x;ψk)| ≤
k∑
z=1

|log ϕ (x; θz)| ≤ kmax
θ∈T

|log ϕ (x; θ)| .
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Proof Firstly observe that for every x ∈ X,

min
z∈[k]

ϕ (x; θz) ≤ f (x;ψk) =

k∑
z=1

πzϕ (x; θz) ≤ max
z∈[k]

ϕ (x; θz)

and thus

log

{
min
z∈[k]

ϕ (x; θz)

}
≤ log f (x;ψk) ≤ log

{
max
z∈[k]

ϕ (x; θz)

}
.

Then,

|log f (x;ψk)| ≤
∣∣∣∣log{min

z∈[k]
ϕ (x; θz)

}∣∣∣∣ ∨ ∣∣∣∣log{max
z∈[k]

ϕ (x; θz)

}∣∣∣∣
≤

k∑
z=1

|log ϕ (x; θz)| ≤ kmax
θ∈T

|log ϕ (x; θ)| ,

as required, where maxθ∈T |log ϕ (x; θ)| exists by A2 and A3. ⊓⊔

Using Lemma S.2, we have |log f (x;ψk)| ≤ kmaxθ∈T |log ϕ (x; θ)|. Then by A4,
since we have maxθ∈T |log ϕ (x; θ)| ≤ G1 (x) with G1 ∈ L1 (P ), we can take
G (x) = kG1 (x), as required. The conclusion then follows by the fact that the
minimum is Lipschitz with respect to the uniform norm (see, e.g., Hinderer
et al. 2016, A.4.4), i.e.,∣∣∣∣ min

ψk∈Sk
ℓk,n (ψk)− min

ψk∈Sk
ℓk (ψk)

∣∣∣∣ ≤ max
ψk∈Sk

|ℓk,n (ψk)− ℓk (ψk)| ,

where the minima exist by compactness of Sk and continuity of ψk 7→ ℓk,n (ψk)
and ψk 7→ ℓk (ψk) (by A2–A4). ⊓⊔

Proof of Lemma 4

For each k ≥ k0, we first bound N[]

(
δ,Mϕ

k ,L1 (m)
)
. By A2 and A3, noting

that each fk ∈ Mϕ
k has the form fk (·;ψk) =

∑k
z=1 πzϕ (·; θz), Lemma 2 implies

that if ∣∣∣∣∣
k∑
z=1

πzϕ (x; θz)−
k∑
z=1

π∗
zϕ (x; θ

∗
z)

∣∣∣∣∣ ≤ G (x) ∥ψk − ψ∗
k∥ ,

for some G ∈ L1 (m) and all ψk, ψ∗
k ∈ Sk, then

N[]

(
δ,Mϕ

k ,L1 (m)
)
≤ K

(
∥G∥L1(m) diam (Sk)

δ

)(m+1)k

,

for some constant K > 0. Here diam (Sk) <∞ since Sk is compact.
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Observe that∣∣∣∣∣
k∑
z=1

πzϕ(x; θz)−
k∑
z=1

π∗
zϕ(x; θ

∗
z)

∣∣∣∣∣
≤

k∑
z=1

|πzϕ(x; θz)− π∗
zϕ(x; θ

∗
z)|

=

k∑
z=1

|πz{ϕ(x; θz)− ϕ(x; θ∗z)}+ (πz − π∗
z)ϕ(x; θ

∗
z)|

≤
k∑
z=1

{|πz| |ϕ(x; θz)− ϕ(x; θ∗z)|+ |ϕ(x; θ∗z)| |πz − π∗
z |}

≤
k∑
z=1

{
|ϕ(x; θz)− ϕ(x; θ∗z)|+max

θ∈T
|ϕ(x; θ)| |πz − π∗

z |
}
.

where we note that |πz| ≤ 1 and the maximum exists by A2 and A3. Then, by
A5, we have Lϕ, such that

|ϕ (x; θz)− ϕ (x; θ∗z)| ≤ Lϕ (x) ∥θz − θ∗z∥1

and since there exists a G2 ∈ L1 (m), such that Lϕ (x) + maxθ∈T |ϕ (x; θ)| ≤
G2 (x), for every x ∈ X, it holds that∣∣∣∣∣

k∑
z=1

πzϕ(x; θz)−
k∑
z=1

π∗
zϕ(x; θ

∗
z)

∣∣∣∣∣
≤

k∑
z=1

{
Lϕ(x)∥θz − θ∗z∥1 +max

θ∈T
|ϕ(x; θ)| |πz − π∗

z |
}

≤ G2(x)∥ψk − ψ∗
k∥1

≤
√
(m+ 1)k G2(x)∥ψk − ψ∗

k∥.

We can therefore take G =
√

(m+ 1) kG2, as required.
Noting that Mϕ

k (δ) =
{
f ∈ Mϕ

k : h (f, f0) ≤ δ
}
⊂ Mϕ

k , we can bound the
entropy integral (3) by

J (δ) ≤ δ ∨
∫ δ

0

√
H[]

(
u2,Mϕ

k ,L1 (m)
)
du

≤ δ ∨
∫ δ

0

√√√√√log

K
(
∥G∥L1(m) diam (Sk)

u2

)(m+1)k
du.

For 0 < u < 1 the last square-root term is bounded by C1 + C2

√
log (1/u) for

suitable finite constants C1, C2 > 0 depending on k, G, and Sk.
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Jensen’s inequality implies that∫ δ

0

√
log (1/u)du ≤

√
δ

∫ δ

0

log (1/u) du

=
√
δ {δ + δ log (1/δ)} ≤ δ + δ

√
log (1/δ).

Thus, we have

J (δ) ≤ δ ∨
[
(C1 + C2) δ + C2δ

√
log (1/δ)

]
≤ C3δ + C2δ

√
log (1/δ),

where C3 = 1+C1+C2. Then, taking Ψ (δ) = C3δ+C2δ
√

log (1/δ), we observe
Ψ/δ2 = C3δ

−1 + C2δ
−1
√

log (1/δ) is non-increasing, and thus Proposition 1
applies.

Substituting Ψ into
√
nδ2n ≥ cΨ (δn) yields the inequality

√
nδn ≥ cC3 + cC2

√
log (1/δn) =⇒

√
nδn

cC3 + cC2

√
log (1/δn)

≥ 1

which is satisfied if we take δn = C4

√
log n/n, for a sufficiently large C4 > 0

and all sufficiently large n, since
√
nδn

cC3 + cC2

√
log (1/δn)

=
C4

√
log n

cC3 +
(
c/
√
2
)
C2

√
log (n/C2

4 )− log log n
.

Then, the conclusion of Proposition 1 implies that for δ = δn,

P

(
n

log n

∣∣∣Pn log f̂k,n − Pn log f0

∣∣∣ ≥ C2
4

)
≤ c1 exp

(
−C

2
4

c21
log n

)
holds for an MLE f̂k,n ∈ argmaxf∈Mϕ

k
Pn log f , since Pn log f̂k,n ≥ Pn log f ,

for all f ∈ Mϕ
k . Thus, by definition of boundedness in probability

n

log n

{
Pn log f̂k,n − Pn log f0

}
= OP (1) .

By writing f̂k,n = f
(
·; ψ̂k,n

)
for ψ̂k,n ∈ argminψk∈Sk ℓk,n (ψk), we have for

each k, l ≥ k0,

n

log n

{
min
ψk∈Sk

ℓk,n (ψk)− min
ψl∈Sl

ℓl,n (ψl)

}
=

n

log n

{
−Pn log f̂k,n + Pn log f̂l,n

}
=− n

log n

{
Pn log f̂k,n − Pn log f0

}
+

n

log n

{
Pn log f̂l,n − Pn log f0

}
=OP (1) +OP (1) = OP (1) ,

as required. ⊓⊔



Supplementary material 7

Proof of Proposition 2

Fix k ∈
[
k̄
]
. Under A1* and A2–A4, Lemma 3 holds exactly as stated, and

hence
L̂k,n

a.s.−→
n→∞

Lk.

Since k̄ is finite, taking the intersection over all k ∈
[
k̄
]

yields

max
k∈[k̄]

∣∣∣L̂k,n − Lk

∣∣∣ a.s.−→
n→∞

0.

By B1, for each fixed k, penk,n → 0 and thus, from finiteness of k̄, we also have

max
k∈[k̄]

penk,n −→
n→∞

0.

Define the penalised empirical criterion as Ck,n = L̂k,n + penk,n and write
Ck = Lk. Then, it follows that

max
k∈[k̄]

|Ck,n − Ck|
a.s.−→
n→∞

0.

Let C∗ = mink∈[k̄] Ck. If K∗ =
[
k̄
]

then the result is trivial. Otherwise,
define a positive gap

γ = min
k/∈K∗

(Ck − C∗) > 0,

where the strict positivity arises because k̄ is finite and K∗ ̸=
[
k̄
]
. Set ϵ = γ/4.

Then, it holds that with probability one, there exists an n0 such that for all
n ≥ n0,

max
k∈[k̄]

|Ck,n − Ck| < ϵ.

Fix n ≥ n0. If k /∈ K∗, then we have

Ck,n ≥ Ck − ϵ ≥ (C∗ + γ)− ϵ = C∗ +
3

4
γ.

On the other hand, if k∗ ∈ K∗, we have

Ck∗,n ≤ Ck∗ + ϵ = C∗ + ϵ = C∗ +
1

4
γ.

Thus, for every n ≥ n0,

min
k/∈K∗

Ck,n > min
k∗∈K∗

Ck∗,n

and therefore every minimiser of k 7→ Ck,n is in K∗, thus k̂n ∈ K∗. Hence
P
(
k̂n ∈ K∗

)
→ 1. ⊓⊔
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Proof of Proposition 3

Fix an arbitrary pen ∈ P. For each k and l satisfying 1 ≤ k < l ≤ k̄, define

∆k,l (n) =
n

log n

{
penl,n − penk,n

}
.

By B2, ∆k,l (n) → ∞ as n→ ∞. Since the set of choices of indices k and l is
finite, it holds that

∆min (n) = min
1≤k<l≤k̄

∆k,l (n) → ∞.

Indeed, if ∆min (n) did not diverge, there would exist a subsequence (nj)j and
a constant M < ∞, such that ∆min (nj) ≤ M , for all j. For each j, choose a
pair (kj , lj) that attains the minimum. By finiteness of the set of indices, some
pair (k, l) occurs infinitely often along the sequence (kj , lj)j , hence along a
further subsequence, we would have ∆k,l (nj) ≤M , which contradicts the fact
that ∆k,l (n) → ∞.

Set bn = 1 for the finitely many n for which ∆min(n) ≤ 1 and set bn =√
∆min (n) otherwise. Then bn → ∞. For each k ∈

[
k̄
]
, define

p̃enk,n = pen1,n +
penk,n − pen1,n

bn
.

For all sufficiently large n, ∆min(n) > 0, so pen1,n < penk,n for every k ≥ 2.
Hence p̃enk,n ≥ pen1,n ≥ 0, for all k and all sufficiently large n; changing
finitely many values, if needed, preserves B1 and B2 and makes the array
non-negative for all n. By B1 and finiteness of k̄, we have p̃enk,n → 0 for each
fixed k. Thus p̃en satisfies B1. Next, for fixed k and l, with 1 ≤ k < l ≤ k̄,

n

log n

{
p̃enl,n − p̃enk,n

}
=

1

bn
∆k,l (n) ≥

1

bn
∆min (n) → ∞,

because the last expression equals
√
∆min(n) eventually. Hence p̃en satisfies

B2, and consequently, p̃en ∈ P.
Finally, for all sufficiently large n, bn > 1 and pen1,n < penk,n for every

k ≥ 2, so

p̃enk,n < penk,n, k = 2, . . . , k̄,

while p̃en1,n = pen1,n. Thus p̃en ⪯ pen and the domination is strict in at least
one coordinate eventually. Since pen ∈ P was arbitrary, no element of P can
be minimal. ⊓⊔
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Proof of Proposition 5

We start by proving that R∗
n ≳ n

−1. Since M1 ⊂ F , we have

R∗
n ≳ inf

f̃n

sup
µ∈[−b,b]

Eϕ(·;µ)

{
h2
(
f̃n, ϕ (·;µ)

)}
.

Fix ∆ > 0 and set µ± = ±∆/
√
n, and observe that for large n, µ± ∈ [−b, b].

Let f± = ϕ (·;µ±). It holds that∫ ∞

−∞

√
f− (x) f+ (x) dx = exp

{
− (µ+ − µ−)

2

8

}
= exp

{
−∆

2

2n

}
,

hence

h2 (f−, f+) = 1−
∫ ∞

−∞

√
f− (x) f+ (x) dx = 1− exp

{
−∆

2

2n

}
≥ ∆2

4n
,

since 1− exp (−u) ≥ u/2 for all u ∈ [0, 1], and ∆2 < 2n for sufficiently large n.
Next, we apply Le Cam’s two point method (cf. Wainwright 2019, Sec. 15.2)
to get

max
{
Ef−h

2(f̃n, f−),Ef+h
2(f̃n, f+)

}
≥ c1h

2(f−, f+)
{
1−

∥∥f⊗n− − f⊗n+

∥∥
TV

}
.

where f⊗n is the density of Xn consisting of IID replicates of X with density
f , and c1 > 0 is an absolute constant. Next, observe that

h2
(
f⊗n− , f⊗n+

)
= 1−

∫
Rn

√
f⊗n− (xn)f

⊗n
+ (xn) dxn

= 1−
n∏
i=1

∫ ∞

−∞

√
f−(xi)f+(xi) dxi.

Thus,

h2
(
f⊗n− , f⊗n+

)
= 1−

{∫ ∞

−∞

√
f−(x)f+(x) dx

}n
= 1−

(
exp

{
−∆

2

2n

})n
= 1− exp

{
−∆

2

2

}
.

Using the comparison inequality
∥∥f⊗n− − f⊗n+

∥∥
TV

≤
√
2h
(
f⊗n− , f⊗n+

)
, we get∥∥f⊗n− − f⊗n+

∥∥
TV

≤
√
2
√
1− exp {−∆2/2}.

Choosing ∆ sufficiently small so that 1−
∥∥f⊗n− − f⊗n+

∥∥
TV

≥ c2 > 0, we have

max
{
Ef−h

2
(
f̃n, f−

)
,Ef+h

2
(
f̃n, f+

)}
≥ c1c2

∆2

4n
=
c

n
.
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Since µ± ∈ [−b, b], this lower bound holds for every measurable estimator f̃n
after taking the supremum over f0 ∈ F . Taking the infimum over all f̃n gives
R∗
n ≥ c/n, proving the first inequality. The second inequality is immediate by

definition of R∗
n.

To proceed, we require Massart (2007, Thm. 7.11) which we reproduce in
the context of this work. We first note that for any nonnegative f, g ∈ L1(m),
we will write

h(f, g) =

{
1

2

∫
X

(
f1/2 − g1/2

)2
dm

}1/2

.

If f and g are probability densities, then h(f, g) is the usual Hellinger distance.
We write H[·](ϵ,F , h) for the h-bracketing entropy of F , where brackets [fL, fU]
may have endpoints fL, fU ∈ L1(m) that are nonnegative but not necessarily
densities, and h(fL, fU) ≤ ϵ.

Theorem S.1 Let Xn consist of IID replicates with common density f0 with
respect to m on X. Let {Fk}k∈K be an at most countable collection of models,
where each Fk is a set of densities with respect to m. For each k ∈ K let
f̂k,n ∈ argminf∈Fk

ℓn(f) be an MLE on Fk. Assume the following:

1. For each k ∈ K there exists a countable subset F◦
k ⊂ Fk such that for every

f ∈ Fk there exists (fj)j≥1 ⊂ F◦
k with log fj(x) → log f(x) for every x ∈ X.

2. For each k ∈ K there exists a function Ψk : R>0 → R>0 such that Ψk is
nondecreasing and ξ 7→ Ψk(ξ)/ξ is nonincreasing on (0,∞), and such that
for every δ > 0 and every f ∈ Fk, writing the δ-Hellinger ball

Fk(f, δ) = {g ∈ Fk : h(g, f) ≤ δ},

one has ∫ δ

0

√
H[ ](u, Fk(f, δ), h) du ≤ Ψk(δ).

3. The sequence (ρk)k∈K consists of nonnegative weights such that

Υ =
∑
k∈K

e−ρk <∞.

For each k ∈ K let ξk > 0 be the unique solution of

Ψk(ξ) =
√
n ξ2.

Let penk,n ≥ 0 be penalties and define the penalised selector

k̂n = min argmin
k∈K

{
ℓn(f̂k,n) + penk,n

}
, f̂n = f̂k̂n,n.

Then there exist absolute constants κ > 0 and C > 0 such that if, for all k ∈ K,

penk,n ≥ κ
(
ξ2k +

ρk
n

)
,
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a minimiser k̂n exists and moreover

Ef0
{
h2(f0, f̂n)

}
≤ C

[
inf
k∈K

{
K(f0∥Fk) + penk,n

}
+
Υ

n

]
,

where K(f0∥Fk) = inff∈Fk
K(f0∥f).

To make use of Theorem S.1, we need the following lemmas.

Lemma S.3 Let F1 = {ϕ(·;µ) : µ ∈ [−b, b]} and

F2 =
{
f(·; θ) = πϕ(·;µ1) + (1− π)ϕ(·;µ2) : θ = (π, µ1, µ2) ∈ T2

}
,

where
T2 = [π, 1− π]× {(µ1, µ2) ∈ [−b, b]2 : µ1 ≤ µ2},

for some fixed π ∈ (0, 1/2), and write d1 = 1 and d2 = 3 for the parameter
dimensions. For k ∈ {1, 2} and f ∈ Fk, define the δ-Hellinger ball

Fk(f, δ) = {g ∈ Fk : h(g, f) ≤ δ}.

Then, for each k ∈ {1, 2}, there exist constants Ck <∞ and Dk <∞ depending
only on (b, π) such that for every f ∈ Fk, every δ ∈ (0, 1], and every u ∈ (0, δ],

H[·] (u,Fk(f, δ), h) ≤ Dk log

(
Ck δ

u

)
.

In particular, defining

Bk =

∫ 1

0

√
log

(
Ck
t

)
dt, Ψk(δ) = Bk

√
Dkδ,

one has, for all f ∈ Fk and all δ ∈ (0, 1],∫ δ

0

√
H[·] (u,Fk(f, δ), h)du ≤ Ψk(δ).

Proof Apply Gassiat & Van Handel (2012, Thm. III.4) to one-dimensional
Gaussian location mixtures with location set [−b, b] and at most two compo-
nents, taking the centre of the Hellinger ball to be the density f in the present
notation. That theorem gives a local bracketing bound for the square-root
likelihood-ratio class {(g/f)1/2 : g ∈ Fk, h(g, f) ≤ δ} of the form

N[·]

(
η, {(g/f)1/2 : g ∈ Fk, h(g, f) ≤ δ},L2(fm)

)
≤
(
Cδ

η

)Dk

,

for 0 < η ≤ δ ≤ 1, where Dk is finite and the constant C depends only on
the compact location set, the maximum order, and the centre f . Because the
centres considered here range over the compact families F1 and F2 with mixing
weights in [π, 1− π], the same proof gives a uniform constant depending only
on (b, π).
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If [l, u] is such a bracket for (g/f)1/2 in L2(fm), then, after replacing l by
l ∨ 0, the bracket [fl2, fu2] contains g. Moreover, on a local Hellinger ball with
δ ≤ 1, the Hellinger width of this density bracket is bounded by a universal
constant times ∥u− l∥L2(fm). Adjusting constants therefore yields

H[·] (u,Fk(f, δ), h) ≤ Dk log

(
Ckδ

u

)
,

for 0 < u ≤ δ ≤ 1, uniformly in f ∈ Fk, with Ck and Dk depending only on
(b, π). Integrating this bound and making the substitution u = δt gives∫ δ

0

√
H[·] (u,Fk(f, δ), h)du ≤ δ

√
Dk

∫ 1

0

√
log

(
Ck
t

)
dt = Bk

√
Dkδ.

⊓⊔

Lemma S.4 Assume the setting of Lemma S.3. For k ∈ {1, 2} define

Ψk(δ) = Bk
√
Dkδ,

for δ > 0, where Bk < ∞ and Dk < ∞ are as in Lemma S.3. Then Ψk is
nondecreasing on (0,∞) and δ 7→ Ψk(δ)/δ is nonincreasing on (0,∞). Moreover,
the equation Ψk(ξ) =

√
n ξ2 has the unique solution

ξk =
Bk

√
Dk√
n

.

In particular, since Dk <∞ is fixed, one has ξ2k = O(n−1).

Proof The function Ψk(δ) = Bk
√
Dk δ is linear in δ, hence nondecreasing, and

Ψk(δ)/δ = Bk
√
Dk is constant, hence nonincreasing. For ξ > 0, Ψk(ξ) =

√
n ξ2

is equivalent to Bk
√
Dk =

√
n ξ, which directly yields the unique solution

ξk = Bk
√
Dk/

√
n. ⊓⊔

To prove the final inequality, we apply Theorem S.1 with ρ1 = ρ2 = 1 and

Υ =
∑

k∈{1,2}

exp (−ρk) = 2/e.

Condition 1 of Theorem S.1 holds for F1 and F2 by taking parameters in
countable dense subsets of the compact parameter spaces, since the Gaussian log-
densities are pointwise continuous in the parameters. By Lemma S.3, Condition
2 of Theorem S.1 holds with Ψk(δ) = Bk

√
Dk δ. By Lemma S.4, the fixed

point equation Ψk(ξ) =
√
nξ2 has the unique solution ξk = Bk

√
Dk/

√
n, so

ξ2k = B2
kDk/n.

Define an AIC-type penalty penAIC
k,n = adk/n with a > 0 chosen so that

adk
n

≥ κ

(
B2
kDk

n
+

1

n

)
, k ∈ {1, 2},
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where κ > 0 is the absolute constant in Theorem S.1. Such a choice is possible
since dk ∈ {1, 3} is fixed and Bk, Dk <∞ depend only on b and π. Recall that
k̂AIC
n is the corresponding penalised selector and f̂AIC

n = f̂k̂AIC
n ,n.

Then Theorem S.1 yields, for every f0 ∈ F ,

Ef0
{
h2(f0, f̂

AIC
n )

}
≤ C

[
inf

k∈{1,2}

{
K(f0∥Fk) + penAIC

k,n

}
+
Υ

n

]
,

where C > 0 is the absolute constant in Theorem S.1. Now, fix f0 ∈ F = F1∪F2

and let k0 ∈ {1, 2} be such that f0 ∈ Fk0 . Then K(f0∥Fk0) = 0, and hence

Ef0
{
h2(f0, f̂

AIC
n )

}
≤ C

(
adk0
n

+
Υ

n

)
≤ C ′

n
,

with C ′ = C(ad2 + Υ ) and d2 = 3. Taking the supremum over f0 ∈ F gives

sup
f0∈F

Ef0
{
h2(f̂AIC

n , f0)
}
≤ C ′

n
,

as required. ⊓⊔

Proof of Proposition 6

Recall that Λk,n = supf∈Fk
Pn log f = − inff∈Fk

ℓn(f). Then k̂n = 2 implies

Λ2,n − Λ1,n ≥ ∆n. (S.2)

For δ > 0, we define the symmetric two-component density

x 7→ fδ(x) =
1

2
ϕ(x;−δ) + 1

2
ϕ(x; +δ),

which belongs to F2 provided that δ ≤ b and π ≤ 1/2 ≤ 1 − π. Let f∗ =
ϕ(·; 0) ∈ F1. We require the following result.

Lemma S.5 There exist constants δ0 ∈ (0, 1] and 0 < c0 ≤ C0 <∞, depending
only on b and π, such that for all 0 < δ ≤ δ0,

c0δ
4 ≤ h2

(
fδ,F1

)
≤ C0δ

4, c0δ
4 ≤ K

(
fδ∥f∗

)
≤ C0δ

4,

where fδ(x) = (1/2)ϕ(x;−δ) + (1/2)ϕ(x; +δ) and f∗ = ϕ(·; 0).

Proof Throughout, X ∼ N(0, 1) and E∗ denotes expectation under the measure
defined by f∗. Using ϕ(x;±δ) = ϕ(x; 0) exp(±δx − δ2/2), we have, for each
x ∈ R,

fδ(x)

f∗(x)
= exp

(
−δ

2

2

)
cosh(δx). (S.3)

Let

rδ(x) = exp

(
−δ

2

2

)
cosh(δx).
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A Taylor expansion at δ = 0 gives, for each fixed x,

rδ(x) = 1 +
δ2

2
(x2 − 1) + δ4

(x4
24

− x2

4
+

1

8

)
+O

(
δ6(1 + x6)

)
. (S.4)

as δ ↓ 0. To pass to integrals under f∗ we will use domination. For δ0 ∈ (0, 1]
fixed, (S.3) implies, for all |δ| ≤ δ0,

0 < rδ(x) ≤ exp(δ20/2) cosh(δ0x) ≤ exp(δ20/2) exp(δ0|x|),

so in particular rδ(X) and log rδ(X) have finite moments of all orders under f∗,
since E∗ exp(λ|X|) < ∞ for every λ > 0. The functions of (δ, x) that appear
below are analytic in δ near zero, and their derivatives up to the required
orders are bounded, for |δ| ≤ δ0, by a polynomial in |x| times exp(δ0|x|). This
dominating function is integrable under f∗, so the Taylor expansions below
may be integrated term by term.

Write

h2(fδ, f∗) =
1

2

∫
f∗(x)

(√
rδ(x)− 1

)2
dx =

1

2
E∗

[(√
rδ(X)− 1

)2]
.

From (S.4) we have rδ(x) = 1 + δ2a(x) + δ4b(x) +O(δ6(1 + x6)) with a(x) =
(x2−1)/2 and b(x) = x4/24−x2/4+1/8. Using

√
1 + u = 1+ 1

2u−
1
8u

2+O(u3)
as u→ 0 and substituting u = δ2a(x) + δ4b(x) +O(δ6(1 + x6)), we obtain the
pointwise expansion√

rδ(x)− 1 =
δ2

2
a(x) +O

(
δ4(1 + x4)

)
=
δ2

4
(x2 − 1) +O

(
δ4(1 + x4)

)
,

as δ ↓ 0, for each fixed x. Squaring yields(√
rδ(x)− 1

)2
=
δ4

16
(x2 − 1)2 +O

(
δ6(1 + x6)

)
.

The remainder term is dominated by a constant multiple of δ6(1 + |x|6) for
|δ| ≤ δ0, and (1 + |X|6) is integrable under f∗. Hence, by the dominated
convergence theorem,

h2(fδ, f∗) =
1

2

{
δ4

16
E∗
[
(X2 − 1)2

]
+O(δ6)

}
=
δ4

32
E∗
[
(X2 − 1)2

]
+O(δ6).

Since E∗[(X
2 − 1)2] = 2 for X ∼ N(0, 1), we obtain

h2(fδ, f∗) =
δ4

16
+O(δ6). (S.5)

as δ ↓ 0, and thus h2(fδ, f∗) ≍ δ4 for sufficiently small δ.
Recall that F1 = {ϕ(·;µ) : µ ∈ [−b, b]}. Since h is continuous in µ and

[−b, b] is compact, the infimum over µ is attained. We prove the lower bound
by working in the Hilbert space L2(f∗m). Set

qδ(x) =

√
fδ(x)

f∗(x)
− 1, pµ(x) =

√
ϕ(x;µ)

f∗(x)
− 1.
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Then
2h2
(
fδ, ϕ(·;µ)

)
= ∥qδ − pµ∥2L2(f∗m).

Let E and O denote the closed subspaces of even and odd functions in L2(f∗m),
and let ΠE and ΠO be the corresponding orthogonal projections. The expansion
above gives the uniform L2(f∗m) expansion

qδ =
δ2

4
(x2 − 1) +O2(δ

4),

where O2(aδ) denotes a term whose L2(f∗m) norm is bounded by a constant
multiple of aδ. Also, for |µ| small,

pµ =
µ

2
x+ µ2

(
x2

8
− 1

4

)
+O2(|µ|3),

uniformly over |µ| in a sufficiently small neighbourhood of zero. Therefore there
exist constants η > 0, c1 > 0, and C1 <∞ such that, whenever |µ| ≤ η,

∥ΠOpµ∥L2(f∗m) ≥ c1|µ|, ∥ΠEpµ∥L2(f∗m) ≤ C1µ
2.

Since qδ is even, if Mδ2 ≤ |µ| ≤ η, then

∥qδ − pµ∥2L2(f∗m) ≥ ∥ΠOpµ∥2L2(f∗m) ≥ c21M
2δ4.

On the other hand, if |µ| < Mδ2, then

∥ΠE(qδ − pµ)∥L2(f∗m) ≥
δ2

4
∥x2 − 1∥L2(f∗m) −O(δ4)− C1M

2δ4,

which is at least a positive constant times δ2 for all sufficiently small δ. Hence
the squared distance is bounded below by a positive constant times δ4 in this
region as well.

It remains to consider |µ| ≥ η. By compactness of {µ ∈ [−b, b] : |µ| ≥ η}
and continuity of Hellinger distance,

inf
|µ|≥η

h2
(
f∗, ϕ(·;µ)

)
> 0.

Since h(fδ, f∗) → 0, the same infimum with fδ in place of f∗ remains bounded
away from zero for all sufficiently small δ, and hence is also bounded below by
a constant multiple of δ4. Combining the three regions gives

inf
µ∈[−b,b]

h2
(
fδ, ϕ(·;µ)

)
≥ c0δ

4

for all sufficiently small δ, for some c0 > 0. The upper bound h2(fδ,F1) ≤
h2(fδ, f∗) ≤ C0δ

4 follows from (S.5). This proves the two-sided bound for
h2(fδ,F1).

Next, by (S.3),

K(fδ∥f∗) =
∫ ∞

−∞
fδ(x) log

(
fδ(x)

f∗(x)

)
dx = Efδ

[
log rδ(X)

]
.
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Using log rδ(x) = −δ2/2+ log cosh(δx) and the Taylor expansion log cosh(u) =
u2/2− u4/12 +O(u6) (for fixed u), we obtain for each fixed x,

log rδ(x) =
δ2

2
(x2 − 1)− δ4

12
x4 +O

(
δ6x6

)
.

As above, domination holds for |δ| ≤ δ0, and therefore we may integrate
term-by-term to obtain

K(fδ∥f∗) =
δ4

4
+O(δ6),

as δ ↓ 0, and hence K(fδ∥f∗) ≍ δ4 for sufficiently small δ. Collecting the bounds
we have the conclusion of the lemma, upon choosing δ0 sufficiently small and
adjusting constants. ⊓⊔

Now define

δn =

(
∆n

8C0

)1/4

and let fn = fδn . Since ∆n → 0, we have δn → 0, and for all n large enough,
δn ≤ δ0 and δn ≤ b, so that fn ∈ F2, and thus Lemma S.5 applies. In particular,

h2(fn,F1) ≥ c0δ
4
n =

c0
8C0

∆n, K(fn∥f∗) ≤ C0δ
4
n =

∆n

8
. (S.6)

In the following step, we work under the law fn. We keep Pn for the empirical
measure Png = n−1

∑n
i=1 g(Xi), and we write Pfn and Efn for probability and

expectation under fn. Recall that k̂n = 2 implies Λ2,n − Λ1,n ≥ ∆n, and since
f∗ ∈ F1 we have Λ1,n ≥ Pn log f∗. Hence

{k̂n = 2} ⊆ {Λ2,n − Pn log f∗ ≥ ∆n} . (S.7)

We decompose

Λ2,n − Pn log f∗ = Rn + Pn log

(
fn
f∗

)
, (S.8)

where Rn = Λ2,n−Pn log fn ≥ 0 since Λ2,n = supf∈F2
Pn log f ≥ Pn log fn, and

fn ∈ F2. We control the two terms on the right-hand side of (S.8), separately.
Firstly, under fn the model F2 is correctly specified with a finite-dimensional

parameter on the compact set T2. Moreover, fn = fδn has component means
µ1 = −δn and µ2 = δn, so its distance to the boundary {µ1 = µ2} is |µ2−µ1| =
2δn. Since n∆n → ∞, we have n2∆n → ∞, and therefore

√
n δn =

(
n2∆n

8C0

)1/4

→ ∞.

Thus the true parameter is asymptotically separated from {µ1 = µ2} on
the local n−1/2 scale. To control Rn, let f̂2,n ∈ argmaxf∈F2

Pn log f , so that
Λ2,n = Pn log f̂2,n and hence

Rn = Λ2,n − Pn log fn = Pn log

(
f̂2,n
fn

)
≥ 0.
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By Lemma S.3 (with k = 2), the local Hellinger bracketing entropy satisfies

H[] (u,F2(fn, δ), h) ≤ d2 log

(
C2δ

u

)
,

for 0 < u ≤ δ ≤ 1, and therefore one may take Ψ2(δ) = B2

√
d2 δ in the notation

of van de Geer (2000, Thm. 7.4). Let ξ2 = B2

√
d2/

√
n be the corresponding

fixed point from Lemma S.4. Then van de Geer (2000, Thm. 7.4) implies that
there exists a universal constant c > 0 such that one may take δ2,n = c ξ2, and
van de Geer (2000, Cor. 7.5) yields a constant c1 <∞ (depending only on b
and π through the preceding entropy bounds) such that, for all δ ≥ δ2,n,

Pfn
(
Rn ≥ δ2

)
≤ c1 exp

(
−nδ

2

c21

)
.

Since n∆n → ∞ and δ22,n ≍ n−1, we have η∆n ≥ δ22,n for all sufficiently large n
and every fixed η > 0. Therefore, for any fixed η > 0, taking δ =

√
η∆n yields

Pfn (Rn ≥ η∆n) ≤ c1 exp

(
−ηn∆n

c21

)
→ 0,

and hence Rn = oPfn
(∆n).

Next, let

Zi,n = log

(
fn(Xi)

f∗(Xi)

)
,

for (Xi)
n
i=1 IID with common PDF fn. Then Pn log(fn/f∗) = n−1

∑n
i=1 Zi,n

and Efn(Z1,n) = K(fn∥f∗) ≤ ∆n/8 by (S.6). Furthermore, by the Taylor
expansion of log rδ(x) used in Lemma S.5 (with δ = δn) and the same domi-
nation argument, one has Varfn(Z1,n) ≲ δ4n ≲ ∆n for all sufficiently large n.
Consequently,

Varfn

{
Pn log

(
fn
f∗

)}
=

1

n
Varfn(Z1,n) ≲

∆n

n
.

By Chebyshev’s inequality,

Pfn

(
Pn log

(
fn
f∗

)
≥ ∆n

2

)
≤ Pfn

(
Pn log

(
fn
f∗

)
− Efn(Z1,n) ≥

3∆n

8

)
≲

1

n∆n
→ 0,

since n∆n → ∞. Combining (S.7) and (S.8), we obtain

Pfn(k̂n = 2) ≤ Pfn

(
Rn ≥ ∆n

2

)
+ Pfn

(
Pn log

(
fn
f∗

)
≥ ∆n

2

)
→ 0,

and therefore Pfn(k̂n = 1) → 1.
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On the event {k̂n = 1}, we have f̂n ∈ F1, and therefore

h2(f̂n, fn) ≥ inf
g∈F1

h2(g, fn) = h2(fn,F1).

Taking expectations under fn and using (S.6) yields

Efn
{
h2(f̂n, fn)

}
≥ h2(fn,F1) Pfn(k̂n = 1) ≥ c0

8C0
∆n (1 + o(1)).

Since fn ∈ F , we conclude that

sup
f0∈F

Ef0
{
h2(f̂n, f0)

}
≥ Efn

{
h2(f̂n, fn)

}
≥ c∆n,

for all n large enough, with c = c0/(16C0), since 1+o (1) ≥ 1/2. This completes
the proof. ⊓⊔

Proof of Proposition 7

Recall that Λk,n = supf∈Mk
Pn log f = − inff∈Mk

ℓn(f), so that k̂n = 2 implies
Λ2,n−Λ1,n ≥ ∆n, as in (S.2). Assume by contradiction that k̂n is consistent but
∆n ̸→ 0. If there exist ϵ > 0 and a subsequence (nm)m such that ∆nm

≤ −ϵ for
all m, then, since M1 ⊂ M2, we have Λ2,nm

− Λ1,nm
≥ 0 > ∆nm

for every m.
Hence k̂nm = 2 for every m, contradicting pointwise consistency at f∗ ∈ M1.
Thus, after passing to a subsequence if necessary, there exist ϵ > 0 and a
subsequence (nm)m such that ∆nm

≥ ϵ for all m. For δ > 0, let fδ and f∗ be as
in Lemma S.5. Since f∗ ∈ M1, Lemma S.5 gives K(fδ∥f∗) → 0 as δ ↓ 0, hence
we may fix δ ∈ (0, b] such that

Dδ = inf
g∈M1

K(fδ∥g) ≤ K(fδ∥f∗) ≤
ϵ

4
.

Write Pδ and Eδ for probability and expectation under the law with density fδ.
Because M1 and M2 are compact parametric families and f 7→ log f admits
an integrable envelope under fδ, the classes {log f : f ∈ Mk} are Pδ-GC, via
Lemma 1. Consequently,

sup
f∈Mk

∣∣Pn log f − Eδ log f
∣∣→ 0,

in Pδ-probability, for each k ∈ {1, 2}, and therefore

Λk,n → Λk = sup
f∈Mk

Eδ log f

in Pδ-probability, for each k ∈ {1, 2}, as well. Since fδ ∈ M2, we have Λ2 =
Eδ log fδ and

Λ1 = sup
g∈M1

Eδ log g = Eδ log fδ − inf
g∈M1

K(fδ∥g) = Eδ log fδ −Dδ,
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so Λ2 − Λ1 = Dδ ≤ ϵ/4. Hence Λ2,n − Λ1,n → Dδ in Pδ-probability, and thus

Pδ

(
Λ2,nm

− Λ1,nm
<
ϵ

2

)
→ 1.

On this event we have Λ2,nm
− Λ1,nm

< ∆nm
, so k̂nm

̸= 2, hence k̂nm
= 1.

Therefore Pδ(k̂nm
= 1) → 1, contradicting the assumed pointwise consistency

at fδ ∈ M2 \M1. This proves that ∆n → 0.
Next, assume by contradiction that k̂n is consistent but n∆n ̸→ ∞. Then

there exist M <∞ and a subsequence (nm)m such that nm∆nm
≤M for all

m. We now work under f∗ ∈ M1 and write P∗ and E∗ for probability and
expectation under f∗. Let

Sn = Pn(X
2 − 1) =

1

n

n∑
i=1

(X2
i − 1),

and δn = min
{
[Sn]

1/2
+ , b

}
, and note that fδn ∈ M2 for all n. Since Λ2,n =

supf∈M2
Pn log f ≥ Pn log fδn , we have

Λ2,n − Λ1,n ≥ Pn log

(
fδn
f∗

)
− {Λ1,n − Pn log f∗}. (S.9)

We seek a lower bound for the first term. Using (S.3) and the expansion of
log rδ(x) in the proof of Lemma S.5, there exists δ0 ∈ (0, 1] such that for all
|δ| ≤ δ0,

log

(
fδ(x)

f∗(x)

)
=
δ2

2
(x2 − 1)− δ4

4
− δ4

12
(x4 − 3) +O(δ6x6).

Under f∗ we have Sn = OP∗(n
−1/2), hence δn = OP∗(n

−1/4) and thus P∗(δn ≤
δ0) → 1. On the event {δn ≤ δ0}, the preceding expansion and the moment
bounds under f∗ imply

Pn log

(
fδn
f∗

)
=
δ2n
2
Sn − δ4n

4
+ oP∗(n

−1) =
1

4
[Sn]

2
+ + oP∗(n

−1),

and therefore
nPn log

(
fδn
f∗

)
=

1

4
[
√
nSn]

2
+ + oP∗(1). (S.10)

Since
√
nSn converges weakly to N(0, 2) under f∗, it follows from (S.10) that

for each fixed A > 0,

lim inf
n→∞

P∗

(
nPn log

(
fδn
f∗

)
≥ A

)
= ρA > 0. (S.11)

Next, we control the term Λ1,n − Pn log f∗ directly. Writing X̄n = PnX,
the normal location likelihood gives

Λ1,n − Pn log f∗ = sup
µ∈[−b,b]

{
µX̄n − 1

2
µ2

}
.
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On the event |X̄n| ≤ b, this supremum is X̄2
n/2. The multivariate central limit

theorem gives
(
√
n X̄n,

√
nSn)⇝ (Z1, Z2),

where Z1 ∼ N(0, 1), Z2 ∼ N(0, 2), and Z1 and Z2 are independent, since
E∗[X(X2 − 1)] = 0. Choose constants q > 0 and t > 0 such that t2/4− q2/2 >
M+1. The event {|Z1| < q, Z2 > t} has positive probability. Combining (S.10)
with the preceding likelihood identity and the joint central limit theorem, we
obtain

lim inf
m→∞

P∗ (nm(Λ2,nm
− Λ1,nm

) > M + 1) > 0.

Since nm∆nm
≤M , this implies lim infm→∞ P∗(k̂nm

= 2) > 0. This contradicts
the assumed pointwise consistency at f∗ ∈ M1. Therefore n∆n → ∞, and the
proof is complete. ⊓⊔
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