Supplementary material for “Modifications of the BIC for
order selection in finite mixture models”

Hien Duy Nguyen - TrungTin Nguyen

Abstract This supplementary material contains complete proofs of the tech-
nical results and primary theorems.

S.1 Proofs

Proof of Proposition 1

Let P denote the probability measure with density f, with respect to m, and
let P, =n"tY" | x,. Define the measure my by

mg (dz) = 1{fo () > 0} m(dx).
Following van de Geer (2000), write f = (f + fo) /2 and
F={f:reF}, Fr={p2.jer}.
Let fn : {2 — F denote a maximum likelihood estimator:
f € P, log f.
In € arg max P, log f
For any 0 < § <1, define the local class

FU2E) = {72 = (F+10) /2, f € F, b(f.fo) <},
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and the associated local bracketing entropy integral in £ (mg):

5
Jy (5,;51/2(5)752(m0))=5v/0 Hy (0. 72 (6) L2 (mo))du.  (S.1)

By van de Geer (2000, Cor. 7.5), if there exists a function ¥ : Rsg — R
such that B
W (6) = Jy (8,F2 0), £2 (mo) )
where ¥ (§) /62 is non-increasing in , then there exists ¢; > 0 such that

7 2
P /log;&dPn252 Sclexp{ni},
x Jo c

for every 6 > 6, where §, satisfies \/né2 > c¥ (,,) for a universal constant
c>0.

It therefore suffices to show that our hypothesis ¥ (§) > J (§), where J is
defined in (3), implies

w (6) = Jy (6, F2(6), L2 (mo))
We first relate the bracketing numbers of F1/2 in L5 (mg) to those of F in
[:1 (m)
Lemma S.1 If F is a space of probability densities on X, then for each § > 0,

N[] (5,}:1/2752 (mo)) < N[] (2(52,]‘-,,61 (m)) .

Proof Let § > 0 and let ([ ]L, ij])jE[N] be a 262-bracketing of F with respect

to the £1 (m) norm. Replacing bracket endpoints by their positive parts if
necessary, we may assume that ij and f]U are nonnegative; this preserves
the bracket order for nonnegative densities and does not increase the £,
width. For each j, define f—JL = (f]L + fo) /2 and EJ = (fJU + fo) /2. Then for
f=(f+ fo)/2, we have f]L <f< ij whenever f]L <f< fJU

Moreover, for a,b > 0, (\f — \/5)2 < |a — b|. Hence,
2 B N2 1/2 2
ey = LA =17} amg

< [ 1= ffamg < [ |77 = 7 am

| = (7|

=5 187 = slam < 2

Thus, [(f})l/z, (]F]U)l/g} is a d-bracket for F'/2 in L5 (mg), and the claim
follows. a
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By the preceding lemma, for each v >0 and 0 < 6 <1,
Hy (%]}1/2 (6), Lo (mo)) < Hpy (2u?, F (8), L1 (m)) .
Since the bracketing entropy is non-increasing in its first argument, we have
H[] (2u2,]:((5) 71,‘1 (m)) S H[] (’LLQ,]:(é),El (m)) .

Therefore,

5
J[] ((5, ]?1/2 (5) ,ﬁg (mo)) =40V /0 \/H[] (u,]:'l/Q ((5) s Lo (mo))du

4
< v/o H) (@2 F (6) L1 (m)du = J (5).

Thus, if ¥ (6) > J (6), then also ¥ () > Jy (6, F/? (), L2 (mg)), and Proposi-
tion 1 follows from van de Geer (2000, Cor. 7.5). O

Proof of Lemma 3

For each k € [k], let NP = {—logf i fe Mi} We first show that NV} are GC
classes. Indeed, if we write S = {(7117 ) €0,1)F 25:1 T, = 1} x Tk C

R(m+Dk then we can characterise /\/,f as

Ng ={—log f (-;4n) : ¥ € Sk},

where we index by the compact Euclidean space Sy instead of M‘,f Moreover,
by A2 and A3 the map ¢ — —log f(z;v) is continuous for each fixed z
(since f(z;1y) > 0), and Sy is compact. Hence, once an envelope in £ (P) is

available, the bracketing numbers Ny (57 J\/}f’, El(P)) are finite for every 6 > 0

by the second part of Lemma 1. We can write £ ,, (1) = — P, log f (+;¢%) and
L (¢Yr) = —Plog f (; k), and by Al and Lemma 1

P,—P = lrn — 2500
l [l are ggggkl ko (Vr) k(wknn;;

if there exists a G € L1 (P), such that |log f (z;¢x)| < G (z), for each x € X.
We prove the following useful bound from Atienza et al. (2007).

Lemma S.2 Under A2 and A3, for each f (z;v¢y) = lezl m.¢(x;0,) € Mﬁ
and x € X,

k.
[log f (5 x)| < 3 log & (50:)| < ki max|log & (w;0)]

z=1
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Proof Firstly observe that for every z € X

k

and thus

log {min ¢ (z; 9z)} < log f (x;1%) < log {Hé?ﬁqﬁ (z; 92)} :

z€[k]
Then,
o 1 (ai0)| < [tz { iy 0 (2362) | v g { o (50, ||
z€[k] z€[k]
k

< . < .

< ; [log ¢ (3 0)] < kmax [log & (x; 0)],
as required, where maxger |log ¢ (x; 6)] exists by A2 and A3. O

Using Lemma S.2, we have |log f (z; )| < kmaxger |log ¢ (z;6)]. Then by A4,
since we have maxger |log ¢ (z;0)| < G (z) with Gy € £ (P), we can take
G (z) = kG4 (x), as required. The conclusion then follows by the fact that the
minimum is Lipschitz with respect to the uniform norm (see, e.g., Hinderer
et al. 2016, A.4.4), i.e.,

in 4, — min /¢ < bim —/ ,
Jnin L, (Yr) S k (Vr) _ﬁlgé(J ko (Vr) — L (V)]

where the minima exist by compactness of Sy and continuity of ¢y — £k ,, (¥)
and vy — O (Yr) (by A2-A4). O

Proof of Lemma 4

For each k > ko, we first bound Ny (5,/\4?,51 (m)) By A2 and A3, noting

that each fi € ./\/lf has the form fi (-;¢) = 25:1 ¢ (+;0), Lemma 2 implies
that if

< G () [k — il

k k
D omed (w:0.) = Y Wi (x;07)
z=1 1

z=

for some G € £1 (m) and all ¢y, ¥}, € S, then

. (m+1)k
Gl ¢, (m) diam (Sk)>
6 )

N[] (6,/\/{?,61 (m)) < K(

for some constant K > 0. Here diam (Si) < oo since Sy, is compact.
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Observe that
k k
Zﬂz¢(x; 0.)— szqﬁ(x 07)
z=1 z=1

k
<3 |ma(a:0,) — wid(a;67)]

z=1

k
=D Im{o(x;6.) — $l2;62)} + (m — 72)d(x; 67))|
k
<> Almel(30:) — ¢(a302)| + (3 0)] |- — 7]}

k
< ; {|¢(x;92) — &(w; 0)| + max|(x; 0)] |- — W:} .

where we note that |7,| < 1 and the maximum exists by A2 and A3. Then, by
A5, we have Lg, such that

|6 (2;02) — ¢ (2;07)| < Ly () [16- - 071,

and since there exists a Gy € £q (m), such that Ly (z) + maxger |¢ (z;60)] <
G4 (), for every = € X| it holds that

k k
Z mod(w;0.) = Y wio(x;63)

z=1
k
Z{ D)6 — 0+ ma (22 0) . |}
Gl — vt

< V(m A+ DEGa(z)|dr — il

We can therefore take G = /(m + 1) kG2, as required.

Noting that ./\/lz (0) = {f € ./\/lf b (f, fo) < 5} - /\/lf, we can bound the
entropy integral (3) by

5
5) g&v/ \/HH (u%MﬁLl (m))du
0
. (m+1)k
4 G diam (S
§5v/ log{K<| ”El(mzﬂ ( k)> }du.
0

For 0 < u < 1 the last square-root term is bounded by Cy + Ca+/log (1/u) for
suitable finite constants C7,Cs > 0 depending on k, G, and Sy.
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Jensen’s inequality implies that

6 6
/0 Vg (1/u)du < \/5/0 log (1/u) du
= /6 {0+ 6log (1/6)} < 6+ dv/log (1/0).

Thus, we have

J(B) <8V [(c1 + () 6 + Cy64/log (1/5)}
< C36 + Cad4/log (1/6),

where C3 = 14+ C1 +Cs. Then, taking ¥ (§) = C55+ Cad+/log (1/9), we observe
/5% = C36~1 + Cy6~1/log (1/0) is non-increasing, and thus Proposition 1
applies.

Substituting ¥ into \/nd2 > c¥ (4,,) yields the inequality

Vndn
On > cCy 4 cCay/log (1/6,) = =1
NG cCs + ¢ 2\/W cCs + cCor/1og (1/5,)

which is satisfied if we take §,, = Cyq4/logn/n, for a sufficiently large Cy > 0
and all sufficiently large n, since
V/né, B Cy/logn
cC3 + cCor/log (1/6,)  ¢Cs + (¢/V2) C21/log (n/C3) — loglogn

Then, the conclusion of Proposition 1 implies that for § = §,,

P (”
logn

holds for an MLE fk,n € argmax . e P, log f, since P, log fkn > P,log f,
k

for all f € ./\/lﬁ Thus, by definition of boundedness in probability

~ 02
P, log frn — Py log fo‘ > Cf) < ¢y exp <—C§ log n)
1

n ~
@ {PnIngk,n —PnIngO} =0Op (1)

By writing fr, = f (,ﬁkn) for iy, € argming, s, e (V1), we have for
each k,1 > ko,

o 60) = g e 00}

logn
__n {—Pn logfk,n + P, log fl,n}
logn
n ~ n A
= — = {Palog fun— Palog fo} + - { Palog fin — Pulog fo}
logn logn

=0p (1) + Op (1) = Op (1),

as required. a
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Proof of Proposition 2

Fix k € [E] Under A1* and A2-A4, Lemma 3 holds exactly as stated, and
hence

£ a.s.
Lk,n — Lk.

n—roo

Since k is finite, taking the intersection over all k € [l_s] yields

max Ly, — Ly 2% 0.
ke[k}] n—00

By B1, for each fixed k, pen;, ,, — 0 and thus, from finiteness of k, we also have

max pen — 0.
e[k 7 oo

Define the penalised empirical criterion as Cj, = I:km + peny ,, and write
Cy = Lg. Then, it follows that

max |Cg ., — Ci| 23 0.
kE[E] n—00
Let C* = minke[,;] Cip. If K = [lﬂ then the result is trivial. Otherwise,
define a positive gap
= min (Cy, — C*) >0,
7= min (Ck )

where the strict positivity arises because k is finite and K* # [E] Set € = /4.
Then, it holds that with probability one, there exists an ng such that for all
n Z o,

max |Cy., — Ck| < e.

ke[k]
Fix n > ng. If k ¢ K*, then we have

Ck,nzck_EZ(C*—i—’y)—g:C*_Ar_Zry

On the other hand, if £* € K*, we have

1
Chom < Cpe+e=C"Fe=C"+ 7.

Thus, for every n > ng,

min Ck, > min Ci- p
kgkc* k*ek*

and therefore every minimiser of k — C} , is in K*, thus l%n € K*. Hence
P(l%n S IC*) — 1. a
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Proof of Proposition 3
Fix an arbitrary pen € . For each k and [ satisfying 1 < k < [ < k, define

n

Akyl (n) {penl,n - penk,n} .

- logn

By B2, Ay (n) = oo as n — oo. Since the set of choices of indices k and [ is
finite, it holds that

Ampin (n) = min _Ag; (n) — oo.
1<k<i<k

Indeed, if Apin (n) did not diverge, there would exist a subsequence (nj)j and
a constant M < oo, such that Api, (nj) < M, for all j. For each j, choose a
pair (k;,l;) that attains the minimum. By finiteness of the set of indices, some
pair (k,l) occurs infinitely often along the sequence (kj,lj)j, hence along a
further subsequence, we would have Ay ; (n;) < M, which contradicts the fact
that Ag; (n) — oo.

Set b, = 1 for the finitely many n for which A;,(n) < 1 and set b, =

Amin (n) otherwise. Then b,, — oo. For each k € [lﬂ, define

— penk:,n - penlﬂ’L
peny , = peny , + - .
n

For all sufficiently large n, Amin(n) > 0, so pen, ,, < pen,, ,, for every k > 2.
Hence pen,, , > pen; , > 0, for all k and all sufficiently large n; changing
finitely many values, if needed, preserves Bl and B2 and makes the array
non-negative for all n. By B1 and finiteness of k, we have pen,,,, — 0 for each
fixed k. Thus pen satisfies B1. Next, for fixed k and [, with 1 < k < < F,

n

. __ 1 1
Tog 7 {penl’n — penkyn} = FAk’l (n) > b—Amin (n) — oo,

because the last expression equals /Ay (n) eventually. Hence pen satisfies
B2, and consequently, pen € 2.

Finally, for all sufficiently large n, b, > 1 and pen, ,, < pen,,, for every
k> 2, s0

ﬁlk,n < peny n, k=2..k,

while pen, , = pen, ,,. Thus pen < pen and the domination is strict in at least
one coordinate eventually. Since pen € & was arbitrary, no element of & can
be minimal. O
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Proof of Proposition 5

We start by proving that #Z% > n~!. Since M; C F, we have

# 2l s By {02 (Fuo (i) }-

fn p€[—b,b]

Fix A > 0 and set py = +A/y/n, and observe that for large n, uy € [—b,b].
Let f+ = ¢ (-; u+). It holds that

T @ @de—ep ] e r L L A%
- 8 on

hence

h?(f_,f+>1/°;¢mdzlexp{42}> A2

on [ = 4n’

since 1 — exp (—u) > u/2 for all u € [0,1], and A% < 2n for sufficiently large n.
Next, we apply Le Cam’s two point method (cf. Wainwright 2019, Sec. 15.2)
to get

max {Ey_2(fu, f), Br, 02(Fas f1) }
> ceih?(f-, f+) {1 - Hfgzm - f-és?nHTv}'

where f®" is the density of X,, consisting of IID replicates of X with density
f, and ¢; > 0 is an absolute constant. Next, observe that

0 (118 =1 [\ ) ) i,
:1*1_[/ [ (@) f4(zi) das.
i=1v 7%
Thus,

v (o) =1 -{ [T VE@nRwa)

il 2 (2}

Using the comparison inequality ||fi®" — ‘%HHTV <2h (f@", f"), we get

[£E™ = f27| oy < V2¢/1 —exp {-A2/2}.
Choosing A sufficiently small so that 1 — Hffz’" — f_‘%"HTV > co > 0, we have

max (B, 52 (£ 1) Epb? (£ fi) } 2 crea = ©

n
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Since puy € [—b,b], this lower bound holds for every measurable estimator fn
after taking the supremum over fy € F. Taking the infimum over all fn gives
Z;: > c¢/n, proving the first inequality. The second inequality is immediate by
definition of Z;;.

To proceed, we require Massart (2007, Thm. 7.11) which we reproduce in
the context of this work. We first note that for any nonnegative f,g € £1(m),

we will write
o) ={5 [ (7= 2)" an]

If f and g are probability densities, then h(f, g) is the usual Hellinger distance.
We write Hp(e, F, ) for the h-bracketing entropy of F, where brackets [f*, Y]
may have endpoints f%, fU € £;(m) that are nonnegative but not necessarily
densities, and h(f¥, fU) <e.

1/2

Theorem S.1 Let X,, consist of 11D replicates with common density fo with
respect to m on X. Let {Fi}rex be an at most countable collection of models,
where each Fy is a set of densities with respect to m. For each k € K let
fk’n € argminger, n(f) be an MLE on Fi. Assume the following:

1. For each k € K there exists a countable subset Fy C F such that for every
f € Fi there exists (f;)j>1 C Fp withlog f;(x) — log f(x) for every x € X.

2. For each k € IC there exists a function ¥y, : Rvg — R~ such that ¥y, is
nondecreasing and £ — W (£) /€ is nonincreasing on (0,00), and such that
for every § > 0 and every f € Fy, writing the 6-Hellinger ball

Fi(f,0) ={g € Fu:b(g, f) <},

one has

)
/0 \/H[ 1(u, Fr(f,0), b)du <& (0).

3. The sequence (py)rex consists of nonnegative weights such that

T:Zefpk<oo.

ke

For each k € K let & > 0 be the unique solution of

U, (€) = Vn &2
Let peny, ,, > 0 be penalties and define the penalised selector

kn = mi i {gn f n }; An = i .
minargmin{ 6, (fun) + peng .} fo = fi,
Then there exist absolute constants k > 0 and C' > 0 such that if, for all k € IC,

e > (6425
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a minimaser l%n exists and moreover
Ey, {b*(f f )} <C inf{ﬁ(f | Fx) + pen }+I
fo 0y Jn > Rek 0 k,n n 5

where R(fol| Fr) = inf tcr, R(foll f)-

To make use of Theorem S.1, we need the following lemmas.

Lemma S.3 Let F1 = {¢(; 1) : o € [-D,b]} and

Fo = {f(-;9) =7)(5 1) + (1 = m)@(5 p2) : 0 = (7, puy, p2) € Tz},

where
Ty =[x, 1 — 7] x {(p1, p2) € [=b,6]% : p1 < pa},

for some fized m € (0,1/2), and write dy = 1 and dy = 3 for the parameter
dimensions. For k € {1,2} and f € Fy, define the 6-Hellinger ball

Fi(f,0) ={g € Fr:b(g, f) <d}.

Then, for each k € {1,2}, there exist constants Cy, < 0o and Dy, < oo depending
only on (b,m) such that for every f € Fy, every § € (0,1], and every u € (0, 4],

Hyy (u, Fi.(f,6),h) < Dy log (CZ5> :

In particular, defining

Bk_/ 1/1og = Biu\/Dif,

one has, for all f € Fj, and all § € (

é
/0 \/H[.] (u, Fi(f,6), b)du < ¥ (6).

Proof Apply Gassiat & Van Handel (2012, Thm. I11.4) to one-dimensional
Gaussian location mixtures with location set [—b, b] and at most two compo-
nents, taking the centre of the Hellinger ball to be the density f in the present
notation. That theorem gives a local bracketing bound for the square-root
likelihood-ratio class {(g/f)'/? : g € Fi,b(g, f) < &} of the form

Ny (m A0/ ) 9 € Fib(g, £) < 8}, La(fm)) < (?)D 7

for 0 < n < § <1, where Dy, is finite and the constant C depends only on
the compact location set, the maximum order, and the centre f. Because the
centres considered here range over the compact families F; and F5 with mixing
weights in [rr, 1 — 7], the same proof gives a uniform constant depending only

n (b, ).
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If [1,u] is such a bracket for (g/f)*/? in Lo(fm), then, after replacing I by
1V 0, the bracket [fI2, fu?] contains g. Moreover, on a local Hellinger ball with
6 < 1, the Hellinger width of this density bracket is bounded by a universal
constant times [[u — ||z, (fm). Adjusting constants therefore yields

Hpy (u, Fi(f,6),h) < Dy log (?) :

for 0 < u <§ <1, uniformly in f € F, with Cy and Dy depending only on
(b, ). Integrating this bound and making the substitution u = dt gives

/06 \/HH (u, Fi(f, ), b)du < 5@/01 /log (C;k)dt — By/Dyd.

Lemma S.4 Assume the setting of Lemma S.3. For k € {1,2} define

U (0) = Bry/ Dy,

for 6 > 0, where By < oo and Dy < oo are as in Lemma S.3. Then ¥y is
nondecreasing on (0,00) and § — Wi (8)/d is nonincreasing on (0,00). Moreover,
the equation Wy, (€) = /n &2 has the unique solution

Byv/Dy,
N

In particular, since Dy, < 0o is fized, one has & = O(n™1).

&k =

Proof The function Wy (8) = Bi+/Dy, d is linear in §, hence nondecreasing, and
U (8)/8 = Bi/Dy, is constant, hence nonincreasing. For & > 0, ¥, (&) = /n &2
is equivalent to Byy/Dy = y/n&, which directly yields the unique solution

& = B/ Dy / /1. 0

To prove the final inequality, we apply Theorem S.1 with p; = po = 1 and

T= Z exp (—pr) = 2/e.

ke{1,2}

Condition 1 of Theorem S.1 holds for F; and Fy by taking parameters in
countable dense subsets of the compact parameter spaces, since the Gaussian log-
densities are pointwise continuous in the parameters. By Lemma S.3, Condition
2 of Theorem S.1 holds with Wy (§) = Biv/Dy 6. By Lemma S.4, the fixed
point equation Wy (£) = /n€? has the unique solution &, = Byv/Dy/+/n, so
& = BiDy/n.

Define an AIC-type penalty pen;;“_rlnc = ady/n with a > 0 chosen so that

n

ady, B,%Dk 1
n

— > — k 1,2
e (B2 0), ke
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where k > 0 is the absolute constant in Theorem S.1. Such a choice is possible

since dy, € {1,3} is fixed and By, Dy < oo depend only on b and 7. Recall that
kzﬁ‘lc is the corresponding penalised selector and fff‘lc = frarc ,-

Then Theorem S.1 yields, for every fo € F,
Es {b*(fo JEAIC)} <C| inf {ﬁ(fOHJ:k) +penfk“c} 4 r
’ o o ke{1,2} m o

where C' > 0 is the absolute constant in Theorem S.1. Now, fix fo € F = F1UF>
and let kg € {1,2} be such that fy € Fi,. Then K(fo||Fx,) = 0, and hence

Es, {0°(fo, 29} < © (ai}% n T) ¢

n n

with ¢/ = C(ady + T') and ds = 3. Taking the supremum over f, € F gives
2/ FAIC ¢’
sup Efo{b (fn 7f0)}§73
foeF n

as required. a

Proof of Proposition 6

Recall that Ay, = supser, P log f = —infrer, £,(f). Then kn =2 implies
Ao — Ay > A, (S.2)

For § > 0, we define the symmetric two-component density
1 1
39(@;=0) + 5 ¢(a; +9),

which belongs to F» provided that 6 < band # < 1/2 < 1 — 7. Let f, =
@(+;0) € F;. We require the following result.

x> fs(x) =

Lemma S.5 There exist constants &y € (0,1] and 0 < ¢y < Cy < 00, depending
only on b and m, such that for all 0 < § < g,

cod® <B2(f5,F1) < Cod?,  cod® < A(fi]l ) < Cod®,
where f5(x) = (1/2) ¢(w; —=6) + (1/2) ¢(w; +0) and f. = ¢(-;0).

Proof Throughout, X ~ N(0,1) and E, denotes expectation under the measure
defined by f.. Using ¢(z;£6) = ¢(z;0) exp(£dx — §2/2), we have, for each

z € R, 2
o G

Let
2

rs(r) = exp (—62) cosh(dx).
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A Taylor expansion at § = 0 gives, for each fixed ,

52 Jatoa? 1 . .
ro@) =1+ S@ -1+ 612 -4 8) +O(B1+2%).  (S4)
as ¢ | 0. To pass to integrals under f, we will use domination. For dy € (0, 1]
fixed, (S.3) implies, for all |4] < do,

0 < rs(z) < exp(d2/2) cosh(dpz) < exp(62/2) exp(do|z]),

so in particular r5(X) and logrs(X) have finite moments of all orders under f,,
since E, exp(A|X|) < oo for every A > 0. The functions of (4, z) that appear
below are analytic in § near zero, and their derivatives up to the required
orders are bounded, for |4| < g, by a polynomial in |z| times exp(dg|x|). This
dominating function is integrable under f,, so the Taylor expansions below
may be integrated term by term.

Write

*(fs: 1) = /f* Vrs(x) — 1) dx:%E*[( r(;(X)fl)Q].

From (S.4) we have r5(z) = 1+ §%a(x) + 6*b(z) + O(65(1 + 29)) with a(x) =
(22 —1)/2 and b(x) = * /24 —2?/4+1/8. Using V1 + u = 1+ Ju— u*+ O(u?)
as u — 0 and substituting u = §%a(z) + §*b(z) + O(65(1 + 2°)), we obtain the
pointwise expansion

rs(z) —1= ga(x) +0(5*(1+2%)) = %2@2 —1)+0(5*(1+2Y),
as 0 | 0, for each fixed z. Squaring yields
(Vrs(@) —1)* = fé(ag —1)240(5%(1 +2%)).
The remainder term is dominated by a constant multiple of 65(1 + |2|%) for

|6] < o, and (1 + |X|%) is integrable under f.. Hence, by the dominated
convergence theorem,

4
(601 = 3 { 5B [0 = 1) +06°) | =

54

3 J(X? = 1)%] 4+ 0(8°).

Since E,[(X? —1)?] =2 for X ~ N(0,1), we obtain

(mm—i+mw (8.5)

as 6 | 0, and thus h2(fs, f.) =< §* for sufficiently small §.

Recall that F1 = {¢(;p) : p € [=b,b]}. Since b is continuous in pu and
[—b, b] is compact, the infimum over y is attained. We prove the lower bound
by working in the Hilbert space Lo(f.m). Set

[t o fowm
Q5($) - f*(J?) 1, pu( ) f*(I)
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Then
20 (f5,0(5 1)) = llas = PullZ, (o)
Let E and O denote the closed subspaces of even and odd functions in Lo( f,m),

and let ITg and I1p be the corresponding orthogonal projections. The expansion
above gives the uniform Lo(f.m) expansion

2

1)
4 = Z(xQ —1) + 05(8%),

where O3(as) denotes a term whose Lo(fsm) norm is bounded by a constant
multiple of as. Also, for |u| small,

2
" T 1
Pu =37 +p° (8 - 4> + Oz(|pf),

uniformly over |u| in a sufficiently small neighbourhood of zero. Therefore there
exist constants n > 0, ¢; > 0, and C < oo such that, whenever |u| <7,

[HTopullco(fom) = crlpl, [T Eppll 2a(fom) < Crp®

Since g5 is even, if M§? < |u| <7, then
a5 = PullZy(romy = 1opullZy(5my = A M6

On the other hand, if |u| < Md?, then

52
1T E(qs — pu)llco(fom) = Z”x2 — 1| zy(fom) — O(8*) — CL M5,

which is at least a positive constant times 62 for all sufficiently small §. Hence
the squared distance is bounded below by a positive constant times §% in this
region as well.

It remains to consider |u| > n. By compactness of {u € [—b,0] : |u| > n}
and continuity of Hellinger distance,

inf b?(f., (5 p)) > 0.

lulzn
Since b(fs, f«) — 0, the same infimum with fs in place of f, remains bounded
away from zero for all sufficiently small ¢, and hence is also bounded below by
a constant multiple of §4. Combining the three regions gives

inf b2(f5, o(- > g

dnf 0% (fs. 605 ) = o

for all sufficiently small §, for some cq > 0. The upper bound h2(fs, Fi) <
b2(fs, f+) < Cod* follows from (S.5). This proves the two-sided bound for

bQ(f5a‘F1)'
Next, by (S.3),

fs(z)

Sl = [ gstoon (250 ) o =y, [l rs ().
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Using log rs(z) = —2/2 +log cosh(dz) and the Taylor expansion log cosh(u) =
u?/2 —u*/12 + O(u®) (for fixed u), we obtain for each fixed =,
logrs(xz) = g(902 -1) - ﬁx‘l + 0(8%°)
2 12 '
As above, domination holds for |§| < dg, and therefore we may integrate
term-by-term to obtain

54
8Uslf) = 5+ 0,

as ¢ J 0, and hence R(fs||f.) < §? for sufficiently small 6. Collecting the bounds
we have the conclusion of the lemma, upon choosing &y sufficiently small and
adjusting constants. O

Now define
A\ VA4
Op = | —
8Cy

and let f, = fs, . Since A,, — 0, we have 6,, — 0, and for all n large enough,
0n < dg and d,, < b, so that f,, € Fo, and thus Lemma S.5 applies. In particular,

c A,
02(fn, F1) = codp = 2 Ay, R(fullf1) < Coby = =" (S.6)
8Cy 8
In the following step, we work under the law f,,. We keep P, for the empirical
measure P,g =n"'>" | g(X;), and we write Py, and E, for probability and
expectation under f,,. Recall that k,, = 2 implies Az ,, — A1, > A, and since
f« € F1 we have A, ,, > P, log f.. Hence

{ky =2} C{Ay,, — Pylog f. > A,}. (S.7)
We decompose
A2,n — Pylog f« = Ry, + Py log (J;n) ) (S-8)

where R,, = Ag n— Py, log fn > 0since Ay, = sup ¢z, Polog f > P, log f,, and
fn € Fo. We control the two terms on the right-hand side of (S.8), separately.

Firstly, under f,, the model F5 is correctly specified with a finite-dimensional
parameter on the compact set Ty. Moreover, f, = f5, has component means
w1 = —0, and pg = J,, so its distance to the boundary {1 = uo} is |ue —p1| =
28,,. Since nA,, — oo, we have n?A,, — 0o, and therefore

2A 1/4

Thus the true parameter is asymptotically separated from {p; = ps} on
—1/2 scale. To control R, let fo.n € argmaxyecr, P, log f, so that

the local n
Ay, = Py log f27n and hence

. _ f?,n
Rn*AQ,n*Pnlogfn*Pnlog T 20

n
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By Lemma S.3 (with & = 2), the local Hellinger bracketing entropy satisfies

Hy (0 Faf.0)0) < oo (20,
for 0 < u < § < 1, and therefore one may take Wy(§) = Ba+/da § in the notation
of van de Geer (2000, Thm. 7.4). Let & = Ba+/da/+/n be the corresponding
fixed point from Lemma S.4. Then van de Geer (2000, Thm. 7.4) implies that
there exists a universal constant ¢ > 0 such that one may take d5 ,, = ¢, and
van de Geer (2000, Cor. 7.5) yields a constant ¢; < co (depending only on b
and 7 through the preceding entropy bounds) such that, for all § > s,

52
Py, (Ry > 6%) < crexp (—n2> :
. 2
Since nA,, — oo and 5§7n = n~! we have n4, > 6§7n for all sufficiently large n

and every fixed n > 0. Therefore, for any fixed n > 0, taking § = \/n4,, yields

A,
Py, (R, > nA,) < ciexp (_77”2 > — 0,
=51

and hence R, = op, (4,).
Next, let

= (55

for (X;)!—, IID with common PDF f,,. Then P, log(f,./f«) =n"'>" | Zin
and Ey, (Z1,) = R(follfs) < A,/8 by (S.6). Furthermore, by the Taylor
expansion of log rs(x) used in Lemma S.5 (with § = 4,,) and the same domi-
nation argument, one has Vary, (Z1,) < 02 < A, for all sufficiently large n.
Consequently,

Vary, {Pn log <J}n>} = %Varfn(Zlm) hS %

By Chebyshev’s inequality,

and therefore Py, (k, =1) — 1.
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On the event {k, = 1}, we have f, € Fi, and therefore
0°(fa fu) = If 0%(g, fa) = 0% (fu, F).
geEF
Taking expectations under f,, and using (S.6) yields
Ep, A0*(fus f)} 2 02 (fus F) Py (k= 1) 2 o5 A (14 0(1)).

Since f,, € F, we conclude that

sup Ef, {0%(fu, fo)} = Ep, {0*(fu. fu)} = c Ay,
foEF

for all n large enough, with ¢ = ¢y /(16Cy), since 1+o0 (1) > 1/2. This completes
the proof. O

Proof of Proposition 7

Recall that Ay, ,, = sup s aq, Pnlog f = —inf e nq,, £n(f), so that k, = 2 implies
Ag pn—A1n > Ay, asin (S.2). Assume by contradiction that k,, is consistent but
A, # 0. If there exist € > 0 and a subsequence (1, )n, such that A,, < —e for
all m, then, since M; C My, we have Ay, — A1, > 0> A, for every m.
Hence l%nm = 2 for every m, contradicting pointwise consistency at f, € Mj.
Thus, after passing to a subsequence if necessary, there exist ¢ > 0 and a
subsequence (7, )m such that A, > e for all m. For 6 > 0, let f5 and f, be as
in Lemma S.5. Since f, € Mj, Lemma S.5 gives &(fs||f«) — 0 as 6 | 0, hence
we may fix ¢ € (0,b] such that

1

Ds= inf R(fsll9) < KUl <

Write Ps and E; for probability and expectation under the law with density fs.
Because M; and Ms are compact parametric families and f +— log f admits
an integrable envelope under fs, the classes {log f : f € My} are Ps-GC, via
Lemma 1. Consequently,

sup |Pn log f — Es 10gf| — 0,
feMyg

in Ps-probability, for each k € {1,2}, and therefore

A = A = sup Eslog f
feMy

in Ps-probability, for each k € {1,2}, as well. Since fs € My, we have Ay =
Es log f5 and

Ay = sup Eslogg = Eslog fs — inf R(fs|lg) = Eslog fs — Ds,
gEM, geEMu
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so Ay — Ay = D5 < ¢/4. Hence Ay, — A1, — Ds in Ps-probability, and thus
Ps (AQ,nm — Al,nm < %) — 1.

On this event we have Ay, — A1, < 4,, , so kn, # 2, hence k,, = 1.
Therefore P5(I%nm = 1) — 1, contradicting the assumed pointwise consistency
at f5 € My \ M. This proves that A,, — 0.

Next, assume by contradiction that k, is consistent but nA,, +# co. Then
there exist M < oo and a subsequence (1, ), such that n,, 4, < M for all
m. We now work under f, € M; and write P, and E, for probability and
expectation under f,. Let

1 n
Sp = Pn(X2 - 1) = EZ(XE - 1)7
i=1

and 0, = min {[Sn]i/Q,b}, and note that f5, € My for all n. Since Ay, =

SUp fe pm, Pnlog f > P, log fs,, we have

AZ,n - ALn 2 Pn IOg (j;-”

) —{A1, — P,log fi}. (S.9)

We seek a lower bound for the first term. Using (S.3) and the expansion of
log7s(z) in the proof of Lemma S.5, there exists dp € (0, 1] such that for all

|5| < 507
T 2 4 *
N R

Under f, we have S,, = Op, (n=1/2), hence 6,, = Op, (n~'/*) and thus P, (6, <
d0) — 1. On the event {d,, < do}, the preceding expansion and the moment
bounds under f, imply

52 54 1
P, log (?”) = ”S — f +op, (n7!) = Z[S"]i +op, (n71),

and therefore

nP, log (J}S:) [fS 13 +op. (1) (S5.10)

Since /nS,, converges weakly to N(0,2) under f,, it follows from (S.10) that
for each fixed A > 0,

liminf P, (nP log (Cf") > A) =pa > 0. (S.11)

n— o0

Next, we control the term A;,, — P, log f. directly. Writing X,, = P, X,
the normal location likelihood gives

1
Ay — Pplog fo = sup {,uX — = }
Hel=bb) 2
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On the event | X,,| < b, this supremum is X2 /2. The multivariate central limit
theorem gives

(\/ﬁxna \/ﬁsn) ~ (Zla 22)7

where Z; ~ N(0,1), Z2 ~ N(0,2), and Z; and Z, are independent, since
E.[X (X% —1)] = 0. Choose constants ¢ > 0 and ¢ > 0 such that ¢?/4 — ¢?/2 >
M +1. The event {|Z1| < q, Z2 > t} has positive probability. Combining (S.10)
with the preceding likelihood identity and the joint central limit theorem, we

obtain
liminf P, (ny, (A2, — A1.p,,) > M+1) > 0.

m—r oo

Since ny, A, < M, this implies lim inf,,, o P« (ky,, = 2) > 0. This contradicts

N
the assumed pointwise consistency at f, € Mj. Therefore nA,, — oo, and the
proof is complete. O
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