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Supplementary Material
S1 Description of the simulated dataset
The dataset comes from the simulation of a highly nonlinear chemical process which is very suitable for evaluating the effectiveness of Deep Neural Networks (DNNs).
To simulate this nonlinear process, a chemical reaction is considered, and the problem is formulated as follows: 
Assume a system with inflow of reactant  and product :
	
	(S1)



The steady state material balance for the reaction is determined by:
	
	(S2)

	
	(S3)



where  is the inflow rate,  is the initial concentration of ,  is the final steady state concentration of ,  is the steady state concentration of   and V is the volume of the reactor.

The material balance states that the changes in the amount of material are equal to those generated/consumed in the reaction. Combining Equations (S2) and (S3) results in:
	
	(S4)



The parameter  is the kinetic constant at temperature , given by an Arrhenius-type equation:
	
	(S5)



Rearranging the material balance equation:
	
	(S6)



and:
	
	(S7)



The productivity of  is formulated as:
	
	(S8)



With this definition of the problem, a simulated system with inputs , ,  and  and  and  outputs is created. The nonlinearity of the process is encapsulated in Equations (S5), the Arrhenius equation, and (S7), the material balance. The resulting system is illustrated in Figure S1.
As the process described is expressed as a system of inputs and outputs undergoing a nonlinear transformation, it can be effectively modelled as an ANN. To enable the approximation of the nonlinear process, a data set is generated from the system of nonlinear equations described above. This dataset is further used to construct the ANN model adopting the lifting scheme as described in the manuscript.
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Figure S1: The formulation of the chemical process into a nonlinear transformation with 4 inputs and 2 outputs.
To generate the dataset, data points are created in a grid search as tabulated in Table S1. The range enclosed by lower and upper bounds is divided by the value of the steps to obtain the grid search values. In total, 43,200 data points are produced. With this number of points and given the complexity of the problem defined, it is expected that a much larger neural network is required to solve this highly nonlinear process.

Table S1: The range for the variables used in the simulated data set.
	Variable
	Lower Bound
	Upper Bound
	Step

	
	0.05
	1.00
	0.05

	
	5
	50
	5

	
	500
	2,000
	100

	
	10
	100
	10



Table S2: The arbitrary constant values adopted in the simulated Arrhenius data set.
	Variable
	Value

	
	

	
	

	
	



As this is a simulated environment, the values tabulated in Table S2 are arbitrarily chosen. This allows to efficiently generate large amounts of simulated data for the problem investigated in this example.

S2 Description of other datasets used in the performance evaluation
The widely-accepted UCI datasets are adopted for evaluating the performance of the proposed framework. The description of each dataset is provided in this section.

S2.1 Dataset I: Combined Cycle Power Plant Dataset (CCPP)
The dataset contains 9,568 data points collected from a CCPP over 6 years under full load. The features are hourly average ambient variables of Temperature (), Ambient Pressure (), Relative Humidity () and Exhaust Vacuum (). The dependent variable is the net hourly electrical energy output () of the plant. More details on this dataset can be found on the official website of the UCI database[footnoteRef:1]. [1:  The data can be obtained from the official source of UCI Machine Learning Repository at https://archive.ics.
uci.edu/ml/datasets/Combined+Cycle+Power+Plant] 


S2.2 Dataset II: Appliances Energy Prediction Dataset (AEP)
Data are collected every 10 minute for 4.5 months. The features consist of house temperature and humidity conditions monitored with a ZigBeee wireless sensor network. Another set of features consists of weather data collected from the nearest airport weather station, which include wind speed, visibility and dew point. The dependent variables are the energy consumption in household appliances and lights. More details on this dataset can be found on the official website of the UCI database[footnoteRef:2]. [2:  The data can be obtained from the official source of UCI Machine Learning Repository at https://archive.ics.
uci.edu/ml/datasets/Appliances+energy+prediction] 


S2.3 Dataset III: Temperature Forecast Dataset (TF)
The dataset consists of 21 features and 2 dependent variables collected during summer of 2013-2017. The features are largely composed of the next-day forecast data of the LDAPS model, in-situ maximum and minimum temperatures of the present day and geographic auxiliary variables. The outputs are next-day maximum and minimum air temperature. More details on this dataset can be found on the official website of the UCI database[footnoteRef:3]. [3:  The data can be obtained from the official source of UCI Machine Learning Repository at https://archive.ics.
uci.edu/ml/datasets/Bias+correction+of+numerical+prediction+model+temperature+forecast] 


S3 Example formulation of sensitivity analysis through automatic differentiation
The generic form of these relationships is not very easy to construct algebraically. To illustrate the formulation, an example is used to produce the required partial derivatives in the Jacobian matrices involved.

[image: ]
Figure S2: The architecture of the ANN used for the example formulation.
Figure S2 represents an example network architecture. There are 12 weights and bias terms for the hidden layer () and output layer (). The input layer is (). The equations involved include:
	
	(S9)

	
	(S10)

	
	(S11)

	
	(S12)

	
	(S13)

	
	(S14)



There are 6 equations in total with the state variables , , , ,  and . Thus, the 6 equations are used to determine these 6 state variables.
In order to calculate the Jacobian of these 6 equations with respect to the 6 state variables,  where  can refer to or  , the following equations will be used:
	
	(S15)

	
	(S16)

	
	(S17)

	
	(S18)

	
	(S19)

	
	(S20)



All the other Jacobian entries are zero. Because at the beginning of the optimization, the ANN will obviously have all nodes/neurons fully in existence, then clearly: 
	
	


The Jacobian with respect to the artificially introduced factors, , where , , are determined from the following equations:
	
	(S21)

	
	(S22)



All other entries of this Jacobian are zero.
The objective function is:
	
	(S23)



where and  are constant output level data.

The objective function used in the example formulation is the . Thus, the gradient with respect to  is:
	
	(S24)

	
	(S25)



Table S3: The Jacobian values of the equality constraints with respect to the node variables.
	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	



Table S4: The Jacobian values of the equality constraints with respect to the scaling variables.

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	



Neither the objective nor any other part of the model contain by construction the parameter , except for the neuron firing/output equality constraints. The various Jacobians and total sensitivity of the objective are given in Tables S3 and S4.
Thus, the total sensitivity gradient is given by:
	
	(S26)



In order to determine,  the sensitivity equation for the ANN with respect to  will be used as follows:
	
	(S27)



since . 
Furthermore, given:
(a) All the weights 
(b) 
(c) All 
the unique values of and  can be determined.

Therefore,  is invertible, factorizable and very sparse. The values of  are determined by solving , and then the values of  can be calculated and utilized as a “gradient” to guide the addition or removal of nodes and/or entire layers. 
There are many sensitivities that need to be considered, and they are by construction dense matrices (the  “” terms). Since only the total sensitivity over all the data set points is important, more efficient ways can be found to compute them. For example, by calculating them independently for all the data points and then summing them up.
	
	(S28)

	
	(S29)



Thus, the total sensitivity of  with respect to  should be:
	
	(S30)



The  back-substitution and matrix factorization can be done separately and in parallel for all the data points. Thus, the calculation of the  total sensitivity/gradient with respect to the  is a fully scalable and parallelizable task. 
This sensitivity analysis approach demonstrates the potential of the formulation of the ANN with the lifting scheme to be used for large-scale development.

S3.1 Generalization of the example formulation
Layer by layer calculations of the output sensitivity of an ANN to the scaling of the artificial parameters of the neurons is performed. For  data points, the output of layer  given input from layer  is:
	
	(S31)



where:
	
	(S32)



for ,  and .  is the bias term. 

The following sensitivity is computed:
	
	(S33)



For layer , it is assumed that from the previous layer computation, the following values are available:
	
	(S34)



for , i.e., , , , and . 
Therefore, from Equations (31) and (32), the following is obtained for layer :
	
	(S35)



where:
	
	
	 
	

	
	
	
	



and:
	
	(S36)



This is clearly a nice and transparent iterative scheme that can be encoded into an algorithm.
At first, a matrix storage is defined for the terms , initialised to zeros. To see how the initial iteration works, the computation start from the layer  . 

Set :
	
	(S37)



where and	, since there is no prior layer dependent on the outputs of this neuron.

Therefore, for layer  the following is obtained:
	
	(S38)



for all l and , where  and .

For  and :
	
	(S39)


Then, for , Equations (S35) and (S36) can be used routinely as derived above.
Next, for the second layer which is assumed to be a non-terminating layer, the index   is set to the value of 2:
	
	(S40)



where  is calculated from the derivatives of the activation function, while  is defined in Equation
(S36), and  is the output of the neuron.

If the activation function used is the Sigmoid function, which has the form:
	
	(S41)


and its derivative is:
	
	(S42)



Since  is the transformation from the input  to the output of a neuron, it is effectively the activation function. As  is the output of a neuron:
	
	



Therefore,
	
	(S43)


where the term  is calculated from Equation (S38) for  and , and Equation (S35) for  and .

These are available from the previous loop for .
The last layer (output layer) is a special case. In this layer, the activation function is not available.
For  and , the following relationship is used:
	
	(S44)


since the output neurons are always present and are not controlled by the scaling factor . 

For  and :
	
	(S45)


where the term  is calculated from the previous iteration.

Thus, the term    is calculated for all . These are the first-order sensitivities of the ANN output with respect to the  existence of the neuron.
Looking at the objective function:
	
	(S46)



For the gradient contribution or sensitivity of a single neuron:
	
	(S47)



Which yields:
	
	(S48)


for  and , and where  defines the  sensitivity with respect to .

For the entire gradient contribution of an entire layer as a collection of neurons:
	
	(S49)



This concludes the special sensitivity analysis for efficient computation of ANN sensitivities with respect to the existence of single neurons and entire neuron layers.

S3.2 Example iteration
Assuming a neural network with an architecture of [4, 5, 3, 2, 2] neurons in each layer, where the first number represents the neuron number in the input layer and the last number represents the neuron number in the output layer, the results of the iteration are summarized in Tables S5 and S6.

Table S5: The sensitivity of equality constraints with respect to the scaling variables – Part I.
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There is a more sophisticated manner in which this iterative scheme can be implemented. Carefully studying the previous tables, the iterative process can be simplified into the following steps:

· Initialization: Generate a matrix to store differential values as represented in Tables S5 and S6, with the number of rows equal to the total number of neurons in the network and number of columns equal to the total number of neurons times the number of data points. Divide the matrix into sub-matrices of differential values for each layer.
· Step 1: Define the initialization of the derivatives values for the first layer,   . This is effectively equivalent to setting the diagonal of the sub-matrix representing the first layer to be the output of the neuron, , while keeping other positions equal to 0.
· Step 2: To arrive at the values for the second layer,  , perform a scaled matrix multiplication between the weights related to the second layer (matrix of ’s) and the initialised matrix.
The scaled value is defined to be .
· Step 3: In the previous step, the values for  have been updated. To update for ,  the diagonal (only in the part of the matrix relating to ) is changed to , while keeping the non-diagonal values to 0. This concludes the update of the second layer.
· Step 4: For non-terminating (hidden) layers, repeat Step 2 and Step 3, except for the initialized sub-matrix of the first layer. This one is replaced by the sub-matrix of the layer previous to current iteration layer. For example, for layer 3, take the sub-matrix of layer 2,  , to be the component for the matrix multiplication.
· Step 5: For the terminating (output) layer, this is effectively a matrix multiplication between the weights matrix for that layer and the sub-matrix of differential values for the previous layer.
Table S6: The sensitivity of equality constraints with respect to the scaling variables – Part II.
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Table S7: Calculated sensitivities for each neuron in the neural network with the structure [4, 5, 3, 2, 2] using the simulated data set – Part I.
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Table S8: Calculated sensitivities for each neuron in the neural network with the structure [4, 5, 3, 2, 2] using the simulated data set – Part II.
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Thus, the sensitivity of each neuron with respect to the objective function is obtained through the sub-matrix of the last layer. The final sensitivity for each neuron is the sum of the sensitivity values across the output dimension and across different data points.
This scheme allows the calculation of sensitivities of all neurons through a simple iterative matrix multiplication process, which can be easily coded or implemented systematically even in an Excel spreadsheet.
Adopting the data set described above with the neural architecture of [4, 5, 3, 2, 2] as demonstrated in Tables S5 and S6, the calculated sensitivities for 100 data points as tabulated in Tables S7 and S8 are obtained.
From Tables S7 and S8, the neurons with the lowest sensitivity are identified to be the ones in the first layer, with equal sensitivity. Therefore, in terms of neuron removal, any neuron from the first layer can be removed. In terms of layer removal, the sensitivities of neurons in each layer are added up, and the results demonstrate that the first layer should be removed. If the addition of a neuron is desired, neurons in the last hidden layer, which has the highest sensitivity, should be considered. This is because the last hidden layer is the most sensitive and hence shall be duplicated.

S4 Example Formulation of Sensitivity Analysis through Finite Differences
The same architecture of [4, 5, 3, 2, 2] is adopted to calculate the sensitivities of each neuron for 100 data points. The perturbation  is set to be . The approximated values of the sensitivities obtained through the finite difference method are tabulated in Table S10.
From these results, the neuron with the highest sensitivity is neuron , while the neuron with the lowest sensitivity is neuron . Therefore, neuron  can be duplicated or neuron  can be removed during the automatic search process. The layer with the highest sensitivity is layer 1 and the layer with the lowest sensitivity is layer 3. Therefore, layer 1 can be duplicated or layer 3 can be removed. 
For the approach based on sensitivity analysis through finite differences, the number of iterations and the CPU time for each optimization process are tabulated as well.
Similarly, the operating system used to run the code is a macOS Big Sur version 11.0.1 (20B29) and the coding language is Python. The processor used to run this code is a 2.3GHz Quad-Core Intel Core i5 with a memory of 8GB 2133MHz LPDDR3. 

Table S10: Sensitivity values of neurons with regard to the objective function calculated through the finite difference method.
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From the results, it can be observed that the average CPU time for a single iteration is 2.327s and for the calculation of one sensitivity value is 0.0895s.
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