[bookmark: _GoBack]Appendix: Derivations 
A1. Cumulative emissions, a two-box carbon cycle and peak global warming







A simple two-box carbon cycle is used. The stock of atmospheric carbon at time t thus consists of a permanent part  and a transient part  whose dynamics are  and  with 0 < 0 < 1 and 1 > 0, respectively, where at denotes the abatement rate, mt the mitigation rate and Ft the rate of fossil fuel use at time t. Fossil fuel use is measured in Giga tons of carbon and so Ft also denotes carbon emissions. There is an average lag Tlag before global mean temperature responds to an increase in the stock of atmospheric carbon. Aggregate global warming damage per unit of output is  where the dynamics of the delayed carbon stock  follows  This sums up the carbon cycle and temperature dynamics that policy makers have to take account of.




Cumulative carbon emissions,  are the main driver of peak global warming (e.g., Allen et al., 2009a,b; IPCC, 2013; Allen, 2016). The two-box carbon cycle gives  The stock of atmospheric carbon at time t,  thus equals cumulative emissions, Et, minus the carbon that is returned to oceans and the surface of the earth,  Hence, by using cumulative emissions one errs on the safe side as they over-estimate the effect on peak global warming. This error is relatively small.
A2. Unconstrained and constrained welfare-maximizing climate policy











Suppose economic output  at time t has constant trend growth of  Energy is required in a fixed and declining proportion,  where  denotes the constant rate of energy-saving technical progress. With  denoting the share of carbon-free energy sources and  the share of abated emissions at time t, carbon emissions are  The cost of mitigating and abating emissions relative to  are  and  where the relative rates of technical progress in mitigation and abatement are rR and rA, respectively. Here H0 > 0 and H1 > 0 denote two exogenous parameters of the mitigation cost function and A1 > 0 denotes an exogenous parameter of the abatement cost function. Production of 1 GtC of fossil fuel is denoted by Gt and is subject to technical progress at the relative rate rF, so  Maximizing global welfare subject to the resource constraint that income available after damages has to equal spending on consumption, energy generation, mitigation and abatement and the carbon cycle discussed in Appendix 1 yields the unconstrained optimal climate policy. Maximizing welfare subject to the additional constraint that cumulative carbon emissions cannot exceed the safe carbon budget yields the constrained optimal climate policy.[footnoteRef:1]  [1:  Uncertainty in the trend rate of economic growth does not affect the determination of the safe carbon budget (3) and the calculations in Table 1. Uncertainty in the trend rate of economic growth does affect the discount rate to be used for calculating the unconstrained optimal climate policies if policy makers display risk aversion and prudence (cf. Gollier, 2012; van den Bremer and van der Ploeg, 2017).] 







Global welfare is  where  (for , else) is time separable and has constant coefficient of relative intergenerational inequality aversion IIA and a constant rate of time impatience RTI. Using small letters to denote fractions of output before damages (e.g., ), climate policy  maximizes global welfare,

(A1)	 

subject to the constraint that what fraction is left of economic output of goods and services after global warming damages (with the exogenous damage coefficient denoted by d > 0) has to equal consumption plus the cost of fossil fuel extraction and renewable production,


(A2)	
the dynamics of the permanent component of the stock of carbon in the atmosphere,

(A3)	
the dynamics of the permanent component of the stock of carbon in the atmosphere,

(A4)	
the constraint that the atmospheric carbon stock does not exceed the safe carbon budget, 

(A5)	 
the dynamics of the delayed stock of carbon in the atmosphere 

(A6)	
and the growth-corrected social discount rate which is defined by

(A7)	 

Note that damages to economic production are proportional to the delayed stock of carbon in the atmosphere. This is a reduced-form relationship, since temperature is a concave (typically logarithmic) function of past stocks of atmospheric carbon and damages a convex function of temperature. This formulation assumes that the convexity and concavity wipe each other roughly out as argued in Golosov et al. (2014). Strictly speaking, the uncertainty in the climate sensitivity and transient climate response affects the damage coefficient d but we will ignore this for simplicity. Allowing for this would boost the unconstrained optimal price of carbon or SCC, mitigation rate and abatement rate somewhat, but will not affect the CPW. Equation (A5) is the cumulative emissions constraint and follows from  The Hamiltonian for maximizing (A1) subject to (A2)-(A7) with the SDR denoted by r is defined by

(A8)	





where  and  are the co-state variables for the dynamics of  and  at time t, respectively, and t are the Kuhn-Tucker multipliers corresponding to the constraints (A5). Using  the first-order optimality conditions are:

(A9)	

(A10)	

(A11)	

(A12)	

(A13)	

(A14)	 

Defining  (A9) and (A10) give the optimality conditions setting the marginal cost of abatement to the carbon price or full SCC and the marginal cost of mitigation to the marginal cost of fossil fuel extraction plus the full social cost of non-abated carbon, respectively:

(A15)	

(A16)	









The simple rules approach makes the assumption that optimal climate policies are evaluated along a steady-growth path, where ct is a constant c. This turns out to be a good approximation (cf. van den Bijgaart et al., 2016; Rezai and van der Ploeg, 2016). Hence, (A13) gives  (A11) then gives  and (A12) then gives   Suppose that the stock of atmospheric carbon rises gradually and that the safe carbon budget does not bite until the start of the carbon-free era, i.e., until time  and that it bites for all  too. The Kuhn-Tucker multipliers then equal So given the transversality condition I get   Substituting this and  into the definition of the carbon price, I get:

(A17a)	 


For  and solving backward gives  and

(A17b)	 





where  is the present discounted value of the marginal losses in initial welfare in dollars from tightening the safe carbon budget constraint at all future moments in time and is chosen to ensure that  The constrained optimal carbon price (4) corresponds to (A17b) whereas the unconstrained optimal carbon price is (4) if  = 0 and   The transition time,  occurs when the marginal cost of the last ton of fossil fuel is the marginal cost of renewables at full de-carbonization:

(A18)	  
A3. Equivalence of welfare maximization with cost minimization
Choosing mt and at to minimize production and emission costs, 

(A19)	



given the carbon price (4) or (4) yields the same outcomes as constrained welfare maximization. The optimality conditions imply that the marginal cost of extracting fossil fuel,  plus emission costs for unabated fossil fuel,  equal the marginal cost of mitigating fossil fuel,  The mitigation rate or share of renewables in total energy is thus:

(A20)	


where the price elasticity is 0. (Nordhaus (2014) sets m = 2.8 in which case m = 0.55.) This expression also follows from equation (A15). Mitigation thus increases in the relative cost of carbon-emitting technologies and abatement including the price of non-abated carbon. Cost minimization also requires that the marginal cost of abatement equals the saved cost of carbon emissions,  This gives the fraction of abated fossil fuel use: 

(A21)	

where the price elasticity is  This also follows from equation (A15). Abatement thus rises as its cost falls or the price of carbon rises over time. I assume cost conditions are such that fossil fuel is fully mitigated before it is fully abated:

(A22)	
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