In this file we consider the vector field (P1,P2,P3) with given 6 idempotents and we will compute the
| 7th idempotent.

=>

| > restart;

> Pl := x172+(2*x1*x2* (-gamma[ll]“*2*gamma[21] *gamma [23] *gamma [32] *
gamma [33]+gamma[ll]*2*gamma[22] *gamma [23] *gamma [31] *gamma [33] +
gamma[ll] *gamma[l13] *gamma [21] *2*gamma[32] *gamma [33] ~-gamma [11] *
gamma[1l3] *gamma [22] *gamma [23] *gamma [31] *2-gamma[12] *gamma [13] *
gamma[21]*2*gamma[31] *gamma [33]+gamma[l2] *gamma [13] *gamma [21] *
gamma[23] *gamma [31] *2-gamma[l1l] *gamma[13] *gamma [21] *gamma [32] *
gamma [33]+gamma[ll] *gamma [13] *gamma [22] *gamma [23] *gamma [ 31 ] +gamma
[11] *gamma[21] *gamma [23] *gamma [32] *gamma [33] -gamma[11] *gamma [22] *
gamma [23] *gamma [31] *gamma [33] ~gamma[l12] *gamma [13] *gamma [21 ] *gamma
[23]*gamma[31]+gamma[l2] *gamma [13] *gamma [21] *gamma [31] *gamma [33])
-2*x2*x3*gamma[ll] *gamma[21] *gamma [31] * (gamma[l11l] *gamma [22] *gamma
[33]-gamma[ll] *gamma[23] *gamma [32] ~-gamma[12] *gamma [21] *gamma [33]+
gamma[l2] *gamma [23] *gamma [31]+gamma[13] *gamma [21] *gamma [ 32] ~gamma
[13]*gamma[22] *gamma [31] ~-gamma[12] *gamma [23] +gamma[12] *gamma [33] +
gamma[1l3] *gamma [22] ~-gamma [13] *gamma [32] ~-gamma [22] *gamma [ 33] +gamma
[23] *gamma [32] ) +2*x1*x3* (gamma[l1l]*2*gamma[21] *gamma [22] *gamma
[32] *gamma[33] -gamma[ll] *2*gamma[22] *gamma [23] *gamma [ 31] *gamma
[32] —-gamma[ll] *gamma[1l2] *gamma [21] *2*gamma [32] *gamma [ 33] +gamma
[11] *gamma[1l2] *gamma [22] *gamma [23] *gamma [31] *2+gamma [12] *gamma
[13]*gamma[21] *2*gamma[31] *gamma [32] ~-gamma[12] *gamma [13] *gamma
[21] *gamma [22] *gamma [31] *2+gamma[l11] *gamma[12] *gamma [21] *gamma
[32] *gamma[33] -gamma[ll] *gamma [12] *gamma [22] *gamma [23] *gamma [31] -
gamma[ll] *gamma[21] *gamma [22] *gamma [32] *gamma [33] +gamma [11] *gamma
[22] *gamma [23] *gamma [31] *gamma [32]+gamma[l12] *gamma [13] *gamma [21] *
gamma[22] *gamma [31] ~-gamma [12] *gamma [13] *gamma [21] *gamma [31] *gamma
[32]))/(2*gamma[l11l] *gamma [12] *gamma [21] *gamma [23] *gamma [ 32] *gamma
[33]-2*gamma[ll] *gamma[12] *gamma [22] *gamma [23] *gamma [31] *gamma
[33]-2*gamma[l1l] *gamma [13] *gamma [21] *gamma [22] *gamma [ 32] *gamma
[33]+2*gamma[l1] *gamma [13] *gamma [22] *gamma [23] *gamma [31] *gamma
[32]+2*gamma[12] *gamma [13] *gamma [21] *gamma [22] *gamma [ 31 ] *gamma
Egg};2*gamma[12]*gamma[13]*gamma[21]*gamma[23]*gamma[31]*gamma

> P2 := x2"2+(2*x1*x2* (gamma[ll] *gamma[13] *gamma [22] *2*gamma [32] *
gamma [33]-gamma[ll] *gamma[13] *gamma [22] *gamma [23] *gamma [32] *2-
gamma[l2]*2*gamma[21] *gamma [23] *gamma [32] *gamma [33] +gamma [12] *2*
gamma[22] *gamma [23] *gamma [31] *gamma [33] +gamma [12] *gamma [13] *gamma
[21] *gamma [23] *gamma [32] *2-gamma[12] *gamma [13] *gamma [22] *2*gamma
[31] *gamma[33]+gamma[ll] *gamma [13] *gamma[22] *gamma [23] *gamma [32] -
gamma[ll] *gamma[l13] *gamma [22] *gamma [32] *gamma [33] ~gamma [12] *gamma
[13]*gamma[21] *gamma [23] *gamma [32]+gamma[l12] *gamma [13] *gamma [22] *
gamma[31] *gamma [33] +gamma[12] *gamma [21] *gamma [23] *gamma [ 32] *gamma
[33]-gamma[l12] *gamma [22] *gamma [23] *gamma [31] *gamma [33] ) +2*x2*x3*
(-gamma[ll] *gamma[l2] *gamma [21] *gamma [23] *gamma [32] *2+gamma[11] *
gamma[l2] *gamma [22] *2*gamma [31] *gamma[33]+gamma[ll] *gamma [13] *
gamma [21] *gamma [22] *gamma [32] *2-gamma[l11] *gamma [13] *gamma [22] *2*
gamma[31] *gamma[32] ~-gamma[12] *2*gamma[21] *gamma [22] *gamma [31] *
gamma [33]+gamma[l2] *2*gamma [21] *gamma [23] *gamma [31] *gamma [32] +




gamma[ll] *gamma[l2] *gamma [21] *gamma [23] *gamma [32] ~gamma [11] *gamma
[12] *"gamma[22] *gamma [31] *gamma [33] ~gamma[ll] *gamma [13] *gamma [21] *
gamma[22] *gamma [32] +gamma[l11] *gamma[13] *gamma [22] *gamma [31] *gamma
[32]+gamma[l2] *gamma [21] *gamma [22] *gamma [31] *gamma [33] —~-gamma [12] *
gamma[21] *gamma [23] *gamma [31] *gamma [32] ) -2*x1*x3*gamma [12] *gamma
[22] *gamma [32] * (gamma [11] *gamma [22] *gamma [33] ~-gamma [11] *gamma [23]
*gamma [32] ~-gamma [12] *gamma[21] *gamma [33] +gamma [12] *gamma [23] *
gamma[31l]+gamma[l13] *gamma [21] *gamma [32] ~-gamma [13] *gamma [22] *gamma
[31]+gamma[ll] *gamma[23] -gamma[ll] *gamma[33] ~-gamma[13] *gamma[21]+
gamma[13] *gamma [31]+gamma[21] *gamma [33] ~gamma [23] *gamma [31]) ) / (2*
gamma[ll] *gamma[l2] *gamma [21] *gamma [23] *gamma [32] *gamma [33] -2*
gamma[ll] *gamma[l2] *gamma [22] *gamma [23] *gamma [31] *gamma [33] -2*
gamma[ll] *gamma[l13] *gamma [21] *gamma [22] *gamma [32] *gamma [33]+2*
gamma[ll] *gamma[l13] *gamma [22] *gamma [23] *gamma [31] *gamma [32]+2*
gamma[l2] *gamma[13] *gamma [21] *gamma [22] *gamma [31] *gamma [33] -2*
gamma[l2] *gamma[13] *gamma [21] *gamma [23] *gamma [31] *gamma [32]) :

> P3 := collect((((x1*x2* (-gamma[21] *gamma[32]+gamma[22] *gamma[31])
*gamma [33] —~-gamma [31] *gamma [32] *x3* (-gamma [21] *x2+gamma [22] *x1) ) *
gamma [23]+gamma [33] *x3*gamma [21] *gamma [22] * (-gamma [31] *x2+gamma
[32]*x1) ) *gamma [13] *2+ ( (-x1*x2* (-gamma[11] *gamma [32]+gamma[12] *
gamma [31]) *gamma [33] +gamma [31] *gamma [32] *x3* (-gamma[11] *x2+gamma
[12]*x1) ) *gamma [23] *2+ (-x1*x2* (gamma[1l1l] *gamma [22] ~-gamma [12] *
gamma [21]) *gamma [33] *2+x1*x2* ( (gamma[22] ~-gamma [32] ) *gamma [11] +
(gamma[31] —-gamma[21] ) *gamma[l2] ~-gamma [22] *gamma [31]+gamma [21] *
gamma [32] ) *gamma [33] ~-gamma [31] *gamma [32] *x3* ( (-gamma [11] *gamma
[22]+gamma[l2] *gamma [21] ) *x3+gamma[12] *x1-gamma [22] *x1-gamma [11] *
x2+gamma[21] *x2) ) *gamma [23] ~-gamma [33] *x3*gamma [22] * ( (-gamma [11] *
x2+gamma[12] *x1) *gamma [33]+ (gamma[l1l] *gamma [32] —~-gamma [12] *gamma
[31]) *x3+gamma [32] *x1-gamma[l2] *x1-gamma[31] *x2+gamma[11] *x2) *
gamma[21]) *gamma [13] ~-gamma [33] *x3* ( (-gamma [31] *x2+gamma [32] *x1) *
gamma [23]+ (gamma [21] *x2-gamma [22] *x1) *gamma [33] + (-gamma [21 ] *gamma
[32]+gamma[22] *gamma [31] ) *x3-gamma [32] *x1+gamma [22] *x1+gamma [31] *
x2-gamma[21] *x2) *gamma [23] *gamma [11] *gamma [12]) / ( (gamma [31] *gamma
[32]* (gamma[ll] *gamma [22] ~-gamma [12] *gamma [21] ) *gamma [23] +gamma
[33]*gamma[21] *gamma [22] * (—-gamma [11] *gamma [32] +gamma [12] *gamma
[31])) *gamma[13] ~-gamma [33] *gamma [11] *gamma[12] *gamma [23] * (-gamma
[21] *gamma [32] +gamma [22] *gamma [31]) ) ,x3, factor) :

We are going to rewrite our system into the form

P1-x1=x1"2+A1(x2,x3)x1+A2(x2,x3)
P2-x2=B1(x2,x3)x1+B2(x2,x3)
P3-x3=C1(x2,x3)x1+C2(x2,x3)

with

> Al:=all*x2+al2*x3-1:
A2:=al3*x2*x3:
Bl:=bll*x2+bl2*x3:
B2:=x2"2-x2+b13*x2*x3:
Cl:=cll*x2+cl2*x3:




L C2:=x3"22-x3+cl3*x2*x3:

[ We are looking the seventh idempotent, so we are looking for p(x)-x=0, with x=(x1,x2,x3). So we have
the following equations

x17"2+A1 x1+A2 =0

B1 x1+B2=0--> From this equation we have that x1=-B2/B1. This is the first component of the
idempotent that we are looking for

C1 x1+C2=0.--->We could also use this equation to obtain x1=-C2/C1.

Substituting x1=-B2/B1 to the other two equations we have

> eql:=B1*C2-C1*B2:simplify (%) :
eq2:=B2~2-A1*B1*B2+A2*B1*2: simplify (%) :

;Now in order to solve the system of the two equations {eql,eq2} we use the resultant.
| >
;> with (Groebner) :
| >
The following resultant is a polynomial of degree 12 in the variable x3. We divide the resultant resx2
by some factors. the remaing polynomial 12 is of degree 4 in the variable x3 and we divide by the
| leading coefficient in order to obtain a monic polynomial.
> resx2:=factor (resultant(eql,eq2,x2)):
r2:=resx2/ (x375* (x3-1) *b1272* (bl1*bl3*x3-b12*x3-bll) *2) :r2coef:=
coeff (r2,x3,4):
rr2:=r2/r2coef:
coeff (rr2,x3,4);
x33:=coeff (rr2,x3,3):

| 1 ey
Note that for this monic polynomial of degree 4 the sum of the four roots is the negative trace of the
polynomial. But the negative trace is the coefficient of x"3. Additionally we know the three roots and
we just need the fourth one, lets say s3. So we have a relation of the form gamma[13]+gamma[23]+
gamma[33]+s3=-trace.

| Now we repeat the same steps but for the resultant with respect the variable x2
> res3x3:=factor (resultant(eql,eq2,x3))/ (x2°5* (x2-1) *bl2* (bl1*b1l3*
x2-bl2*x2+b12) *2) :
r3coef:=coeff (res3x3,x2,4) :
rr3:=res3x3/r3coef:
coeff (rr3,x2,4);
x22:=coeff (rr3,x2,3):

! @
_Similarly we calculate the fourth root, lets say s2 from an equation of the form gamma|12]+gamma[22]
| +gamma[32]+s2=-trace.




[>

>

[ Before we carry out these calculations we express the coefficients of A1,A2,B1,B2,C1,C2 in terms of
the gamma[ij] by comparing terms of P1,P2,P3 with the ones using A1,A2,B1,B2,C1,C2.

| First consider the equation of the first component of the vectror field P1 without the term of x"2

egPl:=(gamma[ll]*2*gamma[21] *gamma [22] *gamma [32] *gamma [33] *x3-
gamma[ll]*2*gamma[21] *gamma [23] *gamma [32] *gamma [33] *x2-gamma [11]
A“2*gamma[22] *gamma [23] *gamma [31] *gamma [ 32] *x3+gamma [11] *2*gamma
[22] *gamma [23] *gamma [31] *gamma [33] *x2-gamma [11] *gamma [12] *gamma
[21]*2*gamma [32] *gamma [33] *x3+gamma[l11l] *gamma [12] *gamma [22] *gamma
[23] *gamma[31] *2*x3+gamma[ll] *gamma[13] *gamma [21] *2*gamma [32] *
gamma [33] *x2-gamma[ll] *gamma [13] *gamma [22] *gamma [23] *gamma [31] *2*
x2+gamma[l12] *gamma [13] *gamma [21] *2*gamma [31] *gamma [32] *x3-gamma
[12] *"gamma[13] *gamma [21] *2*gamma [31] *gamma [33] *x2-gamma [12] *gamma
[13]*gamma[21] *gamma [22] *gamma [31] *2*x3+gamma[12] *gamma [13] *gamma
[21] *gamma [23] *gamma [31] *2*x2+gamma[l11l] *gamma [12] *gamma [21 ] *gamma
[32] *gamma [33] *x3-gamma[ll] *gamma[12] *gamma [22] *gamma [ 23] *gamma
[31] *x3-gamma[l11l] *gamma[13] *gamma [21] *gamma [32] *gamma [33] *x2+
gamma[ll] *gamma[13] *gamma [22] *gamma [23] *gamma [31] *x2-gamma [11]*
gamma [21] *gamma [22] *gamma [32] *gamma [33] *x3+gamma[ll] *gamma [21] *
gamma [23] *gamma [32] *gamma [33] *x2+gamma[11] *gamma [22] *gamma [23] *
gamma [31] *gamma [32] *x3-gamma[1l1l] *gamma [22] *gamma [23] *gamma [31] *
gamma [33] *x2+gamma[l2] *gamma [13] *gamma [21] *gamma [22] *gamma [31] *x3
-gamma[l2] *gamma[13] *gamma [21] *gamma [23] *gamma [31] *x2-gamma [12] *
gamma[l3] *gamma [21] *gamma [31] *gamma [32] *x3+gamma[l12] *gamma [13] *
gamma[21] *gamma [31] *gamma [33] *x2) *x1/ (gamma[11] *gamma [12] *gamma
[21] *gamma [23] *gamma [32] *gamma [33] ~-gamma[ll] *gamma [12] *gamma [22] *
gamma [23] *gamma [31] *gamma [33] ~gamma[l11l] *gamma [13] *gamma [21] *gamma
[22] *gamma [32] *gamma [33]+gamma [11] *gamma[13] *gamma [22] *gamma [23] *
gamma [31] *gamma [32]+gamma[12] *gamma[13] *gamma [21] *gamma [22] *gamma
[31] *gamma [33] -gamma[l12] *gamma [13] *gamma [21] *gamma [23] *gamma [31] *
gamma [32] ) -x2*x3*gamma[1l1] *gamma [21] *gamma [31] * (gamma [11] *gamma
[22] *gamma [33] -gamma[l11l] *gamma [23] *gamma [32] ~-gamma [12] *gamma [21] *
gamma [33]+gamma[l12] *gamma [23] *gamma [31] +gamma [13] *gamma [21] *gamma
[32] —-gamma[13] *gamma [22] *gamma [31] ~-gamma[l12] *gamma [23] +gamma [12] *
gamma [33]+gamma[13] *gamma [22] ~-gamma [13] *gamma [ 32] ~gamma [22] *gamma
[33]+gamma[23] *gamma [32]) / (gamma[1l1l] *gamma [12] *gamma [21] *gamma
[23] *gamma [32] *gamma [33] —~-gamma [11] *gamma[12] *gamma [22] *gamma [23] *
gamma [31] *gamma [33] ~-gamma[l11l] *gamma[13] *gamma [21] *gamma [22] *gamma
[32] *gamma [33]+gamma[ll] *gamma [13] *gamma [22] *gamma [23] *gamma [31] *
gamma [32]+gamma[l12] *gamma [13] *gamma [21] *gamma [22] *gamma [31] *gamma
[33]-gamma[l2] *gamma[13] *gamma [21] *gamma [23] *gamma [31] *gamma [32])

4

2 2 2
eqPl = ( ( “X2% 1 %y Y3 Yao Yoz T2 Y Yan oy Yay Va3 TX2 Yy Vi3 oy Vap Yoz T X2 Wy Vg Yo s

2 2 2 2 2

Y1 TX2 Y N3 Yoy Yo a3 X2V Vs Yoy Yas Yay T3V Yoy Yap Yap Yz — X3 Wy Y s Yy T
2 2 2 2

= X3 Y Yoy Yap Va3 T X3V Vin Yop Yoz Yoy T X3 Vi Yoy Yy Yao — X3 Y0 Vi Yoy Yan Vi

=X2% Vi3 Yy Yan Va3 T2V Vi3 Yop Yoz Yy T2V Yy Yoy Yan Yoz X2 Y ap Yoz Yy s



T2y N3 Yoy s Yoy T2V i3 Yoy Yy Yz T3V Vg Yoy Vg Yoy X3y Yin g s Vs

—X3Y Yoy Yoo Yo Va3 T3V Y Vo3 Vg Yo T3 Vin Vi3 Yoy Yoo sy T X3 Y Vi3 oy Yy Y32)

xj) / (Y1 Y2 Vo1 Yos Yoo Vo3 — Yoy Vi Yoo oy Yoy Yy iy Yis Yo o g W

Y Ys Yo o3 Yoy Yoo T i Yia Yoy Yo sy e o Wis oy Yas Vst o)

- (XZ 3% % By (711 Yo Va3 TV s Va2 T i Yo Yoz T Va3 Yoy TV Yy Y T Vi Yoo Vs T Vi Yay TR
T M3 Yoo Y3 Va1 Yoo T Y0 Vi3 Yoy Yoo Yy Va3 — V12 Vi3 Yoy s Yy Y32)

| >
[> eqP1x11:=coeff (eqPl,x1,1) ;Al;

eqPIxI1 = ( ~x2 7?1 Y1 Yoy Y Va3 T2 ’YTI Yoo Y3 Yy Va3 TX2%) Y 721 Y5 13

=X2% Y3y s Yil —X2%5 Y5 721 Vs B3 TX2 %5 Y3 % s Y§1 +x3 7?1 b1 2 2 B3
—x3 7?1 o Y3 Vg1 Yo TX3 W Yy 721 Vi Y3 T3V Ny Vp s ’Yil X373 721 b1 52
—X3 Y, N3 %y Yy Yil X2 N3 Yoy Y oy X2y i3 g Yoy Vs T2 W Yy Yy Vi s
TX2W Yy 3 Yy Yaz T X2 Vpp iz Yoy Yz Yy T X2 Vo i3 oy Yoy Yoy T3 Y Yyp Yy Y Vs
X3V N Vo Yoz sy X3y Yoy g Vi Yz T3 Wy oy Yoz Yy oy T3V i3y Yy

— X3, N3 %y By Y32) / (Vn Y12 %1 3 Y2 Y33 7 Yy Yo Yoo T3 Va1 Va3 T My iz ar T a3
T M3 Yoo Y3 Va1 Yoo T Y0 Vi3 Yoy Yoo Yy Yoz — V1o Vi3 oy s Yy Y32)

i all x2+al2x3—1 4
> all=coeff (eqP1x11l,x2) ;al2=coeff (eqP1x1l1l,6x3) ;

all= ( _YTI %1 %3 Yy Yo T Y?l Y2 Y3 V31 oz T My Wi Yil B2 %3 N i3 2 s Y§1 RERIE
Yil Y51 %33 T V2 Vi3 Yoy o Vil TV Y3 Yoy Yao Va3 T Vi Yo Yoz Yy Y Yoy s Yap
=Y Yoo s Yy a3 T Vi i3 Yoy o Yy T Y Yis oy Yy Y33) / (Vi1 Vi Y1 Y3 %2 W3
TV Y2 Yon Yos Yar Yoz T Yy Yis Yoy Yag Yap Yoz T Yy Yis Yap Yas Yoy Yoo T Yin Yis Yoy Yoo Y Yas
N2 Y3 1 B3 Y Y32)
al2 = (731 H1 T o a3 Yi Yo %3 K1 By — Vi T2 721 Yo i3 T V11 Yo Yoo Yoz Vil MRTRE ©)
Yil b1 %2 ™ N2 i3 Y1 Yil TV Y2 Yoy Va2 Y33 T Vi1 Yo Yo Yoz sy T Vi Yar g Yap s
TV Y2 s Va1 Yo T Yia Vs Yoy Yoo Va1 T Voo Vi3 Yoy Vs Y32) / (Yn Y2 %1 3 B2 33
Vi Y2 Yoo Yoz Y31 Yoz T Vi Y Yo Yoo Va2 Yoz T Vi Yis Yoo Yoz Va1 Yoo T Vi Yis Yoy Yoo Y1 Va3

i N N3 T3 Ny Y32)
B eqP1x10:=factor (coeff (eqPl,x1,0))/ (x2*x3) ;A2;




eqPIx10:= - (Yn 11 % (711 Yo Y3 T M1 o3 Yo T Yo Yoy iz TV Y3 gy T Y3 Yy Yap
T3V Y1 TV s TV Yy T3 Yy T3 Yy T Y Vi3 T s Y32) ) /
(711 Y2 Vo1 Ya3 Y2 Va3~ Yiy Yia Yoo Yoz Va1 Va3 T Yiy Vi3 Yar Yoo Yoo Yoz Vi Vi Yap Yz Vs Van

T %2 i3 Ya1 Y2 a1 Yo~ Yia Vi3 Yoy Yz Vs Y32)
al3 x2x3 ()

> al3=factor(-gamma[ll] *gamma[21] *gamma[31] * (gamma[l1l] *gamma[22] *
gamma [33] -gamma[ll] *gamma [23] *gamma [32] ~-gamma [12] *gamma [21 ] *gamma
[33]+gamma[l2] *gamma [23] *gamma [31]+gamma[13] *gamma [21] *gamma [32] -
gamma[1l3] *gamma [22] *gamma [31] ~-gamma[12] *gamma [23] +gamma [12] *gamma
[33]+gamma[13] *gamma [22] —~-gamma [13] *gamma [32] ~-gamma [22] *gamma [33] +
gamma[23] *gamma [32]) / (gamma[ll] *gamma[12] *gamma [21] *gamma [23] *
gamma [32] *gamma [33] ~-gamma[11] *gamma[12] *gamma [22] *gamma [23] *gamma
[31] *gamma[33] -gamma[ll] *gamma [13] *gamma[21] *gamma [22] *gamma [32] *
gamma [33]+gamma[ll] *gamma [13] *gamma [22] *gamma [23] *gamma [31] *gamma
[32]+gamma[l2] *gamma [13] *gamma [21] *gamma [22] *gamma [31] *gamma [33] -
gamma[l2] *gamma[13] *gamma [21] *gamma [23] *gamma [31] *gamma [32]) ) ;

al3=- (711 1 i (Yn Yo Y3 T M1 Y3 Yo TV Yoy Vi TV 3 Yy T3 oy Yo T Vi3 o Y (™)
TV Y3 TV Y3 T Vi3 Y T Vi3 Yo T Yoy Yo T s Y32) ) / (711 Y12 1 3 By B33
=Y Y2 Yo Vo3 Va1 sz T Yy Vi3 Yoy Yoo Yao Yo T Y Yis Yoo Yoz Yy Yo T Vin Vi3 Yoy Yoo Yy Va3

T2 Y3 h1 T3 Ny Y32)

> egP2:=(2*x1*x2* (gamma[ll] *gamma [13] *gamma [22] *2*gamma [ 32] *gamma
[33]-gamma[ll] *gamma[13] *gamma [22] *gamma [23] *gamma [32] *2-gamma
[12]*2*gamma [21] *gamma [23] *gamma [32] *gamma [33] +gamma [12] *2*gamma
[22] *gamma [23] *gamma [31] *gamma [33]+gamma[l12] *gamma [13] *gamma [21] *
gamma [23] *gamma [32] *2-gamma [12] *gamma [13] *gamma [22] *2*gamma [31] *
gamma [33]+gamma[ll] *gamma [13] *gamma [22] *gamma [23] *gamma [32] ~gamma
[11] *gamma[13] *gamma [22] *gamma [32] *gamma [33] ~-gamma [12] *gamma [13] *
gamma[21] *gamma [23] *gamma [32] +gamma[12] *gamma [13] *gamma [22] *gamma
[31] *gamma [33]+gamma[l12] *gamma [21] *gamma [23] *gamma [32] *gamma [33] -
gamma[l2] *gamma [22] *gamma [23] *gamma [31] *gamma [33] ) +2*x2*x3* (-
gamma[ll] *gamma[l2] *gamma [21] *gamma [23] *gamma [32] *2+gamma [11] *
gamma[l2] *gamma [22] *2*gamma [31] *gamma[33]+gamma[1ll] *gamma [13] *
gamma[21] *gamma [22] *gamma [32] *2-gamma[11l] *gamma [13] *gamma [22] *2*
gamma[31] *gamma [32] ~-gamma [12] *2*gamma[21] *gamma [22] *gamma [31] *
gamma [33]+gamma[l12] *2*gamma [21] *gamma [23] *gamma [31] *gamma [32] +
gamma[ll] *gamma[l2] *gamma [21] *gamma [23] *gamma [32] ~gamma [11] *gamma
[12] *"gamma[22] *gamma [31] *gamma [33] ~gamma[ll] *gamma [13] *gamma [21] *
gamma [22] *gamma [32] +gamma[11] *gamma[13] *gamma [22] *gamma [31] *gamma
[32]+gamma[l2] *gamma [21] *gamma [22] *gamma [31] *gamma [33] ~-gamma [12] *
gamma[21] *gamma [23] *gamma [31] *gamma [32] ) -2*x1*x3*gamma [12] *gamma
[22] *gamma [32] * (gamma [11] *gamma [22] *gamma [33] ~-gamma[11] *gamma [23]
*gamma [32] ~-gamma [12] *gamma[21] *gamma [33] +gamma [12] *gamma [23] *
gamma[31l]+gamma[l13] *gamma [21] *gamma [32] ~-gamma [13] *gamma [22] *gamma
[31]+gamma[ll] *gamma[23] -gamma[l1l] *gamma[33] ~-gamma[13] *gamma[21]+
gamma[13] *gamma [31]+gamma[21] *gamma [33] ~gamma [23] *gamma [31])) / (2*
gamma[ll]*gamma[l2] *gamma [21] *gamma [23] *gamma [32] *gamma [33] -2*
gamma[ll] *gamma[l2] *gamma [22] *gamma [23] *gamma [31] *gamma [33] -2*
gamma[ll] *gamma[l13] *gamma [21] *gamma [22] *gamma [32] *gamma [33]+2*
gamma[ll] *gamma[l13] *gamma [22] *gamma [23] *gamma [31] *gamma [32] +2*




gamma[l2] *gamma[13] *gamma [21] *gamma [22] *gamma [31] *gamma [33] -2*
gamma[l2] *gamma[13] *gamma [21] *gamma [23] *gamma [31] *gamma [32]) ;

eqP2 = (2 xI x2 (711 Y3 722 Y32 3 — Vi1 Vi3 Yoo Vo3 Yiz - 7?2 Yy o3 o Y33 T 7?2 1 H3 B K3 ®)
T2 Y3 % s Yiz RIER(E Yiz Va1 Va3 M1 i3 Yoo Yoz Yao T in i3 Yoo Y2 Va3
T Yip i3 Yoy Yoz Yao T Y2 Vi3 Yon Yy Va3 T Yip Yoy Yos Yip iz T Mip ap oz sy Y33) +2x2x3 (
IRORIPRIRAE Y§2 T Y, 722 Y51 Y3 TN N3 Yoy oo Viz ERRE Viz By
Viz Yoy Yoa Y3y iz T Yfz Y1 Y3 Va1 Va2 TV V2 Yor Va3 sz T iy i2 Yoo Y1 iz T Wi Wiz Yoy Yo Yo
TV Y3 Yoo Y3y Yoo T Y10 Yo Yoo Yy iz T Vi oy Yoz Y32) = 2x1x3%, % Y (Y Yoo i
TV Y3 Yo TN Yo Yy TV Yoz Var T Vi3 Yoy Yao T i3 Y Y T Yo T Y Yy T M3 o
TY3 % T By~ s ) ) / (2 N1 Y2 Y1 Va3 Yoo Yo T 2 Yy Yo Yoo Yoy Vo o
2% M3 Yy Yoo Yo Va3 T 20 i3 Yy Yoy Yy Y T2 W0 i3y oy Yy Y
i ~ 2% Y3 Yy Va3 Vs Ysz)
> eqP2x11:=coeff (eqP2,x1,1) ;Bl;
eqP2x11 = (2 x2 (711 N3 Viz Y2 i3 — Vi1 Vi3 on o3 Yiz - Y?z Yy Yoy Y Va3 T Yfz 1 H3 1 B3
T Y5 Y3 Yy Va3 Yiz RIER(E Yiz Y31 Y33 V11 Vi3 Yog Yoz Yao T iy Vi3 Yap Yap a3
= Y12 Y3 Yy Yoz Yo T Vo Vi3 Yoo Yy Yoz T Y0 Yoy Yoy Vap Va3 T Yip Yoo oz Yy Y33)
—2X3W Ny N, (711 Yoo Y3 T M Y3 Yo T M Yo Yy TV oz Yoy T Vi3 oy Yo T i3 Y sy
T %y ~ M By T Vs Yo TV % T Y T s Y31) ) / (2 LTRIPRARERPREE!
2% Yia Voo o3 Yy Yoz T 2 My i3 Yoy Yoo Yo Yoz T2y Vi3 Yoo Yo ey Ty

+2 Y12 713 y21 Y22 y31 y33 —2 Y12 Yl3 YQI Y23 ’Y31 Y32)
b1lx2+b12x3 )

=> bll=factor (simplify (coeff (eqP2x11, x2,1)));
bl2=factor (simplify (coeff (eqP2x11, x3,1)));

bIT= (711 %3 722 Y32 B3 — Y11 Vi3 Yoo Va3 Y§2 - sz Y1 3 Yo Vi3 T 7?2 1 H3 a1 %3
T2 Y3 % s Yiz IRIER(E Yiz Va1 Va3 M1 Vi3 Yoo Yoz Va2 T in i3 Yoo Y2 Va3
T Yip i3 Yoy Yoz Yao T Y2 Vi3 Yoo Yy Va3 T Yip Yoy Yos Yip iz T ip Yap oz sy Y33) /
(Vi1 Y2 Yor Yos Yo Yoz — Yoy Yoo Yoo Yon Yoy Yoz — Yoy s Yoy Yoo Yo Vs Yy i Yoo oy Yy Vi
T %2 Y3 %1 Yoo Y1 Y33~ Yo Vi3 Yoy Yy Yy Y32)
b12=- (712 o %o (Yll Yo Va3 TV s Yo TV o s T 3 oy T3 o Vi3 T (10)
T %y ~ M By T Vs Y T3 % T Y T s Y31) ) / (711 Y12 %1 3 3 V33




Vi Y2 Yoo Yoz Y31 Yoz T Y Y Yo Yoo Va2 Yoz T Vi Yis Yoo Yoz Y31 Yoo T Vi Yis Yoy Yoo Y31 Va3
| T2 N3 1 3 N1 Y32)
> bl3:=factor (coeff (eqP2,x1,0)/ (x2*x3)) ;B2;
bi3 = - (711 Y12 %1 3 Yiz BRI 722 Y13 — M Vi3 oy Y§2 MRIRE 722 Yy Yo T
Viz 1 B 3 T Yfz Y1 Y3 Va1 Va2 T iy V2 Yar Yo sz T iy ia Yoo Wy Yz TV Wiz Yoy Yo Vi
TV Y3 Yoo Y3y Yoo T Vi Yoy Yo Yy Yz T Y oy Yo Y32) / (Vi1 Yi2 Yoy Y3 a0 3
Vi Y2 Yoo o3 Y31 Yoz T M Y Yo Yoo Va2 Yoz T Vi Yis Yoo Yoz Y31 Yoo T Yo Yis Yoy Yoo Y31 a3
Y2 Y3 h T3 N Y32)
B ( (Vn T2 01 3 Viz ERARIP Viz G163 7 N s Yo Yz Yiz BRARIE Yiz YV T 1)
7?2 h1 G 3 T Yfz Y1 Y3 Y31 Va2 T Min V2 Yar Y3 ez T iy ia Yoo W1 Yz T W Wiz Yoy Yo Yo
Y Y3 Yo Va1 o T Yia oy Yoo Yy Vs T Y0 Yy s Yy Y32) x2 X3) / (Yu Y12 %1 3 B2 B33
TV Y Yon Yoy Yar Yoz T Yy Yis Yoy Yag Yap Yoz T Yy Yis Yon Yas Yoy Yoo T Yip Yis Yoy Yan Yy Yas

2
R PR R R Y32) Tx2—x2
> P3;

5 2 2 2 2
X3+ ( (XI Vi1 Y2 Yoo Yoz Yoz T XY Vin Yoy Y Yoz T XL Ypp Vs Yy Yop Yoz XL Y0 Vs s Yy Yy
2 2 2 2
T XY 3% Yy Yo Yoz — X Vi3 Yoo Yoz Va1 Yo — X2 Wy Yo Yoy Yoz Yoz T X2 Y Yin Yoz Yy s

2 2 2 2
T 2% Vi3 Yy Yoo Va3 — X2V Vi3 Yas sy Yap X2 Vi3 Yoy Yan Yy oz T2 Y3 oy Yoz Vay Vs
= XY Y Yog Yoz Va3 T XL Y Yip Yoy Yap Va3 T XD Y0 Vi Yoy Yoo Va3 — X1 Y5 Vi3 Yy Vs Vao
=Xy Yy Yap Yaz T Vi3 Vs Yo Yy Yo T2V Yo oy Yoz Yoz X2 Yy Yin Yoz Yy s
=X Y3 Yy Y a3 T2V N3 oy Yoy Yoo T2 Y3 Yy Yoy Yy iz T X2 Y3y s Yy Y32>

X3> / (711 Y12 %1 3 Y2 Va3 ™ Yy Y2 T2 o3 Va1 a3 T Mg i3 Tor T i a3
TV Y3 Yo Va3 Vg Yoo T Y10 Vi3 Yoy Yon Yy Yoz — Yo Y3 Yoy oz Yy Y32)
o (713 Vo3 X1 X2, (711 Yo Y3 M Y3 Vo T Yo Yoy i TV s Yy T Y3 Yoy Yo T Vi3 o Yy T Yy o T

T Y0 Y3 Yo Yoz Yy Yoo T Y0 Vi3 Yoy Yop Yy Yoz — Yia iz Yy s Yy Y32)

> egP3:=-(gamma[ll] *gamma[l2] *gamma [21] *gamma [23] *gamma [33] *2*x2-
gamma[ll] *gamma[l2] *gamma [22] *gamma [23] *gamma [33] *2*x1-gamma[11]*
gamma[l2] *gamma [23] *2*gamma [31] *gamma [33] *x2+gamma[ll] *gamma[12] *
gamma[23] *2*gamma[32] *gamma [33] *x1-gamma[l11] *gamma[13] *gamma [21] *
gamma [22] *gamma [33] *2*x2+gamma[11] *gamma [13] *gamma [23] *2*gamma
[31] *gamma [32] *x2+gamma[l12] *gamma [13] *gamma [21] *gamma [22 ] *gamma
[33]*2*x1-gamma[l12] *gamma[13] *gamma [23] *2*gamma [31] *gamma [32] *x1+
gamma[l3]*2*gamma[21] *gamma [22] *gamma [31] *gamma [33] *x2-gamma [13]
~2*gamma[21] *gamma [22] *gamma [32] *gamma [33] *x1-gamma [13] *2*gamma




[21] *gamma [23] *gamma [31] *gamma [32] *x2+gamma[13] *2*gamma [22] *gamma
[23] *gamma [31] *gamma [32] *x1-gamma[l1l] *gamma [12] *gamma [21 ] *gamma
[23] *gamma [33] *x2+gamma[ll] *gamma[12] *gamma [22] *gamma [ 23] *gamma
[33]*x1+gamma[ll] *gamma[l12] *gamma [23] *gamma [31] *gamma [33] *x2-
gamma[ll] *gamma[l2] *gamma [23] *gamma [32] *gamma [33] *x1+gamma[11]*
gamma[l3] *gamma [21] *gamma [22] *gamma [33] *x2-gamma[l11l] *gamma [13] *
gamma [23] *gamma [31] *gamma [32] *x2-gamma [12] *gamma [13] *gamma [21] *
gamma [22] *gamma [33] *x1+gamma[12] *gamma [13] *gamma [23] *gamma [31] *
gamma [32] *x1-gamma[13] *gamma [21] *gamma [22] *gamma [31] *gamma [33] *
x2+gamma[13] *gamma [21] *gamma [22] *gamma [32] *gamma [33] *x1+gamma [13]
*gamma [21] *gamma [23] *gamma [31] *gamma [32] *x2-gamma [13] *gamma [22] *
gamma[23] *gamma [31] *gamma [32] *x1) *x3/ (gamma[11] *gamma [12] *gamma
[21] *gamma [23] *gamma [32] *gamma [33] ~gamma[ll] *gamma [12] *gamma [22] *
gamma [23] *gamma [31] *gamma [33] ~gamma[l11l] *gamma [13] *gamma [21 ] *gamma
[22] *gamma [32] *gamma [33]+gamma [11] *gamma[13] *gamma [22] *gamma [23] *
gamma [31] *gamma [32] +gamma[12] *gamma[13] *gamma [21] *gamma [22] *gamma
[31] *gamma[33] -gamma[l12] *gamma [13] *gamma[21] *gamma [23] *gamma [31] *
gamma [32] ) ~-gamma[13] *gamma [23] *x1*x2*gamma [33] * (gamma [11] *gamma
[22] *gamma [33] -gamma[ll] *gamma [23] *gamma [32] ~-gamma [12] *gamma [21] *
gamma [33]+gamma[l12] *gamma [23] *gamma [31] +gamma [13] *gamma [21 ] *gamma
[32] -gamma[13] *gamma [22] *gamma [31] ~-gamma[l11l] *gamma [22] +gamma [11] *
gamma[32]+gamma[l12] *gamma [21] ~-gamma[l12] *gamma [31] —~gamma [21 ] *gamma
[32] +gamma[22] *gamma [31]) / (gamma[1ll] *gamma [12] *gamma [21] *gamma
[23] *gamma[32] *gamma [33] ~-gamma[l11] *gamma[l12] *gamma [22] *gamma [23] *
gamma[31] *gamma [33] ~-gamma[l11l] *gamma[13] *gamma [21] *gamma [22] *gamma
[32] *gamma [33]+gamma[ll] *gamma [13] *gamma [22] *gamma [23] *gamma [31] *
gamma[32]+gamma[l12] *gamma [13] *gamma [21] *gamma [22] *gamma [31] *gamma
[33]-gamma[l2] *gamma[13] *gamma [21] *gamma [23] *gamma [31] *gamma [32])

4

eqP3 = - ( ( “XIY Y Yoy Ty Yiz XYY, 723 Vo Y3 T X V0 Y3 g Ty V§3 —x1 ) Y5 13)

2 2 2 2
o3 Yy Yoo X Vi3 Yoy Yop Vap Va3 T Vi3 Wy Yoz Yy Yy T2y Wip Yoy oz as X2y Wy
723 Vs 3 X2 N i3y oy Y§3 TX2%, Y5 Vis Y5y Yy T2 7?3 oy Yy Yoy Vpy —X2
7?3 Yoy Yoz Yoy Yao TXT Wy Vg Yop Yoz Yoz XL Yy Vo Yo Vap sz X Mip Vi oy Yoo s

T, N3 Y3 Yoy Voo T Vi3 Yoy Yoy YVap iz T X W3y Yoz Yy Yoy X2 Yy Yo oy Yoy s
FX2W Y s Yoy Yoz T2V Vi3 Yoy Yoo Yz T X2 Wy i3 s Yoy Yag X2 Y3 oy Yoy Yy a3
TX2%3 %) % By 732) X3> / (711 Y12 %1 3 Va2 Y33 T Mg N T T3 a1 T3

=Y i3 Yy Yoo Yo Va3 T Yy Vi3 Yoo Yoz Yy Yoo Y Vi3 Yoy Yan Va1 Va3 T Mo iz Yoy Yoz Vs Y32)
o (713 Yoy X1 X2, (711 Yo Y3 T M1 o3 Yo T Yo Yoy iz TV 3 gy T Y3 Yy Yap

T3 Yo Y TV Yo T Y T Yoy TV sy Ty i T, Y31) ) /

(711 T2 Y1 Y3 Va2 Vi3 — Yiy Yo Yoo Vo3 Yoy Va3 — Yoy Yis Yoy Yoo Yo Va3 T Yy Vi3 Y Yy Yy Yo

T Y2 Y3 Y1 Y2 Va1 Va3 — Yo Vi3 Yy Yoz Yy Y32)

> egP3x1l:=coeff (eqP3,x1,1) ;C1;




eqP3xl = - ( ( RTRIPRPRE! Yis T N2 723 Y2 Y33 T Y2 Y3 %y Yo 7?3 R PRE 723 K1 T
733 Yoy Yog Yip Vi3 T 733 Yoo Yoz V31 Yso Ty Vo Yoo Yoz a3 T iy a2 Yoz ez sz T Mo Y3 Yoy Yo Va3
T Y12 Y3 Vo3 Y3y YVao T Y13 Yoy Yon Yap iz T Vi3 oy Yoz Y32) x3) / (Y1 Y2 Vo1 Y3 Yo i3
Vi Y2 Yoo o3 Y31 Yoz T M Y Yo Yoo Va2 Yoz T Y Yis Yoo Yoz Va1 Yoo T Yo Yis Yoy Yoo Y31 Va3
Y2 Y3 h T3 N Y32) - <713 Y3 X2 Y33 (Yu Yo B3 N s o T Y2 oy B3
TV %Y TV Y Yy T Vi Y By T Vi Yoy TV Yo TV Yoy TN Yy T Yy
T % % ) ) / (711 Y2 %1 Va3 Y30 B33 T Vi1 Y2 Yoo o3 1 a3 T Yy Yiz Yoy Yoo T3 T3

TV Y3 Yo Va3 Yy Yoo T Y10 Vi Yoy Yop Va1 Va3 — Yo iz Yoy Yoz s Y32)
i cllx2+cl2x3 14)
[> cll=coeff (egP3x1,x2,1) ;cl2=coeff (egqP3x1,x3,1) ;

cll=- <713 13 N3 (711 Yo Y3 TN Y3 Vo TV Yoy Vi TV s Yy T3 Yy Yo T Vi3 M Yy
TV Yo TV Y TV T Yy T Y Ty Y31) ) / (711 Y12 1 3 1y a3
Y Y2 Yon Yoy Yoy Yoz T Yy Yis Yoy Yan Yoo Yoz T Yy Yis Yan Yas Yoy Yoo T Yin Yis Yoy Yoo Yy Yas
N2 N3 h s Y Y32)
cl2=- ( RTRIPRIRE Y§3 T Yo 723 Y2 Y3 T V12 Vi3 oy Yoo Y§3 BRPRE 723 1o (13)
7?3 Y1 Y2 Yoo Yoz T 7?3 Yoo Vo3 Va1 Yoz T Wiy Via Yoo Yoz Yoz T Vi Yo Yas Yao Yoz T Yin Yis Yoy Yo Va3
T %2 i3 Ya3 V1 Yoo T Vi3 Yy Yop Yap Va3 — Vi3 Yap Yoz Y32) / (Yll Y12 %1 3 30 V33
TV Y2 Yon Yoy Yar Yoz T Vi Yis Yoy Yag Yap Yoz T Yy Yis Yap Yas Yoy Yoo T Yin Yis Yoy Yan Y Yas

L ER SRR Y32)
[> cl3=factor (coeff (egP3,x1,0))/ (x2*x3) ;C2;

cl3=- (711 Y12 1 3 Y§3 ERITRIP 723 K1 Y3 ~ N Vi3 b e Y§3 BARE Y; Yy Yo T
7?3 LIRS RREE _7?3 %1 %3 Va1 Y2 ™ i Y2 Yor Yoz Yoz TV Yo Yoz Yar Yoz T Y Vi Yoy Yoo Va3
~ Y1 i3 Va3 V1 Yoo T Vi3 Yoy Yoo Y3y Va3 T3 Yy Yoy Y32) / (Yll LPRIRERTREE
TV Y2 Yon Yos Yar Yoz T Yy Yis Yoy Yag Yap Yoz T Yy Yis Yap Yas Yoy Yoo T Yin Yis Yoy Yoo Y Yas
N2 Y3 1 B3 Y Y32)

i c13x2x3 +x3* —x3 (16)
> Al;A2;

all x2+4+al2x3—1
i al3 x2x3 17
> B1 ;B2;

bl1x2+bI2x3

10\



_((%1%2%1%3£2_%1%2ﬁ2%1%3_%l%3%1%2ﬁ2+%1%3é2%1%2+
Viz 1 B 3 T Yfz Y1 Y3 Va1 Va2 T iy V2 Yar Yo sz T iy oo Yoo Yy Yz TV Wiz Yoy Yo Yo
TV Y3 Yoo Y3y Yoo T Vi Yot Yoo Yy Yz T Y oy Yo Y32) x2 X3) / (Vi1 Yi2 Yoy Y3 a0 3
Vi Y2 Yoo o3 Y31 Yoz T M Y Yo Yoo Va2 Yoz T Y Yis Yoo Yoz Va1 Yoo T Yo Yis Yoy Yoo Y31 Va3

2
'_ﬂ2%3%1%3%1%2)+“2 —x2

=> Cl;Cc2;
cllx2+cl2x3

] c13x2x3 +x3" —x3
| So we have calculated all the coefficients of A1,A2,B1,B2,C1,C2:

(18)

19)

> sol:={

all = (-gamma[ll]“*2*gamma[21] *gamma[23] *gamma [32] *gamma [33] +gamma
[11]*2*gamma[22] *gamma [23] *gamma [31] *gamma [33] +gamma [11] *gamma
[13]*gamma[21] *2*gamma [32] *gamma [33] ~-gamma[l11l] *gamma [13] *gamma
[22] *gamma [23] *gamma [31] *2-gamma[12] *gamma [13] *gamma [21] *2*gamma
[31] *gamma[33]+gamma[l12] *gamma [13] *gamma [21] *gamma [23] *gamma [31]
~“2-gamma[ll] *gamma[l13] *gamma[21] *gamma [32] *gamma [33]+gamma[11]*
gamma[1l3] *gamma [22] *gamma [23] *gamma [31]+gamma[1l1l] *gamma [21] *gamma
[23] *gamma [32] *gamma [33] ~-gamma [11] *gamma[22] *gamma [23] *gamma [31] *
gamma [33] -gamma[l12] *gamma [13] *gamma [21] *gamma [23] *gamma [ 31 ] +gamma
[12] *gamma[13] *gamma [21] *gamma [31] *gamma [33] ) / (gamma [11] *gamma
[12] *gamma [21] *gamma [23] *gamma [32] *gamma [33] -gamma[11l] *gamma [12] *
gamma [22] *gamma [23] *gamma [31] *gamma [33] ~-gamma [11] *gamma [13] *gamma
[21] *gamma [22] *gamma [32] *gamma [33]+gamma[ll] *gamma [13] *gamma [22] *
gamma [23] *gamma [31] *gamma [32] +gamma[l12] *gamma [13] *gamma [21 ] *gamma
[22] *gamma [31] *gamma [33] ~-gamma [12] *gamma[13] *gamma [21] *gamma [23] *
gamma [31] *gamma [32]) ,

al2 = (gamma[ll]“*2*gamma[21] *gamma[22] *gamma [32] *gamma [33] ~gamma
[11]*2*gamma[22] *gamma [23] *gamma [31] *gamma [32] ~-gamma [11] *gamma
[12] *gamma[21] *2*gamma [32] *gamma [33]+gamma[l11l] *gamma [12] *gamma
[22] *gamma [23] *gamma [31] *2+gamma[12] *gamma [13] *gamma [21 ] *2*gamma
[31] *gamma[32] -gamma[l12] *gamma [13] *gamma [21] *gamma [22] *gamma [31]
“2+gamma[ll] *gamma[l2] *gamma[21] *gamma [32] *gamma [33] ~-gamma[11]*
gamma[l2] *gamma [22] *gamma [23] *gamma [31] ~-gamma[11] *gamma [21] *gamma
[22] *gamma [32] *gamma [33] +gamma [11] *gamma [22] *gamma [23] *gamma [31] *
gamma[32]+gamma[l12] *gamma [13] *gamma [21] *gamma [22] *gamma [31] ~gamma
[12] *gamma[13] *gamma [21] *gamma [31] *gamma [32]) / (gamma [11] *gamma
[12] *gamma [21] *gamma [23] *gamma [32] *gamma [33] -gamma[l11l] *gamma [12] *
gamma [22] *gamma [23] *gamma [31] *gamma [33] ~-gamma [11] *gamma [13] *gamma
[21] *gamma [22] *gamma [32] *gamma [33]+gamma[ll] *gamma [13] *gamma [22] *
gamma [23] *gamma [31] *gamma [32] +gamma[l12] *gamma [13] *gamma [21 ] *gamma
[22] *gamma [31] *gamma [33] ~-gamma [12] *gamma[13] *gamma [21] *gamma [23] *
gamma [31] *gamma [32]) ,

al3 = -gamma[ll] *gamma[21] *gamma[31]* (gamma[1l1l] *gamma [22] *gamma
[33]-gamma[ll] *gamma[23] *gamma [32] ~-gamma[12] *gamma [21] *gamma [33]+
gamma[l2] *gamma [23] *gamma [31]+gamma[13] *gamma [21] *gamma [32] ~gamma
[13]*gamma[22] *gamma [31] ~gamma[12] *gamma [23] +gamma[12] *gamma [33] +
gamma[1l3] *gamma [22] ~-gamma [13] *gamma [32] ~-gamma [22] *gamma [ 33] +gamma
[23] *gamma [32]) / (gamma[l11l] *gamma[12] *gamma [21] *gamma [23] *gamma



[32] *gamma[33] -gamma[ll] *gamma [12] *gamma [22] *gamma [23] *gamma [31] *
gamma[33] -gamma[ll] *gamma[13] *gamma[21] *gamma [22] *gamma [32] *gamma
[33]+gamma[ll] *gamma[13] *gamma [22] *gamma [23] *gamma [31] *gamma [32] +
gamma[l2] *gamma[13] *gamma [21] *gamma [22] *gamma [31] *gamma [ 33] ~gamma
[12] *"gamma[13] *gamma [21] *gamma [23] *gamma [31] *gamma [32]) ,

bll = (gamma[ll]*gamma[l3]*gamma[22]*2*gamma[32] *gamma [33] -gamma
[11] *gamma[13] *gamma [22] *gamma [23] *gamma [32] *2-gamma [12] *2*gamma
[21] *gamma [23] *gamma [32] *gamma [33]+gamma[12] *2*gamma [22 ] *gamma
[23] *gamma[31] *gamma [33]+gamma[12] *gamma[13] *gamma [21] *gamma [23] *
gamma[32]*2-gamma[l2] *gamma [13] *gamma [22] *2*gamma [31] *gamma [33] +
gamma[ll] *gamma[13] *gamma [22] *gamma [23] *gamma [32] ~gamma [11] *gamma
[13] *gamma[22] *gamma [32] *gamma [33] ~-gamma[l12] *gamma [13] *gamma [21] *
gamma [23] *gamma [32] +gamma [12] *gamma [13] *gamma [22] *gamma [31] *gamma
[33]+gamma[l2] *gamma [21] *gamma [23] *gamma [32] *gamma [33] ~-gamma [12] *
gamma[22] *gamma [23] *gamma [31] *gamma [33]) / (gamma[11] *gamma[12] *
gamma[21] *gamma [23] *gamma [32] *gamma [33] ~-gamma[11] *gamma [12] *gamma
[22] *gamma [23] *gamma [31] *gamma [33] ~gamma[ll] *gamma [13] *gamma [21] *
gamma [22] *gamma [32] *gamma [33]+gamma[l11l] *gamma [13] *gamma [22] *gamma
[23] *gamma[31] *gamma [32] +gamma [12] *gamma[13] *gamma [21] *gamma [22] *
gamma[31] *gamma [33] ~-gamma[12] *gamma[13] *gamma [21] *gamma [23] *gamma
[31] *gamma[32]),

bl2 = -gamma[l2]*gamma[22] *gamma [32] * (gamma[11] *gamma [22] *gamma
[33]-gamma[ll] *gamma[23] *gamma [32] ~-gamma[12] *gamma [21] *gamma [33]+
gamma[l2] *gamma [23] *gamma [31]+gamma[13] *gamma [21] *gamma [32] ~gamma
[13]*gamma[22] *gamma [31]+gamma[l1l] *gamma[23] -gamma[11l] *gamma [33] -
gamma[l3] *gamma [21]+gamma[l13] *gamma[31] +gamma[21] *gamma [33] ~gamma
[23] *gamma [31]) / (gamma[l11l] *gamma[12] *gamma [21] *gamma [23] *gamma
[32] *gamma[33] -gamma[ll] *gamma [12] *gamma [22] *gamma [23] *gamma [31] *
gamma[33] -gamma[ll] *gamma[13] *gamma[21] *gamma [22] *gamma [32] *gamma
[33]+gamma[ll] *gamma[13] *gamma [22] *gamma [23] *gamma [31] *gamma [32] +
gamma[l2] *gamma[13] *gamma [21] *gamma [22] *gamma [ 31] *gamma [ 33] ~gamma
[12] *gamma[13] *gamma [21] *gamma [23] *gamma [31] *gamma [32]) ,

bl3 = -(gamma[ll]*gamma[l2] *gamma[21] *gamma [23] *gamma [32] *2-gamma
[11] *gamma[l12] *gamma [22] *2*gamma [31] *gamma [33] ~-gamma [11] *gamma
[13]*gamma[21] *gamma [22] *gamma [32] *2+gamma[l11l] *gamma [13] *gamma
[22] *2*gamma [31] *gamma [32] +gamma [12] *2*gamma [21] *gamma [22 ] *gamma
[31] *gamma[33] -gamma[l12] *2*gamma [21] *gamma [23] *gamma [ 31] *gamma
[32] —-gamma[ll] *gamma[l12] *gamma [21] *gamma [23] *gamma [32] +gamma [11] *
gamma[l2] *gamma [22] *gamma [31] *gamma [33]+gamma[11] *gamma [13] *gamma
[21] *gamma [22] *gamma [32] ~-gamma [11] *gamma[13] *gamma [22] *gamma [31] *
gamma[32] -gamma[l12] *gamma [21] *gamma [22] *gamma [ 31 ] *gamma [ 33] +gamma
[12] *gamma [21] *gamma [23] *gamma [31] *gamma [32]) / (gamma [11] *gamma
[12] *gamma [21] *gamma [23] *gamma [32] *gamma [33] ~-gamma[11l] *gamma [12] *
gamma [22] *gamma [23] *gamma [31] *gamma [33] ~-gamma [11] *gamma [13] *gamma
[21] *gamma [22] *gamma [32] *gamma [33]+gamma[ll] *gamma [13] *gamma [22] *
gamma [23] *gamma [31] *gamma [32]+gamma[l12] *gamma [13] *gamma [21 ] *gamma
[22] *gamma [31] *gamma [33] ~-gamma [12] *gamma[13] *gamma [21] *gamma [23] *
gamma [31] *gamma [32]) ,

cll = -gamma[l3] *gamma[23] *gamma [33] * (gamma[11] *gamma [22] *gamma

[33]-gamma[ll] *gamma[23] *gamma [32] ~-gamma[12] *gamma [21] *gamma [33] +
gamma[l2] *gamma [23] *gamma [31]+gamma[13] *gamma [21] *gamma [32] ~gamma
[13]*gamma[22] *gamma [31] ~-gamma[l1l] *gamma[22] +gamma[11l] *gamma[32]+
gamma[l2] *gamma[21] ~-gamma[l12] *gamma[31] ~-gamma [21] *gamma [ 32] +gamma



[22] *gamma [31]) / (gamma[l11l] *gamma[12] *gamma [21] *gamma [23] *gamma
[32] *gamma[33] -gamma[ll] *gamma [12] *gamma [22] *gamma [23] *gamma [31] *
gamma[33] -gamma[ll] *gamma[13] *gamma[21] *gamma [22] *gamma [32] *gamma
[33]+gamma[ll] *gamma[13] *gamma [22] *gamma [23] *gamma [31] *gamma [32] +
gamma[l2] *gamma[13] *gamma [21] *gamma [22] *gamma [31] *gamma [ 33] ~gamma
[12] *"gamma[13] *gamma [21] *gamma [23] *gamma [31] *gamma [32]) ,

cl2 = -(-gamma[ll] *gamma[l2] *gamma[22] *gamma [23] *gamma [33] *2+
gamma[ll] *gamma[l2] *gamma [23] *2*gamma[32] *gamma [33] +gamma [12] *
gamma[l3] *gamma [21] *gamma [22] *gamma [33] *2-gamma [12] *gamma [13] *
gamma[23] *2*gamma[31] *gamma [32] ~-gamma[13] *2*gamma[21] *gamma [22] *
gamma [32] *gamma [33] +gamma [13] *2*gamma[22] *gamma [23] *gamma [31] *
gamma[32]+gamma[ll] *gamma [12] *gamma [22] *gamma [23] *gamma [ 33] ~gamma
[11] *gamma[l2] *gamma [23] *gamma [32] *gamma [33] ~-gamma [12] *gamma [13] *
gamma [21] *gamma [22] *gamma [33]+gamma[12] *gamma [13] *gamma [23] *gamma
[31] *gamma [32]+gamma[13] *gamma [21] *gamma [22] *gamma [32] *gamma [33] -
gamma[13] *gamma [22] *gamma [23] *gamma [31] *gamma [32] ) / (gamma[11] *
gamma[l2] *gamma [21] *gamma [23] *gamma [32] *gamma [33] ~gamma [11] *gamma
[12] *"gamma [22] *gamma [23] *gamma [31] *gamma [33] ~-gamma[11l] *gamma [13] *
gamma[21] *gamma [22] *gamma [32] *gamma [33] +gamma [11] *gamma [13] *gamma
[22] *gamma [23] *gamma [31] *gamma [32]+gamma[l12] *gamma [13] *gamma [21] *
gamma[22] *gamma [31] *gamma [33] ~-gamma[12] *gamma [13] *gamma [21 ] *gamma
[23] *gamma [31] *gamma [32]) ,

cl3 = -(gamma[ll] *gamma[l2] *gamma [21] *gamma [23] *gamma [ 33] *2-gamma
[11] *gamma[1l2] *gamma [23] *2*gamma [31] *gamma [33] ~-gamma [11] *gamma
[13]*gamma[21] *gamma [22] *gamma [33] “*2+gamma[l11l] *gamma [13] *gamma
[23]*2*gamma [31] *gamma [32] +gamma [13] *2*gamma [21] *gamma [22 ] *gamma
[31] *gamma[33] -gamma[13] *2*gamma [21] *gamma [23] *gamma [ 31] *gamma
[32] —-gamma[ll] *gamma[l12] *gamma [21] *gamma [23] *gamma [33]+gamma [11] *
gamma[l2] *gamma [23] *gamma [31] *gamma [33]+gamma[11] *gamma [13] *gamma
[21] *gamma [22] *gamma [33] ~-gamma [11] *gamma[13] *gamma [23] *gamma [31] *
gamma [32] -gamma [13] *gamma [21] *gamma [22] *gamma [ 31 ] *gamma [ 33] +gamma
[13] *gamma[21] *gamma [23] *gamma [31] *gamma [32]) / (gamma [11] *gamma
[12] *gamma [21] *gamma [23] *gamma [32] *gamma [33] ~-gamma[11l] *gamma [12] *
gamma [22] *gamma [23] *gamma [31] *gamma [33] ~-gamma [11] *gamma [13] *gamma
[21] *gamma [22] *gamma [32] *gamma [33]+gamma[ll] *gamma [13] *gamma [22] *
gamma [23] *gamma [31] *gamma [32]+gamma[12] *gamma [13] *gamma [21 ] *gamma
[22] *gamma [31] *gamma [33] ~-gamma [12] *gamma[13] *gamma [21] *gamma [23] *
gamma [31] *gamma [32])

}:

%%0%%0%%%%%%%6%6%0%0%0%0%0%6%%%%%%6%6%0%0%0%0%0%6%%6%%%%6%6%0%%0%0%0%%%%%%%
%%0%0%0%%%%%%%%%6%0%0%0%0%0%%%%%%%%6%6%%0%%0%%%%% %%
%0%0%%%%%%0%0%0%0%0%0%0%6%%%6%0%0%0%0%0%0%6%6%6%%6%6%0%0%0%0%0%6%6%6%%%6%%0%0%0%0%% %%
%%0%%0%%%6%6%0%0%0%0%0%0%6%%%%6%0%0%0%0%0%0%6%%%%% %% %
%%0%%%%%%%0%0%0%0%0%%%%%%%0%0%0%0%6%6%%%%%%0%0%0%0%0%0%%%%%6%%%0%0%6%%%%
[ %0%0%0%%0%0%0%%6%0%0%6%6%0%0%%6%0%0%%%6%0%%6%6%0%0%%%0%%%

>

[ Now we are ready to compute s2=-x22-gamma[12]-gamma[22]-gamma[32] and s3=-x33-gammal[13]-
gamma[23]-gamma[33].




In order to facilitate the calculations and keep the output manageable we fix some parameters for
which we obtain the following vector field. There is no basic problem with choosing different
parameters or keeping the parameters arbitrary, except for running time and output size.

_> parameters:={gamma[ll]=gamma[ll] ,gamma[l2]=1,gamma[l13]=2,gamma
[21]=1,gamma[22]=1,gamma[23]=1,gamma[31]=0,gamma[32]=3,gamma[33]=

2} ;

parameters = {711 N Y T LN T2 T L, Ly =Ly =05, =37, :2} (20)

> simplify (subs (parameters, [P1,P2,P3])) ;
((2x2—x3)xI +x2 (x2—x3)) Y —2xI (x2—x3)
xl((x2—x3)yll—l—x]—x2+x3), ,
T

((2x2 —x3)xI —x3 (x2—3x3)) Y +4xI (x2—x3)

€2y

1

3 Y

;F or these parameters the coefficients of A1,A2,B1,B2,C1,C2 become
> soltest:=simplify (subs (parameters,sol))

2y, —2
soltest = [-1 =-1,all =Y, — 1,al2= Y +1,al3=0,bl1= L, bl2 (22)
M

—y,, +2 2y, +4 v, —4
=L,cll=%L,012=%L,cl3=—%
Y11 Yll Yll

The trace of the resultant for these parameters that we fixed becomes

> x222test:=simplify (subs (soltest, x22)):

[ and so we calulete the second component s22 of the idempotent.
=> solve (gamma[l2] +gamma[22] +gamma [32] +s2=-x222test,s2) :

s22:=subs (parameters, %) ;

5 4
1 —2592\(114-5184711

ET) 23
12 5 4 3 2
%, (3607, — 1008y, +7207; —2887, )

§22 = -

_Using the other resultant we calculate the third component s33 of the idempotent

=> x333test:=subs (parameters,simplify (subs (soltest, x33)));

21600y, + 102816, — 162432, + 107136, — 41472y,
(24)

x333test := —
24 5 4 3 2
Y (% —2) (180 ¥, — 5047, +3607,, — 144 y“)

=> solve (gamma[l3]+gamma[23]+gamma[33]+s3=-x333test,s3):
s33:=subs (parameters, %) ;




M —2
§33 = - 3 25)
5 Y —4711 +2

=> sll:=simplify (subs(soltest,simplify (subs ({x2=s22,x3=s33},subs
(parameters,-C2/Cl1l)))));
2
3 i
sl = 5 (26)
5 Y — 4 Y, T 2

[ Now we can calculate the first component s11 of the idempotent

=> t:=subs (parameters, simplify(subs({xl=sll,x2=s22,x3=s33},[P1,P2,
P3]))):

[ F inally, we do a control: we check p(v)-v=0, with v=(s11,s22,s33).

=> factor (simplify(t[1]-s11));

i 0 27)
[> simplify (t[2]-s22);

i 0 (28)
> simplify (t[3]-s33);

0 (29)



