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The primary purpose of this supplementary material is to provide (A) pseudo-code of SOP Algorithm;
(B) a proof of convergence of nSOP; (C) a definition of truncated Gaussian distribution; (D) descriptions of
alternative algorithms; (E) test functions; and (F) additional experimental results.

A Pseudo-code of SOP Algorithm

We describe SOP algorithm presented in the main paper using a pseudo-code format.
Input:
e 1o - the number of initial evaluation points in experimental design

® Ncand - the number of candidate points generated in Candidate Search

e Nt - the maximum number of non-registered improvement before a particular center will be declared
as tabu

® Nienure - the tenure length

e 7y - the initial search radius

e 7 - the tolerance for local improvement

e P - the number of centers per iteration (= the number of function evaluation points per iteration)
e MAXIT - the maximum number of optimization iterations

e f - a continuous real-valued objective function to minimize

e D= {lb <x <ub} CR?- the hyperrectangle domain of f

Output: The best point found

List of notation used in Algorithm

) the ith evaluation point in nth optimization iteration (1 < i < P)

° xEn
(n)

i

. yfn) the function value corresponding to x



Algorithm 1 Surrogate Optimization with Pareto center selection (SOP)

1. Set counter n = 0. Generate initial points S = <x§0>, . :BS%)> and do function evaluations yEO) =
f(a:go)) for ¢ = 1,..., no. Calculate d; = min{||si—s||: sES(O)\{Si}}, for s5; € S©. Let T
<y§0>, s N DO = (dy ..., dny) and R = (51, ..., opny) , where 0; = rine. In addition, let tabu_struct =
[tabu_struct(1), tabu_struct(2)], where tabu_struct(1) = tabu_struct(2) = (z1, ... zn,) , where z; = 0 for all
1= 1, ...y NQO.

2. Define F = (Fy, F): S©© = T© x DO by F(s;) = (t;, —d;) for s; € S©, t; € T® and d; € D©.
3. Iterative Loop (while n < MAXIT)

(a) Fit or update the response surface model g(")(~).
(b) Find [Xint, Pint] = pareto_ front (S(">, F, Fg).
(c) Select P center points:
i J=[N,.Ir]= select_P_indices(S(”>, T p) R tabu_struct, P).
ii. Fori=1,..., P, ci = s5(74)) € S is the selected center point and r; = o) € R™ the search
radius of center i.

(d) pselect = p(n). for i =1: P do
(n+1) = ...

i

candidate_search(ci, 7i, D, Necand, g<")(-), psclcct) .

Generate a new point =

Evaluate 4" ™" = f(z"*V).

(3

end for
Update S+ = 80V U (o™, 2l ™) and T4 = 700 (5™, Ly D),
Calculate d; = min{Hsi —s|: s e s\ {sl}} for all s; € S(+1),

Redefine D"*tY) = (di, ..., dngs(nt1)P) -

Update F = (Fy, Fy) : SOFY 5 7D o _ pOtD 1y P(s;) = (8, —d;) for s; € STt € T+ and
d; € DY,

(e) fori=1:P do
MY = d i npsy € DD,
I = hypervol_improv_indc(Xint,Pint, Fi, Fs, xinﬂ), [yE”“), )\Z(-nH)] , 7') .
end for

(f) Update RV = R™ U(qy, ..., op), where 0y = int, and tabu_struct(1) = tabu_struct(1) U (z1, ... zp)
tabu_struct(2) = tabu_struct(2) U (z1, ... zp), where z; = 0. Set n = n + 1.

(g) Update [tabugstruct, R<”)] = update_tabu_ archive (tabugstruct, I, J, Ntail, Ntenure, Tint, R("), P).

4. Terminate and return the best point found.




e S the list (ordered set) containing all evaluated points up to nth iteration, i.e. S(n) — (81, ey SngtnP)

(0) (0) (1) (1) (n) (n)
Ty ey Tyly X ey Tp gttty L] ey X
= ! o ! £ ! r . Note || = ng + nP.
initial pts iteration 1 iteration n

. )\E") the minimum distance from xgn) to the set of already evaluated points S \ {xfn)}

o T DM R 4 similar list to S(™ containing all function values, minimum distances, and search
radii.

e () is used to distinguish a list from a regular set.

We treat S, T D) R(M) a5 a list. That is, the order of the members in these lists is important.

Step[3|of Algorithm[T]is the iterative step that corresponds to Steps 2.1-2.4 of the General iterative framework
of SOP presented in Figure 1 in the main paper.

Function J = [, ..., Jp| = select_P_indices(S("), 7™ DM R™  tabu_struct, P)
1. |:Sorder’ Rorder’ tabuistructorder} _

two_tier_ranking(S(”), 7™ D) RO tabuistruct)
2. [e1,..., cp] = P_centers_sel(Sorder, Rorder tabu  struct®er, P)

3. For j =1,..., P, let J(j) be such that ¢; = sz(;) € S That is, J is the P-vector containing the
indices of the selected centers corresponding to the original list S().

Figure A.1: select P _indices used in Step

Function |gorder Rorder tabu_structorder} = ..
two_tier_ra\nking(S(")7 7 p) R0 tabu_struct)

1. Sort all the evaluated points in the set S(™ into levels of non-dominated fronts according to the two
following (pre-computed) objectives:

(a) the objective function value (Fy) in T(;

(b) the negative of the minimum distance from all other evaluated points (Fy) in —D("),

2. Let 2Fro"t(:7) be the jth point of the ith front that is ordered such that for a fixed front 4, 2Front(::7)
is in an increasing order of objective function values, i.e. f (zfront(h1)) < f (gfront2)) < ...

3. Denote by §order = [glront(l, 1) pFront(1,2) . pFront(2,1) "pfront(2,2) 1 the list of points obtained

from this procedure starting from Front 1. Also, let R°'°" and tabu_s‘uructorder be the sorted R(™
and sorted tabu_struct based on this order.

Figure A.2: two_tier ranking used in select P indices



Function [c, ..., cp] = P__centers _sel (Sorder, Rorder, tabu_structorder, P)

Write ST = {5, 50,, s Son }
Revder = L oy}
tabu_struct® " (2) = {t,,, ..., toy }
C1 = S0,, €1 =Toy, k=1
fori=2:P
k=k+1
Do [Until (||¢; — so,|| > €;Vi=1,...,i—1) and (¢, = 0)]
k=k+1
[Exit Do]
Ci = Sopy €5 = Ty,
end for

Figure A.3: P_ centers sel used in select P indices

Function z = candidate _search(c, 7, D, Ncand, 9(-), DPsclect)
for j =1: Neang
for i =1:d, u; =rand(1), end for
Iperturb = {l Tu; < pselect}
if Iherturb = 0, Iperturb = randi(d), end if
generate v; = L (¢, r, D, Iperturb)
end for
T = argming << N,.q 9 (V)

Figure A.4: candidate search used in Step

Function HI = hypervol_improv_indc()(im, Pi11t7 Fla FQa Tnew, [ynewa )\new] ) 7_)
if for some x € Xint, T = Tnew
HI=0
else
Uint_best = (Hlln Fl [Xint] 5 min F2 [Xint])
Uref = (max Fl [Xint U {xnew}] , Max F2 [)(int U {xnew}])
[Xnew, Pnew| =pareto front(Xin U {znew}, Fi, F2)
n = (HV(Pnew; Uref) _HV(Pint, Uref))/Hle ('Uref(i) — Uint_best (Z))
HI = 1,5,
end if

Figure A.5: hypervol improv_indc used in Step




Function [tabu_struct, R(”)] =..
update_tabu_archive(tabu_struct, I, J, Ngail, Nienures Tint, R(")7 P)
t; = tabu_ struct(1)
to = tabu_struct(2)

forj=1:P
if ;=0
(T ()=t (T () +1
RM(F (§)) = R™ (T () /2
end if
end for
fori=1:n9+(n—1)P
if t2(i) >0

to(i) = ta(i) — 1
else if tl(i) > Nail

t2 (Z) =m

t1(i) = 0

R(n) (Z) = Tint
end if

end for

Figure A.6: update tabu_archive used in Step

B Convergence of nSOP
In this section, we will give some conditions which ensure the global convergence in a probabilistic sense

(with probability 1) of nSOP. First, note the main differences between SOP, StochRBF [9] and ParStochRBF
[10].

Table B.1: Difference between SOP, StochRBF and ParStochRBF

StochRBF | ParStochRBF SOP
# of simulated points per iteration 1 P P
perturbation center(s) Thest Thest Cly..., Cp
# of candidate point batches per iteration 1 1 P

Since ParStochRBF is essentially the same as StochRBF except for the number of points selected for eval-
uation in each iteration, one can easily apply Theorem 1 in [9] and prove the convergence for ParStochRBF.
In contrast, each center of SOP does its own candidate search, resulting in P batches of candidate points
per iteration. Moreover, only some of the coordinates of the centers in SOP are selected for perturbation,
whereas all coordinates of the center xyes in [9] are perturbed for generating candidate points.

A major difference between the proof of Theorem [B.4]and the proof in [9] is the multiple centers (indexed
by i) and that in [9] all dimensions are perturbed at once, whereas in SOP only some of the dimensions are
perturbed which necessitates the definition and use of the class of random variables F,,_1 and Q,,_1 defined
in Definition [B.2] below.

Definition B.1. For 1 < j < Neapg, n > 1, and 1 <i < P,

Vif?_l) is the random vector representing the jth random candidate point UZ(Z-_I)

¢; in Candidate Search of SOP.

generated around center



(n)

%

from candidate points {Vi(f;_l) cj=1,.., Ncand})

xm is the random vector representing x

p , the ith function evaluation point of iteration n (chosen

Fix n > 0 (optimization iteration counter) and 1 < ¢ < P. Let cz(-") € S be the ith selected center
(n)

for perturbation in iteration n. Recall that candidate points {vi’ jrI=1 Ncand} are generated by

perturbing randomly selected coordinates of CE"). Each coordinate of C,E") has a probability ¢(n) € (0, 1] to
be perturbed. If no variable of cgn) is selected for perturbation, one variable is chosen at random.

We next define the o-algebra generated by relevant information available up to iteration n.

Definition B.2. Let n > 1 and 1 <4 < P. For 1 < j < Ncang, let Qg’njfl) be the random vector that
(n—
i

determines which coordinates of ¢" ™" € §»=1) are chosen for a perturbation to obtain Vifrfl).

For each n > 1, define F,,_1, Q,_1 C R? by

(0) (0) (n—1) (n—1)
VL 1y Vl,Nc,md’ VL 1 e Vl,Ncand’  centerl
F X0 X : : (B.1)
n—1:— — 0 0 n—1 n—1 ) .
initial pts V1(>, ia ) Vzg, 3\[03[“1, Vp(>, 1 )a “e V]g) Nca)nd <+ centerP
cand pts iter 0 cand pts iter n — 1
0) 0) (n—1) n—1)
g-, 1ree ngNcand7 171 )t Qg»Ncand7 < centerl
anl = (0) : (0) (n—1) : (n—1) . . (BQ)
P,15 " WP, Neana’ P,1 3 %P, Neand < centerP
iteration 0 iteration n — 1
Then, define
gnfl =Fn1 U anl (B3)

forn>1,and £_1 = {Xfo), - Xr(L%)} .

Thus, F,,—1 contains the initial data used to fit the initial surrogate and all the candidate points VZ(J)
generated up to iteration n—1. Q,,_1 contains all Qgg)j, the random vector that determines which coordinates
of selected centers are chosen for a perturbation, up to iteration n — 1.

(n)

i

the values of the random vectors { (V'Erlhl)> s e (V-("fl) ) }, the entire path of algorithm up to optimization

Remark B.3. For n > 1, since the new ¢th evaluation point X;"/, 1 < i < P, is selected deterministically from

% i, Ncand
iteration n is completely determined by o(&,,—1), where o(&,,—1) is the o — algebra generated by the random
vectors in &,_1.
Theorem below builds upon Theorem 1 in [9]. Unlike [9] whose sequence {X}, -, is defined for every
function evaluation point (since the number of function evaluations = number of optimization iteration in
[), { @ }n>0 in our case is defined for n that is the number of optimization iterations.

Theorem B.4. Let f be a function defined on D C R? and suppose that * = mingep f(z) > —oo
is the unique global minimizer of f in D such that mingep |g—g«|>n f(x) > f(2*) for all n > 0. Sup-

pose further that the algorithm generates the random vectors {Xi(o)} , {Xi(") n>1,1<i< P} and
1§i§n0

{V;f?, cey VZ(?\?C n>0,1<i< P} satisfying the following two conditions:

and

[E1] For each n > 0, the random vectors {Vz(?) 1 1<i<P1<5< Ncand} are jointly independent condi-
tional on &, _1.



[E2] For any j =1,..., Neand, © € D and 6 > 0, there exists v;(x, 6) > 0 such that
PV € B(z, §) N D|o(En-1)] = vj(z, )
foralln>0,1<4i< P, where B(z, §) is the open ball of radius § centered at x.

If the sequence of random vectors {X**(™}, 5 is defined by X**(©) = argmin e(x© X(0>}f($) and
= z 1 o Ang

o) { argminme{Xim’_”}X}gm}f(a:) ifmin{f(XYL)), vy f(X](J"))} < f(X*(n=1))

X#x(n=1) otherwise

forn > 1, then X**(™ — 2* almost surely.

Proof. In order to avoid tedious arguments, we will use parts of Theorem 1 in [9] to prove our theorem. First,
replace &, defined in [9] with the one defined in Definition above. We define random vectors {)?k}k>

>1
and {Yj, 1, ..., Yi, 1}y, that satisfy the two conditions [C1[-[C2] of Theorem 1 in [9] as follow:

x for1 < k < ng

Xi = , B.4
k { argmlnaje{xik—ng)’”.’X}(Qk—no)}f(x) fork >ng+1 (B.4)

Let ¢ = P X Neana. Then, {Yi, 1,y Yo, o, s defined as {vf’;‘"o) =1, P j=1,.., Ncand} .
= ’ k>no

That is, all the candidate points generated from each of the P centers in the same optimization iteration
are combined into one set. Since the two conditions [E1]-[E2] in this theorem are assumed, it follows
immediately that the two conditions [C1]—[C2] in [9] also hold. Finally, we define X* = X; and X h= X, if
F(X) < f(X7_,) and X; = X;_, otherwise. Then, by Theorem 1 of [9], we can conclude that X; 2 o+,

Since (X**(k)) , (X}) have the same tail, they converge to the same limit. Therefore, Xoex(n) L2y g O

The condition [E1] of the theorem trivially holds for nSOP. Condition [E2] requires that the algorithm
is able to sample at any point of the variable domain. Lemma and Lemma below are needed to
prove that the condition [E2] holds for nSOP .

Lemma B.5. For a fized j € {1,... Neana}, let H be the event that all coordinates of the center cE") are
>0 (and vfnj) is generated). Let hgn]) be the conditional

i
density of VZ(Z) in nSOP given o(E,—1) and H. Then, there is a constant C > 0 such that hl(-’nj) (u) > C for
adlueD={z: b<z<ub},1<i<Pandn>0.

Proof. Assume that all coordinates of cgn) are selected for perturbation and that all the information o(&,,_1)
is known. Since candidate points of nSOP follow multivariate truncated normal distributions, given that all
coordinates of cgn) are selected for perturbation, the conditional density hgnj) can be written as: hgnj) (u) =
|2

202

selected for perturbation with search radius T

~Ju-e

(n

Aexp for u € D and 0 otherwise, where o = r; Jand A >0 is a normalizing constant for

truncated multivariate normal density. Recall that each time when the local improvement of a particular

center is not registered, the search radius of that center is shrunk by half. Moreover, the center whose local

improvement is not registered for Ng,; search efforts will be marked as tabu and the search radius of that
2

center is reset back to ri,. Therefore, rl(") > rint/2Nfa“ := B > 0. Taking C := Aexp {%} . It follows

thathg?(u)ZC’>Of0rallu€D,1§i§Pandn20. O

Lemma B.6. If inf,>¢¢(n) > 0, the condition [E2] holds for nSOP.



Proof. Recall that ¢(n) is the probability for selecting a variable of the current center an) for perturbation.

Assume that inf, >0 ¢(n) > 0. Let j € {1,... Ncana}, © € D and § > 0 be given. With the notation used in
Lemma [B:5] and the definition of H,

Pr[V") € B(z, §) N D|o(Eq1)] (B.5)
> Pr[(v;fg%) € B(z, )N D) N H|o(En-1)] (B.6)
= Pr[V") € B(x, §) N D|o(E,-1), H] x Pr(H) (B.7)
= / hg’bj) (u)du | x p(n)? (B.8)
B(z,8)ND
d
> Cu(B(z, ) ND) x (Tllr;focp(n)> =vj(z, J) (B.9)

for any n > 0, where hz(n]) is defined in Lemma and C > 0 is a non-negative constant existing in Lemma
m Due to the compactness of hypercube D and our assumption on ¢ that inf,>q p(n) > 0, it follows that
vj(x, §) > 0. Note also that v;(x, ¢) is independent of n and 7. Thus, the condition [E2] is now verified. [

Since the conditions of Theorem [B.4] hold for nSOP, we can conclude that nSOP converges to the global
minimum with probability 1.

Example B.7. One example of ¢ that satisfies the sufficient condition given in Lemma is:

(n) = wo X [1 =In(n —ng+1)/In(M — ng)] ifng <n<M-2
T p(M —2) n>M-—2

where o > 0 and M >> 0. This is a modification of the ¢(n) used in [I1], for which the maximum number
of function evaluations is bounded.

C Truncated Gaussian Distribution

The truncated Gaussian distribution (or the truncated normal distribution) is the probability distribution of a
normally distributed random variable whose value is bounded in the domain [a, b] , where —co < a < b < 0.

Suppose X ~ N(u, 02) has a normal distribution. Then, X conditional on @ < X < b has a truncated
normal distribution with the probability density function given by [4]

2 o(55H) ca<z<bh
Flay gy 0,0, b) =4 2(EhH-e(sE) =TS (C.1)
0 ; otherwise
where ¢(z) = \/% exp(—32?) is the probability density function of the standard normal distribution N (0, 1)

and  is its corresponding cumulative distribution function. We denote this distribution by Niruncated (14, o2 a, b).

D Alternative Optimization Algorithms

We compare our algorithm to Parallel Stochastic RBF [10] and an evolutionary algorithm that uses radial
basis function approximation (ESGRBF) [8, [12]. Both of these algorithms were shown to be very efficient
for computationally expensive functions. In terms of applications, Parallel Stochastic RBF was used to solve
an optimization problem arising in groundwater bioremediation introduced in [7] and ESGRBF was used to
calibrate computationally expensive watershed models.



1. Parallel StochRBF: Parallel Stochastic RBF is a parallel version of Stochastic RBF by Regis and
Shoemaker [9]. In each iteration, the algorithm generates candidate points around xpest and the best
P points are selected for expensive function evaluations. The selection is done sequentially, based on
the weighted score of (1) the surrogate value, and (2) the minimum distance from previously evaluated
points and previously selected points within that parallel iteration. The weights for these two criteria
are adjusted in a cycling manner according to a predefined weight pattern.

2. ESGRBF: An evolutionary algorithm that uses radial basis function approximations ESRBF within a
standard evolutionary strategy (ES) was proposed in [8]. ESRBF uses multiple local RBF models in
each generation of an evolutionary algorithm, one RBF model for each offspring. Based on self-adaptive
algorithm parameters, in each generation, A > v offspring are generated and their objective function
values are estimated using the RBF surrogate model. The true objective function is evaluated at the
v best individuals. The p parents for the next generation are selected from these v best offspring. In
ESRBF, to estimate the objective function value of any offspring x, first the k£ nearest neighbors of z
among all previously evaluated parameter vectors are located. Then these nearest neighbors are used
to build a local RBF approximation that is then used to estimate f(z). In contrast, ESGRBF [12] uses
a single RBF model to estimate the fitness values of the offspring in each generation. Shoemaker et al.
[12] found that the performances of ESRBF and ESGRBF are almost identical because the global RBF
approximation in ESGRBF typically agrees with the individual local RBF approximations. However,
as mentioned in [12] that ESGRBF is much easier to implement and it involves less overhead than
ESRBF, therefore we also use ESGRBF in this study.

E Test Functions

E.1 Real-Parameter Black-Box Optimization Benchmarking (BBOB) Testbed

Ten benchmark functions F15-F24 were selected from the BBOB test suite [5]. All of them are 10 dimensional
problems. These functions are multimodal. The functions are listed in Table For definition and
properties of these functions, refer to [5].

Table E.1: Benchmark functions for SOP

No. Test Function

F15 Rastrigin Function

F16 Weierstrass Function

F17 Schaffers Function

F18 Schaffers Function, moderately ill-conditioned
F19 Composite Griewank-Rosenbrock Function F8F2
F20 Schwefel Function

F21 Gallagher’s Gaussian 101-me Peaks Function
F22 Gallagher’s Gaussian 21-hi Peaks Function
F23 Katsuura Function

F24 Lunacek bi-Rastrigin Function

E.2 Groundwater Bioremediation Problem

In addition to the BBOB testbed, we also tested our algorithms on a 12-dimensional problem arising in
the detoxification of contaminated groundwater using aerobic bioremediation [I3]. The constrained global
optimization problem aims to find the cheapest cleanup strategy by determining the pumping rates of
oxygenated water into the ground to promote the degradation of the contaminants by microbes. The locations
of the injection wells are known. Monitoring wells are also set up in order to measure the concentration of
the contaminant and to ensure that it will be below some threshold level at specified time periods. Because



the pumping of oxygenated water is expensive, the goal is to determine the pumping rates for each injection
well at the beginning of each management period in order to minimize the total pumping cost required to
reduce the contaminant concentration at the monitoring wells to the maximum allowed by EPA regulations.
The authors introduced a penalty term to incorporate a contamination constraint into the total pumping
cost (objective function). This implementation resulted in a box-constrained global optimization problem.
The decision variables are the pumping rates at each of the 3 injection wells in each of the management
periods. The four time period problem (resulting in 12 decision variables) is considered. We refer to this
groundwater problem as GWB12D.

F Additional Experimental Results

The mean and standard deviation of the best function value obtained after the algorithms terminate (60
hours) when using 8 and 32 processors are reported in Tables and respectively. In addition to
ParStochRBF and ESGRBF, we also report the results of two serial surrogate-based algorithms, namely
Stochastic RBF [9] and NOMADm-DACE (NOMADm with kriging surrogate) [T [2 B [6] after 480 function
evaluations in Table [F.11

Table F.1: Mean and standard deviation of the best function value after 480 function evaluations for F15-F24
from BBOB testbed using 8 processors for parallel algorithms

Alg nSOP-8P uSOP-8P StochRBF-8P ESGRBF-8P StochRBF™* NOMADm-DACE*
Test Func mean std mean std mean std mean std mean std mean std
F15 -15.276 12.608 -14.993 13.575 15.616 10.299 17.834 7.193 -2.421 22.896 27.586 23.731
F16 -254.080 3.144 -255.652 1.768 -256.633 1.591 -247.473 4.957 -256.387 1.366 -253.097 3.530
F17 -37.648 0.307 -37.460 0.508 -37.616 0.608 -37.667 0.612 -35.371 1.936 -34.576 2.821
F18 -35.795 1.091 -33.681 4.181 -33.904 1.706 -33.130 2.228 -28.136 5.279 -21.989 11.048
F19 44.967 0.767 44.375 0.999 44.974 0.962 44.759 0.896 44.549 1.121 44.787 1.773
F20 185.634 0.248 185.447 0.279 185.828 0.407 185.637 0.516 184.658 0.416 185.102 0.543
F21 312.711 1.397 313.432 2.806 315.551 3.058 320.990 11.478 313.676 2.958 317.403 8.411
F22 45.380 0.528 46.634 3.901 48.310 7.498 58.931 19.076 45.318 1.917 60.297 18.733
F23 212.922 0.671 212.868 0.582 213.057 0.449 212.888 0.699 211.733 0.438 212.072 1.062
F24 110.676 6.868 113.276 13.650 116.597 9.293 121.462 10.161 111.856 14.105 150.201 37.613

*StochRBF and NOMADm-DACE are serial algorithms that do 1 function evaluation per iteration.

Table F.2: Mean and standard deviation of the best function value after 1920 function evaluations for
F15-F24 from BBOB testbed using 32 processors

Alg nSOP-32P uSOP-32P StochRBF-32P ESGRBF-32P
Test Func mean std mean std mean std mean std
F15 -23.385 5.541 -30.612 3.304 12.689 6.762 -0.159 6.700
F16 -257.141 0.707  -257.538 1.052 -257.637 1.686  -244.834 1.868
F17 -38.168 0.325 -38.075 0.379 -38.144 0.275 -38.609  0.038
F18 -37.224 0.352 -36.604 0.877 -35.666 0.979 -37.852  0.604
F19 43.855 0.498 43.885 0.462 44.151 0.683 43.668 0.896
F20 185.237 0.241 185.117 0.336 185.480 0.292 185.081  0.253
F21 312.001 0.414 311.774 0.901 317.249 2.963 315.660 5.573
F22 45.572 0.001 45.503 0.216 51.512 10.272 47.490 6.068
F23 212.361 0.551 212.584 0.442 212.683 0.524 212.813 0.608
F24 96.234 11.835 96.954 10.063 105.678 7.581 96.665 8.889

10



We conduct a Mann-Whitney-Wilcoxon non-parametric test to compare the results of the final solution
when using 8 processors. The one-tailed test is performed at the 5% level of significance. Tables a) and
(b) show the number of test functions (out of ten) in which nSOP or uSOP is significantly better or worse
than the compared algorithm (in terms of the final solution).

From Table [F.3] the values of zero in the first column indicate that nSOP-8P and uSOP-8P are not sig-
nificantly different. However, in total nSOP-8P outperforms the compared algorithms on more test functions
than uSOP-8P does.

While nSOP-8P, uSOP-8P, StochRBF-8P, and ESGRBF-8P do eight function evaluations per iteration,
the serial algorithms Stochastic RBF and NOMADm-DACE do one point per iteration and are therefore
able to exploit more information during the optimization, and the surrogate is updated after each function
evaluation. Hence, given the same number of function evaluations (480), one would expect these serial
algorithms to outperform the algorithms that simulate P = 8 function evaluations per iteration.

We see that both nSOP-8P and uSOP-8P could attain a better final solution than serial StochRBF for
2 test problems and are significantly better than serial NOMADm-DACE for 6 out of 10 test problems.

Table F.3: The total number of test functions (out of ten) that SOP-8P can attain a better or worse final
solution than the compared algorithm at 5% significance level. The data is collected after 480 function
evaluations.

(a) nSOP-8P
nSOP-8P vs. | uSOP-8P  StochRBF-8P ESGRBF-8P StochRBF* NOMADm-DACE*
better 0 3 6 2 6
worse 0 1 0 4 2
(b) uSOP-8P
uSOP-8P vs. nSOP-8P  StochRBF-8P ESGRBF-8P StochRBF* NOMADm-DACE*
better 0 3 3 2 6
worse 0 0 0 3 1

*StochRBF and NOMADm-DACE are serial algorithms that simulate 1 function evaluation per iteration.

Similarly, we conduct a Mann-Whitney-Wilcoxon test to compare the final results for 32 processors at
the 5% level of significance. Tables[F.4|a) and (b) show the number of test functions in which nSOP-32P or
uSOP-32P is significantly better or worse than the compared algorithm.

From Table [F-4] we see that both nSOP-32P and uSOP-32 outperform each other on one test function.
Both algorithms are better than StochRBF-32P on 6 test functions. nSOP-32P is better than ESGRBF-32P
on 4 test functions while uSOP-32P is better than ESGRBF-32P on 3 test functions.

We note that Tables and [F-4)are based only on the final values at the maximum number of evaluations.
However, looking at the progress curves (Figure 5 of the main paper), the reader can see that in many cases
(e.g. especially for F21 and F22) SOP could achieve accurate solutions much more quickly (e.g. less than 20
hours of wall-clock time) than the other methods. This is not reflected in Tables and

Finally, the a-levels for nSOP and uSOP used in Section 3.6 of the main paper are shown in Table
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Table F.4: The total number of test functions (out of ten) that SOP-32P can attain a better or worse final
solution than the compared algorithm at 5% significance level. The data is collected after 1920 function
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