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SM.1 Piecewise differentiable functions

In the following, we will define piecewise differentiability and state the main
results that we use throughout this article. For a more detailed introduction
into the topic, we refer to [1]. Let U ⊆ Rn be open.

Definition SM1 Let g : U → R be continuous and gi : U → R, i ∈ {1, . . . , k},
be a set of r-times continuously differentiable (or Cr) functions for r ∈ N ∪ {∞}. If
g(x) ∈ {g1(x), . . . , gk(x)} for all x ∈ U , then g is piecewise r-times differentiable (or
a PCr-function). In this case, {g1, . . . , gk} is called a set of selection functions of g.

When working with PCr-functions in a local sense, it is useful to only
consider the selection functions that have an impact on the local behavior
around a given point.

Definition SM2 Let g : U → R be a PCr-function and let {g1, . . . , gk} be a set of
selection functions of g. Then

I(x) := {i ∈ {1, . . . , k} : g(x) = gi(x)}

is the active set at x ∈ U . A selection function gi is called active at x if i ∈ I(x).

From the continuity of selection functions it follows that for any x0 ∈ Rn,
there is an open neighborhood U ′ ⊆ U of x0 such that

g(x) ∈ {gi(x) : i ∈ I(x0)} ∀x ∈ U ′. (SM1)

But note that not all active selection functions are necessarily required for the
local representation of g around x0. For example, if a selection function is only
active in x0 and nowhere else, then it can be neglected. Hence, there is also
the following, stricter definition of activity. To this end, for a set A ⊆ Rn, we
denote by cl(A) the closure and by int(A) the interior of A with respect to
the natural topology on Rn.

Definition SM3 Let g : U → R be a PCr-function and let {g1, . . . , gk} be a set of
selection functions of g. Then

Ie(x) := {i ∈ {1, . . . , k} : x ∈ cl(int({y ∈ U : g(y) = gi(y)}))}

is the essentially active set at x ∈ U . A selection function gi is called essentially
active at x if i ∈ Ie(x).
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Due to continuity we have Ie(x) ⊆ I(x) for all x ∈ Rn. By definition, if
a selection function gi is essentially active at some point, then int({y ∈ U :
g(y) = gi(y)}) is non-empty. In other words, there is an open subset of U on
which g behaves like gi. The following lemma shows that locally, a given set of
selection functions can always be reduced to those that are essentially active.

Lemma SM1 Let g : U → R be a PCr-function and let {g1, . . . , gk} be a set of
selection functions of g. Then for any x0 ∈ U , there is an open neighborhood U ′ ⊆ U
of x0 such that {gi : i ∈ Ie(x0)} is a set of selection functions of the restriction g|U ′

of g to U ′.

Proof Proposition 2.22 in [2]. �

Although we only assumed continuity in the definition of PCr-functions,
it is possible to show the following, stronger result. To this end, let ‖ · ‖ be any
norm on Rn.

Lemma SM2 Let g : U → R be a PCr-function. Then g is locally Lipschitz con-
tinuous, i.e., for every x ∈ U , there is an open neighborhood U ′ ⊆ U of x and some
L > 0 such that

|g(y)− g(z)| ≤ L‖y − z‖ ∀y, z ∈ U ′.

Proof Corollary 4.1.1 in [1]. �

While PCr-functions are generally nonsmooth, the previous lemma allows
us to use the so-called Clarke subdifferential from nonsmooth analysis to obtain
first-order approximations. To this end, for A ⊆ Rn let conv(A) be the convex
hull of A. For a general locally Lipschitz continuous function g : U → R, let
Ω ⊆ U be the set of points in which g is not differentiable. Then the (Clarke)
subdifferential of g at x ∈ U can be defined as

∂g(x) :=

conv

({
ξ ∈ Rn : ∃(xj)j∈N ∈ Rn \ Ω with lim

j→∞
xj = x and lim

j→∞
∇g(xj) = ξ

})
.

(SM2)

If g is continuously differentiable in x, then ∂g(x) = {∇g(x)}. Although the
subdifferential is a set, it behaves similarly to the standard derivative. For
example, there are generalized versions of the chain rule and the mean-value
theorem. Furthermore, as we will see later, it can be used to obtain optimality
conditions. For a more detailed introduction into nonsmooth analysis, we refer
to [3, 4].
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In practice, computing the Clarke subdifferential of an arbitrary locally
Lipschitz function can be difficult (cf. Section 3.3 in [5]). But fortunately,
for the special case of PCr-functions, there is a simpler expression for the
Clarke subdifferential in terms of the gradients of the selection functions. More
precisely, we can use the following result.

Lemma SM3 Let g : U → R be a PCr-function and let {g1, . . . , gk} be a set of
selection functions of g. Then

∂g(x) = conv({∇gi(x) : i ∈ Ie(x)}) ∀x ∈ U.

Proof Proposition 4.3.1 in [1]. �

By the previous result, knowing the classical gradients of all essentially
active selection functions is sufficient to obtain the exact Clarke subdifferential.
In particular, since the number of selection functions is finite by definition, it
follows that subdifferentials of PCr-functions are always convex polytopes.

We conclude the introduction to PCr-functions with some simple examples.

Example 1a) Consider the `1-norm on Rn, i.e.,

g : Rn → R, x 7→ ‖x‖1 := |x1|+ · · ·+ |xn|.

Then

g(x) ∈

{
n∑
i=1

σixi : σ ∈ {−1, 1}n
}
,

so g is PC∞ with selection functions

gσ : Rn → R, x 7→
n∑
i=1

σixi for σ ∈ {−1, 1}n.

For x0 ∈ Rn, the corresponding set of essentially active selection functions
in x0 is given by{

gσ : σi

{
= sign(x0i ), if x0i 6= 0

∈ {−1, 1}, if x0i = 0
, i ∈ {1, . . . , n}

}
.

Therefore, the Clarke subdifferential of g at x0 ∈ Rn is given by

∂g(x0) =

{
ξ ∈ Rn : ξi

{
= sign(x0i ), if x0i 6= 0

∈ [−1, 1], if x0i = 0
, i ∈ {1, . . . , n}

}
.
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b) As an example for a function that is differentiable almost everywhere but
not PCr (for r > 1), consider

g : R→ R, x 7→
√
|x|.

Although g is continuous everywhere and differentiable outside of 0, it is not
PCr (since it is not locally Lipschitz continuous in 0).

SM.2 Multiobjective optimization

In the following, we will give a brief introduction to (nonsmooth) multiobjec-
tive optimization. Due to the context of our paper, we only consider problems
with two objectives here. For a more detailed introduction in the general case,
we refer to [6–8].

Let f : Rn → R and g : Rn → R. The task of simultaneously minimizing f
and g is denoted as

min
x∈Rn

(
f(x)
g(x)

)
and is called a multiobjective optimization problem (MOP). The goal of mul-
tiobjective optimization is to find the so-called Pareto set, which is defined as
follows:

Definition SM4 A point x ∈ Rn is called Pareto optimal if there is no y ∈ Rn with

f(y) < f(x) and g(y) ≤ g(x) or f(y) ≤ f(x) and g(y) < g(x).

The set of all Pareto optimal points is the Pareto set. Its image under the objective
vector (f, g), i.e., the set {(f(x), g(x))> : x is Pareto optimal} ⊆ R2, is the Pareto
front.

There are various different methods for solving nonsmooth MOPs, see, e.g.,
[9–11]. If both f and g are locally Lipschitz continuous, then the following
theorem yields a necessary condition for Pareto optimality based on the Clarke
subdifferentials (cf. (SM2)).

Theorem SM1 Let x ∈ Rn be Pareto optimal. Then

0 ∈ conv(∂f(x) ∪ ∂g(x)). (SM3)

Proof Theorem 12 in [8]. �

Since (SM3) is only a necessary condition, we make the following definition:
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Definition SM5 A point x ∈ Rn is called Pareto critical if it satisfies (SM3). The
set of all Pareto critical points is the Pareto critical set, denoted by Pc.

The Pareto critical set is a superset of the actual Pareto set. If f and g are
convex, then (SM3) is also sufficient, so the Pareto critical set coincides with
the set of Pareto optimal points in that case (cf. Theorem 3.2.11 in [6]).

Using a result about the convex hull of the union of convex sets (cf. Lemma
5.29 in [12]), (SM3) is equivalent to

∃α1, α2 ≥ 0, ξ1 ∈ ∂f(x), ξ2 ∈ ∂g(x) : α1ξ
1 + α2ξ

2 = 0, α1 + α2 = 1. (SM4)

In accordance with the smooth case, we will refer to such α1 and α2 as KKT
multipliers of f and g in x, respectively. Note that (SM4) implies

0 ∈ {λ1ξ1 + λ2ξ
2 : λ1, λ2 ∈ R, λ1 + λ2 = 1},

where the right-hand side is a so-called affine space. The properties of such
spaces are analyzed in the area of affine geometry.

SM.3 Affine geometry

In the following, we will introduce the basic concepts of affine geometry and
affine spaces which we will use in this article. For further details on this topic,
we refer to [13–15].

Definition SM6a) Let k ∈ N and ai ∈ Rn, i ∈ {1, . . . , k}. Let λ ∈ Rk with∑k
i=1 λi = 1. Then

∑k
i=1 λia

i is an affine combination of {a1, . . . , ak}.
b) Let E ⊆ Rn. Then aff(E) is the set of all affine combinations of elements of

E, called the affine hull of E. Formally,

aff(E) :=

{
k∑
i=1

λia
i : k ∈ N, ai ∈ E, λi ∈ R, i ∈ {1, . . . , k},

k∑
i=1

λi = 1

}
.

c) Let E ⊆ Rn. If aff(E) = E, then E is called an affine space.

Affine spaces can be thought of as linear spaces that were translated away
from the origin. More precisely, if E is an affine space and a′ ∈ E, then the set

E − a′ = {a− a′ : a ∈ E} =: V (SM5)

is a linear subspace of Rn. (Note that V does not depend on the choice of a′).
This allows for the definition of affine independence.



6

Definition SM7 Let E be an affine space and let ai ∈ E, i ∈ {1, . . . , k}. Then the
set {a1, . . . , ak} is called affinely independent if {ai − aj : i ∈ {1, . . . , k} \ {j}} is
linearly independent for some j ∈ {1, . . . , k}.

If the condition in the previous definition holds for some j ∈ {1, . . . , k},
then it automatically holds for all j ∈ {1, . . . , k} (cf. Lemma 2.4 in [14]). As
for linear independence, affine independence is related to uniqueness of the
coefficients of affine combinations.

Lemma SM4 Let E be an affine space and let ai ∈ E, i ∈ {1, . . . , k}. Let

a ∈ aff({a1, . . . , ak}) and λ ∈ Rk such that a =
∑k
i=1 λia

i and
∑k
i=1 λi = 1. Then

{a1, . . . , ak} is affinely independent if and only if λ is unique.

Proof Lemma 2.5 in [14]. �

Furthermore, it is possible to assign a dimension to an affine space and
define affine bases (also known as affine frames).

Definition SM8 Let k ∈ N and let E be an affine space with corresponding linear
subspace V (cf. (SM5)).

a) Let ai ∈ E, i ∈ {1, . . . , k}. Then {a1, . . . , ak} is called an affine basis of E
if {ai − aj : i ∈ {1, . . . , k} \ {j}} is a basis of V for some j ∈ {1, . . . , k}.

b) The (affine) dimension of E is the dimension of V , denoted by affdim(E).

The previous definition implies that an affine basis consists of affdim(E)+1
elements. It is easy to show that if {a1, . . . , ak} forms an affine basis of E,
then aff({a1, . . . , ak}) = E and combined with Lemma SM4, we obtain that
every element in E has a unique representation as an affine combination of
{a1, . . . , ak}.

The main reason why we need affine geometry in this article is
Carathéodory’s theorem, which gives us an upper bound for the number of
elements we have to consider when computing convex hulls:

Theorem SM2 Let A be a finite subset of Rn. Then every element in conv(A) can
be written as a convex combination of affdim(aff(A)) + 1 elements of A.

Proof Theorem 3.1 in [14]. �

Carathéodory’s theorem can be used to lower the number of selection func-
tions we have to consider for the computation of the Clarke subdifferential
∂g(x) of g.
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Finally, the concept of affine spaces enables us to introduce a useful
definition of the interior and the boundary of “low-dimensional” subsets of Rn.

Definition SM9 Let A ⊆ Rn and let aff(A) be endowed with the subspace topology
of Rn. Then the relative interior of A, denoted by ri(A), is the interior of A in aff(A),
i.e.,

ri(A) := {x ∈ A : ∃U ⊆ Rn open with x ∈ U and U ∩ aff(A) ⊆ A}.

The relative boundary of A is the set rb(A) := cl(A)\ri(A), where cl(A) is the closure
of A in Rn.

In the case of convex polytopes, i.e., convex hulls of a finite number of
points, the relative interior and boundary can be expressed in terms of the
coefficients of convex combinations:

Lemma SM5 Let A = conv({a1, . . . , ak}) ⊆ Rn with k ∈ N. Then

ri(A) =

{
k∑
i=1

λia
i : λ ∈ (R>0)k,

k∑
i=1

λi = 1

}
,

rb(A) =

{
a ∈ A : @λ ∈ (R>0)k with

k∑
i=1

λi = 1 and a =

k∑
i=1

λia
i

}
.

Proof Exercise 3.1 in [16]. �

For example, for a line connecting two points a1, a2 ∈ Rn, a1 6= a2, the
relative boundary is the set containing a1 and a2 and the relative interior is
the line without the end points, i.e., the set {λa1 + (1− λ)a2 : λ ∈ (0, 1)}.
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