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Proof of Eq. (8)
Substituting the solution given Eq. (8) into the differential equation of Eq. (7) gives:


Differentiating Eq. (8) gives:




The last lines of the two previous series of calculations are identical. Therefore, Eq. (8) indeed give the solution of Eq. (7).

Proof of Eq. (12)
Initial value of A:


Initial value of B:


Differentiation of [A]:


From the right hand side of Eq. (10):


The last lines of the previous two series of formulas are identical. Therefore, the Eq. (12) is indeed the solution of Eq. (10) for [A].
Differentiation of [B]:


From the right hand side of Eq. (10):

 
The last lines of the previous two series of formulas are identical. Therefore, the Eq. (12) is indeed the solution of Eq. (10) for [B].




Proofs for the conditions given in Eqs. (14), (15) and (16)
A necessary condition of an extremum on [A] is that the first derivative should be zero. The first derivative function:


Setting it to 0:


Rearranging so that t only appears on the left hand side:

					(S1)
This equation must have a non-negative solution for t. There are several subcases:

1. If k2 > k1 + k1
Then the enumerator on the right hand side of Eq. (S1) is positive, so the denominator must also be positive:


The left hand side is has a positive exponent, which means the right hand side must be larger than 1:


As the denominator is positive, the following transformations can be made:






It means that the initial rate of concentration change of A is positive in this case, so the extremum can only be a maximum.

2. If  k1 + k1 > k2 > k1 
Then the enumerator on the right hand side of Eq. (S1) is positive, so the denominator must also be positive:


The left hand side is has a negative exponent, which means the right hand side must be smaller than 1: 


After some transformations:





  (division with negative value!)
It means that the initial rate of concentration change of A is positive in this case, so the extremum can only be a maximum. As the conditions are the same as for Case 1, these can be unified under the initial assumption k2 > k1. 

3. If  k1 > k2
Then the enumerator on the right hand side of Eq. (S1) is negative, so the denominator must also be negative:

								(S2)
The left hand side is has a negative exponent, which means the right hand side must be smaller than 1:


After some transformations:




It means that the initial rate of concentration change of A is negative in this case, so the extremum can only be a minimum.
However, if this condition is true, then:


From this, it also follows:


This last equation means that the condition in Eq. (S2) is automatically satisfied, there is no need to state it separately.

4. If k2 = k1 + k1
The derivative is different in this case




This equation only has a positive solution for t if:


It means that the initial rate of concentration change of A is positive in this case, so the extremum can only be a maximum.

A necessary condition of an extremum on [B] is that the first derivative should be zero. The first derivative function:


Setting it to 0:


Re-arranging the equation so that terms with t only appear on the left hand side:


The right hand side must be positive, so the denominator must be negative:



B1. If k2 > k1 + k1
In this case the left hand side is has a positive exponent, which means the right hand side must be larger than 1:






It means that the initial rate of concentration change of B is negative in this case, so the extremum can only be a minimum.

B2. If k2 < k1 + k1
In this case the left hand side is has a negative exponent, which means the right hand side must be smaller than 1:





 (division with negative number)
It means that the initial rate of concentration change of B is negative in this case, so the extremum can only be a minimum.


B3. If k2 = k1 + k1
The derivative must be calculated form Eq. (13):


Setting the derivative to 0:


This equation only has a solution with positive t if:


It means that the initial rate of concentration change of B is negative in this case, so the extremum can only be a minimum.


Proof of the condition in Eq. (17)


The condition can simply be tested by substituting into Eq. 12:



Proof of Eq. (21)

Initial concentration for A:




Initial concentration for B:




The term k1[A]  k1[B] appears several times in Eq. (19), so it is useful to calculate it separately:

Therefore:

				(S3)

The first derivative of [B] can be obtained by differentiation. It must be remembered that the first derivative of the exponential integral function is:


With this, the derivative takes the following form:



This is identical to the last part of Eq. (S3), so the function given is in fact a solution for [B]. Similarly, the first derivative of [A] can be calculated: 



This proves that the function given is in fact a solution for [A].

To find the number of extrema, the second derivates are calculated:



When [B] has an extremum, its first derivative is 0. This means:


The second derivative in the extremum becomes:


It is seen that the second derivative can only be positive in the extremum. It means the extremum can only be a minimum. Since a minimum cannot be followed or preceded by another minimum, the time course of [B] either has a minimum or no extremum at all.
If k1[A]0 > k1[B]0, the curve of [B] begins with an increase and no minimum is possible, it will be a monotonically increasing function. Similarly, no minimum can be obtained at k1[A]0 = k1[B]0. So k1[A]0 < k1[B]0 is a necessary condition of the appearance of a minimum on [B]. 

Similarly, when [A] has an extremum, its first derivative is 0. This means:


The second derivative in the extremum becomes:


[C] is a monotonically decreasing function. If 4k2[C] > k1, it is possible to have a negative second derivative at the extremum, which means a maximum. At low values of [C], it is also possible to have a positive second derivative in the extremum. However, the derivative at the extremum can only change sign once, which means that no more than one maximum and one minimum exist on the curve and if there is both a maximum and a minimum, the maximum precedes the minimum.
If 4k2[C]0  k1, no maximum is possible.
If k1[A]0 > k1[B]0 + k2[C]02, the curve of [A] begins with a decrease and no maximum is possible during the entire process, but a minimum is possible. So 4k2[C]0 > k1 and k1[A]0 < k1[B]0 + k2[C]02 are necessary conditions of finding a maximum on [A].





Corollary:












Finding the conditions where both the first and second derivatives are zero:















Proof of Eqs. (33)-(34)


Initial condition for [A]:


Initial condition for [B]:


The term k1[A]  k1[B] is worth calculating separately: 



For calculating the derivatives of [A] and [B], the derivative of the first hypergeometric function is needed. Based on the definition, the derivative of the particular hypergeometric function used here is given as:



The following formula will be used in our subsequent calculation:



This can be proved based on the definition with following series of equivalent transformations:




In the next step, the derivative of function H is obtained:



In the calculations, the derivative of H is needed in a point that is a function of t:




This formula opens the way for calculating the derivative of [B]:



Upon some further possible simplifications:




This is exactly the same as the expression obtained for term k1[A]  k1[B] earlier:



Therefore, it is proved that Eq. (34) gives the solution for [B].
Once this is known, proving that Eq. (33) indeed gives the solution for [A] can be achieved in a quicker way. Eqs. (33) and (34) are added first:


Then the derivatives of both sides are calculated:



The right hand side here is exactly the same as the f(t) function shown in Eq. (30), which proves that Eq. 33 gives the solution for [A] indeed. 








Proof of  Eq. (36)
Initial conditions:














Proof of  Eq. (49)
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