APPENDIX A: DERIVATION OF THE SENSOR ANGULAR
VELOCITY RESPONSE

This appendix is concerned with the complete derivation of the sensor angular velocity
response for the Schmidt hammer application. The sensor’s cantilever is modeled as an
underdamped SDOF system undergoing base-excitation whose equation of motion is a Non-
homogenous linear second order differential equation with constant coefficients which have

the following form:
mii+cu+ku=—-(f; +£)
where, the first force is a decaying force input as shown in Figure A.1:
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Figure A.1 SH Mass-spring decaying force input

and, the second force is a triangular pulse input as shown in Figure A.2:
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Figure A.2 Triangular pulse input

Whel‘e, to = ﬂ/zwi, tl = tO + OSAt, tz = to + At



The displacement response can be obtained by the superposition of the solutions of the

individual inputs:

( Ur(Lt) (0<t<ty)
t
Uy T uZ(L,t>t0)|t0, (to<t<ty)
Uly=Lt) = Y t ¢ .
(y=Lt) Ui, + u2(L,t>to)|t0 - uz(L,t>t0)|t1 + uz(L,t>t1)|t1' (t; <t<ty)
t t t ¢
(Ui, T uz(L,t>to)|t0 - uz(L,t>t0)|t1 + uZ(L,t>t1)|t1 - uZ(L't>t1)|t2’ (t, <t)

A.1 Solving for the Decaying Force Input

The solution by the method of undetermined coefficients is the summation of the

homogeneous (general) and the non-homogeneous (particular) solutions:
Uy = Uon T Uy
A.1.1 Solving the Homogeneous Part (General Solution):

mii+cu+ku=0
Assume a general solution:
U = e’t
Uy =re’
il = r2ert
Substitute:
m(r2e™) + c(re™) + k(e™) =0
et(mr?+cr+k)=0
The auxiliary equation or characteristic equation is:
mri+cr+k=0
A=mB=c¢cC=k
Its roots are:

—B +VB?% — 4AC B —c+Vc? —4mk

2=

2A 2m
Since:
B = wi’ @n = \/%’ k= mawy®, ¢ = %1 Ceriticat = 2Vkm = 2mawy, ¢ = {(2mw,)
n critical

Therefore:



—2{mw, */(2{mw,)? — 4m(mw,?)
2m

rz =, ({277 -1)

Since { < 1, then {2 — 1 < 0, therefore the roots are complex roots

2= —(w, * i\/ 1- gzwn

T2 =

If put in the form:
i, =azxib
a=—{w, b=+1-Cw,
Then the general solution is in the form:
Uy = e*(cy sinbt + ¢, cos bt)

Therefore:

Uy = e~ S@nt (c1 siny/1 — (2wpt + ¢, cosy/1 — (zwnt)
UGy = wpe~$@nt [(—(cl —J1- {ZCZ) siny/1 — (2w,t + (\/ 1—{%¢ — Zcz) cos+/1— Czwnt]

il = wp2e~Snt [((2(2 — e, +20/1— czcz) siny/T = (2wt — (201 =2, — (202 — 1)cz ) cos {1 — zzwnt]

The previous solution is called the general solution because it is the same homogeneous
solution for all types of input force (always putting the R.H.S. = 0). The evaluation of the
constants of the general solution is carried out after putting both the homogeneous and

particular solutions together in the full equation.
A.1.2 Solving the Non-homogeneous Part (Particular Solution):

mil + cu + ku = fi(p

fie) = may

To obtain the output acceleration of the mass-spring system as an input acceleration (a;)) to

the sensor’s cantilever system, it must be noted that the mass-spring system is under free-
vibration (free = not governed by any external force input), therefore the decaying force input
(with respect to the cantilever) is a transient output (with respect to the mass-spring system)
which is solved only by the homogeneous part without any particular part. Once the output
acceleration is determined, it will be re-used as the input (with respect to the cantilever)

during solving the non-homogeneous part.



Evaluating the constants in the general solution using the initial conditions of the mass-spring

transient vibration:

Att = 0, then:
Xi=0) = Xo X(t=0) = Xo
XO == Cz .
Xo = (1/1 - <i2C1 - Zcz> Wy
C2 = XO — XO + wn(iXO

Substituting in the acceleration solution:

/ 20% — V)Xo + GnXo . [, . 2 \
X = wye Si®nt \( i )Xo+ Gion %sin |1 — ¢2wnt — (2¢Xo + wnXo) cos |1 — {Pwpt
/1—@2 /

In current case X, = 0 since the SH mass starts from rest, and w,, = w;, therefore:

Air) = Xow;?)e Siwit (\/{—lisin /1 — (2wt — cos /1 — (lzwlt>

1-¢°

Therefore:

fir = %m(Xowiz)e‘qi“’it sin /1 — &Pwit — m(Xow;2)e 5%t cos fl —Pw;t
1-¢?

Now, the solution of the non-homogenous part is continued. Since f; ) is a sum combination,

then the particular solution for each function can be determined separately and then take their
sum to find the final particular solution of the given equation.
Let:

mXow;%{;
J1- 8w = w RO Ry —mXgwi® = Fi
1’1 —§*

Therefore,

fir = e 749t Fyy sinwgt, fiy2 = €789t Fyy cos wgt

Since f(+); is a product of two functions, then take the product of the guesses for the

individual pieces of the given function:

fior = €789t Fyy sinwgt



Assume a general solution:

Uy = Ce 5% (A coswyt + B sinwgt) = e 5% (A cos wyt + B sinwgt)
Uy = e ¥ [(—Awg — {;w;B) sinwgt + (Bwg — §;w;A) cos wgt]
iy = e St [(—wg(Bwg — {jw;A) — Gwi(—Awg — {jw;B)) sinwgt

+ (wg(—Awg — {iw;B) — §;w;(Bwy — {jw;A)) cos wyt]

Substitute:

[m(—wa(Bwg — {iw;A) — {wi(—Awg — w;B)) + c(—Awy — {;w;B) + Bk] sinwgt
+ [m(wq(—Awg — §iw;B) = {jw;(Bwg — §;w;A)) + c(Bwy — {jw;A)
+ Ak] cos wgt = Fyy sinwgt
_ k2¢

. k i
Sincem = —, ¢ , B ==L, therefore:
13) wn wn

n

20w 0; 20w 2w 20 w; w42
(l d lA_ Z dA+€l lB_ Cfl lB_ dB+B sinwdt
wnz wn wnz wn wnz

W% 26w w; 22 2w 200 w;
+[—A dz— g C; - i 21 A+ ¢ dB— ¢ lA+Alcoswdt
Wy Wy Wy Wy Wy
=Esina) t
2 d

By equating two sides:

2(wqw;  20wg GPw?  20Gw;  wg? _ Fa

— A+ — — +1|B;=—

Wy 2 Wy, Wy 2 W Wy 2 k

2Gwaw;  2{w Zw? 204w wg?
_( {lcél_ Zd)Bl_I_((l 21_ ((l i d2+1>A1=0
wn wn w‘l’l wn wn
Similarly, F,;, equations will be formed. Therefore for F;; and F,, let:
F, =

ClAl + CzBl — % C1A2 + Csz 0

Fgp

—C1B; + C,A; =0 —CiB; + (A, ===



_ G (Fa/k)

C,(Fap/K)
1— C12 +C22 :A(Fdl/k)) AZ :%:B(F’cﬂ/kl
_ G(Fa/k) _ —C1(Faz/k)
1= C12 +C22 - B(Fdl/k) BZ - Clz +C22
= —A(Fgz/k)
Therefore:
oo 2 — 4B 1 -7
G+ G (2B)2@ - aB?(1—¢2) + (1 - 2058 + (287 — 1)B2)°
G 1-20B + (22 — 1)p?
G+ G (220 - aB?(1—¢2) + (1 - 204 + (282 — 1)B2)°
Therefore:
Uy = (Far/k)e 5% (A coswyt + B sinw,t)
+ (Fyp/k)e~ 5%t (B cos wyt — A sin wyt)
Therefore:
mXow;*) i

Uy = . e Gt || ———=B+A | sin [1-{ wit+ G A-B | cos |1-¢ wt
\’1_51'2 ,’1_(1'2

A.1.3 The Total Solution (Sum of the homogenous and particular solutions)

Uty = Upn + Uy

Uy = e~ $@nt (cl sin/1 — (2wt + ¢c; cos/1 — {ant)

LB+A sinﬁwit+ i A-B Cosﬁwit

gy = w,e~59nt [(—ch —-J1- (Zcz) siny/1 — Pw,t + (\/1 —{%c; — {cz) cos4/1— {ant]

LTI LT [(—1 Rl 2(-A> sin |1 — ¢ 2wt + (1 2%, 2(-3) cos /1 - (-Zw-t]
k m i i Wi m i i Wi

m(uow;?)
k

e—Siwit

Evaluating the constants for decaying forced vibrations in the general form:
Att = 0,thenui—g) = ug:




m(XOa)l ){

\J?

Cr = Uy —

Att=0 y then ’ll(t=0) = l:l,O

mXow;)w; [ 1—2¢>
g = (V1= 0% — {cp) wy + (°k‘) ‘ ‘" A+ 208

- \ = 4+2,
1-4¢;

(o —v) + wp{(ug — d)

C1:

wpy/ 1 — {2
Therefore:
Uy —v) + w,l(u f
U = e ~Swnt (o ) n§ o ) ny1—{¢2wnt + (o — d) cosy'1 = {Pwnt l
W/ 1 — 2
m(X,w;> i f
( Z L )_e—{iwif LB +A | sin [1— ot
/1 —{;?
€ 2
+ A—B | cos |1—{ w;t
1-¢°

26— 4B 1 -7
@2B)2Q — B (1 - ¢2) + (1 - 2048 + (262 — 1)B2)°
1-20B + (22 — 1)p?
@R - B2 (1 - 3%) + (1 — 2048 + (28° — 1)p2)°

A=

B =

A.2 Solving for the Triangular Pulse Input

Such phenomena of an impulsive nature and problems can be modeled by “Dirac’s delta

function,” and solve them very effectively by using the Laplace transform method. The



solution by the Laplace transform method is the convolution integral of the Laplace solution

to the Dirac’s delta function.
A.2.1 Solving for the Dirac’s Delta Function

An impulse input — constant force for an infinitesimal instant of time — is given on the R.H.S
as:
mil + cu + ku =16

w2

fL + Z(O)nu + a)nzu = k 16(t—t0)

Assume boundary conditions:
Uit=0) = Uo, Ut=0) = U

Assume a Laplace transform:

2
2y — -1 2 U-— 2y = &0 (e-tos
(s Suy — Ug) + 2{wy, (s Ug) + w,°U = . (e™"%)

2
2 2y _ _ _ _wi —tosS
U(s® 4+ 2{wys + wp°) —ups — 2{wpuy — Uy = I le

2
2 Je~toS 4 uys + 2¢wyly + o

Uy =~
= (5% + 2¢wys + wp?)

2
Wn —toS .
——le™ UoS 20wy + Uy

+ +
(s?2 + 20wys + wy?)  (s2 4 2{wps + wy?2) (82 + 20wy, s + w,?)

Uy =

Since the function in terms of the roots is:

2+ 2{wys + w2 = (s —a)(s—b)

ab=—-{w, tiy1—-{w,

Substitute:

U B e—toS wnZ ; s 1 , '
@_ﬁ—wﬁ—w<k>+@—@@—mw”+@—@@-m(MW“ﬂﬁ

Since (using partial fractions)
1 1
1 a—b

Fry = — __a-b
© " (-a)s—b) (s—a) (s—b)

The Laplace inverse is:

1 1 edt — bt
=L_1F — at __ bt _
f ((s)) a—b° a—b° a—b>b




Substitute:

B e~ tos wnzl s 1 ) .
U = (s—a)(s— b)( k > + (s—a)(s—b) (o) + (s—a)(s—b) (28wnuo + ko)

W, ? _
U = L1 (F(S)e_tos <Tn I> + F(S)S(uo) + F(s) (ZCa)nuO + u0)>

a)nz aeat _ bebt eat _ ebt .
Uy = fe-to) Yie-to) TI L R (uo) + Ya_h (2{wnug + 1)

U

ae — pebt pat _ gbt
(uo) <T> + (ZanuO + 110) (ﬁ) , (0 <t< to)
= 2 a(t—tog) _ ,b(t—tg) at _ pebt at _ bt
Wy, e e ae e . e e
< k 1>< > >+(uo)<—a_b )+(2(wnu0+u0)<—a_b ) (to < t)

where:
ab=—-{w, tiy1—-{w,
a—>b=2i1-%w,

a+b=-2{w,

Converting the exponential forms to trigonometry forms using Euler’s formulas:

et — e(—é'wn+i 1—€2wn)t — e~Swnt % piV1-CZwnt

= g~ $@nt (cos J1 = Cwyt +isin \/1——{2wnt)
bt — o(Con—W1=T20n)t _ ,—Cwnt 5 p=ifT-Cewnt
= g ¢@nt (cos J1 = Pw,t —isin \/1——{2wnt)
Therefore:
e — bt = g=¢wnt (Zi sin \/1——(2wnt)
And:

a0t — pebt = ge(-ontiV1=Ton)t _ p (~Gwn—iy1=-TPan)t

— p—Swnt (aeiw/l—{zwnt _ be—iw/l—fzwnt)
= e~S@nt ((a —b)cos+/1—2w,t + (a+ b)isiny/1— (ant>

Therefore:



bt eat _ ebt

+ (ZCwnuO + uo) ﬁ

Uy + w, (U
Uy = e~ S@nt [(uo) cos+/1— Cw,t + <0—n(O> siny/1 — {za)ntl
wp/1 —C2

wnZ ea(t—to) _ eb(t—to)
Uz (t—ty) = X I a—b

I B Wy _
Uz(t—ty) = Ee {wn(t=to) l—’T(Z SIn 4/ 1- (an(t - to)l

ae® — be

Ui(r) = (up) s

Therefore:

. I —Cwn(t-
Ua(t-ty) = Ea)nze Cont=t0) | o5 /1 — 2wy (t — to) —

le_—(zsin V1= Cw,(t— to)l

The product of the impulse by delta Dirac function is a force; because delta Dirac is just a
unit impulse force (f = (1)/At) multiplied by the unit step function (w(—¢,) — Ue—(to+a0)))-
If the force is acting for a long period of time (At > 0), then the deflection solution by
Laplace method is considered an infinitesimal deflection and should be integrated over time
as if summing up the deflection from a series of short successive impulses (convolution

integral).
A.2.2 Solving for the Triangular Pulse Input

Using the convolution integral method, the solution of the infinitesimal impulse is integrated

at start:
I tont—t) | P o 2
duz(t>t0) = Ee n 0 \/?525111 1-— { (l)n(t - to)
1 - [ Pn 2
Up(t>ty) = T o fog=1)dT.e™*%n \/ﬁsm V1—0w,(t—T)
= 0 -

For (to <t <ty), t; =ty + 0.5At:

E
faesty) = m(t — to)

T=t
f (T —ty) (sin V1—C0w,(t — T)) (e‘f“’n(t‘T))dT
T=t,

E/k  w,

u2(t>to) = 0.5At (—1 — Z2

Using integration by parts for integrating the product of three functions:




[ = ) (sin T, e - 1) (e-Cent-m)ar
T=tq

2

—% ) (sinw/l —CPw, (t — T))

n

TR

T=t

wn n

T=t,

For(t; <t<ty), t, =ty + At:

E
faesty) = — 05AL (t—t)

The solution is the same as before but with changing the force equation constant which has

no effect on the integration, therefore:

E/k  w,

uZ(t>t1) == 0.5At /—1 — (2

Using integration by parts:

T=t
J- (T—1¢ty) (sinw/ 1- 0w, (t— T)) (e—iwn(t—T))dT
T=t,

T=t
f (T—t,) (sin\/l — 2w, (t — T)) (e=S@nt=D)4T
T=t,

1-—2¢2

= [(a)in) (e=6wnt=M) ((T —t) + (wn{ ) (sin V1= Cw,(t - T))

T=t

+ ( 1w_ (2> (e=¢en(t=D) ((T —t;) — i—<> (cos V1=, (t - T))

n n

T=t1
A.2.3 The Total Solution:
( Us(L,t) (0 <t<ty)
t
Uyt T uZ(L,t>t0)|t0: (to <t<ty)
U(y— =4 t t t
=L Uie + e, ~lwoswl, Flesnl,, G <t<t)
t t t t
(Uie) t+ u2(L,t>t0)|t0 - u2(L,t>t0)|t1 + uZ(L,t>t1)|t1 - uZ(L,t>t1)|t2; (ty<t)

Uy + w,qu
Uy = e769nt | (ug) cosy/1 — Pawpt + <0—n€0> siny/1 — (zwntl
Wn/ 1- (2

Using the superposition concept which sums new responses to initial responses, the solution

to the initial conditions (u,.)) is replaced by the solution to the decaying input force (as it is



considered the solution that represents the cantilever’s response state before the triangular

pulse takes place).

n

N [ T« S
O.SAt(e ”)Jl——(zwnsm 1= Pawn(t —to) w—ncos‘/l wn(t — to)

t E,/k 2¢
uZ(L,t>t0)|t1 = OPSAt ((t —ty) — o
. n

_ 972
_B/k (e‘f“’n“‘“))[(O.SAt S >Sin\/1_{2wn(t_t1)

0.5At \/1 e \/1_(2wn

+ (O.SAt - LZU—() cos/1— 2w, (t— tl)]

t E,/k 2¢
uZ(L,t>t0)|t0 = O.IDSAt ((t —to) — o

t E,/k 27
u2(L,t>t1)|t1 =- O.I)SAt ((t —t) — o

972

+ (—O.SAt - i—(> cos+/1— Cw,(t— tl)]

t E,/k 27
u2(L,t>t1)|t2 =- O.I)SAt ((t —t) — o

n

Folk ¢ —conte-t2) 1_—2(2 ; — 72 oy % — 72 _
+0.5At (e ) \/1__(2(% siny/1 — 2w, (t — t,) o cos+/1— CPw,(t —t,)
Since the impact duration is too small and less than quarter the periodic time of the cantilever
oscillation At < 0.25T, therefore the max deflection response (amplitude) will occur after the
impact duration has passed whent > t, and should be calculated from the final branch

equation. Consequently, it is not needed to state all the 4 equations of superposition, just their

sum is needed to construct the final branch equation.

Y
/K| g-gon-to) [% T = Caon(t — to) — 2¢ cos /T = Caom(t — m]

ULt = 5Ear oy

1—2¢2 ]
+ 2~ @n(t=ta) [\/%sinwll — 2w, (t—t;) — 20 cos/1 — (2w, (t —t;)

2

— 272 ]
— e~S@n(t=tz) [1 2 siny/1— (2w, (t —t;) —2{ cos/1 — Pw, (t — tz)]

(2

where;



x| <

ES Stip' ap
Therefore, the angle of deflection:

duy,e>t,)
dy

Oy=Le>ty) =

y=L

B_tipap 1-—2¢2

~ 0.5At. w,, {_(e_cw”(t_t")) [\/1_—{2 sin/1 — 2wy, (t — tg) — 20 cos /1 — Cawy, (t — to)]

1— 202

Niere

_ 2
— (e~Swntt-2)) [1 - _2; siny/1 — (2w, (t — t,) — 2{ cos /1 — (2w, (t — t,) }

+ 2(e~Swn(t=t)) [

siny1— 2w, (t —t) — 20 cos/1— Pw,(t — tl)]

Therefore, the angular velocity response:

dBy=1e>t,)
dt

Beipa oty ¢ |
N 0.§A: {—(e fem(t=to)) [COS V1= Cw,(t —to) + \/1——{25m J1 = Cw,(t - to)]

+ 2(e~S@nlt-t0) [cos V1= o, (t—t) + qu__(zsin V1= Cw,(t - tl)]

— (e=Swn(t=t2)) [cos V1= Cw,(t —t,) + %gzsin V1= Caw,(t - tz)]}

-Q(yzL,t>t2) =

A.3 Applying the SDOF Solution to the Cantilever system
Consider a cantilever beam as shown in Figure A.3; when the beam is statically analyzed
under constant acceleration (a = gravitational acceleration), the beam self-mass and the

attached mass at the cantilever tip induce a static force that causes a static deflection (dy).
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Figure A.3 Schematic diagram showing the change in deflection angle along the length
of a cantilever beam
From solid mechanics, as the moment (M) on the beam increases, the radius of curvature (r)
decreases; thus, the relationship is inversely proportional. The constant can be determined
based on the geometry of the cross-section (1) and the beam’s material elasticity modulus
(E):
Myr; = Myr, = const.= EI
1 M

r EI

where M; and M, are arbitrary moment values causing curvature radii (r;) and (ry),
respectively. By referring to Figure A.3, the change in the slope of deflection is d6 = dx/r;
thus, the slope of deflection () can be related to the moment:

1 M(x)
0(x) = J;dx= Jﬁdx

Therefore, the deflection (y(y)) can be obtained:

dyx
dx

M
— _ €3]
Y _fe(x) dx_ff E] dx?

where My, is the total moment as a function of x and can be calculated using the

= tan ) = Oy [rad]

superposition method by summing up the moment from the gyroscope mass (M, ) and the
moment from the cantilever self-mass (M,,,). Assuming a constant acceleration (a) is acting
on the masses perpendicular to the x-axis, the resulting moment (M,) can be calculated as:

Mxy = My (x) + Mp(x)



For the moment resulting from the gyroscope mass (M y):
My = —myal + myax
My = mya(x — L)
Thus, the angle of deflection due to the gyroscope mass (6;(,)) can be calculated as the first

integral with respect to dx:

Ml(x) mia
91(x)—f I dx = I f(x—L)dx

mya (x>
Hl(x) =? 7—LX+C1

Note that at x = 0, due to fixed support, 8, = 0; therefore, c; = 0. For the moment

resulting from the cantilever self-mass (My(y)):

—m,al? myax?
My = > + myalx — >
m,a
MZ(x) =2 (XZ —2Lx + LZ)

2
Thus, the angle of deflection due to the cantilever self-mass (6,) can be calculated as the

first integral with respect to dx:

M, my,a
O2(x) = f#dx = —ﬁf(xz — 2Lx + L*)dx

mya (x3 .
92(x)=_§ ?—LX +LX+C2

Note that at x = 0, due to fixed support, 6, = 0; therefore, c, = 0. Therefore, the total
cumulative angle of deflection (6,,) measured from the fixed end towards any position along
the cantilever length is given as the sum:

Oy = O1x) + O2(x)

0 _ma x2 L mya (x3 L? 4 2
@ =g \2 ") T er\3 T X

a x? m, [x3 .
Q(x):E mq 7—Lx —7 ?—Lx + L°x

From Equation (4), the deflection (y)) at any position can be calculated by integrating the

total angle of deflection (6,):

—je dx = — )M ey )a
Yx) = (x) x_EI mq > X > (3 X X X



_a x3 Lx?\ m,[x* Lx3_|_L2x2 N
Yo TEI\™\ e T 2 2 \127 3 T2 g

Note that at x = 0, due to fixed support, y = 0; therefore, c; = 0. Therefore, the angle of
deflection and the deflection at the cantilever tip (x = L) can be evaluated:
L yrmy m,L
Otip = Ox=1) = _E(7+_6 )a
L} /m; m,L
Viip = Y(x=L) = _E(_

Then, &,;, becomes the deflection due to a unit acceleration. So, the spring stiffness (k) (the

force required to generate a unit deflection) at the cantilever tip can be calculated:

u _ Ptip _ Mtotal- A =y _ [ mm ] a[mm] — [mm]
tip — - tip — Ytip : -
keip keip mm/s? 52
Miotal 5o = my n m,L
ko tip = "3EI 8EI
tip L_3 L_3

Therefore, to apply the deflection response equation of the mass-spring system to the

cantilever system, we replace:

= 6tip' a;

ol e



Notation

The following symbols are used in this appendix:

U

Acceleration amplitude of the SH mass-spring system;
Peak acceleration due to the input triangular pulse;
Viscous damping coefficient;

Elasticity modulus of the cantilever material;

Force amplitude of the hammer mass-spring system;
Peak force of the impact;

Natural frequency;

Moment of inertia of the cantilever cross-section;
Input jerk;

Cantilever spring constant;

Cantilever length;

Moment at the cantilever fixed end,;

Gyroscope mass;

Cantilever mass per unit length;

SH mass including cantilever mass;

Time;

Impact instant;

Impact duration;

Deflection response of the cantilever tip;

Initial cantilever deflection;

Initial cantilever velocity;

Ratio of the mass-spring frequency to the cantilever frequency;
Deflection of the cantilever tip per unit acceleration;
Damping coefficient of the cantilever material;
Damping coefficient of SH mass-spring system;
Angle of deflection of the cantilever tip;

Natural frequency of the mass spring system in rad;
Natural frequency of the cantilever in rad;



