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1 Introduction21

This document contains supplementary information for to the manuscript “Root anatomy and22

biomechanical properties: improving predictions through root cortical and stele properties”.23

It details all assumptions and mathematical derivations of the proposed closed-form analytical24

solution for the full stress–strain behaviour of plant roots in full detail (Sections 2–9). In25

addition, it provides additional detail about the methodology used for fitting root elongation–26

root tensile force data as measured during a tensile test on single roots (Section 10).27

All parameters in this manuscript (in square brackets) are expressed in general dimensions28

unless otherwise specified, using [F] for units of force, [L] for units of length and [-] for29

dimensionless parameters. A full list of symbols is provided in Section 11.30

2 Root geometry and anatomy31

Roots are assumed as prisms1 with a constant cross-sectional area Ar [L
2] along its axis. The32

root has a length Lr [L]. The root contains a prismatic-shapes stele with a constant cross-33

sectional area As [L
2] and circumference Cs [L] along the length axis. The cortex — the outer34

layer of the root — has a cross-sectional area Ac = Ar − As (Figure 1). The root and stele35

do not necessarily have to be circular in shape. The stele–cortex interface is assumed to be36

an infinitesimally thin layer between the cortex and stele. The total cross sectional area of37

the interface is therefore CsLr [L2].38

The axial displacement of (any point along the) stele and cortex is indicated by us [L]39

and uc [L], which may vary along root axis s [L].40

1Three-dimensional shapes created by extruding a two-dimensional polygon in the direction normal to the

plane of the polygon. The shape and area cross-section will therefore be constant along the extruded dimension
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3 Constitutive equations — biomechanics41

The behaviour of the stele and cortex is assumed as linear elastic until failure. The stele and42

the cortex can individually sustain a maximum tensile force, Ts,u [F] and Tc,u [F] respectively,43

equal to:44

Ts,u = Asts,u = EsAsϵs,u (1)
45

Tc,u = Actc,u = EcAcϵc,u (2)

where ts,u and tc,u are the tensile strength [FL−2], ϵs,u and ϵc,u the tensile strain to failure46

[LL−1], and Es = ts,u/ϵs,u and Ec = tc,u/ϵc,u the linear elastic Young’s moduli for the stele47

and cortex respectively [FL−2]. Failure in both the stele and the cortex is assumed to be48

brittle, i.e. once the stress exceeds the strength the stress is immediately reduced to zero and49

all strength is lost.50

Observations during root tensile testing have shown that the cortex often starts crack-51

ing/breaking before the root eventually fails, often in multiple places along the root axis.52

This suggests that the cortex breaks at smaller levels of strain compared to the stele, i.e.53

ϵc,u < ϵs,u.54

Interface shear resistance may mobilise in the interface between cortex and stele. The55

shear force Ti [FL
−1, i.e. in shear force per unit length of root] transferred between the two56

is assumed to be linear elastic and proportional with the differential displacement in the stele57

(us) and cortex (uc) on either side of the interface:58

Ti = Csti (3)
59

ti = kiui (4)
60

ui = us − uc (5)

where ti [FL
−2] is the currently mobilised interface shear stress and ki [FL

−3] is the linear61

elastic interface stiffness coefficient, defined as:62

ki =
ti,u
ui,u

(6)

where ti,u [FL−2] and ui,u [L] are the stress and difference in stele and cortex displacement ui63

at which the interface will fail/debond. Interface failure is assumed as brittle, i.e. when the64

interface strength is exceeded, the interface immediately loses all strength and the stele and65

cortex can freely slide along each other. The maximum shear force the interface can sustain66

before debonding occurs (Ti,u, per unit length of interface) equals:67

Ti,u = Cskiui,u (7)

4 Compatibility equations68

All strains are defined in terms of engineering strains, i.e. strains are equal to the elongation69

divided by the original length of the element.70

During a tensile tests, the root is subjected to axial elongation ur [L]. This results in an71

average strain along the root ϵr [LL−1]:72

ϵr = ur/Lr (8)
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This is an average measure for strain along the root since it is calculated using the total root73

elongation (different in displacement between the two root ends) and the root length.74

The strains in the stele and cortex at any point along the root satisfy:75

ϵs =
dus
ds

(9)

76

ϵc =
duc
ds

(10)

where us and uc are the axial displacements of the stele and the cortex at axial position s [L]77

along the root respectively.78

5 Equilibrium equations79

Static equilibrium of forces is assumed throughout the entire root, so any dynamic forces —80

associated with acceleration of masses — are not considered. The tensile force Tr [F] must81

be constant along the entire root and is equal to the sum of forces carried by the stele Ts [F]82

and the cortex Tc [F] at any point along the root, see Figure 2:83

Tr = Ts + Tc (11)

Mobilisation of stele–cortex interface resistance may however change how the root force Tr84

is distributed across the stele and cortex. Equilibrium of forces along a infinitesimal section85

of stele and cortex (length ds) must satisfy (see Figure 2):86

dTs

ds
= Ti

dTc

ds
= −Ti (12)

With the assumed geometry, the compatibility relationships and the (linear elastic) con-87

stitutive behaviour, these two differential equations can alternatively be expressed in terms88

of stele and cortex displacements us and uc, see Figure 2.89

dTs

ds
= EsAs

dϵs
ds

= EsAs
d2us
ds2

= Cski(us − uc) (13)

90

dTc

ds
= EcAc

dϵc
ds

= EcAc
d2uc
ds2

= −Cski(us − uc) (14)

The stress–strain response of both the stele and cortex along root axis s can be found by91

solving this set of second order differential equations in terms of stele and cortex displacements92

us and uc.93

These solutions must satisfy the boundary conditions of the problem, e.g. the conditions94

at the clamps and at any locations of cortex, stele or interface breakages.95

6 Elastic behaviour96

At the start of each tensile test, the stele, cortex and interface are all fully intact. The97

boundary conditions for the equilibrium equations at the fixed clamp (s = 0) are us = uc = 0,98

while at the displacing clamp (s = Lr), us = uc = ur.99

The solution to Equations 13 and 14 that satisfies these boundary conditions is:100

us = uc =
ur
Lr

s = ϵrs (15)
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Figure 2: Schematisation of root elongation in tension test, and mechanical model of forces

in stele, cortex and interface along an infinitesimal section of root ds.

Therefore:101

Ts = EsAsϵr Tc = EcAcϵr (16)

and therefore the root tensile force Tr is given by:102

Tr = (EsAs + EcAc)ϵr (17)

7 Root yielding — initial cortex failure103

Observations by the authors during prior tensile tests (e.g. Chimungu et al., 2015) showed that104

the cortex often ruptures and cracks at elongations much smaller than elongations required to105

fail the entire root. This observation forms the basis of the model development. Cortex failure106

will result in a permanent reduction in root tangent stiffness as the root is now irreparably107

damaged. This point of a marked change in root tensile behaviour is associated with the108

yield point of the root stress–strain curve (characterised by yield stress tr,y and yield strain109

ϵr,y).110

At the point of initial cortex breakage, which may happen at any point along the root,111

the strains ϵr = ϵr,y = ϵc,u. Using Equation 17, the yield force Tr,y is given by:112

Tr,y = Artr,y = (EsAs + EcAc)ϵc,u (18)

At the location where the cortex broke it can no longer transfer any axial force. This113

means the stele must carry the full tensile force Tr at the location of the cortex breakage.114

This will only be possible when the stele is strong enough to carry the entire yield force115
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without breaking, i.e. when:116

Tr,y < Ts,u (19)

If this condition does not hold, the stele will break simultaneously with or shortly after the117

initial cortex failure and the entire root will be broken. Such a reduction in strength after118

yielding is known as ‘softening’ material behaviour. The yield strength tr,y of a softening root119

will be equal to the maximum root strength tr,u. In the authors’ experience most roots instead120

demonstrate ‘hardening’ behaviour, which means the root stresses can increase beyond the121

root yield strength. This behaviour will be the focus of the remainder of this study.122

8 Hardening behaviour of roots123

8.1 Behaviour of a single root segment124

When Equation 19 holds, the root will be able to carry stresses exceeding the yield stress125

before breaking (‘hardening’ behaviour).126

Assume the cortex breaks at location s = L1. Equilibrium Equations 13 and 14 can127

be solved seperately for the root segments on either side of the cortex breakage (domains128

0 ≤ s ≤ L1 and L1 ≤ s ≤ Lr). Additional boundary conditions — in addition to the already129

defined boundary conditions at the clamps — are required at the location where the two130

segments connect:131

� Stresses and strains in the cortex must be zero on either sides of the stele breakage,132

since the cortex cannot carry any stress across the crack: ϵ+c = ϵ−c = 0 (+ and − indicate133

the position on either side of the cortex breakage)134

� The stele remains connected: u+s = u−s and ϵ+s = ϵ−s135

� The cortex is disconnected across the break (so u+c ̸= u−c )136

Any root with cortex breakages in one of more locations can be seen as consisting of a137

number of ‘segments’, each with a (potentially different) length Lb (Figure 3b). At one end138

of the segment (say s = 0) the displacements in cortex and stele are equal (us = uc). This139

may be the case at a clamp, but also halfway between two neighbouring cortex breakages140

because of symmetry. At the other end of the segment (say s = Lb) the cortex is broken.141

Let us now analyse the behaviour of a single ‘segment’. At the start of the segment142

(s = 0), us = uc = u1 where u1 is a known displacement. At the end of a segment (s = Lb)143

the cortex is broken (tc = ϵc = 0) and us = u2 where u2 is a known displacement, see Figure144

3a. The total elongation ub [L] of the segment is therefore:145

ub = u2 − u1 (20)

Let us for now assume that the stele–cortex interface in the region 0 ≤ s ≤ Lb is strong146

enough to remain fully intact along the entire length of the segment (we will revisit this147

assumption later in Section 8.4).148

Differentiating the equation for interface displacement (Equation 5) twice with respect to149

position s gives:150

d2ui
ds2

=
d2us
ds2

− d2uc
ds2

(21)
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Now substitute equilibrium Equations 13 and 14 into Equation 21:151

d2ui
ds2

= ζ2ui (22)

where:152

ζ =
√
βs + βc (23)

153

βs =
Cski
EsAs

(24)

154

βc =
Cski
EcAc

(25)

Solving this second order differential equation (Equation 22) for ui gives :155

ui = us − uc = c1 exp (ζs) + c2 exp (−ζs) (26)

Expressions for us and uc can now by found through double integration of Equations 13 and156

14 and substituting the derived expression for ui (Equation 26). This gives:157

us =
βs
ζ2

[c1 exp (ζs) + c2 exp (−ζs)] + c3s+ c4 (27)

158

uc = −βc
ζ2

[c1 exp (ζs) + c2 exp (−ζs)] + c3s+ c4 (28)

Boundary conditions are required to solve for the unknown integration coefficients c1, c2,159

c3 and c4. At s = 0, the cortex and stele displacements are known, so:160

us(s = 0) = u1 (29)
161

uc(s = 0) = u1 (30)

At s = Lb, the cortex is broken (so the stress in the cortex must be zero, as it cannot carry162

any stress across the breakage) and the elongation of the stele must be equal to the known163

deformation applied to this segment of root:164

tc(s = Lb) = ϵc(s = Lb) =
∂uc(s = Lb)

∂s
= 0 (31)

165

us(s = Lb) = u2 (32)

Using these boundary to solve for the constants c1, c2, c3 and c4 gives:166

c1 =
ubζ

2

2βs sinh (ζLb) + 2βcζLb cosh (ζLb)
(33)

167

c2 = −c1 (34)
168

c3 =
βcζub cosh (ζLb)

βs sinh (ζLb) + βcζLb cosh (ζLb)
(35)

169

c4 = u1 (36)

Stele deformations us and cortex deformations uc, as function of position s along the170

segment (0 ≤ s ≤ Lb), are therefore (Figure 3d):171

us = u1 + ub

[
βcζ cosh (ζLb)s+ βs sinh (ζs)

βcζLb cosh (ζLb) + βs sinh (ζLb)

]
(37)
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172

uc = u1 + ub

[
βcζ cosh (ζLb)s− βc sinh (ζs)

βcζLb cosh (ζLb) + βs sinh (ζLb)

]
(38)

And so the relative interface displacement ui as function of position s (Figure 3d,e):173

ui = us − uc = ub

[
ζ2 sinh (ζs)

βcζLb cosh (ζLb) + βs sinh (ζLb)

]
(39)

The strains along the stele and the cortex, as function of position s, can be found by174

differentiating the displacements us and uc with respect to position s (Figure 3c):175

ϵs =
dus
ds

=
ub
Lb

[
βcζLb cosh (ζLb) + βsζLb cosh (ζs)

βcζLb cosh (ζLb) + βs sinh (ζLb)

]
(40)

176

ϵc =
duc
ds

=
ub
Lb

[
βcζLb cosh (ζLb)− βcζLb cosh (ζs)

βcζLb cosh (ζLb) + βs sinh (ζLb)

]
(41)

This shows that, as a result of cortex breakage, the strains in the cortex and stele will not be177

constant along the root axis, but vary as function of position s. Stele stresses and strains will178

be larger near the cortex breakage, while cortex stresses and strains will be smaller nearer179

the cortex breakage, see Figure 3c.180

The largest strain in the stele (ϵs,max) can be obtained by finding the largest value of ϵs181

(Equation 40) along the segment domain 0 ≤ s ≤ Lb. The largest value occurs at s = Lb, see182

Figure 3c:183

ϵs,max =
ub
Lb

[
ζ3Lb cosh (ζLb)

βcζLb cosh (ζLb) + βs sinh (ζLb)

]
(42)

The largest strain in the cortex (ϵc,max) can be obtained by finding the largest value of ϵc184

(Equation 41) along the segment domain 0 ≤ s ≤ Lb. The largest value occurs at s = 0, see185

Figure 3c:186

ϵc,max =
ub
Lb

[
βcζLb(cosh (ζLb)− 1)

βcζLb cosh (ζLb) + βs sinh (ζLb)

]
(43)

The largest interface relative displacement (ui,max) can be obtained by finding the largest187

value of ui (Equation 39) along the domain 0 ≤ s ≤ Lb. The largest value occurs at s = Lb,188

see Figure 3d:189

ui,max =
ub
Lb

[
ζ2Lb sinh (ζLb)

βcζLb cosh (ζLb) + βs sinh (ζLb)

]
(44)

Equations 42, 43 and 44 show that the maximum strains — and therefore the maximum190

stresses — in the segment vary with segment length Lb and segment elongation ub.191

At the location of cortex failure (s = Lb) the stele carries the entire tensile force Tr (Figure192

3a), so the tensile force applied to the root can be expressed in terms of the stele response at193

the location of cortex failure as:194

Tr = EsAsϵs,max (45)

The tensile force Tr (and therefore ϵs,max) has to be equal in each segment. The total root195

elongation is equal to the sum of elongations in all segments:196

ur = ϵrLr =
∑

ub (46)

so with known segment lenghts Lb, a relationship between root tensile force Tr and root strain197

ϵr can be established by combining Equations 42, 45 and 46:198

ϵr =
Tr

EsAsLr

∑ βcζLb cosh (ζLb) + βs sinh (ζLb)

ζ3 cosh (ζLb)
(47)
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Figure 4: Schematic representation of the relationship between root segment lenghts and

locations of cortex breakages. The white end of each cortex segment indicates where the

cortex is broken, while the (darker) red end indicates where uc = us (at either clamp, or

halfway neighbouring cortex breakages because of symmetry considerations.

8.2 Cortex failure as a discrete process199

Continue to assume that the root interface remains fully intact during root tensioning. Imme-200

diately after root yielding, the cortex is broken at a single point along the root, for example201

at s = Lr/4 (but could be anywhere, depending in a local weakness in the cortex), resulting202

in two root segments with lengths Lr/4 and 3Lr/4, see Figure 4b. Given the current level of203

root strain ϵr, the root force Tr can be calculated using Equation 47.204

Just after the cortex breakage the stresses in the stele and cortex will reduce slightly since205

the root is now damaged. However, with increased levels of root strain ϵr stele and cortex206

stresses will increase again, until the cortex breaks again. This breakage will always occur at207

the largest distance from any existing breakage (as this is where stresses in the cortex will be208

largest, see Section 8.1). In our example, the second cortex breakage will occur at s = Lr,209

see Figure 4c.210

The root is now separated into an increased number of segments (with lengths Lr/4,211

3Lr/8 and 3Lr/8 in our example, see Figure 4c), for which the strains and stresses can be212

calculated again etc. In our example, the next cortex breakage will occur at s = 5Lr/8,213

resulting in segment lengths Lr/4, 3Lr/16, 3Lr/16, 3Lr/16 and 3Lr/16, see Figure 4d. This214

process of continuing discrete cortex failure will continue until eventually the strength in the215

stele is exceeded and the stele breaks, resulting in a fully broken root.216

This process of ongoing cortex breakage and its effect on the root stress–strain behaviour217

is graphically demonstrated in Figure 5. This figure shows that the process of subsequent218

cortex failures results in a reduction of the root stiffness beyond the yield point. The stress–219

strain response shows ‘sawtooth’-like behaviour, in which each sudden reduction in root stress220

corresponds to an individual cortex breakage event.221
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8.3 Cortex failure as a continuous process222

Rather than describing this process of cortex failure as a discrete set of cortex failures in which223

the segment lengths Lb reduce step-wise, this process can be modelled as a ‘continuous’ cortex224

breakage process in which the segment length Lb reduces gradually and continuously. This225

enables deriving a single analytical expression for this part of the stress–strain curve.226

In the case of continuous cortex failure, ϵc,max = ϵc,u after reaching the yield point, i.e.227

the cortex will be continuously breaking somewhere along the root. Dividing Equation 42 by228

Equation 43 and substituting ϵc,max = ϵc,u gives:229

ϵs,max

ϵc,max
=

ϵs,max

ϵc,u
=

ζ2 cosh (ζLb)

βc(cosh (ζLb)− 1)
(48)

Solving this for segment length Lb gives:230

Lb =
1

ζ
cosh−1

(
βcϵs,max

βcϵs,max − ζ2ϵc,u

)
(49)

Now substitute this expression for Lb (Equation 49) into Equation 42 to find an expression231

for root strain ϵr = ub/Lb as function of maximum stele stress ϵs,max:232

ϵr =
ub
Lb

=
ϵs,max

ζ2

βc + βs

√
1−

(
βcϵs,max−ζ2ϵc,u

βcϵs,max

)2

cosh−1
(

βcϵs,max

βcϵs,max−ζ2ϵc,u

)
 (50)

Substituting the relationship between maximum stele stress ϵs,max and root tensile force Tr233

(Equation 45) gives the stress–strain relationship for the root in case of continuous cortex234

breakage:235

ϵr =
Tr

EsAsζ2

βc + βs

√
1−

(
βcTr−EsAsζ2ϵc,u

βcTr

)2

cosh−1
(

βcTr

βcTr−EsAsζ2ϵc,u

)
 (51)
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Subsequent substitutions of ζ, βs and βc using Equations 23, 24 and 25 respectively gives:236

ϵr =
Tr

EsAs + EcAc

1 +
√
1−

(
Tr−(EsAs+EcAc)ϵc,u

Tr

)2

EsAs cosh
−1

(
Tr

Tr−(EsAs+EcAc)ϵc,u

)
 (52)

Using the expression for the yield force Tr,y = (EsAs + EcAc)ϵc,u (Equation 18), this can be237

written as:238

ϵr = ϵc,u

 Tr

Tr,y
+

EcAc

√
2Tr
Tr,y

− 1

EsAs cosh
−1

(
Tr

Tr−Tr,y

)
 (53)

Further substituting using expressions for Ts,u and Tc,u (Equations 1 and 2) gives:239

ϵr =
Trϵc,u
Tr,y

+
Tc,uϵs,u

√
2Tr
Tr,y

− 1

Ts,u cosh
−1

(
Tr

Tr−Tr,y

) (54)

This continuous solution for root tensile force Tr as function of root strain ϵr forms the240

upper bound for all discrete cortex breakage mechanisms with different positions of initial241

cortex failures, see Figure 6. Using a continuous rather than discrete cortex failure is much242

more convenient as the root response can now be expressed using a single analytical expression243

(Equation 53), rather than the iterative process described in Section 8.2, while still conserving244

the correct underlying mechanics.245

8.4 Stele–cortex interface debonding246

After initial cortex failure (ϵr > ϵr,y), interface resistance between stele and cortex will start247

to develop (see Equation 44 and also Figure 5). So far, it was assumed that the interface248
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strength is never exceeded and the cortex–stele interface will never debond. Let us now249

consider what happens when the stele–cortex debonding may occur.250

Debonding will occur once ui,max = ui,u. Assuming continuous cortex breakage (so251

ϵc,max = ϵc,u), substituting Equation 43 into Equation 44 shows interface debonding will252

commence once cortex segment length Lb has been reduced to a value Lb,u:253

Lb,u =
2

ζ
tanh−1

(
ζϵc,u
βcui,u

)
(55)

The corresponding value of ϵs,max can be found by dividing Equation 44 by Equation 42:254

ui,max

ϵs,max
=

ζ2Lb sinh (ζLb)

ζ3Lb cosh (ζLb)
=

1

ζ
tanh (ζLb) (56)

After substituting ui,max = ui,u and Lb = Lb,u into Equation 56 and subsequent reordering255

of terms, the maximum stele strain at which debonding commences can be written as:256

ϵs,max =
ζui,u

tanh (ζLb,u)
=

βcu
2
i,u

2ϵc,u
+

ζ2ϵc,u
2βc

(57)

The tensile force Tr at which debonding commences is therefore given by:257

Tr = EsAsϵs,max =
EsAsβcu

2
i,u

2ϵc,u
+

EsAsζ
2ϵc,u

2βc
(58)

Once the interface starts to debond the cortex will cease to break (debonding is now the258

critical failure mechanism rather than cortex failure). The length of cortex segments will from259

now on remain constant with increasing applied tensile force Tr (segment length Lb = Lb,u)260

but the cortex and stele will instead start to debond, starting from the point where the cortex261

is broken (Figure 7a).262

Assume the cortex and stele will remain bonded over a length Lb and debond over a263

length Ld = Lb,u − Lb (Figure 7b). At the location where the interface debonds (s = Lb):264

ui = ui,u (59)

Across the debonded part of the root, the stele and cortex are no longer connected and265

therefore cannot transfer any forces (i.e. Ti = 0, Figure 7c). Thus the tensile forces will be266

constant across these sections (Equation 12), and therefore the stresses and strains will also267

be constant:268

ϵs(s > Lb) = ϵs,max (60)
269

ϵc(s > Lb) = 0 (61)

The (average) root strain ϵr along the segment is determined using summation of the elon-270

gations in the bonded and debonded parts of the segment (Figure 7d):271

Lb,uϵr = ub + (Lb,u − Lb)ϵs,max (62)

where ub is the stele elongation in the bonded part of the segment, and (Lb,u −Lb)ϵs,max the272

stele elongation along the debonded part of the segment.273
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This system of equations can again be solved analytically in order to obtain root strain274

ϵr as function of root force Tr. First obtain the bonded length Lb by dividing Equations 44275

by Equation 42.276

ui,max

ϵs,max
=

ui,u
ϵs,max

=
1

ζ
tanh (ζLb) (63)

Solving for Lb gives:277

Lb =
1

ζ
tanh−1

(
ζui,u
ϵs,max

)
(64)

Now find ub by substituting Lb into Equation 44 and using ui,max = ui,u:278

ub =
βcϵs,max

ζ3
tanh−1

(
ζui,u
ϵs,max

)
+

βsui,u
ζ2

(65)

Substitute Equations 55, 64 and 65 into Equation 62 to obtain ϵr:279

ϵr = ϵs,max +
βsζui,u − βsϵs,max tanh

−1
(

ζui,u

ϵs,max

)
2ζ2 tanh−1

(
ζϵc,u
βcui,u

) (66)

Substituting the relationship between maximum stele stress ϵs,max and root tensile force280

Tr = EsAsϵs,max (Equation 45) gives the stress–strain relationship for the interface debonding281

behaviour:282

ϵr =
Tr

EsAs
+

βsζui,u − βsTr

EsAs
tanh−1

(
ζui,uEsAs

Tr

)
2ζ2 tanh−1

(
ζϵc,u
βcui,u

) (67)

After substituting expressions for ζ, βs and βc (Equation 23, 24 and 25 respectively) and283

multiplying both the numerator and denominator of the second fractional term by EsAsEcAc:284

ϵr =
Tr

EsAs
+

ui,u
√
EsAsEcAc(EsAs + EcAc)Cski − TrEcAc tanh

−1

(
ui,u

Tr

√
EsAs(EsAs+EcAc)Cski

EcAc

)
2EsAs(EsAs + EcAc) tanh

−1

(
ϵc,u
ui,u

√
EcAc(EsAs+EcAc)

EsAsCiki

)
(68)

After substitution of expressions for Ts,u (Equation 1), Tc,u (Equation 2), Ti,u (Equation 7)285

and Tr,y (Equation 18):286

ϵr =
Trϵs,u
Ts,u

+

√
Ts,uTc,uTr,yTi,uui,uϵs,u − TrTc,uϵs,u tanh

−1
(√

Ts,uTr,yTi,uui,u

T 2
r Tc,uϵs,u

)
2Ts,uTr,y tanh

−1
(√

Tc,uTr,yϵs,u
Ts,uTi,uui,u

) (69)

9 Nondimensionalised solutions287

9.1 Nondimensional parameter groups288

It is convenient to express stress–strain solutions found above using nondimensional parameter289

groups. Forces are normalised by the force required to break the stele (Ts,u), while strains290

are normalised by the strain required to break the stele (ϵs,u).291

The nondimensional stress and strain parameters are defined as:292

T̂r =
Tr

Ts,u
=

Artr
Asts,u

(70)

15



293

ϵ̂r =
ϵr
ϵs,u

(71)

The entire problem can be expressed as a function of three dimensionless parameter groups:294

� Strength parameter rT describes the ratio between the cortex and stele strengths295

(in terms of forces):296

rT =
Tc,u

Ts,u
=

Actc,u
Asts,u

=
EcAcϵc,u
EsAsϵs,u

(72)

� Strain parameter rϵ describes the ratio between the cortex and stele tensile strains297

to failure:298

rϵ =
ϵc,u
ϵs,u

(73)

� Interface parameter ri describes the strain energy (or mechanical work W ) required299

to break the interface along the entire root length relative to the strain energy required300

to break the stele:301

ri =
Wi

Ws
=

0.5CsLrti,uui,u
0.5AsLrts,uϵs,u

=
Csti,uui,u
Asts,uϵs,u

=
Ti,uui,u
Ts,uϵs,u

(74)

9.2 Dimensionless stress–strain equations302

The previously derived solutions describing the full tensile stress–strain behaviour of any root,303

consisting of elastic, cortex failure and interface debonding parts, can be written in terms of304

the nondimensional parameter groups (Equations 70–74) defined in the previous section:305

1. Elastic behaviour (see Section 6): This is the initial part of the curve where both306

the cortex and stele are fully intact. Rewriting Equation 17 using nondimensional307

parameter groups:308

ϵ̂r =
rϵT̂r

rT + rϵ
(75)

This solution is valid when the yield strength has not been exceeded. In terms of309

nondimensional parameter groups:310

T̂r ≤ T̂r,y (76)

where the (nondimensional) yield force T̂r,y = Tr,y/Ts,u is found by rewriting Equation311

18 in terms of nondimensional parameter groups:312

T̂r,y = rT + rϵ (77)

2. Plastic hardening behaviour - (continuous) cortex breakage (see Section 8.3):313

At the yield point the cortex will break. For the stele to remain intact after this initial314

cortex failure, Equation 19 — rewritten using nondimensional parameter groups —315

must hold:316

rT + rϵ ≤ 1 (78)

If this condition is met, the root will be able to mobilise more stress after yielding, i.e.317

show hardening behaviour. The stress–strain behaviour during the subsequent phase of318
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continuous cortex breakage (Equation 54) can be written in terms of nondimensional319

parameter groups:320

ϵ̂r =
rϵT̂r

rT + rϵ
+

rT
√

2T̂r − rT − rϵ
√
rT + rϵ cosh

−1
(

T̂r

T̂r−rT−rϵ

) (79)

This solution is valid when the following conditions are met: a) the tensile force exceeds321

the yield force (Tr > Tr,y); b) the tensile force does not exceeds the force required to322

commence interface debonding (Equation 58); c) the tensile force is smaller than the323

force required to break the stele (Tr ≤ Ts,u). Written in terms of non-dimensional324

parameter groups:325

T̂r > rT + rϵ & T̂r ≤
1

2

(
ri
rT

+ rT + rϵ

)
& T̂r ≤ 1 (80)

3. Plastic hardening behaviour - interface debonding (see Section 8.4): The stele326

and cortex will start to (partially) debond when the stresses in the stele–cortex inter-327

face exceed the interface strength. Rewriting this part of the root stress–strain curve328

(Equation 69) in terms of nondimensional parameter groups gives:329

ϵ̂r = T̂r +

√
rirT (rT + rϵ)− rT tanh−1

(√
rirT (rϵ+rT )

rT T̂r

)
T̂r

2(rT + rϵ) tanh
−1

(
rT (rT+rϵ)√
rirT (rT+rϵ)

) (81)

This solution is valid when: a) the tensile force exceeds the yield force (Tr > Tr,y); b) the330

tensile force exceeds the force required to commence interface debonding (Equation 58);331

and c) the tensile force is smaller than the force required to break the stele (Tr ≤ Ts,u).332

Written in terms of non-dimensional parameter groups:333

T̂r > rT + rϵ & T̂r >
1

2

(
ri
rT

+ rT + rϵ

)
& T̂r ≤ 1 (82)

The interface will remain intact and not debond during any part of the tensile test when334

the force required for interface debonding to commence (Equation 58) is larger than the335

force required to break the stele. In this case, the root will have failed in tension before336

any debonding may occur. Written in terms of nondimensional parameter groups,337

debonding will not occur when:338

ri ≥ rT (2− rT − rϵ) (83)

Together, Equations 75, 79 and 81 can describe the theoretical stress–strain behaviour of any339

root. An example curve is shown in Figure 8 for rT = 0.3, rϵ = 0.2 and various values of ri.340

10 Fitting of tensile stress–strain curves and determination of341

the yield point342

Measured tensile stress–strain data must be analysed in order to extract information about343

the ultimate strength (tr,u) and strain to peak (ϵr,u), the yield point (yield stress tr,y, yield344

strain ϵr,y) and the effect of root tortuosity on these strains (ur,t). The root behaviour in345

tension was assumed to consist of three different phases:346

17



ri = 0

0.2

0.3

ri ≥ rT(2 − rT − rε)

Yield
point

0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0

ε̂r = εr εs,u

T̂
r
=

T
r

T
s,

u

Elastic

Cortex failure

Interface debonding

Figure 8: Example nondimensionalised stress–strain curves for rT = 0.3, rϵ = 0.2 and various

values of ri ranging from negligible interface strength (ri = 0) to being strong enough so no

debonding takes place during the tensile test (ri ≥ rT (2− rT − rϵ)).

1. Initial phase; associated with the stretching of a tortuous root. The stiffness is typically347

lower than the elastic root stiffness (Young’s modulus)348

2. Elastic phase, during which the stiffness is equal to the elastic root stiffness (Young’s349

modulus)350

3. Plastic phase, associated with a reduction in stiffness after root yield351

The measured tensile force Tr versus displacement ur curve was fitted with three corre-352

sponding linear segments using the following step-wise procedure:353

1. Determine the tensile force (Tr,u) and displacement (ur,u) at the ultimate point (maxi-354

mum tensile force).355

2. Smooth the measured force–displacement data to eliminate noise. The existence of356

noise will greatly affect numerical differentiation required to obtain gradients. A cubic357

smoothing spline was used (R function smooth.spline(), using a smoothing coefficient358

spar = 0.75).359

3. Determine the point where the force–displacement gradient is largest (force Tr,e, dis-360

placement ur,e, gradient Ge). This gradient is directly associated with the Young’s361

modulus of the root.362

4. Determine the plastic force–displacement gradient as the smallest possible gradient (Gp)363

of a line that passes through the ultimate point (ur,u, Tr,u) and any measured point364

located between:365

ur,e ≤ ur ≤ ur,e + (1− f)
Tr,u − Tr,e

Ge
+ f (ur,u − ur,e) (84)
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When f = 0, the search is conducted between ur,e and the displacement required to366

break the root if the root were to behave purely elastic (ur,e + (Tr,u − Tr,e)/Ge). f367

can therefore be interpreted as the fraction of plastic root deformation to additionally368

include in the displacement search domain for determining the plastic stiffness (0 ≤369

f ≤ 1). f = 1/3 was selected as this yielded good approximations of the plastic part of370

the curve, see Figures 9 and 10.371

5. Determine the yield displacement ur,y and yield force Tr,y as the intersection of the372

elastic and plastic gradient lines.373

6. Determine the force, displacement and gradient at the start of the test (Tr,i, ur,i, Gi).374

The displacement of the unstressed root at the start of the test (ur,0, defined as the375

displacement at which Tr = 0) can be estimated by linear extrapolation if required:376

ur,0 = ur,i −
Tr,i

Gi
(85)

If ur,0 < 0, the root is pre-streched during installation in the tensile test machine377

(resulting in some tensile force at zero displacement). Equally, if ur,0 > 0 the root is378

pre-compressed.379

7. Calculate the estimated difference between arc length and span length (ur,t = Lr −Ls)380

as:381

ur,t = ur,e −
Tr,e

Ge
− ur,0 (86)

8. Calculate the ultimate tensile strength and strain as:382

tr,u =
Tr,u

Ar
(87)

383

ϵr,u =
ur,u − ur,t
Ls + ur,t

(88)

9. Calculate the yield strength and strain as:384

tr,y =
Tr,y

Ar
(89)

385

ϵr,y =
ur,y − ur,t
Ls + ur,t

(90)

A graphical example of this fitting procedure for root tensile test 578 is shown in Figure 9.386

Figure 10 shows both the measured and fitted force–displacement curves for all success-387

ful tensile tests conducted. This demonstrated the adopted multi-linear fitting approach388

approximated the measured data well.389

11 Symbols390

All parameters in this manuscript, unless otherwise specified, are expressed in generic di-391

mensions: [F] for units of force, [L] for units of length/diameter and [-] for dimensionless392

parameters. This allows the reader to use their own preferred set of units in each equation.393
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Figure 9: Schematic showing the method of fitting force–displacement data and determination

of the yield point. The light green shaded zone indicates the search window for finding the

plastic stiffness. Data for root sample 578 was used. f was chosen as 1/3.

11.1 Parameter and subscript logic394

The symbols for commonly used parameters follow the following logic:395

� ϵ: Strain [LL−1]396

� A: Cross-sectional area [L2]397

� C: Circumference [L]398

� E: Young’s modulus [FL−2]399

� k: Spring stiffness [FL−3]400

� L: Length [L]401

� s: Positional coordinate [L]402

� T : Tensile force [F]403

� t: Tensile stress [FL−2]404

� u: Displacement [L]405

� W : Mechanical work, or strain energy [FL]406

Subscripts follow the following logic:407

� □c: Cortex408

� □i: Stele–cortex interface409

� □max: Maximum value along a segment410

� □r: Root411

� □s: Stele412

� □u: Value at failure413

Subscripts may be combined, i.e. ts,u, which is the symbol used for stele tensile strength, is414

the tensile stress (t) in the stele (subscript s) at the moment of failure (subscript u).415

Other notations commonly used are:416

� □̂: Nondimensionalised parameter □417

� □̄: Prediction for parameter □418
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11.2 Full list of symbols419

A full list of all symbols used:420

� ϵc: Current cortex tensile strain [LL−1]421

� ϵc,max: Largest stress in the cortex along a root ‘segment’ [LL−1]422

� ϵc,u: Cortex tensile strain at cortex failure [LL−1]423

� ϵ̂r Nondimensionalised root tensile strain [-]424

� ϵr: (Average) root tensile strain [LL−1]425

� ϵr,u: (Average) root tensile strain to peak [LL−1]426

� ϵr,y: Root tensile yield strain [LL−1]427

� ϵs: Current stele tensile strain [LL−1]428

� ϵs,max: Largest stress in the stele along a root ‘segment’ [LL−1]429

� ϵs,u: Stele tensile strain at stele failure [LL−1]430

� Ac: Cross-sectional area of the cortex [L2]431

� Ar: Cross-sectional area of the root [L2]432

� As: Cross-sectional area of the stele [L2]433

� Cs: Circumreference of the stele [L]434

� Ec: Young’s modulus of the cortex [FL−2]435

� Es: Young’s modulus of the stele [FL−2]436

� ki: Stele–cortex interface stiffness [FL−3]437

� Lr: Root length [L]438

� Lb: Length of the part of root ‘segment’ along which the cortex–stele interface remains439

intact [L]440

� Lb,u: Length of the root ‘segment’ at the onset of cortex–stele debonding [L]441

� R2: Coefficient of determination [-]442

� rϵ: Nondimensionalised strain parameter [-]443

� ri: Nondimensionalised interface parameter [-]444

� rT : Nondimensionalised strength parameter [-]445

� s: Coordinate along the root axis [L]446

� Tc: Current tensile force in the cortex [F]447

� Tc,u: Tensile force in cortex at cortex failure [F]448

� T̂r Nondimensionalised root tensile force [-]449

� Tr: Current tensile force in the root [F]450

� Ts: Current tensile force in the stele [F]451

� Ts,u: Tensile force in stele at stele failure [F]452

� tc: Current cortex tensile stress [FL−2]453

� tc,u: Cortex tensile strength [FL−2]454

� ti: Current stele–cortex interface shear stress [FL−2]455

� ti,u: Stele–cortex interface shear strength [FL−2]456

� tr: Current root tensile stress [FL−2]457

� tr,u: Root tensile strength [FL−2]458

� tr,y: Root yield strength [FL−2]459

� ts: Current stele tensile stress [FL−2]460
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� ts,u: Stele tensile strength [FL−2]461

� uc: Axial displacement of a point along the cortex [L]462

� ui: Relative displacement between the stele and cortex [L]463

� ui,max: Maximum relative displacement between the stele and cortex along a root464

‘segment’ [L]465

� ui,u: Relative displacement between the stele and cortex at which the stele–cortex466

interface debonds [L]467

� ur: Root elongation in tensile test [L]468

� us: Axial displacement of a point along the stele [L]469

� Wi: Work (energy) required to debond the entire stele–cortex interface [FL]470

� Ws: Work (energy) required to break the stele [FL]471
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