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Profiles Linking Condorcet Winners and Monotonicity
The following profiles illustrate some of the less obvious relationships between Condorcet winners and monotonicity:
1. A CW exists, but W ≠ CW.  To show that RCV-PE can adhere to monotonicity in this case, consider the following profile:
2 voters: y > x > z
2 voters: z > x > y
1 voter:  x > z > y
x is the CW because x beats y (3 to 2) and x beats z (2 to 1).  Nevertheless, x is eliminated in the first round leading to W = z.  However, monotonicity cannot be violated in this profile because moving z to the top of the first or third preference ranking (everything else equal) still produces z as the winner.  

2. ~CW.  To show that RCV-PE can adhere to monotonicity in this case, consider the following profile: 
2 voters: y > x > z
2 voters: z > y > x
1 voter:  x > z > y
There is no Condorcet winner because z beats y (3 to 2), y beats x (4 to 1), and x beats z (3 to 2).  Nonetheless, z wins the election because x is eliminated in the first round and z beats y in the second round.  Monotonicity cannot be violated in this profile because moving z up in the first or third preference ranking (everything else equal) still produces z as the winner.  Similar cases for RCV-NPE and RCV-BE are easily generated.

3. W=CW and C > 3.  To show that RCV-PE can violate monotonicity (and IEA) in this case, consider the profile in Table 1.
Table 1: A Four Candidate Election, Round 1
	rank1
	rank2
	rank3
	rank4
	frequency

	1
	2
	3
	4
	406

	1
	2
	4
	3
	389

	1
	3
	2
	4
	435

	1
	3
	4
	2
	422

	1
	4
	2
	3
	431

	1
	4
	3
	2
	409

	2
	1
	3
	4
	439

	2
	1
	4
	3
	387

	2
	3
	1
	4
	423

	2
	3
	4
	1
	455

	2
	4
	1
	3
	433

	2
	4
	3
	1
	391

	3
	1
	2
	4
	434

	3
	1
	4
	2
	450

	3
	2
	1
	4
	397

	3
	2
	4
	1
	407

	3
	4
	1
	2
	426

	3
	4
	2
	1
	362

	4
	1
	2
	3
	432

	4
	1
	3
	2
	400

	4
	2
	1
	3
	437

	4
	2
	3
	1
	383

	4
	3
	1
	2
	402

	4
	3
	2
	1
	450



Candidate 1 is the Condorcet winner, defeating Candidate 2 (5,036 to 4,964), Candidate 3 (5,020 to 4,980), and Candidate 4 (5,022 to 4,978).  Furthermore, Candidate 1 wins the RCV-PE election.  In the first round, Candidates 1 through 4 receive 2,492, 2,528, 2,476, and 2,504 first-place votes, respectively.  Hence, Candidate 3 is eliminated.  
Table 2: A Four Candidate Election, Round 2
	rank1
	rank2
	rank3
	frequency

	1
	2
	4
	1,664

	1
	4
	2
	1,712

	2
	1
	4
	1,646

	2
	4
	1
	1,686

	4
	1
	2
	1,660

	4
	2
	1
	1,632



The second-round profile appears in Table 2. Candidates 1, 2, and 4 receive 3,376, 3,332, and 3,292 first-place votes, respectively.  Hence, candidate 4 is eliminated.  Candidate 1 then wins the head-to-head matchup against Candidate 2. 
Now consider what would happen if, in the first round, W = 1 was moved to first position in 29 of the 432 ballots in row 19 of Table 1.  This would produce Table 3.


Table 3: A Four Candidate Election with W Moved up, Round 1
	rank1
	rank2
	rank3
	rank4
	frequency

	1
	2
	3
	4
	406

	1
	2
	4
	3
	389

	1
	3
	2
	4
	435

	1
	3
	4
	2
	422

	1
	4
	2
	3
	431

	1
	4
	3
	2
	409

	2
	1
	3
	4
	439

	2
	1
	4
	3
	387

	2
	3
	1
	4
	423

	2
	3
	4
	1
	455

	2
	4
	1
	3
	433

	2
	4
	3
	1
	391

	3
	1
	2
	4
	434

	3
	1
	4
	2
	450

	3
	2
	1
	4
	397

	3
	2
	4
	1
	407

	3
	4
	1
	2
	426

	3
	4
	2
	1
	362

	4
	1
	2
	3
	403

	1
	4
	2
	3
	29

	4
	1
	3
	2
	400

	4
	2
	1
	3
	437

	4
	2
	3
	1
	383

	4
	3
	1
	2
	402

	4
	3
	2
	1
	450



Now candidates 1 through 4 receive 2,521, 2,528, 2,476, and 2,475 first-place votes, respectively.  Hence, candidate 4 is eliminated.

Table 4: A Four Candidate Election with W Moved up, Round 2
	rank1
	rank2
	rank3
	frequency

	1
	2
	3
	1,658

	1
	3
	2
	1,666

	2
	1
	3
	1,696

	2
	3
	1
	1,652

	3
	1
	2
	1,712

	3
	2
	1
	1,616



In round two, the profile would appear as shown in Table 4.  Candidates 1, 2, and 3 receive 3,324, 3,348, and 3,328 first-place votes, respectively.  Hence, Candidate 1 is eliminated.  By getting more votes, the Condorcet winner loses the election. 
	The IEA violation follows immediately by noting that with the subset of candidates {1,2,3}, the Condorcet winner (Candidate 1) loses the election to Candidate 2, as shown in the analysis of Table 4. 


Two-Dimensional Simulations
This section presents results from a two-dimensional spatial voting model with two dominant coalitions centered on μ1 = (0.25, 0.25) and μ2 = (0.75, 0.75), respectively, and a third minor coalition centered on μ3.  The value of μ3 varies from (0.50, 0.50) to (0.25, 0.75) to (0.00, 1.00) as shown in Table 5.  Each distribution is bivariate normal with σ = (0.20, 0.20).  
	The simulation consists of 10,000 elections.  For each election, N=10,000 voters are drawn from one of the three distributions in proportions 40%, 40%, and 20%, respectively.  C candidates are drawn from a normal distribution with μc = (0.50, 0.50) and σ = (0.20, 0.20).  After a ballot profile has been generated, complete rankings are then made partial following the procedures described in the text.
The model reflects two dominant coalitions in opposition and various locations of a third minor coalition, which can tip the result.  








Table 5: Condorcet Violations
	Voting rule
	
	
	

	μ3 = (0.50, 0.50)
	
	
	

	
	
	
	

	RCV-PE
	0.091
	0.162
	0.280

	
	
	
	

	RCV-NPE
	0.018
	0.041
	0.121

	
	
	
	

	RCV-BE
	0.000
	0.000
	0.000

	
	
	
	

	# CW
	9,974
	9,877
	9,722

	
	
	
	

	μ3 = (0.25, 0.75)
	
	
	

	
	
	
	

	RCV-PE
	0.098
	0.176
	0.329

	
	
	
	

	RCV-NPE
	0.014
	0.038
	0.116

	
	
	
	

	RCV-BE
	0.000
	0.000
	0.000

	
	
	
	

	# CW
	9,937
	9,806
	9,513

	
	
	
	

	μ3 = (0.00, 1.00)
	
	
	

	
	
	
	

	RCV-PE
	0.101
	0.181
	0.345

	
	
	
	

	RCV-NPE
	0.016
	0.036
	0.097

	
	
	
	

	RCV-BE
	0.000
	0.000
	0.000

	
	
	
	

	# CW
	9,846
	9,517
	8,566

	
	
	
	




Notes: Figures reported are the frequency of Condorcet winner violations given the two-dimensional model indicated above.  #CW indicates the number of Condorcet winners -- the denominator of each frequency.  Each of the 10,000 simulated elections contain N =10,000.

As C increases, the number of Condorcet winners decreases but the rate of Condorcet winner violations increases.  For each μ3 and C examined, RCV-PE is most likely to fail the Condorcet winner criterion, followed by RCV-NPE.  RCV-BE never fails the Condorcet winner criterion as one would expect.  For a given μ3 and C, differences between any pair of frequencies are significant at the 0.001 level.
 
Table 6: IEA Violations
	Voting rule
	
	
	

	μ3 = (0.50, 0.50)
	
	
	

	
	
	
	

	RCV-PE
	0.094
	0.199
	0.382

	
	
	
	

	RCV-NPE
	0.021
	0.058
	0.187

	
	
	
	

	RCV-BE
	0.003
	0.012
	0.028

	
	
	
	

	μ3 = (0.25, 0.75)
	
	
	

	
	
	
	

	RCV-PE
	0.103
	0.221
	0.461

	
	
	
	

	RCV-NPE
	0.020
	0.061
	0.200

	
	
	
	

	RCV-BE
	0.006
	0.019
	0.049

	
	
	
	

	μ3 = (0.00, 1.00)
	
	
	

	
	
	
	

	RCV-PE
	0.115
	0.257
	0.547

	
	
	
	

	RCV-NPE
	0.031
	0.088
	0.260

	
	
	
	

	RCV-BE
	0.015
	0.048
	0.143

	
	
	
	



Notes: Figures reported are the frequency of IEA violations given the two-dimensional model indicated above.  Each of the 10,000 simulated elections contain N =10,000. 

The frequency of violating IEA increases with   For each of μ3 and C examined, RCV-PE is most likely to violate the IEA criterion, followed by RCV-NPE then RCV-BE.  For each μ3 and C, pairwise differences in violation frequencies are significant at the 0.001 level. 
Table 7: Monotonicity Violations
	Voting rule
	
	
	

	μ3 = (0.50, 0.50)
	
	
	

	
	
	
	

	RCV-PE
	0.030
	0.047
	0.074

	
	
	
	

	RCV-NPE
	0.018
	0.039
	0.064

	
	
	
	

	RCV-BE
	0.003
	0.011
	0.024

	
	
	
	

	μ3 = (0.25, 0.75)
	
	
	

	
	
	
	

	RCV-PE
	0.033
	0.059
	0.108

	
	
	
	

	RCV-NPE
	0.017
	0.040
	0.106

	
	
	
	

	RCV-BE
	0.006
	0.018
	0.043

	
	
	
	

	μ3 = (0.00, 1.00)
	
	
	

	
	
	
	

	RCV-PE
	0.045
	0.072
	0.143

	
	
	
	

	RCV-NPE
	0.023
	0.048
	0.116

	
	
	
	

	RCV-BE
	0.013
	0.042
	0.112

	
	
	
	



Notes: Figures reported are the frequency of monotonicity violations given the two-dimensional model indicated above.  Each of the 10,000 simulated elections contain N =10,000. 

The frequency of violating monotonicity increases with .  Regardless of the elimination procedure, RCV rarely violates monotonicity in these models.  Nevertheless, with some exceptions, the visible differences between any pair of figures are significant at the .001 level.[footnoteRef:1] [1:  For μ3 = (0.50, 0.50), C=5, 9, the difference between RCV-PE and RCV-NPE is significant at the .01 level.  For μ3 = (0.25, 0.75), C=9, the difference between RCV-PE and RCV-NPE is insignificant at traditional levels.  For μ3 = (0.00, 1.00), C=5, the difference between RCV-NPE and RCV-BE is significant at the .05 level.  For μ3 = (0.00, 1.00), C=9, the difference between RCV-NPE and RCV-BE is insignificant at traditional levels.] 

In all cases, RCV-BE clearly outperforms RCV-PE.  Furthermore, RCV-BE performs at least as well as RCV-NPE.  
2

