Price Competition in a Vertizontally
Differentiated Duopoly

Symmetric situation: centralized and
decentralized pricing

Equilibrium (analysis) when firms price qualities
“centralized”

n= Clear["Global™ %" ]
$Assumptions =
{B>0,6>0,th>0,1tl1>0, puh>0,ul1 >0, u>0,ch>0,cl>0,ch>cl, 5§>ch-cl};
AssumptionOne = {ch+th > cl+tl, ch+th<cl+tl+é8};
AssumptionTwo = {ch+2*th>cl+2xtl, ch+2*xth<cl+2*tl+6};

For given prices, compute the marginal agents on the segments (x and y), the
demand for each brand-quality (q), and the resulting profit for each brand-quality
(1)

= Xh[plh_, p11_, p2h_, p21_] = Solve[th # xx + p1h == th* (1-xx) +p2h, xx] [[1, 1, 2]];
x1[plh_, p11_, p2h_, p21_] = Solve[tlxxx+pll = tl« (1-xx) +p2l, xx]|[[1, 1, 2]];
yl[plh_, p1l_, p2h_, p21_] = Solve[B + & xyy - plh = B - p1l, yy]1[[1, 1, 2]];
y2[plh_, p1l_, p2h_, p21_] = Solve[B + & xyy - p2h = B - p21, yy]1[[1, 1, 2]];
qlh[pih_, p1l_, p2h_, p21_] = xh[plh, p1l, p2h, p21] » uh+ (1-yl[plh, p1l, p2h, p21]) * u;
qll[plh_, p11l_, p2h_, p21_] = x1[plh, pll, p2h, p21] % ul + yl[plh, pll, p2h, p21] * u;
q2h[plh_, p1l_, p2h_, p21_]

(1-xh[p1h, p1l, p2h, p21]
q2l[plh_, p1l_, p2h_, p21_]
71lh[plh_, p1l_, p2h_, p21_]

*ph+ (1-y2[plh, p1l, p2h, p21]) * u;

(1-x1[p1h, p11, p2h, p21]) » ul+y2[plh, pll, p2h, p21] « u;
Simplify[ (p1h - ch) « qlh[p1h, p1l, p2h, p21]];

71l[plh_, p1l_, p2h_, p21_] = Simplify[ (p1l - cl) » q11[plh, p1l, p2h, p21]];

n2h[plh_, p1l_, p2h_, p21_] = Simplify[ (p2h - ch) » q2h[p1h, p1l, p2h, p21]];

n21[plh_, p1l_, p2h_, p21_] = Simplify[ (p2l - cl) » q21[p1h, p1l, p2h, p21]];

N~ 1
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Solve for equilibrium prices (second-order conditions are dealt with in the paper)

n(7:= FullSimplify@Solve[{D[n1lh[plh, p1l, p2h, p21] + n11l[plh, pll, p2h, p21], plh] == 0,
D[n1lh[p1lh, p1l, p2h, p21] + n11[p1h, pl1l, p2h, p21], pll] == O,
D[n2h[plh, p1l, p2h, p21] + n21[plh, p1l, p2h, p21], p2h] == O,
D[n72h[plh, p1ll, p2h, p21] + n21[plh, pll, p2h, p21], p21] == @}, {plh, pl1l, p2h, p21}]
out[17]= {{plhe (chéuhul+ (2 (ch+cl+6) u+5uh) ulth+4u (chuh+ (2u+uh+ul) th) tl)/
(5uhul+4/,( (ul th + uh tl)),
pll - (clul (6uh+4uch) + (2 (
(6uhul+4u (/,zl th + uh tl)),
p2h - (chopuhpul+ (2 (ch+cl+6) u+6ph) plth+4pu (chpuh+ (2u+ph+pl) ch) o) /
(5/,thul+4/,( (ul th + uh tl))
p2l > (clul (6uh+4uth) + (2
(6uhul+4u (ul th + uh tl))

ch+cl)/,1/,zh+6uh,ul+4u <2u+/,th+,ul) th) tl)/

(ch+cl) uph+6uhpul+4pu <2u+uh+ul) th) tl)/

}

(Symmetric) equilibrium prices (to be used for further analysis)

nfei= ph = Simplify[(chéuhu1+ (2 (ch+c1+6) u+6uh) ulth+4pu (ch uh + (2u+uh+u1) th) 'Cl) /
(6uhu1+4u (ulth+uht1))] 3

p1=Simp1i'Fy[(clu1 (6uh+4uth) + (2 (ch+c1) uph+6uhul +4pu (2u+uh+u1) th) 1:1)/
(6uhu1+4u (ulth+uht1))] 3

Static properties of the prices

nzor= FullSimplifye@Reduce[pl > cl && And @@ $Assumptions]
FullSimplify@Reduce[ph > ch & And @@ $Assumptions]
Assuming [And @@ AssumptionOne, FullSimplify@Reduce[ph - pl > 0 && And @@ $Assumptions]]
Assuming [And @@ AssumptionOne, FullSimplify@Reduce[ph - pl < 6 & And @@ $Assumptions] ]
FullSimplifyeLimit[ph, u - 9]
FullSimplifyeLimit[pl, u - 0]

out20)= True
out21]= True
out221= True
out23)= True
ou24)= ch + th

ouesl= €l + tl



Comparative statics of prices

In[26]:=

Out[26]=

out[27]=

Out[28]=

Out[29]=

Out[30]=

Out[31]=

Out[32]=

Out[33]=

Out[34]=

Out[35]=

Out[36]=

Out[37]=

Out[38]=

Out[39]=

Out[40]=

Out[41]=

FullSimplifye@Reduce[D[ph,
FullSimplifye@Reduce[D[pl,
FullSimplifye@Reduce [D[ph,
FullSimplifye@Reduce[D[pl,
FullSimplifye@Reduce [D[ph,
FullSimplifye@Reduce[D[pl,
FullSimplify@Reduce[D[ph, tl]
FullSimplifye@Reduce[D[pl, tl]
Assuming[And @@ AssumptionTwo,

ch]
ch]
cl]
cl]
th]
th]

> 0 && And @@ $Assumptions]
> 0 && And @@ $Assumptions]
> 0 && And @@ $Assumptions]
> 0 && And @@ $Assumptions]
> 0 && And @@ $Assumptions]
> 0 && And @@ $Assumptions]
> 0 && And @@ $Assumptions]
> 0 && And @@ $Assumptions]
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FullSimplifye@Reduce[D[ph, uh] < 0 & And @@ $Assumptions]]

Assuming[And @@ AssumptionTwo,
Assuming [And @@ AssumptionTwo,
Assuming [And @@ AssumptionTwo,
Assuming [And @@ AssumptionTwo,
Assuming[And @@ AssumptionTwo,
Assuming[And @@ AssumptionTwo,
Assuming[And @@ AssumptionTwo,

True
True
True
True
True
True
True
True
True
True
True
True
True
True
True

True

FullSimplifye@Reduce[D[pl,
FullSimplify@Reduce[D[ph,
FullSimplify@Reduce[D[pl,
FullSimplify@Reduce[D[ph,
FullSimplify@Reduce[D[pl,
FullSimplifye@Reduce[D[ph,
FullSimplify@Reduce[D[pl,

uh] < @& And @@ $Assumptions] ]
ul] < @& And @@ $Assumptions] ]
1l] < 9&& And @@ $Assumptions]]
8] > 9&& And @@ $Assumptions]]
6] < 0&& And @@ $Assumptions]]
u] > 0 & & And @@ $Assumptions] ]
u] > 0 & & And @@ $Assumptions] ]

| 3
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Comparative statics of demand

ne2i= Y = Simplify [y1[ph, pl, ph, pl]1] ;

Out[43]=

Out[44]=

Out[45]=

Out[46]=

Out[47]=

Out[48]=

Out[49]=

Out[50]=

Assuming [And @@ AssumptionOne,
Assuming[And @@ AssumptionOne,
Assuming[And @@ AssumptionOne,
Assuming[And @@ AssumptionOne,
Assuming[And @@ AssumptionTwo,
Assuming[And @@ AssumptionTwo,
Assuming[And @@ AssumptionOne,
Assuming[And @@ AssumptionTwo,

True
True
True
True
True
True
True

ul th (—ch+cl+6—2th+2

FullSimplify@Reduce[D[y,
FullSimplify@Reduce[D[y,
FullSimplify@Reduce[D[y,
FullSimplify@Reduce[D[y,
FullSimplify@Reduce[D[y,
FullSimplify@Reduce[D[y,
FullSimplify@Reduce[D[y,
FullSimplifye@Reduce[D[y,

tl)

uh <
(ch-cl+2th-21l) cl

ch] > 0 & And @@ $Assumptions] ]
cl] < 08& & And @@ $Assumptions] ]
th] > 0 && And @@ $Assumptions] ]
tl] < 0 && And @@ $Assumptions] ]
uh] < @& And @@ $Assumptions] ]
ul] > 0 & And @@ $Assumptions] ]
5] < @& And @@ $Assumptions] ]

u] > 08&8& And @e $Assumptions]]
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Comparative statics of profits (using parameter restriction)

In[51]:=

Out[56]=

out[57]=

Out[58]=

Out[59]=

out[60]=

out[61]=

out[62]=

out[63]=

ul = ph;

tl = th;

wth = Simplify[nx1h[ph, pl, ph, pl]] ;

7l = Simplify[x11[ph, pl, ph, p1l]] ;

st = Simplify[xh + x1] ;

FullSimplify@Reduce[D[rh, c1l] > © & And @@ $Assumptions]
FullSimplify@Reduce[D[rh, ch] < © & And @@ $Assumptions]
FullSimplify@Reduce[D[xl, cl] < © & And @@ $Assumptions]
FullSimplify@Reduce[D[xl, ch] > © & And @@ $Assumptions]
FullSimplify@Reduce[D[nt, c1l] > © & And @@ $Assumptions]
FullSimplify@Reduce[D[nt, ch] < © & And @@ $Assumptions]
FullSimplify@Reduce[D[nt, cl] < © & And @@ $Assumptions]
FullSimplifye@Reduce[D[rxt, ch] > @ & And @@ $Assumptions]

True
True
True
True
2cl+6>2ch
2cl+6>2ch
2ch>2cl+6

2ch>2cl+6

Equilibrium (analysis) when firms price qualities
“decentralized”

In[64]:=

In[67]:=

Clear["Global™ %" ]
$Assumptions =

{B>0,6>0,th>0,tl>0, uth>0,ul>0,u>0,ch>0,cl>0,ch>cl, 6§>ch-cl};
AssumptionOne = {ch+th>cl+tl, ch+th<cl+tl+é};

xh[plh_, p11_, p2h_, p21_] = Solve[ch % xx +plh = th« (1-xx) + p2h, xx] [[1, 1, 2]];

x1[plh_, p1l_, p2h_, p21_] = Solve[cl*xx+pll == tl« (1-xx) +p2l, xx]| [[1, 1, 2]];

yl[plh_, p1l_, p2h_, p21_] = Solve[B + 6 xyy - plh == B - p1l, yy][[1, 1, 2]];

y2[plih_, p1l_, p2h_, p21_] = Solve[B + 6 *yy - p2h == B -p21, yy][[1, 1, 2]];

qlh[pih_, p1l_, p2h_, p21_] = xh[p1h, p1l, p2h, p21] » uh + (1-yl[plh, p1l, p2h, p21]) * u;

qll[plh_, p11l_, p2h_, p21_] = x1[p1h, pll, p2h, p21] * ul + yl[plh, p1l, p2h, p21] * u;

q2h[plh_, p1l_, p2h_, p21_]
(1-xh[p1h, p11, p2h, p21]

q21[pih_, p1l_, p2h_, p21_]

7lh[p1lh_, p1l_, p2h_, p21_]

*ph+ (1-y2[p1h, p1l, p2h, p21])  u;

(1-x1[p1h, p1l, p2h, p21]) * ul+y2[plh, p1l, p2h, p21] = u;
Simplify[ (p1h - ch) » q1h[p1h, p1l, p2h, p21]];

71l[plh_, p1l_, p2h_, p21_] = Simplify[ (p1l-cl) » q1l[plh, p1l, p2h, p21]];

n2h[plh_, p1l_, p2h_, p21_] = Simplify[ (p2h - ch) = q2h[p1h, p1l, p2h, p21]];

n21[plh_, p1l_, p2h_, p21_] = Simplify[ (p21 - cl) » q21[plh, p1l, p2h, p21]];

N~ 1
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Solve for equilibrium prices (second-order conditions are dealt with in the paper)

in79p= FullSimplifye@Solve[ {D[n1h[plh, pll, p2h, p21], plh] == O,
D[n11[p1lh, p1l, p2h, p21], p1l] == @, D[x2h[p1lh, pl1l, p2h, p21], p2h] == O,
D[n721[pl1lh, pl1l, p2h, p21], p21] == 0}, {plh, pll, p2h, p21}]

out[79]= {{plh - (6/11 (ché/_zh+2 <Ch+c1+6> uth+ 6 uh th) +

21 <2ch6uh+ (4chu+2clu+6 (4u+2uh+ul)) th) 7:1>/
(5/11 <6uh+4u th> +4u (5uh+3u th) tl),
p1l > (cl6pl (ph+4puch) +6puh (2 (ch+cl) p+6pul) tl+
21 (2chu+4clu+6 (2u+uh+2ul)) thtl)/
(5/,11 <6uh+4uth> +4 1 (5/,th+3u th) tl),
p2h > (6ul (ch6sph+2 (ch+cl+6) ucth+sphch) +
21 <2ch6uh+ (4chu+2clu+6 (4u+2uh+ul)) th) 'E].>/
(5;11 <6uh+4u 'Eh> +4u (6uh+3u th) 7:1),
p2l > (cl6pul (6ph+4puch) +6puh (2 (ch+cl) u+6ul) tl+
2 u <2chu+4cl/.1+6 (2u+uh+2ul>) thtl)/
(6ul <6uh+4u th) +4u (6uh+3u th) tl)}}

(Symmetric) equilibrium prices (to be used for further analysis)

weor= phd = Simplify[(6ul (ch&uh+2 (ch+cl+8) uth+8uhzh) +
2u (2Ch6uh+ (4chu+2c1u+5 (4u+2uh+u1)) 'Ch) 1:1)/
(5;11 (6uh+4uth) +4u (5uh+3uth) 1:1)] H
pld =Simpli'Fy[(c16u1 (6uh+4u th) + 6 uh (2 (ch+c1) u+6ul) tl+
2u (2Chu+4clu+6 (2u+uh+2ul)) thtl)/
(6;11 (5uh+4uth) +4pu (6uh+3uth) 1:1)] H

Static properties of the prices

nig2;= Assuming [And @@ AssumptionOne, FullSimplifye@Reduce[pld > cl & And @@ $Assumptions]]
Assuming [And @@ AssumptionOne, FullSimplify@Reduce[phd > ch && And @@ $Assumptions]]
Assuming [And @@ AssumptionOne && 6 >= th&& 6 >= tl,
FullSimplifyeReduce[phd > pld & And @@ $Assumptions] ]
Assuming [And @@ AssumptionOne && 6 >= th&& 6 >= tl,
FullSimplify@Reduce[phd - pld < 6 & And @@ $Assumptions] ]

ous2= True
ougs= True
ouig4= True

ougsl= True

Comparing centralized equilibrium with decentralized
pricing equilibrium
insel= Clear["Global™ %" ]

$Assumptions =
{B>0,6>0, th>0,tl>0, uth>0, ul>0,u>0,ch>0,cl>0,ch>cl, 6§>ch-cl};



In[88]:=

In[100]:=

In[116]:=

Out[116]=
Out[117]=
Out[118]=
Out[119]=

Out[120]=
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xh[plh_, p11_, p2h_, p21_] = Solve[ch % xx + plh = th« (1-xx) + p2h, xx] [[1, 1, 2]];

x1[plh_, p11_, p2h_, p21_] = Solve[cl »xx+pll = tl« (1-xx) +p2l, xx]|[[1, 1, 2]];

yl[plh_, p1l_, p2h_, p21_] = Solve[B + & *yy - plh = B - p1l, yy][[1, 1, 2]];

y2[plh_, p1l_, p2h_, p21_] = Solve[B + 6 xyy - p2h == B - p21, yy][[1, 1, 2]];

qlh[pih_, p1l_, p2h_, p21_] = xh[p1h, p1l, p2h, p21] » uh + (1-yl[plh, p1l, p2h, p21]) * u;

qll[plh_, p1l_, p2h_, p21_] = x1[p1h, pl1l, p2h, p21] % ul + yl[plh, p1l, p2h, p21] * u;

q2h[pih_, p1l_, p2h_, p21_]
(1-xh[p1h, p1l, p2h, p21]

q21[plh_, p1l_, p2h_, p21_]

7lh[plh_, p1l_, p2h_, p21_]

#ph+ (1-y2[p1h, p1l, p2h, p21]) * u;

(1-x1[p1h, p1l, p2h, p21]) % ul+y2[plh, p1l, p2h, p21]  u;
Simplify[ (p1h - ch) « qlh[p1h, p1l, p2h, p21]];

71l[plh_, p1l_, p2h_, p21_] = Simplify[ (p1l-cl) » q11l[plh, p1l, p2h, p21]];

n2h[plh_, p1l_, p2h_, p21_] = Simplify[ (p2h - ch) » q2h[p1h, p1l, p2h, p21]];

n21[plh_, p1l_, p2h_, p21_] = Simplify[ (p21 - cl) = q21[p1h, p1l, p2h, p21]];

N~ 1

ul=1;
ph=1;
u=1;
tl = th;
phc =

Simpli'Fy[(cthuhu1+ (2 (ch+c1+5) u+5uh) ulth+4u (chuh+ (2u+uh+u1) 'Ch) 1:1) /
(5uhu1+4u (ulth+uht1))] 3
plc = Simplify[ (clul (6uh+4uch) + (2 (ch+cl) pph+6uhpul +4pu (2u+ph+pl) ch) 1) /
(6uhu1+4u (ulth+uht1))] H
phd = Simpli'Fy[ (6 ul (ch 6 uh+2 (ch +cl+ 6) uth+6uh 'Ch) +
2u (2ch6uh+ (4chu+2c1u+6 (4u+2uh+ul)) th) 1:1)/
(6u1 (6uh+4u th) +4u (6uh+3u 'Ch) 'cl)] H
pld = Simplify|[ (c16ul (Sph+4pcth) +Sph (2 (ch+cl) u+6ul) tl+
2u (2chu+4c1u+5 (2u+uh+2ul)) th 1:1) /
(6u1 (6uh+4u 'Eh) +4u (6uh+3u th) 1:1)] H
yc = Simplify[yl[phc, plc, phc, plc]] ;
sthc = Simplify [x1h[phc, plc, phc, plc]];
wlc = Simplify[n1l[phc, plc, phc, plc]];
stc = Simplify[shc + nlc] ;
yd = Simplify[y1[phd, pld, phd, pld]] ;
sthd = Simplify[x1lh[phd, pld, phd, pld]];
7ld = Simplify[x1l[phd, pld, phd, pld]];
wtd = Simplify[shd + xld] ;

FullSimplify@Reduce [phd < phc && And @@ $Assumptions]
FullSimplify@Reduce[pld < plc & And @@ $Assumptions]
FullSimplify@Reduce[rhd < shc & And @@ $Assumptions]
FullSimplify@Reduce[rld < slc & And @@ $Assumptions]
FullSimplify@Reduce[rtd < stc & And @@ $Assumptions]

True
True
True
True

True
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In[121]:=

out[121]=

out[122]=

In[123]:=

out[124]=

Out[125]=

FullSimplify@Reduce[yd < yc && And @@ $Assumptions]
FullSimplify@Reduce[yd > yc && And @@ $Assumptions]

2ch>2cl+6
2cl+6>2ch
welfdiff = Simplify[ (6 (yd+yc) -2« (ch-cl)) » (yc-yd)] ;

FullSimplify@Reduce[welfdiff < © & And @@ $Assumptions]
FullSimplify@Reduce[welfdiff == 0 && And @e $Assumptions]

2ch+2cl+6

2ch=2cl+56

Equilibrium when one firm prices centralized and the
other decentralized

In[126]:=

In[128]:=

Clear["Global %" ]
$Assumptions =
{B>0,6>0,th>0,tl>0, uth>0, ul >0, u>0,ch>0,cl>=0, ch>cl, §>ch-cl};

xh[plh_, p11_, p2h_, p21_] = Solve|ch % xx + plh = thx (1-xx) + p2h, xx] [[1, 1, 2]];

x1[plh_, p11_, p2h_, p21_] = Solve[cl xxx+pll = tl« (1-xx) +p2l, xx]|[[1, 1, 2]];

yl[plh_, p1l_, p2h_, p21_] = Solve[B + & *yy - plh = 8 - p1l, yy]1[[1, 1, 2]];

y2[plh_, p1l_, p2h_, p21_] = Solve[B + & xyy - p2h = B - p21, yy]1[[1, 1, 2]];

qlh[pih_, p1l_, p2h_, p21_] = xh[p1h, p1l, p2h, p21] » uh+ (1-yl[plh, p1l, p2h, p21]) * u;

qll[plh_, p11l_, p2h_, p21_] = x1[p1h, pl1l, p2h, p21] % ul + yl[plh, p1l, p2h, p21] * u;

q2h[plh_, p1l_, p2h_, p21_]
(1-xh[p1h, p1l, p2h, p21]

q21[pih_, p1l_, p2h_, p21_]

7lh[plh_, p1l_, p2h_, p21_]

#ph+ (1-y2[p1h, p1l, p2h, p21]) * u;

(1-x1[p1h, p11, p2h, p21]) % ul+y2[plh, p1l, p2h, p21]  u;
Simplify[ (p1h - ch) « qlh[p1h, p1l, p2h, p21]];

71l[plh_, p1l_, p2h_, p21_] = Simplify[ (p1l-cl) » q11l[plh, p1l, p2h, p21]];

n2h[plh_, p1l_, p2h_, p21_] = Simplify[ (p2h - ch) » q2h[p1h, p1l, p2h, p21]];

n21[plh_, p1l_, p2h_, p21_] = Simplify[ (p21 - cl) » q21[p1h, p1l, p2h, p21]];

N~ 1
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inf40p= FullSimplifye@Solve[ {D[n1lh[plh, pll, p2h, p21] + 71l[p1h, p1l, p2h, p21], plh] =0,
D[n1lh[plh, p1l, p2h, p21] + n11[p1h, pl1l, p2h, p21], pll] == O,
D[n72h[plh, pl1ll, p2h, p21], p2h] == 0O,
D[n721[plh, pl1l, p2h, p21], p21] == 0}, {plh, pll, p2h, p21}]
out[140]= {{plha (36u12 (36uh+4uth) (chéuh+2 (ch+cl+5>uth+éuhth) +
20 ul (24Ch62uh2+6uh (62Chu+18clu+36(16u+8uh+5ul))7:h+
8/,1(4chu+2cl/,1+c‘5<8u+4uh+3ul)>th2> tl+ 8 2 <2ch/Jh (36uh+5uth)+
th (2cluuh+6uh (12/.1+6/,1h+5/.11)+6u<2u+uh+ul) th)>t12>/
(9 53 uh? 112 + 48 5% L ph il <ul th + uh tl) +96 3 thtl (ul th + uh tl) +
16 5 12 (3ulth+uhtl> (ulth+3uhtl)),
pll - (3c16u12 <6uh+4uth) (36uh+4uth) +
ul (2Chu<36uh+2uth> (36uh+4uth>+2clu(56uh+4uth) (36uh+10uth)+
6(36uh+4uth) <36uhul+2u(10u+5uh+6ul) th))tl+
4u(36uh® (2 (ch+cl) u+6ul) +4puph (2chu+4clu+6 (6u+3uh+4ul)) ch+
12 12 <2u+uh+ul> 'Ch2> t12>/
(9 53 uh? 112 + 48 5% L ph ul <ul th + uh tl) +96 3 thtl (ul th + uh tl) +
16 5 12 <3ulth+uhtl> (ulth+3uhtl)),
p2h > (36ul* (365 uh+4pth) (choph+2 (ch+cl+6) uth+6phch) +
8uul (6ch62uh2+6uh (14chu+6clu+36(4u+2uh+u1))th+
u<8chu+4c1u+6(10u+5uh+3ul>)thz) Tl +
16 p? ph (3ch6uh+(4chu+2cl/,1+6<6u+3uh+2ul)>th) tlz)/
(9 53 uh? 11? + 48 82 L ph il (ul th + uh tl) +96 13 thrl (ul th + uh 'Cl) +
16 &6 12 (3/,llth+/,lhtl> (ulth+3uhtl)),
p2l - (cl (36u1+4ut1) (ul (6uh+4uth) (36uh+4uth) +2uph (36uh+8uth) tl) +
tl (ul (36uh+4/.17:h) (36/1h (2Chu+6ul)+4u(2chu+6<4u+2uh+3ul)>th)+
4 11 uh (36uh (2chu+6ul)+2u(4Chu+6(6u+3uh+5ul))th) 7:1))/
(9 53 uh? 11?2 + 48 5% L ph ul (ul th + uh tl> +96 3 thtl (/xl th + uh 7:1) +
166 % (3ulth+phtl) (ulch+3uhcl))}}
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inf41:= phmc = Simplify[(36u12 (36uh+4u th) (ch6uh+2 (ch+c1+6) uth+ 6 uh th) +
2uul (24ch62uh2+6uh (62chu+18c1u+36(16u+8uh+5u1))th+
8[.1(4chu+2c1u+6(8u+4uh+3u1))thz) tl + 8 u? (ZChuh (36uh+5uth)+
th (2c1uuh+6uh (12u+6uh+5u1)+6u(2u+uh+u1) th))tlz)/
(9 63 uh? 41?2 + 48 62 p uh ul (ul th + uh 1:1) +96 13 thzl (ul th + uh 1:1) +
16 5 u? (3u1th+uht1) (ulth+3uht1))];
plmc = Simpli'Fy[(3 cl s pl? (6 uh+4pu 'Ch) (36uh+4u th) +
ul (2Chu(36uh+2uth) (36uh+4uth)+2Clu(56uh+4uth) (36uh+10uth)+
6(36uh+4uth) (36uhu1+2u(10u+5uh+6u1) th))t1+
4 u (3«5[,th2 (2 (ch+cl)u+5ul)+4uuh (2chu+4c1u+6(6u+3uh+4u1))'ch+
12 y? (2u+uh+u1) thz) tlz) /
(9 63 uh? pu1? + 48 52 p ph ul (ul th + uh 1:1) +96 3 th rl (ul th + uh 1:1) +
16 6 u? (3u1th+uhtl) (ulth+3uht1))];
phmd:Simpl:i.'Fy[(36ul2 (36uh+4uth) (Chéuh+2 (ch+c1+5) uth+5uhth) +
8upul (6Ch62uh2+6uh (14chu+6c1u+36(4u+2uh+ul))1:h+
u(8chu+4c1u+6(10u+5uh+3u1))thz) tl+
16 u? ph (3ch5uh+(4chu+2c1u+6(6u+3uh+2u1))'ch) tlz)/
(9 63 uh? u1?2 + 48 62 puh ul (ul th + uh tl) +96 13 thzl (ul th + uh 1:1) +
16 5 12 (3u1th+uht1) (ulth+3uht1))];
plmd = Simplify[(cl (36ul+4pucl) (ul (6uh+4puch) (365uh+4uch) +
2 uuh (36uh+8uth) t1)+
tl (ul (36uh+4uth) (36uh (2chu+6u1)+4u(2chu+6(4u+2uh+3u1))th)+
4 u ph (36uh (2Chu+6u1)+2u(4chu+5(6u+3uh+5u1))th) 'Cl))/
(9 63 uh? u1? + 48 62 puh ul (ul th + uh tl) +96 13 thzl (ul th + uh 1:1) +
16 6 u? (3u1th+uhtl) (ulth+3uht1))];

in4s1= ul = ph;
tl = th;
cl=0;

smc = Simplify[n1h[phmc, plmc, phmd, plmd] + n1l[phmc, plmc, phmd, plmd]] ;
smd = Simplify[n2h[phmc, plmc, phmd, plmd] + n21[phmc, plmc, phmd, plmd]] ;
FullSimplify@Reduce [phmc > phmd && And @@ $Assumptions]
FullSimplify@Reduce[plmc > plmd && And @@ $Assumptions]
Assuming[puh == 18&& yu == 1&& th == 18865 == 1,

FullSimplify@Reduce[smc < nmd && And @@ $Assumptions]]

out[1501= True
out[t51= True

out[t521= True

ins3= cutoffxh = Simplify [xh[phmc, plmc, phmd, plmd]] ;
cutoffxl = Simplify[x1[phmc, plmc, phmd, plmd]] ;
cutoffyc = Simplify[yl[phmc, plmc, phmd, plmd]] ;
cutoffyd = Simplify[y2[phmc, plmc, phmd, plmd]] ;
FullsimplifyeReduce [cutoffxh < 1 /28&&And @@ $Assumptions |
FullsimplifyeReduce [cutoffxl < 1 /28&&And @@ $Assumptions |
FullSimplify@Reduce [cutoffyc < cutoffyd && And @@ $Assumptions]

out[1571= True
out[158= True

ouf1s9= 2¢ch < &
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Endogenous organizational structure

Pricing centralized is a best response to pricing decentralized

In[160]:=

In[162]:=

In[174]:=

Clear["Global™ %" ]
$Assumptions =

{B>0,6>0,th>0,tl>0, uth>0,ul >0, t>0,ch>0,cl>=0,ch>cl, §>ch-cl};

xh[plh_, p11_, p2h_, p21_] = Solve[ch % xx + plh = th« (1-xx) + p2h, xx] [[1, 1, 2]];
x1[pih_, p11_, p2h_, p21_] = Solve[zl*xx+pll = tl« (1-xx) +p2l, xx]| [[1, 1, 2]];
yl[plh_, p1l_, p2h_, p21_] = Solve[B + 6 xyy - plh == B - p1l, yy] [[1, 1, 2]];
y2[plh_, p1l_, p2h_, p21_] = Solve[B + 6 xyy - p2h == B - p21, yy][[1, 1, 2]];

| 11

qlh[pih_, p1l_, p2h_, p21_] = xh[plh, p1l, p2h, p21] » uh + (1-yl[plh, p1l, p2h, p21]) * u;

qll[plh_, p1l_, p2h_, p21_] = x1[p1h, pl1l, p2h, p21] * ul + yl[p1h, p1l, p2h, p21] * u;
q2h[plh_, p1l_, p2h_, p21_] =
(1-xh[p1h, p1l, p2h, p21]) » uh+ (1 -y2[plh, p1l, p2h, p21]) » u;

q2l[p1lh_, p11l_, p2h_, p21_] =

nih[plh_, p1l_, p2h_, p21_] = Simplify[ (plh - ch) » q1h[plh, p1l, p2h, p21]];
71l[plh_, p1l_, p2h_, p21_] = Simplify[ (p1l-cl) » q1l[plh, p1l, p2h, p21]];
n2h[plh_, p1l_, p2h_, p21_] = Simplify[ (p2h - ch) » q2h[p1h, p1l, p2h, p21]];
n21[plh_, p1l_, p2h_, p21_] = Simplify[ (p2l - cl) = q21[p1h, p1l, p2h, p21]];

(* pricing centralized against rival pricing decentralized x)
phmc = Simpli'Fy[(36;112 (35uh+4u th) (Ch6uh+2 (Ch+cl+6) uth+ 6 uh 'Ch) +
2upul (24ch62uh2+5uh (62chu+18c1u+35 (16u+8uh+5u1)) th +
8u (4chu+2c1u+6 (8u+4uh+3u1)) thz) l + 8 u? (2chuh (36uh+5uth) +
th (2c1uuh+6uh (12u+6uh+5u1) +6 U (2u+uh+u1) th)) 1:12)/
(9 63 uh? ul1? + 48 82 pph ul (ul th + uh tl) +96 13 thtl (/.11 th + uh 1:1) +
16 & p? (3u1th+uhtl) (ulth+3uht1))];
plmc = Simplify[(3cl6ul® (6puh+4puth) (365uh+4uch) +

ul (2chu(36uh+2uth) (36uh+4uth) +2clyu (56uh+4uth) (36uh+10uth) +

6(36uh+4uth) (36uhu1+2u(10u+5uh+6u1) th))t1+
4 pu (3<‘)'uh2 (2 (ch+cl)u+6u1)+4uuh (2chu+4c1u+6(6u+3uh+4ul))th+
12 p? (2u+uh+ul) thz) 1:12) /
(9 63 uh? u1? + 48 82 puh ul (ul th + uh tl) +96 13 thzl (/.11 th + uh 1:1) +
16 6 u? (3u1th+uhtl) (ulth+3uht1))];
phmd = Simplify[ (36 ul® (36uh+4uch) (chéuh+2 (ch+cl+8) uch+suhzh) +
8uul (6ch52uh2+6uh (14chu+6c1u+35(4u+2uh+u1))1:h+
u(8chu+4clu+6(10u+5uh+3u1))thz) tl +
16 2 ph (3ch6uh+(4chu+2c1u+6(6u+3uh+2ul))th) 1:12)/
(9 63 uh? p1? + 48 52 y ph ul (ul th + uh 1:1) +96 u3 th rl (ul th + uh 1:1) +
16 6 u? (3u1th+uhtl) (ulth+3uht1))];
plmd = Simplify[(cl (36u1+4u 'C].) (ul (6 uh+4pu 'Ch) (36uh+4u 'Ch) +
2 uuh (36uh+8uth) 1:1)+

tl (ul (36uh+4uth) (35uh (2chu+6ul) +4u (2chu+6 (4u+2uh+3u1)) 'Ch) +

4 u ph (36uh (2chu+6u1) +2u (4Chu+5 (6u+3uh+5ul)) th) 1:1))/
(9 63 uh? 41?2 + 48 62 p uh ul (ul th + uh 1:1) +96 13 th zl (ul th + uh 1:1) +
16 6 u? (3ulth+uh 1:1) (ul th + 3 uh 'C].))] H
scd = Simplify [n1h[phmc, plmc, phmd, plmd] + nx1l[phmc, plmc, phmd, plmd]] ;

(1-x1[p1h, p1l, p2h, p21]) % ul+y2[plh, p1l, p2h, p21]  u;
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ni79p= (% pricing decentralized as well yields the following outcome x)

In[182]:=

Out[187]=

phd = Simplify[ (6 ul (ch&uh+2 (ch+cl+8) pch+6uhch) +
2u(2ch5uh+(4chu+2c1u+5(4u+2uh+ul))th) 1:1)/
(6u1 (6uh+4uth)+4u(6uh+3uth) tl)];
pld = Simplify[(cléul (5 uh+4pu th) + 6 uh (2 (ch+c1) u+6u1) tl +
2u(2chu+4c1u+6(2u+uh+2ul))thtl)/
(6;11 (6uh+4uth)+4u (6uh+3uth) tl)];
ndd = Simplify[s1h[phd, pld, phd, pld] + 711 [phd, pld, phd, pld]] ;

pul = ph;

tl =th;

cl=0;

Simplify[ndd] ;

Simplify[scd] ;

FullSimplifye@Reduce[ncd > ndd && And @@ $Assumptions]

True

Pricing centralized is a best response to pricing centralized

In[188]:=

In[190]:=

Clear["Global %" ]
$Assumptions =
{B>0,6>0,th>0,tl>0, uth>0, ul >0, u>0,ch>0,cl>=0, ch>cl, §>ch-cl};

xh[plh_, p11_, p2h_, p21_] = Solve|ch x xx + plh = thx (1-xx) + p2h, xx] [[1, 1, 2]];

x1[plh_, p11_, p2h_, p21_] = Solve[tl»xx+pll = tl« (1-xx) +p2l, xx]|[[1, 1, 2]];

yl[plh_, p1l_, p2h_, p21_] = Solve[B + & *yy - plh = B - p1l, yy]1[[1, 1, 2]];

y2[plh_, p1l_, p2h_, p21_] = Solve[B + & xyy - p2h = B - p21, yy]1[[1, 1, 2]];

qlh[pih_, p1l_, p2h_, p21_] = xh[plh, p1l, p2h, p21] » uh+ (1-yl[plh, p1l, p2h, p21]) * u;

qll[plh_, p1l_, p2h_, p21_] = x1[p1h, pll, p2h, p21] % ul + yl[plh, pll, p2h, p21] * u;

q2h[plh_, p1l_, p2h_, p21_]
(1-xh[pih, p1l, p2h, p21]

q2l[plh_, p1l_, p2h_, p21_]

71lh[plh_, p1l_, p2h_, p21_]

#ph+ (1-y2[p1h, p1l, p2h, p21]) * u;

(1-x1[p1h, p1l, p2h, p21]) * ul+y2[plh, pll, p2h, p21] * u;
Simplify[ (p1h - ch) = qlh[p1h, p1l, p2h, p21]];

71l[plh_, p1l_, p2h_, p21_] = Simplify[ (p1l-cl) » q11l[plh, p1l, p2h, p21]];

n2h[plh_, p1l_, p2h_, p21_] = Simplify[ (p2h - ch) » q2h[p1h, p1l, p2h, p21]];

n21[plh_, p1l_, p2h_, p21_] = Simplify[ (p21 - cl) » q21[p1h, p1l, p2h, p21]];

N~ 1
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neozi= (% pricing decentralized against rival pricing centralized x)
phmc = Simplify[ (36 ul® (38 uh+4uth) (chsuh+2 (ch+cl+&8) uth+suhch) +
2pupl (24ché? uh? + 5 ph (62chu+18clu+36 (16 u+8uh+5ul)) th+
8u(4chu+2c1u+6(8u+4uh+3u1))thz) tl + 8 2 (2chuh (36uh+5uth)+
th (2c1uuh+6uh (12u+6uh+5u1)+6u(2u+uh+ul) th))tlz)/
(9 63 uh? u1?2 + 48 62 puh ul (/,11 th + uh tl) +96 13 thzl (ul th + uh 1:1) +
16 6 u? (3u1th+uhtl) (ulth+3uhtl))];
plmc = Simpli'Fy[(3 cl s pul? (6 uh+4pu th) (36uh+4u th) +
ul (2chu(36uh+2uth) (36uh+4uth)+2clu(55uh+4uth) (36uh+10uth)+
6(36uh+4uth) (36uhu1+2u(10u+5uh+6u1) th))t1+
4/,1(3<5uh2 (2 (ch+c1)u+6u1)+4uuh (2chu+4c1u+6(6u+3uh+4u1))th+
12 p? (2u+uh+ul) thz) 1:12) /
(9 63 uh? u1?2 + 48 62 puh ul (/,11 th + uh tl) +96 13 thzl (ul th + uh 'E].) +
16 6 u? (3u1th+uhtl) (ulth+3uhtl))];
phmd:Simpli'I':y[(36ul2 (35uh+4uth) (Chéuh+2 (Ch+C1+6) uth+5uhth) +
8uul (6ché*uh?+8uh (14chu+6clu+36 (4u+2uh+pul)) ch+
u(8chu+4c1u+6(10u+5uh+3u1))thz) tl +
16 p? ph (3ch6uh+(4chu+2c1u+6(6u+3uh+2u1))th) 1:12)/
(9 63 uh? 11?2 + 48 82 puh ul (ul th + uh tl) +96 13 thzl (ul th + uh 1:1) +
16 & p? (3/,11'Ch+[.1ht1) (ulth+3uht1))];
plmd = Simplify[(cl (36ul+4pucl) (ul (6uh+4puch) (38uh+4uch) +
2 uph (36uh+8uth) 1:1)+
tl (ul (35uh+4uth) (36uh (2chu+6ul)+4u (2chu+6(4u+2uh+3ul))th)+
4 u ph (36uh (2chu+6ul)+2u(4chu+6(6u+3uh+5ul))th) tl))/
(9 63 uh? 12 + 48 52 p ph ul (ul th + uh 1:1) +96 3 th rl (ul th + uh 1:1) +
16 & p? (3u1th+uhtl) (ulth+3uht1))];
ndc = Simplify[s1h[phmd, plmd, phmc, plmc] + nx1l[phmd, plmd, phmc, plmc]] ;

neo7;= (% pricing centralized against rival pricing centralized x)
phc =
Simplify[(chéuhul+ (2 (ch+c1+6) u+6uh) ulth+4pu (chuh+ (2u+uh+ul) 'Ch) tl) /
(6uhu1+4u (ulth+uht1))] 3
plc = Simplify[(clul (6uh+4u 'Ch) + (2 (Ch+c1) uph+éuhul +4u (2u+uh+u1) th) 1:1)/
(6uhul+4u (ulth+uhtl))] H
scc = Simplify[s1h[phc, plc, phc, plc] + 711l [phc, plc, phc, plc]] ;

ineooy= ul = uh;
tl =zth;
cl=0;
Simplify[ndc] ;
Simplify[rcc] ;
FullSimplify@Reduce [rcc > ndc && And @@ $Assumptions]

out214]= True
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Three asymmetric cases

Asymmetric brand-loyal base (u)

in215= Clear ["Global™ %" ]
$Assumptions = {3 >0, 6§ >0, th>0, tl1>0,
uh >0, ul >0, u1 >0, u2 >0, ch>0, cl>=0, ch>cl, 6§ >ch-cl};

nzi7= Xh[plh_, p11_, p2h_, p21_] = Solve[ch » xx + p1h = th* (1-xx) +p2h, xx] [[1, 1, 2]];
x1[pih_, p1l_, p2h_, p21_] = Solve[zl »xx+pll = tl* (1-xx) +p2l, xx]| [[1, 1, 2]];
yl[plih_, p1l_, p2h_, p21_] = Solve[B+ 6 *yy - plh == B-pl1l, yy][[1, 1, 2]];
y2[plh_, p1l_, p2h_, p21_] = Solve[B + 6 xyy - p2h == B - p21, yy]1[[1, 1, 2]];
qlh[plh_, p1l_, p2h_, p21_] =

xh[plh, p1l, p2h, p21] * ph + (1-yl[plh, pll, p2h, p21]) * ul;
qill[plh_, p11l_, p2h_, p21_] = x1[p1h, pll, p2h, p21] % ul + yl[plh, p1l, p2h, p21] * ul;
q2h[plh_, p1l_, p2h_, p21_]
(1-xh[p1h, p1l1, p2h, p21]
q2l[plh_, p1l_, p2h_, p21_]
(1-x1[p1h, p1l1, p2h, p21]) »ul +y2[plh, p1l, p2h, p21] * u2;
nih[plh_, p1l_, p2h_, p21_] = Simplify[ (plh - ch) » q1h[p1h, p1l, p2h, p21]];
71l[plh_, p1l_, p2h_, p21_] = Simplify[ (p1l-cl) » q1l[plh, p1l, p2h, p21]];
n2h[plh_, p1l_, p2h_, p21_] = Simplify[ (p2h - ch) = q2h[p1h, p1l, p2h, p21]];
n21[plh_, p1l_, p2h_, p21_] = Simplify[ (p21 - cl) » q21[plh, p1l, p2h, p21]];

*ph+ (1-y2[p1lh, p1l, p2h, p21]) » u2;

N~ 1

~— — — ~—
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in229)= FullSimplifye@Solve[ {D[n1lh[plh, pll, p2h, p21] + 71l[p1h, p1l, p2h, p21], plh] =0,
D[n1lh[plh, p1l, p2h, p21] + n11[p1h, pl1l, p2h, p21], pll] == O,
D[n2h[plh, p1l, p2h, p21] + n21[plh, p1l, p2h, p21], p2h] == O,
D[m2h[plh, p1l, p2h, p21] + w21 [p1lh, pll, p2h, p21], p21] == 0}, {p1h, pll, p2h, p21}]
out[229]= {{plh - (3u12 (Ch (36uh+4u1 th) <6uh+2u2 'Ch) +
th (6uh (2 <C1+6> (2u1+u2) +36uh) +4 2 (2 <C1+6> u1+6uh) th)) +
4ul (6cho (ul+p2) ph®+puh (6 (3ch+cl) ulp2+26 (ul+p2) (4ul+2p2+3ph) +
36 (2u1+/,12) /.11) th+4ulu2 (4u1+2u2+3 (uh+ul>) thz) Tl +
16 ulu2ph (3chph+ (4p1+2u2+3 (uh+ul)) ch) 112)/
(9 52 uh? 1?2+ 246 (u1+u2) uh ul (ul th + uh 7:1) +48 ul 2 (ul th + uh tl)z),
pll - (3 cl pl? (3 52 uh?+86 (u1+u2> uh th +16 ul u2 'Chz) +
ul (35uh2 (4 (ch+c1) ul+ 2 (ch+3cl) u2+36u1) +
4puh (6 (ch+3cl) plp2+6 (8ul®+6ul (u2+ph+pul) +p2 (4p2+3ph+6ul))) ch+
16 ul1 2 (4u1+2u2+3 (uh+u1>) 'EhZ) Tl +
4 12 uh (6 <Ch+cl) ulpyh+36uhul +4ul (4u1+2p2+3 (uh+ul>) th) t12>/
(9 52 uh? ul1?2+24 6 <u1+u2) uh pl (ul th + uh 7:1) +48 ul 2 (ul th + uh tl)z),
p2h - (31112 (ch (6uh+2ulth> (36uh+4u21h> +
th (6uh (2 (c1+6) (ul+2p2) +36uh) +4ul (2 (cl+6) u2+6ph) th)) +
4,1 (6ch6 (u1+u2) uh? + ph (6 (3ch+c1) pulp2+26 (u1+u2) (2u1+4u2+3uh) +
36 (u1+2u2> ul) th+4ulpu2 (2u1+4/,12+3 (/,th+/,(1>) th2> Tl +
16 ul 2 ph (3chuh+ (2u1+4u2+3 (uh+ul>) th) t12>/
(9 52 uh? 112 +24 6 <u1+/,(2) uh ul (ul th + uh tl) +48 ul 2 (/,11 th + uh tl)z),
p2l > (3clpul® (36%uh*>+86 (ul+p2) phth+16 ulp2 th?) +
pl (365uh? (2 (ch+3cl) pul+4 (ch+cl) p2+36ul) +
4 uh (6 (ch+3cl) ul u2 +6 <4u12+8u22+6u2 (uh+ul) +3ul (2u2+uh+2u1)))
th+16 ul 2 <2u1+4u2+3 (uh+ul)) thz) Tl +
4 11 uh (6 <ch+cl) u2ph+36 phul +4 u2 (2u1+4u2+3 (uh+u1>) th) 'Elz)/
(9 5% uh? ul?+ 246 <u1+u2) ph ul (/,tl th + uh tl) +48 ul 2 (ul th + uh tl)z) H
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in23oi= plh = Simplify[(B ul? (ch (36uh +4ul th) (6 uh+2pu2 th) +
th (6uh (2 (c1+6) (2u1+u2)+36uh)+4u2 (2 (c1+6) u1+6uh) 'Ch))+
4ul (6ch5(u1+u2)uh2+uh (6(3ch+c1)u1u2+26(u1+u2) (4u1+2u2+3uh)+
36(2u1+u2) ul) th+4ul u2 (4u1+2u2+3(uh+u1))th2) Tl +
16 ul p2 ph (3chuh+(4u1+2u2+3(uh+u1))th) tlz)/
(9 62 uh? 1?2+ 246 (u1+u2) uh ul (ul th + uh 1:1) +48 ul u2 (ul th + uh 1:1)2)] H
p1l = Simplify[ (3 clul® (3 6% uh? + 86 (ul+p2) ph th+ 16 ul u2 th?) +
ul (36uh2 (4(ch+c1) u1+2(ch+3c1)u2+36u1)+
4 uh (6 (ch+3c1) u1u2+6(8u12+6u1 (u2+uh+ul)+u2 (4u2+3uh+6u1)))th+
16 pul u2 (4u1+2u2+3(uh+u1))th2) l +
4 u2 uh (6 (ch+c1) ulpuh+36puhul +4ul (4u1+2u2+3(uh+u1))th) 1:12)/
(9 62 uh?pul?2+246 (/,11+u2) uh ul (ul th + uh tl) +48 ul u2 (ul th + uh 1:1) 2)] H
p2h = Simpli'Fy[(3 ul? (ch (6 uh+2ul th) (36uh+4u2 th) +
th (5uh (2 (c1+6) (u1+2u2)+36uh)+4u1 (2 (c1+6) u2+6uh) th))+
4ul (6chs (ul+pu2) uh?+puh (6 (3ch+cl) ulpu2+26 (ul+p2) (2ul+4pu2+3ph) +
36(u1+2u2) ul) th+4 ul u2 (2u1+4u2+3(uh+u1))th2) tl+
16 ul u2 ph (3chuh+(2u1+4u2+3(uh+u1))th) tlz)/
(9 62uh?pul?2+246 (u1+u2) uh ul (ul th + uh 1:1) +48 ul u2 (ul th + uh 1:1)2)] 3
p2l = Simplify[ (3 clpl? (3 62uh?2+86 (ul + uz) uh th + 16 ul u2 thz) +
pl (36uh? (2 (ch+3cl) u1+4 (ch+cl) u2+36ul) +
4 uh (6 (ch+3c1) u1u2+6(4u12+8u22+6u2 (uh+u1)+3u1 (2u2+uh+2u1)))
th+16 ul u2 (2u1+4u2+3(uh+u1))th2) Tl +
4 ul uh (6 (ch+c1) u2ph+36uhul +4 u2 (2u1+4u2+3(uh+u1))th) 1:12)/
(9 62 puh?pul?2+ 246 (u1+u2) uh ul (/.11 th + uh 1:1) +48 ul u2 (ul th + uh tl)z)] H

in2zar= ul = ph;
tl = th;
cl=0;
Assuming[ul > p2, FullSimplify@Reduce[plh > p2h && And @@ $Assumptions] ]
Assuming[ul > p2, FullSimplify@Reduce[pll > p21 && And @@ $Assumptions]]

out237= True

out[238= True

inesg= cutoffxh = Simplify[xh[p1lh, p1l, p2h, p21]] ;
cutoffxl = Simplify[x1[plh, p1l, p2h, p21]] ;
cutoffyl = Simplify[yl[plh, pll, p2h, p21]] ;
cutoffy2 = Simplify[y2[plh, pll, p2h, p21]] ;
Assuming[ul > u2, FullSimplify@Reduce [cutoffxh < 1 /28&& And @@ $Assumptions] |
Assuming[ul > u2, Fullsimpli-Fy@Reduce[cuto-F-Fxl < 1/2&&And ee $Assumptions]]
Assuming[ul > p2, FullSimplify@Reduce[cutoffyl > cutoffy2 && And @@ $Assumptions] ]

outz43= True
outza4= True

ouas= 2ch < &
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inza)= 7l = Simplify [71h[plh, p1l, p2h, p21] + 711[plh, pll, p2h, p21]] ;
72 = Simplify[n2h[p1lh, p1l, p2h, p21] + n21[plh, pll, p2h, p21]] ;
Assuming[ul > p2, FullSimplify@Reduce[nl > 72 & And @@ $Assumptions]]

outp4g= True

Asymmetric transportation costs (th and 1l)

inz491= Clear ["Global™ %" ]
$Assumptions = {3 >0, 6§ >0, tih >0, 1l >0, t2h > 9,
t2l >0, uth>0, ul >0, u>0, ch>0, cl>=0, ch>cl, 6§ >ch-cl};

nzst= xh[plh_, p11_, p2h_, p21_] = Solve|[tlh # xx + plh == t2h * (1-xx) +p2h, xx] [[1, 1, 2]];
x1[pih_, p11_, p2h_, p21_] = Solve[tll #xx+pll = t21* (1-xx) +p2l, xx] [[1, 1, 2]];
yl[plh_, p1l_, p2h_, p21_] = Solve[B + 6 xyy - plh == g - p1l, yy][[1, 1, 2]];
y2[plh_, p1l_, p2h_, p21_] = Solve[B + 6 xyy - p2h == B - p21, yy][[1, 1, 2]];
qlh[pih_, p1l_, p2h_, p21_] = xh[plh, p1l, p2h, p21] » uh + (1-yl[plh, p1l, p2h, p21]) * u;
qll[plh_, p11l_, p2h_, p21_] = x1[p1h, pl1l, p2h, p21] * ul + yl[plh, p1l, p2h, p21] * u;
q2h[pih_, p1l_, p2h_, p21_]

(1-xh[p1h, p1l, p2h, p21]
q21[pih_, p1l_, p2h_, p21_]
7lh[plh_, p1l_, p2h_, p21_]

#ph+ (1-y2[p1h, p1l, p2h, p21]) * u;

(1-x1[p1h, p1l, p2h, p21]) * ul+y2[plh, p1l, p2h, p21]  u;
Simplify[ (p1h - ch) » q1h[plh, p1l1, p2h, p21]];

71l[plh_, p1l_, p2h_, p21_] = Simplify[ (p1l-cl) » q1l[plh, p1l, p2h, p21]];

n2h[plh_, p1l_, p2h_, p21_] = Simplify[ (p2h - ch) » q2h[p1h, p1l, p2h, p21]];

n21[plh_, p1l_, p2h_, p21_] = Simplify[ (p2l - cl) = q21[p1h, p1l, p2h, p21]];

N~ 1

inee3;= FullSimplify@Solve[ {D[n1h[p1h, p1l, p2h, p21] + 711l[plh, p1l, p2h, p21], plh] == O,
D[n1lh[p1lh, p1l, p2h, p21] + 711[p1h, pl1l, p2h, p21], pll] == O,
D[n2h[plh, p1l, p2h, p21] + n21[plh, pl1l, p2h, p21], p2h] == O,
D[n2h[p1lh, p1l, p2h, p21] + n21[p1h, pl1l, p2h, p21], p21] == @}, {plh, pll, p2h, p21}]
out[263]= leh -
7(<6/.1 (56/.1hu1+4u (/.11 (t1h+t2h> + uh <t11+t21>>> (2;11 (6/.1h+u (t1h+t2h>) (Ché
uh +&pht2h + chpu (t1h+'[12h> -clu <t1h+t2h> +O U (t1h+t2h)) +
uh (6/,(1 (Chéuh+6uh tlh + ch u (t1h+7:2h> -clpu (tlh+12h) +O U (tlh+12h)) -
2u (tlh+t2h> <c15u1+6u1121—chu (t11+t21> +clu <t11+121)>)> +
41 (26uhul+uul (t1h+t2h> +u tth (t11+t21>)
(—25 (chéuh+6uh t2h + ch (t1h+t2h> -clpu (t1h+7:2h) +O U (t1h+t2h))
(6uhul+uul <tlh+t2h) +u ph (7;11+7:21)) +6 uh (—Ché (6uh/,(1+
uul (t1h+ 7:2h) + u ph (t11+t21>) ) <6pzl (uh tlh + u (t1h+ 7:2h>) + U
(/,11 tll <tlh + t2h) +uh Tlh (tll + t21> + U (tlh + t2h) (tll + tZl) ) ) ) ) ) /
(3 5% 1 ph (3 8% uh? 11?2 + 86 ph ul (ul <t1h+ 7:2h> + uh ('[:1].+ tZl)) +
412 <ul (tlh + t2h> +th (tll + 7:21) )2) ) ) B
pll » (9 ch & pph? pul 1l + 3 82 uh? 412 t1l + 6 ch 2 ph pl tih t1l +
18 6 p? ph ul tih t1l +
86 1 puh? 1l tih 1l +
86 1 ph 1% tih 1l +
12 13 pl t1h? t1l +
4 12 ph pl tih? £1l +
4 1% 112 t1h? t1l + 6 ch p? ph? t11?2 +
12 13 ph tih ©11? + 4 4% ph? t1h 112 +
412 phpl tih t11? + 6 ch p? ph pl ©1l t2h +
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18 6 p? ph ul t1l t2h + 10 6 u ph? 1l 1l t2h +

86 1 uh 12 t1l t2h + 24 13 4l tih t1l t2h +

12 % ph il Taih 1l 2h + 8 ? 112 t1h t1l t2h +

12 13 ph t11? t2h + 8 p? 1h? ©11? t2h +

412 phpl ©11? ©2h + 12 3 1l 1l t2h? +

8 12 puh 1l t1l t2h? + 4 42 112 t1l t2h? +

(662uh2u12+3chuuh (36uhul+4uuh tll + 2 ppl <t1h+t2h)> +
26 uuhul (9/1 <7:1h+t2h) +8ul (t1h+t2h) + th <4t1h+3t11+5t2h)) +
4.2 (2/112 (t1h+7:2h>2+2,uh2 tll (t1h+27:2h) +ph pul <7:1h+ t2h)

(t1h+3t11+2t2h) +3u (t1h+t2h) (2uh 1l + ul (t1h+t2h)))) 2l +

2 1 uh (3chuuh+36uhul+2u ((uh+2ul) tlh + 2 </,lh+/,ll) t2h +3 1 (tlh+12h>)>
212+ 3cl <6uhul+2uul (t1h+t2h> + u ph (t11+t21>)
<36uhul+2u (/,(l (t1h+7:2h) + uth <tll+t21))))/
(3 (6uhu1+2u (ul (t1h+t2h) + th (t11+t21))>
(36uhul+2u (pll (tlh+t2h) + 1th (t11+t21>))>,
p2h > (96 i ph ul? t1h + 6 6% uh® p1% tih + 6 6 p? ul? t1h? + 6 6 1 uh ul1? t1h? +
24 5 u? ph ul tih t1l + 16 6 y ph? 1l tih t1l +
10 6 1 ph 112 Tah Tl + 12 13 4l t1h? 11 + 8 i wh pl t1h? t1l +
8 12 112 t1h? t1l + 12 1 ph tih ©11? + 8 12 yh? t1lh t11? +
8 12 ph ul tih t11?2 + 9 62 i ph 112 t2h + 3 82 ph? p12 t2h +
12 6 1?2 11?2 t1h t2h + 6 & p ph p1? tih t2h + 24 6 12 ph il ©l1l ©2h +
86 1 puh? 1l tl1l t2h + 10 6y ph 11? t1l t2h + 24 13 11 tih t1l t2h +
12 p? ph pul tih t1l t2h + 16 12 pl? tih 1l t2h + 12 23 ph t11? t2h +
4 1% yuh? t11% t2h + 8 p? wh pl t11? t2h + 6 & w2 nl? t2h? +
12 13 1l ©1l t2h? + 4 12 ph el ©1l t2h? + 8 w2 1l? t1l t2h? +
4 (ul (3u+2uh+ul) tlh (26uh+u t1h> + u ph (6u+4uh+3ul) tlh 1l +
(26uhul (3u+uh+ul) +upul (6u+3uh+2ul> tlh + p uh (6u+2uh+3ul> 7:11)
2h + uul <3u+uh+ul) 7:2h2) T2l +
4 1% ph ((2/,1h+/,¢1> tlh + (uh+ul) t2h+3 (t1h+t2h>> 212 +
3clupul (t1h+t2h> (36uhul+2u <ul (t1h+t2h> + uh <t11+t21)>) +
3 ch (5uhul+uul <t1h+t2h) +2 1 uh (t11+t21)>
<36uhul+2u (/,11 (tlh+7:2h) + tth <tll+t21))))/
(3 (6uhul+2u (ul (t1h+t2h) + uh (t11+t21))>
(36uhul+2u (ul <t1h+t2h) + uh (t11+t21>>>>,
p2l - (6 82 uh? 112 ©11 + 18 6 2 ph il tih t1l + 10 6 1 ph? 1l tah 1l +
16 6 1 ph 12 tah ©d1l + 12 13 41 t1h? 11 + 8 2 wh pl t1h? t1l +
8 112 112 t1h? t1l + 6 & p uh? 1l ©112 + 12 13 wh t1h t11? + 8 42 1h? t1h t11? +
8 % puh il tih 11?2 + 18 6 2 ph pl t1l t2h + 8 6w pwh? pl t1l t2h +
16 6 1 ph 112 ©1l ©2h + 24 13 41 t1h t1l t2h + 12 g2 ph gl t1h 1l t2h +
16 1% 412 t1h t1l t2h + 12 13 pwh ©11? t2h + 4 1% ph? ©11? t2h +
8 12 uh pl 11?2 t2h + 12 13 1l t1l t2h? + 4 i ph pl ©1l ©2h? + 8 w2 112 t1l t2h? +
(352uh2u12+25uuhu1 (9u (tlh+t2h) +4 ul <t1h+t2h) + tth (5 t1h+3t11+412h>) +
4.2 (ul2 (tlh+t2h)2+2uh2 tll (2 tlh + t2h) +ph ul <t1h+ t2h)
(2 tlh+3t11+t2h) +3u (tlh+t2h) (2uh 1l + ul (tlh+12h)))) 2l +
412 uh (3/1 (tlh+ t2h) +ul (t1h+t2h> + uh (2 tlh + 7;2h)> 212 +
3 chuph (7:11+t21) (36uhul+2u <ul (t1h+t2h> +uh <t11+t21)>) +
3cl (6uhul+2uul (t1h+t2h) + 1 uh <t11+t21)>

<36uhul+2u (ul (t1h+t2h> + uh <t11+t21)>>)/
(3 (6uhul+2u (ul <t1h+t2h) + uh (tl].thZl)))
(36uhul+2p{ (pl <t1h+t2h) + uh (t11+t21>>>>}}
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in2eai= plh = Simpli'Fy[
- ((6u (56uhu1+4u (ul (t1h+t2h) + uh (t11+t21))) (Zul (6uh+u (t1h+t2h))
(ché’uh+6uh t2h +chu (t1h+ 1:2h) -clu (t1h+t2h) +6 U (1:1h+1:2h)) +
uh (5u1 (Ch6uh+6uh tlh+chpu (t1h+1:2h) -clu (t1h+t2h) +6 U (1:1h+1:2h)) -
2u (t1h+t2h) (c16u1+6u1 t2l -chpu (t11+1:21) +clu (t11+t21)))) +
4 u (26uhu1+uu1 (t1h+1:2h) + u ph (t11+t21))
(—26 (Chéuh+6uh t2h +chu (t1h+ 1:2h) -clu (1:1h+1:2h) +6 U (1:1h+'c2h))
(6 uhul + ppul (t1h+ t2h) + u ph (t11+ 1:21)) +
6 uh (—ch6 (6uhu1+uu1 (t1h+t2h) +u ph ('C11+'C21)) -
é (6 ul (uh tlh+pu (tlh + t2h)) + U (ul tll (tlh + t2h) +
uhzih (t1l+c21) +u (Tih+ c2h) (t1l+z21)))))) /
(3 62 u uh (3 6% uh? u12 + 8 6 w ph ul (ul (t1h+ 1:2h) + uh (1:11+ 1:21)) +
4 2 (ul (1:1h+ 1:2h) + uh (1:11+ 1:21))2)))] H
pll = Simpli'Fy[ (9 ch & u ph? pl 71l + 3 6% uh? u1? 1l + 6 ch p? ph pl tih 1l +
18 6 p? ph ul tih t1l + 8 5 u ph? ul tih t1l + 8 5 u ph ul1? tih t1l + 12 3 pul t1h? t1l +
4 p? ph pl Tah? 11 + 4 p? p1? t1h? 1l + 6 ch p? ph? ©11? + 12 43 uh tih T112 +
4 1?2 yh? t1h t11? + 4 p? ph pl tih t11? + 6 ch p? ph pl ©1l t2h + 18 6 u? uh pul T1l 2h +
10 6 p uh? ul t1l t2h + 8 6 w uh 12 t1l z2h + 24 3 pl Tih 1l t2h +
12 p? ph ¢l t1h 1l z2h + 8 u? pl1? za1h 1l t2h + 12 3 ph £112 £2h + 8 p? ph? t112 t2h +
4 p? ph pl ©11? t2h + 12 13 pl 1l t2h? + 8 w2 uh ul 1l t2h? + 4 p? ul? ©1l T2h? +
(652uh2u12+3chuuh (36uhu1+4uuh tll+2puul (t1h+t2h)) +
26 uuhul (9u (t1h+t2h) +8ul (t1h+t2h) + uh (41:1h+31:11+51:2h)) +
4 2 (2 ul? (tlh + 1:2h)2 +2 ph? t1l (tlh +2 1:2h) +phpul (t1h+ t2h)
(t1h+3t11+2 t2h) +3u (t1h+ t2h) (2 ph tll + ul (t1h+ t2h)))) t2l +

2 u ph (3chuuh+36uhu1+2u ((uh+2u1) tlh + 2 (uh+u1) t2h+3pu (t1h+t2h)))
212 +3cl (6uhu1+2uu1 (t1h+ t2h) + u uh (1:11+1:21))
(36uhu1+2u (ul (t1h+t2h) + uh (t11+t21))))/

(3 (6 uhul +2u (ul (t1h+ 1:2h) + uh (1:11+ t21)))
(36uhu1+2u (ul (t1h+t2h) + uh ('L'11+'C21))))] H
p2h = Simpli'Fy[ (9 62 u ph p1? Tih + 6 62 uh? 12 t1h + 6 6 p? ul1? t1h? + 6 6 u uh ul? tih? +

24 6 u?2 ph ul t1h t1l + 16 6 p ph? ul tih t1l + 10 6 p ph p1? t1h tl1l +

12 13 ul t1h? €1l + 8 u? ph ul t1h? t1l + 8 u? p1? t1h? 1l + 12 13 ph tih t1l? +

8 u? uh? t1h 112 + 8 p? ph ul tih t11? + 9 62 p ph p1? t2h + 3 6% ph? ul? t2h +

12 5 u? ul1? tih t2h + 6 6 p uh p1? t1h z2h + 24 6 p? ph pl ©1l z2h + 8 6 p ph? ul t1l t2h +

10 6 u ph 12 1l t2h + 24 3 pl T1h 1l t2h + 12 p? ph gl z1h 1l t2h +

16 p? ul1? tih t1l t2h + 12 p3 ph ©11? t2h + 4 4% ph? t1l1? t2h + 8 p? ph ul t1l? t2h +

66 u?ul?t2h? + 12 13 pul t1l t2h? + 4 p? ph pul £11 t2h? + 8 2 ul? 1l t2h? +

4 pu (ul (3u+2uh+u1) tlh (26uh+ut1h) +u uh (6u+4uh+3u1) tlh tll +

(26uhu1 (3u+uh+u1) +uul (6u+3uh+2ul) tlh + u uh (6u+2uh+3u1) 1:11)
t2h + pul (3u+uh+u1) 1:2h2) t2l +

42 uh ((2uh+u1) tlh + (uh+u1) t2h+3pu (t1h+ 1:2h)) 212 +

3clupul (t1h+ 1:2h) (36uh ul +2u (ul (t1h+ 'c2h) + uh (1:11+ t21))) +

3ch (6uhu1+uul (t1h+t2h) +2uuh ('C11+'C21))
(36uh/,11+2u (ul (t1h+t2h) + uh (1:11+t21))))/

(3 (6 uhul +2u (ul (t1h+ t2h) + uh (1:11+ t21)))
(35uhu1+2u (ul (t1h+t2h) + uh (1:11+1:21))))] H
p2l = Simpli'Fy[ (6 62 uh? p12 11 + 18 5 w2 ph ul tih t1l + 10 6 u ph? ul Tih €1l +

16 6 u ph p12 t1h £1l + 12 3 pl 1h? €1l + 8 p? ph pl 1h? 1l + 8 p? p1? z1h? t1l +
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In[268]:=

out[272]=

out[273]=

In[274]:=

out[278]=

out[279]=

out[280]=

In[281]:=

out[283]=

66 uph? ul 112 + 12 13 ph t1h £11% + 8 2 ph? Tih t112 + 8 u? puh ul T1h €112 +
18 6 u? uh pl 1l t2h + 8 6 u uh? pl ©1l z2h + 16 6 u ph ul? ©1l z2h + 24 3 p1 t1h 1l z2h +
12 p? puh pul tih t1l z2h + 16 p? 12 tih t1l t2h + 12 g3 ph ©112 t2h + 4 u? ph? €112 T2h +
8 u? ph pl t11?2 t2h + 12 3 ul t1l t2h? + 4 p? puh pul t1l t2h? + 8 p? ul? 1l t2h? +
(362uh2u12+26uuhu1 (9u (t1h+t2h) +4ul (t1h+t2h) + uh (5 1:1h+31:11+4'c2h)) +
42 (ul2 ('clh + 1:2h)2 +2uh?t1l (2 tlh + t2h) + ph ul (tlh + t2h)
(2 tlh +3 tll + t2h) +3u (t1h+ t2h) (2 ph tll + ul (t1h+ t2h)))) t2l +

4 u? uh (3u (tlh + 'L'2h) +ul ('clh + 1:2h) + uh (2 tlh + t2h)) 7212 +
3 ch upuh (1:11+ 1:21) (36uh ul +2u (ul (t1h+ 'c2h) + uh (1:11+ t21))) +
3cl (6uhu1+2uul (1:1h+t2h) +uuh ('C11+'C21))

(36uhu1+2,u (ul (t1h+t2h) + uh (t11+t21))))/

(3 (6 uhul +2pu (ul (t1h+ r2h) + uh ('c11+ 1:21)))

(36uhu1+2u (ul (t1h+1:2h) + uh (t11+t21))))] H

ul = ph;

tll = t1lh;

t2l = t2h;

cl=0;

Assuming[z1h > t2h, FullSimplify@Reduce[plh < p2h & And @@ $Assumptions]]
Assuming[z1h > t2h, FullSimplify@Reduce[pll < p21 & And @@ $Assumptions]]

True

True

cutoffxh = Simplify[xh[plh, p1l, p2h, p21]] ;

cutoffxl = Simplify[x1[plh, pll, p2h, p21]] ;

cutoffyl = Simplify[yl[p1lh, pl1l, p2h, p21]] ;

cutoffy2 = Simplify[y2[p1lh, p1l, p2h, p21]] ;

Assuming[zih > t2h, FullSimplifye@Reduce|cutoffxh < 1 /28&&And @@ $Assumptions] ]
Assuming[zih > t2h, FullSimplifyeReduce|cutoffxl < 1 /2 &&And @@ $Assumptions] ]
Assuming[tlh > t2h, FullSimplify@Reduce [cutoffyl == cutoffy2 && And @@ $Assumptions]]

True
True

True

7l = Simplify[n1h[p1lh, p1l, p2h, p21] + n11l[plh, p1l, p2h, p21]] ;
72 = Simplify[n2h[p1lh, p1l, p2h, p21] + n21[plh, pl1l, p2h, p21]] ;
Assuming[tlh > t2h, FullSimplify@Reduce[r1l < 72 & And @@ $Assumptions] ]

True

Asymmetric costs (ch)

In[284]:=

Clear["Global™ %" ]
$Assumptions = {3 >0, 6>0, th>0, t1 >0, uth>0, ul >0, u>0, crth>0,
cll >= 9, c2h > 9, c21 >= 0, clh > cl1l, c2h > c21, 6 > clh-c1l, 6 > c2h - c12};
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nzser= Xh[plh_, p11l_, p2h_, p21_] = Solve[ch » xx + plh = th* (1-xx) +p2h, xx] [[1, 1, 2]];
x1[plh_, p11_, p2h_, p21_] = Solve[cl »xx+pll = tl« (1-xx) +p2l, xx]|[[1, 1, 2]];
yl[plh_, p1l_, p2h_, p21_] = Solve[B + & *yy - plh = B - p1l, yy][[1, 1, 2]];
y2[plh_, p1l_, p2h_, p21_] = Solve[B + 6 xyy - p2h == B - p21, yy][[1, 1, 2]];
qlh[pih_, p1l_, p2h_, p21_] = xh[p1h, p1l, p2h, p21] » uh + (1-yl[plh, p1l, p2h, p21]) * u;
qll[plh_, p1l_, p2h_, p21_] = x1[p1h, pl1l, p2h, p21] % ul + yl[plh, p1l, p2h, p21] * u;
q2h[pih_, p1l_, p2h_, p21_]

(1-xh[p1h, p1l, p2h, p21]

#ph+ (1-y2[p1h, p1l, p2h, p21]) * u;

q21[pih_, p1l_, p2h_, p21_] = (1-x1[plh, p1l, p2h, p21]) * ul +y2[plh, pll, p2h, p21] * u;
nih[plh_, p1l_, p2h_, p21_] = Simplify[ (plh - c1lh) % q1lh[p1h, p1l, p2h, p21]];

71l[plh_, p1l_, p2h_, p21_] = Simplify[ (p1l - c1l) % q11[plh, p1l, p2h, p21]];

n2h[plh_, p1l_, p2h_, p21_] = Simplify[ (p2h - c2h) % q2h[p1h, p1l, p2h, p21]];

n21[plh_, p1l_, p2h_, p21_] = Simplify[ (p2l - c21) % q21[p1h, p1l, p2h, p21]];

N~ 1

ineosi= FullSimplify@Solve[ {D[n1h[p1h, p1l, p2h, p21] + 711l[plh, p1l, p2h, p21], plh] == 0O,
D[x1h[plh, p1l, p2h, p21] + m11[p1lh, pll, p2h, p21], pll] == 0O,
D[n2h[plh, p1l, p2h, p21] + n21[p1lh, pll, p2h, p21], p2h] == 0O,
D[n2h[p1lh, p1l, p2h, p21] + n21[p1h, pl1l, p2h, p21], p21] == @}, {plh, pll, p2h, p21}]
3 (2u+uh+ul) th
+

1
out[298]= {{plh - — |2clh+c2h +
3 uh

(3ulth((—c1h+cll—c2h+c21>uuh—éuhul—4u(2u+uh+ul) th))/
(cih-c1l-c2h+c2l) ppl ch
36uhul+4u(ulth+uhtl)
pll - ((2c11+c21) ul? <éuh+4uth> (36uh+4uth) +
pl (6ph? (2 (4cth+12c1l+5c2h+3c21) u+96ul) +4puph (2clhpu+14cllp+
4c2hu+4c21u+186u+96uh+126u1> th + 48 12 (2u+uh+ul) th2> Tl +
4 1 ph (2(c1h+3c11+2c2h>uuh+36uhul+12u(2u+uh+ul) th) 7:12)/
(3 (6uhul+4u (ulth+uhtl>) (36uh/,(1+4u (/,(lth+/,(htl>)>,
pzheE c1h+2c2h+3<2u+uh+u1> 7:h+
3 uh
(3ulch ((-cih+cll-c2h+c2l) pph-6phpl -4 p (2p+ph+pul) ch)) /
(-clh+c1l+c2h-c2l) ppl ch

<uh (6uhu1+4u (ulth+uhtl))) +

(uh (5uhul+4u (ulth+uhtl>>) +
36uhul +4u (ulth+uhtl)

p2l > ((c1l+2c2l) pul® (6puh+4uth) (365uh+4uth) +
ul (6uh2 (10c1hu+6c11u+8 (c2h+3c21) u+95u1) + 4y uh (4c1hu+4c11u+
2c2hpu+14c21p+185u+96uh+126 ul) th+48u? (2 u+ph+ pl) th?) 1+
4 1 uh (2 (2c1h+c2h+3c21>uuh+36uhul+12u (2u+uh+ul) 'Ch) tlz)/
(3 (6uhul+4u (ulth+uhtl)> (36uh/,(1+4/,1 (/,llth+/,lhtl>)>}}
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In[299]:=

In[302):=

Out[306]=

Out[307]=

In[308]:=

out[312]=

out[313]=

out[314]=

In[315):=

out[317]=

1 3(2u+uh+ul)th
plh = — [2clh + c2h + +
3 uh

(3ulth ((—c1h+c11—c2h+c21)uuh—éuhu1—4u (2u+uh+u1) th))/

1h - c1l1 - c2h 21 1zh
(uh(c$uhul+4u(/.111:h+uh(—_1)))+(c c c2h+c )I.lll T
36uhpl+4p (ulch+phcl)

pll = ((2c11+c21) ul? (5uh+4uth) (35uh+4uth) +
ul (6uh2 (2 (4c1h+12c11+5c2h+3c21) u+96u1) +4 pph (2c1hu+14c11u+
4c2hu+4c21u+186u+96uh+126u1) th + 48 i? (2u+,uh+u1) ‘Ehz) tl +
4 1 ph (2 (c1h+3c11+2c2h)uuh+35uhu1+12u (2u+uh+u1) 'Ch) 1:12)/
(3 (6uhu1+4u (ulth+uht1)) (36/,1hu1+4u (ulth+uhtl)));

1 3(2u+uh+ul)th
p2h = — [clh+2c2h + +
3 uh

(3u1th ((—c1h+c11—c2h+c21) uph-6uhul-4u (2u+uh+ul) th))/
(—c1h+c11+c2h-c21) uul zh

h (6uhul+4 lzh+phzl
(u ( uhpl + u(u th+uht )))+ 35uhu1+4u(u1th+uhtl)

p2l = ((c11+2c21) ul? (6uh+4u1:h) (35uh+4uth) +
ul (6uh2 (10c1hu+6c11u+8 (c2h+3c21)u+96u1) +4 uph (4c1hu+4c11u+
2c2hu+14c21u+186u+96uh+126u1) th + 48 12 (2u+uh+u1) thz) Tl +
4 u ph (2 (2C1h+C2h+3C21)uuh+36uhul+12u (2u+uh+u1) 'Ch) 1:12)/
(3 (6uhul+4u (ulth+uht1)) (35uhu1+4u (ulth+uht1))) H

ul = ph;
tl = th;
cll = 0;
c2l = 0;
Assuming[clh > c2h, FullSimplify@Reduce[plh > p2h && And @@ $Assumptions]]
Assuming[clh > c2h, FullSimplify@Reduce[pll < p21 && And @@ $Assumptions]]

True

True

cutoffxh = Simplify[xh[plh, pll, p2h, p21]] ;

cutoffxl = Simplify[x1[plh, pll, p2h, p21]] ;

cutoffyl = Simplify[yl[plh, pll, p2h, p21]] ;

cutoffy2 = Simplify[y2[plh, pll, p2h, p21]] ;

Assuming[c1h > c2h, FullSimplify@Reduce [cutoffxh < 1 /28&&And @@ $Assumptions] ]
Assuming[c1lh > c2h, FullSimplifyeReduce [cutoffxl > 1 /28&&And @@ $Assumptions]]
Assuming[c1lh > c2h, FullSimplify@Reduce[cutoffyl > cutoffy2 && And @@ $Assumptions]]

True
True

True

7l = Simplify[x1h[p1lh, p1l, p2h, p21] + n11[plh, pl1l, p2h, p21]] ;
72 = Simplify [n2h[p1lh, p1l, p2h, p21] + n21[p1h, p1l, p2h, p21]] ;
Assuming[clh > c2h, FullSimplifye@Reduce[nl < 72 && And @@ $Assumptions]]

True



