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1 More on Consistency and Proof of Theorem 1*

This section starts with a brief review of results in Yao et al. (2005) and then discusses
the development of asymptotic properties of SPACE model components. In subsequent
discussions, we change some notations used in Yao et al. (2005) to accommodate existing
ones in our work. Specifically, We denote the number of curves by N whereas Yao et.al.
used n. For the number of observations on curve i, we use n; whereas Yao et al. (2005)
used IV;. Yao et al. (2005) assumed N; follows the distribution of random variable N which
is denoted by N* in this work. We denote all variables which depend on the BLUP of fPC
scores by check sign instead of tilde used in Yao et al. (2005). We keep the same notations
as in Yao et al. (2005) for other variables unless stated otherwise.

Yao et al. (2005) stated five theorems as well as a series of lemmas and corollaries to
demonstrate asymptotic properties of PACE estimators. Theorem 1 established the uni-
form convergence rates in probability of local linear estimates of mean p(t) and covariance
function G(s,t). Corollary 1 stated the convergence rate in probability of measurement

error variance o2 and was derived by applying the results in Theorem 1. Theorem 2 estab-
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lished the convergence in probability of the eigen-structure of the covariance kernel, which
included the convergence of eigenvalues \;, of multiplicity 1, L? and uniform convergence of
eigenfunctions ¢y (t)’s associated with A\j of multiplicity 1. Based on the results in Theorem
1 and 2, derived in Theorem 3 were the convergence of estimated fPC score ék towards the
conditional expectation of true fPC score (BLUP) &, and the pointwise convergence of
reconstructed curves X ii(t) based on K-dimensional approximation towards its associated
infinite dimensional target X;(¢) constructed from {ézk}fi?k:l With Gaussian assumption,
Theorem 4 established the pointwise asymptotic distribution of the standardized deviance
between reconstructed curve X ki(t) and true curve X;(¢). In Theorem 5, simultaneous
confidence region of Xy ;(t) over 7 in terms of reconstructed curves X ki(t) was derived.
Finally, the simultaneous region of K-dimensional vector £y ; in terms of estimated fPC
score vector EK,i was derived in Corollary 2.

The above results held under a series of conditions and assumptions. We keep those
assumptions and introduce new ones related to spatial correlation. Specifically, both obser-
vation time 7Tj; and the observed value Yj;, = Y;(7T;x) are random variables. Tj is assumed to
follow the same marginal distribution 7" with density f(¢), data pair (T}, Yix) is assumed to
follow the same joint distribution (7', Y") with density g(t,y), for any given curve ¢ and time
index k. For each spatial separation vector A and any location pairs (i, ) € N (A), we as-
sume (Ti,, Ty, Yk, Yy1) follows the same distribution with density function ga(ti1,t2, y1, y2).
We assume the same regularity conditions on ga(t1,t2,41,¥2) as those on g(ti,t2,y1,y2) in
Yao et al. (2005).In addition, observation times T} is assumed to be independent across
curves and within individual curves.

Moreover, Yao et al. (2005) also described three groups of conditions. In group A, series
(A1) pertained to the number of observations per curve. It was assumed to be a discrete
random variable following the distribution N*. N* was assumed to have finite mean and
takes value greater than 1 with positive probability, and was independent of all T;;’s and
Yir's. Specifically, assumption (A1.1) and (A1.2) state the following.

(A1.1)
The number of observations made for the ¢th subject or cluster is a random variable

denoted by n; with n; KN *, where N* > 0 is a positive discrete random variable, with



EN* < oo and P{N* > 1} > 0.
(A1.2)

The observation times and measurements are assumed to be independent of the number
of measurements, i.e., for any subset J; C {1,--- ,n;} and foralli =1,--- |N, ({T}; : j €
Ji},{Yi; 1 j € J;}) is independent of n;.

To accommodate spatial correlation, we need the following in addition in (A1.2). For
any subset Ji C {1,--- ,ni} and J, C {1,--- ,m} and for all K, =1,--- | N, ({T}; : j €
S} ATy 7 € Iy AYe 17 € Ji},{Y; : j € Ji}) is independent of ny and n;. Since the
modification is marginal, we don’t list it separately in a different assumption.

Series (A2) specified the convergence rates of smoothing bandwidths and their relative
rates with respect to the number of curves N. This series of conditions ensures the con-
vergence rate derived in Theorem 1. As N — oo, the original (A2) series requires the
following.

(A2.1) hy = 0, Nhj, — oo and NhS, < oo.
(A2.2) hg — 0, NhE, — oo and Nh§, < oo.
(A2.3) hy — 0, Nhi; — oo and Nh$, < oo

Series (A3) and (A4) assumed favorable properties of smoothing kernel functions and
finite fourth centered moments of Y, such that the auxiliary results in Lemma A.1 and
A.2 held. Define the Fourier transforms of (u), k2(u,v) by ¢i(t) = [ e ™ ki(u)du and
Ca(t,s) = [ e i)y (u, v)dudv. Original (A3) and (A4) state the following.

(A3.1) ¢i(t) is absolutely integrable, i.e., [ |¢i(¢)dt] < oo
(A3.2) (5(t, s) is absolutely integrable, i.e., [ [|G(t, s)dtds| < 0o
(44) E(Y — p(T))] < o0

Condition (A5) assumed Gaussian distribution of fPC scores required by Theorem 4 and
5 and Corollary 2. Condition (A6) assumed that the data asymptotically follow a linear
scheme. Condition (A7) assumed that the pointwise limit of qbK’sE(é’ ki — Exi)Pry =
Ok Py, as K — oo existed such that Theorem 4 and 5 held.

Group B specifies properties of density and smoothing kernel functions for Lemma A.1
and A.2 to hold. Specifically, original group B conditions state the following.

(B1.1) (d'/dt") f(t) exists and is continuous on T with f(t) > 0 on T;



(B1.2) (d'/dt")g(t,y) exists and is uniformly continuous on T x R;

(B1.3) (d'/dt\ dt?)g(t, s, y1, ) exists and is uniformly continuous on 72 x R?;
(B2.1a) kernel £, is compactly supported, ||x1]|? = [ £%(u)du < oo;

(B2.2a) k1 is a kernel function of order (v,[);

(B2.1b) ko is compactly supported, ||k2||*> = [ [ k3(u,v)dudv < oc;

(B2.2b) ks is a kernel function of order (v,1).

Group C assumed favorable continuity and boundedness properties of functions v, and
8, crucial for Lemma A.1 and A.2. We keep the same set of assumptions for the development
of our results.

As the cornerstone of all other results, Theorem 1 was derived based on Lemma A.1
and A.2. Theorem 1* in Section 4 of the paper extends Theorem 1 and serves as the foun-
dation of our work.To prove Theorem 1*, we first adapt Lemma A.1 and A.2 to correlated
functional data. To that end, we require ¢,(t) and 6,(t, s, y1,y2) to satisfy the following

additional conditions respectively:

(C3.1a)
1
m Z E}COU(Q/}P( z17 127 ‘ i1 2)| — 0
1<ii #ia <N
and
(C3.1b)
1
N(A)Q Z E‘OOU( (ﬂﬂj—j?l?}/;l?yjl) 0 (7—‘7«277—‘]273/127}/]2 ’ ﬂ17ﬂ27T717T )|_>O
(i1,41)EN(A)
(i2,j2) EN(A)

(i1,41)#(i2,J2)
Counterparts of Lemma A.1 and Lemma A.2 are stated respectively in Lemma A.1* and
Lemma A.2%*.
Lemma A.1* Under (A1.1),(A1.2),(A3.1),(B1.1),(B1.2),(B2.1a),(B2.2a),(C1.1a)-C(1.3a),(C2.1a)
in Yao et al. (2005) and (C3.1a), Tpn = sup,er |y — | = Op(1/(VNRS))
Proof. The key step of achieving the stated rate is to show that Var(e,y(u)) = O(1/N).

With the presence of spatial correlation, we have,

VCZ?”((,OPN('LL)) = _VCLT ( EN- Z einlkw zk; zk))
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The first term in the last line is O(1/N) provided that E(¢7(T,Y)) < oo and E(N*)?/(EN*)?

is O(1) as N = 00. 3315 si,cn Cov(Ziy, Ziy) /N? is the extra term due to spatial correla-

N*
1 1 —iu
= e (EN* >.c Tk¢p(Tk7Yk)>

1 1 iy o
Nz Z OOU<EN Ze Tk (T s Yirka ),
1<ii#ia<N k=1
1 &
EN* Ze ZuTz2k2¢p( szmY;ng))
ko=1
1 1 X ]
= —iuT
= yVar *Ze k¢P(Tk7Yk)>+—2 Z
N (EN - N e
1 1 N* 2 1
—iuTy
= wF (EN*ZG k¢p(Tk7Yk)> + 73 3
k=1 1<i1£ia <N
1 [ (& ,
< ————F —i2uTy, (Tp, V) 1
= N(EN*)? <; > (Z?/) ks k:) + 3
1 [ N
< v BN 2T m) +—
< ~ 2(T;,
N(EN~) i (k:l N iy
EN*Q 1
= ——SEWA(T.Y)+— Cov(Z;
N(EN*)?2 (G(TY) + 55 D, CovlZi, Z,)

tions. Assuming (C3.1a) we have

1
ey
1<ii#ia<N
1
ey
1<iy #ia<N
EN*Q
N2(EN*)2
EN*2
N2(EN*)2
EN*2
N2(EN*)2
EN*2
N2(EN*)2

‘C’ov

2

1<ii#i2<N

2

1<ii#i2<N

2.

1<ii#i2<N

2.

1<ii#i2<N

|Cov(Zy,, Zi,)|

nil

1 —iuT;
(EN* Z € T”klwp<7—‘ilkl7}/;1k1)7 W

k1=1

Cov (e T, (T;,, Y;

1y T

Cov (W;,, Wy,)

E(Cov(Wiy, We)| Ty, ) + Cov(E(W, [Ty, T), BT, To))|

E (e—iU(Til +Ti2)COU(1/Jp(

Tiy, Yi), 0

1<i1 #ia<N

774‘2

1

io=1

)€ Tty (T, Vi) |

COU(ZZ'“ ZZ2)

Cov(Z;,, Zi,)
Z Cov(Z;,,
1<i1#ia<N
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+ Cou(e™™ By (T, Vi) [T ), €0 B(y (T, V3)ITs))|

EN*? il Te AT
- NENT > )E(e (T +T) Cov (i, (T, Vi ) Up (Thas Vi) | T ))’
1<ii i <N
EN*Q
S NQ(EN*)Q Z E}COU Q/}P i1 )1/};7( 127 117 |— l/N
1<ii #ia<N

Lemma A.2* is designed to cover cross-covariance smoothers as well and thus define

GpA - @pA (t, S)

1 1
B 2. ENEN
N(AhG” oA, ( )

t—"Ty s—1T;
D D R o T )

h h
1<k<n; 1<i<n; Ga Ga

Lemma A.2* Under (AL.1),(A1.2),(A3.2),(BL.1),(B1.2),(B2.1b),(B2.2b),(CL.1b)-C(1.3b),(C2.1b)
in Yao et al. (2005) and (C3.1b), ¥pa = sup; .7 |Opa — 0p| = O, (1/(\/N(A)h|g|:2))

Proof. This is analogous to the proof of Lemma A.1%*.

Equipped with Lemma A.1* and A.2*, we prove Theorem 1* of the paper next.
Proof of Theorem 1*

This proof adopts the same techniques employed in Yao et al. (2005) for the main
reasoning process and we focus on the part where spatial correlation makes a difference.
We first look at the convergence of local linear estimator fi(t) of mean function to its true

value u(t). fu(t) is written as

at) = 30(15)
1
Yoo EN* > ok Wik Yik ZZ N Zk wip(Tip — t)

= Bi(t), (1.1)
Zz EN* Zk Wik Zz EN* Zk Wik
where
S Sy (T — £) 5, s Y w0,
z Z w ( t)Y B ZEN* k Wik\4Lik lEN* r Wik ik
i EN* k Vik ik 1

. ZiWZk

ﬁl(t) - )




and

1 t— T
Wik = K
"7 Nh, '\ h,

Let the first term in (1.1) be fyw(t) and f(t) = 3, 3, wix/EN* be an estimator of T7s
density function f(t). Key steps in Yao et al. (2005) are showing

sup |fiww (1) = u(t)] = Op(1/VNhy)

teT
Sup F(#) = F(B)] = Op(1/V'Nhy)
sup |5 (1) — 4 (1)| = Op(1/¥/N})

The convergence of f(¢) can be shown by applying Lemma A.1* on ¢hs(u,y) = 1 with
of order (0,2); The convergence of fixw(t) follows by applying Lemma A.1* on ¢y (u,y) =
y with &y of order (0,2) and the convergence of f(t); The convergence of 3;(t) can be
established by applying Lemma A.1* on ¢ (u,y) = y, ¥o(u,y) = 1 and ¥3(u,y) = u —t
with &1 = —tk1(t)/ [ u*k1(u)du of order (1,3). We show below that under (D1), ¢4 (u,y),
o(u,y) and ¥3(u,y) all satisfy (C3.1a).

1
= 2 ElCou(¥, Yi|T T,)]
1<ii#ia<N
1
= m Z E’¢,<EI)OOU(€i17€zQ 12 | i1 ‘
1<in#ia<N
1 o ) *
= m Z E’qb/(j—'il)dzag(pl(Ailiz)?p2(Aili2)>'" 7pK(Ai112) 12 ‘ i1 |
1<iy#i2<N

< Lon(o0®) 3 3 ilAna)l 0

N? teT
1<i1#ia<N k=1
The last line holds under (D1). Furthermore, noting that

> E|Cou(1,1|T;,,T3,)| =0

1<in#i2<N

> E|Cou(T;, —t,Ti, —t|T;,, Ti,)| = 0

1<in#ia<N
The result (4.1) in Theorem 1* in the paper follows.
We proceed to show (4.2) of the paper. Define

s—=Ty t =Ty
= Wi,
fi2( hGA ) hGA ) kjl
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Djj(tin, tj) = (Yi(tin) — i(ta)) (Yi(tj0) — fu(tj0)) = Dinji
Dyj(tin, tjr) = (Yi(tin) — p(tin)) (Y3 (L) — putjo)) = Digyy

Denote Z ()N (A Zk Lo by > irji- The local linear estimator Ga(s,t) of the cross-

covariance G4 (s,t) based on Dj;; can be written as

Gal(s,t) = Bols,t)

> j VVikleszjl 5 > a Bl S 1 B2
I G S s Tt LD s oo T )
where
Bis.y) = ZWEXBID S BIY WD~ fh(s, (L BY W — ¥ B1Y BY)
Y S WS CL— (5 BL)?
Bo(s 1) = SSW S B2D° — S B2 WD° — By(s, ) (O ES W — > BLY. B2)
R SIS Cl— (5 B2)
Let
> wd c1-(d) Bl)Y=a
ZWZC2_(232)2=[?
STwy B’ -3 " B1Y WDl =c
> WD B2D" - " B2Y WD’ =d
SwY E-S"B1Y B2=¢
We have

31(8715) _ bc—de:(~1_@ ab )

ab — e2 ab ab — e?



ab — e? abab — €2

Bg(s,t) _ ad—ce:<5~2_ce ab )

Denote the first term in (1.2) by Ganw (s, t) and S W by f(s,t). Analogous to the proof
of (4.1) in the paper, we would like to show the following:

sup |Ganw(s,1) = Gals,t)| = Op(1/v/N(A)hE,)

s,teT
Syel;\f(s,t) —f(s,)] = O,(1//N(A)E,)
. OGA(s,t
up [ (s.1) - 292 o 0 NAM,)
s,teT S
A 0GA(s,t
sup [l 1) — 20 o0 NAA,)
s,teT
and
D is equivalent to D.
Define
Or(u,v,y1,92) = (y1 — p(w)(y2 — p(v))
62(uavay17y2) =1
03(uavayl7y2) = S$—Uu
94(“:%91792) = t—-v

The convergence of f (s,t) follows by applying Lemma A.2* on 6, with ks of order ((0,0),2).
The convergence of Ganw(s,t) can be established based on the convergence of f(s,t)
and by applying Lemma A.2%¥ on 6; with ry. The convergence of (s, t) and Bs(s,t)

can be established by showing |e| = O,(1/\/N(A)h¢,,). Applying Lemma A.2* on 6,
t t
with kernel ky(s,t) = fuzvzﬁf(i’v;dudv of order ((1,1),4), we obtain |E — f'(s)f'(t)] =

. . - Sko(s,t
Op(1/+/N(A)h¢,, ). Applying Lemma A.2* on 6, with kernel #y(s,t) = fu%izi,vfdudv
of order ((1,0),3), we obtain [B1— f'(s) f(t)| = Op(1/\/N(A)h¢,, ). Applying Lemma A .2*
t t
on 0y with kernel #y(s,t) = fvzl-f/:a(i)))dudv of order ((0,1),3), we obtain |B2— f(s) f'(t)| =
O,(1/\/N(A)h¢, ). By Slutsky’s theorem, we have |e| = | WY E - Y B1Y B2| =

Op(1/\/N(A)h¢,, ). The equivalence between D? and D can also be derived in a similar




way by applying Lemma A.2* on 6, 05 and 64. We show below that under (D2), 6y, 65, 05
and 6, all satisfy (C3.1b).

1
N(A 2 Z E COU((Y;d _M(Th)) (Y;l _:U’<Tj1>)7 (}/;2 _:LL<T%'2)) (1/32 _N(sz)) | TllvTZwTJl?T
(i1,51)EN(A)
(i2,j2) EN (A)
(i1,51)#(i2,52)

1
= N(A 2 Z E COU <¢(Tl1>/£z1£;1 d)(le)v ¢(Tl2>/€u£;2¢(sz) } T217T127 TJU T > ’
(i1,51)EN(A)
(i2,52)EN(A)

(41,51)#(i2,2)

K
1
NAT > > E ‘Oov (qskml)@lkfmk(%),m(m)%&m(%) | T, T3, T, T )‘
(i1,1)EN(A) k=1
(i2,d2) EN(A)
(1,51)#(42,42)

teT
(i1,51)EN( A) k=1
(i2,52) EN(A)
(i1,51)#(i2,52)

= N(A)2 Z 21{16%2( |¢ <§i1k§j1k€i2k§j2k) - (p/:(A))z

(i1,51)EN(A) k=1
(i2,42)EN(A)
(11,51)#(i2,52)

1
- N(A)? Z Z

(i1.51)EN(A) k=1
(i2,52)EN(A)
(i1,51)#(i2,2)

IN

IN

Y10k (AL)? 4 pi(As)pr(As)

— 0

where Aj, A, and Aj represent spatial separation vectors of location pairs (i1, 12), (i1, j2)

and (jl; ZQ)

1
N(A)? Z E OOU((‘S_El)’(S_Ti’Z) Ty, Tiy, T, Tj, ) =0
(i1,71)EN(A)
(i2,52) EN(A)
(i1,41)#(i2,52)

N(AQ EOOU((t_le)’(S_sz) ‘TuaTw?TJuT> =0
(i1,51)EN (A)
(i2,52) EN(A)
(i1,41)#(i2,52)

Therefore, the result in (4.2) of the paper follows.
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2 R-Code

The R-codes for implementing all the analyses and simulations described in the paper are

available at http://www.stats.gla.ac.uk/~sray/software/.
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