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1 More on Consistency and Proof of Theorem 1∗

This section starts with a brief review of results in Yao et al. (2005) and then discusses

the development of asymptotic properties of SPACE model components. In subsequent

discussions, we change some notations used in Yao et al. (2005) to accommodate existing

ones in our work. Specifically, We denote the number of curves by N whereas Yao et.al.

used n. For the number of observations on curve i, we use ni whereas Yao et al. (2005)

used Ni. Yao et al. (2005) assumed Ni follows the distribution of random variable N which

is denoted by N∗ in this work. We denote all variables which depend on the BLUP of fPC

scores by check sign instead of tilde used in Yao et al. (2005). We keep the same notations

as in Yao et al. (2005) for other variables unless stated otherwise.

Yao et al. (2005) stated five theorems as well as a series of lemmas and corollaries to

demonstrate asymptotic properties of PACE estimators. Theorem 1 established the uni-

form convergence rates in probability of local linear estimates of mean µ(t) and covariance

function G(s, t). Corollary 1 stated the convergence rate in probability of measurement

error variance σ2 and was derived by applying the results in Theorem 1. Theorem 2 estab-
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lished the convergence in probability of the eigen-structure of the covariance kernel, which

included the convergence of eigenvalues λk of multiplicity 1, L2 and uniform convergence of

eigenfunctions φk(t)’s associated with λk of multiplicity 1. Based on the results in Theorem

1 and 2, derived in Theorem 3 were the convergence of estimated fPC score ξ̂ik towards the

conditional expectation of true fPC score (BLUP) ξ̌ik, and the pointwise convergence of

reconstructed curves X̂K,i(t) based on K-dimensional approximation towards its associated

infinite dimensional target X̌i(t) constructed from {ξ̌ik}N,∞i=1,k=1. With Gaussian assumption,

Theorem 4 established the pointwise asymptotic distribution of the standardized deviance

between reconstructed curve X̂K,i(t) and true curve Xi(t). In Theorem 5, simultaneous

confidence region of XK,i(t) over T in terms of reconstructed curves X̂K,i(t) was derived.

Finally, the simultaneous region of K-dimensional vector ξK,i in terms of estimated fPC

score vector ξ̂K,i was derived in Corollary 2.

The above results held under a series of conditions and assumptions. We keep those

assumptions and introduce new ones related to spatial correlation. Specifically, both obser-

vation time Tik and the observed value Yik = Yi(Tik) are random variables. Tik is assumed to

follow the same marginal distribution T with density f(t), data pair (Tik, Yik) is assumed to

follow the same joint distribution (T, Y ) with density g(t, y), for any given curve i and time

index k. For each spatial separation vector ∆ and any location pairs (i, j) ∈ N (∆), we as-

sume (Tik, Tjl, Yik, Yjl) follows the same distribution with density function g∆(t1, t2, y1, y2).

We assume the same regularity conditions on g∆(t1, t2, y1, y2) as those on g(t1, t2, y1, y2) in

Yao et al. (2005).In addition, observation times Tik is assumed to be independent across

curves and within individual curves.

Moreover, Yao et al. (2005) also described three groups of conditions. In group A, series

(A1) pertained to the number of observations per curve. It was assumed to be a discrete

random variable following the distribution N∗. N∗ was assumed to have finite mean and

takes value greater than 1 with positive probability, and was independent of all Tik’s and

Yik’s. Specifically, assumption (A1.1) and (A1.2) state the following.

(A1.1)

The number of observations made for the ith subject or cluster is a random variable

denoted by ni with ni
i.i.d.∼ N∗, where N∗ > 0 is a positive discrete random variable, with
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EN∗ <∞ and P{N∗ > 1} > 0.

(A1.2)

The observation times and measurements are assumed to be independent of the number

of measurements, i.e., for any subset Ji ⊆ {1, · · · , ni} and for all i = 1, · · · , N , ({Tij : j ∈

Ji}, {Yij : j ∈ Ji}) is independent of ni.

To accommodate spatial correlation, we need the following in addition in (A1.2). For

any subset Jk ⊆ {1, · · · , nk} and Jl ⊆ {1, · · · , nl} and for all k, l = 1, · · · , N , ({Tkj : j ∈

Jk}, {Tlj : j ∈ Jl}, {Ykj : j ∈ Jk}, {Ylj : j ∈ Jl}) is independent of nk and nl. Since the

modification is marginal, we don’t list it separately in a different assumption.

Series (A2) specified the convergence rates of smoothing bandwidths and their relative

rates with respect to the number of curves N . This series of conditions ensures the con-

vergence rate derived in Theorem 1. As N → ∞, the original (A2) series requires the

following.

(A2.1) hµ → 0, Nh4µ →∞ and Nh6µ <∞.

(A2.2) hG → 0, Nh6G →∞ and Nh8G <∞.

(A2.3) hV → 0, Nh4V →∞ and Nh6V <∞

Series (A3) and (A4) assumed favorable properties of smoothing kernel functions and

finite fourth centered moments of Y , such that the auxiliary results in Lemma A.1 and

A.2 held. Define the Fourier transforms of κ1(u), κ2(u, v) by ζ1(t) =
∫
e−iutκ1(u)du and

ζ2(t, s) =
∫
e−(iut+ivs)κ2(u, v)dudv. Original (A3) and (A4) state the following.

(A3.1) ζ1(t) is absolutely integrable, i.e.,
∫
|ζ1(t)dt| <∞

(A3.2) ζ2(t, s) is absolutely integrable, i.e.,
∫ ∫
|ζ2(t, s)dtds| <∞

(A4) E [(Y − µ(T ))4] <∞

Condition (A5) assumed Gaussian distribution of fPC scores required by Theorem 4 and

5 and Corollary 2. Condition (A6) assumed that the data asymptotically follow a linear

scheme. Condition (A7) assumed that the pointwise limit of φK,sΣ(ξ̌K,i − ξK,i)φK,t ,

φK,sΩKφK,t as K →∞ existed such that Theorem 4 and 5 held.

Group B specifies properties of density and smoothing kernel functions for Lemma A.1

and A.2 to hold. Specifically, original group B conditions state the following.

(B1.1) (dl/dtl)f(t) exists and is continuous on T with f(t) > 0 on T ;
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(B1.2) (dl/dtl)g(t, y) exists and is uniformly continuous on T ×R;

(B1.3) (dl/dtl11 dt
l2
2 )g(t1, t2, y1, y2) exists and is uniformly continuous on T 2 ×R2;

(B2.1a) kernel κ1 is compactly supported, ‖κ1‖2 =
∫
κ21(u)du <∞;

(B2.2a) κ1 is a kernel function of order (ν, l);

(B2.1b) κ2 is compactly supported, ‖κ2‖2 =
∫ ∫

κ22(u, v)dudv <∞;

(B2.2b) κ2 is a kernel function of order (ν, l).

Group C assumed favorable continuity and boundedness properties of functions ψp and

θp crucial for Lemma A.1 and A.2. We keep the same set of assumptions for the development

of our results.

As the cornerstone of all other results, Theorem 1 was derived based on Lemma A.1

and A.2. Theorem 1* in Section 4 of the paper extends Theorem 1 and serves as the foun-

dation of our work.To prove Theorem 1*, we first adapt Lemma A.1 and A.2 to correlated

functional data. To that end, we require ψp(t) and θp(t, s, y1, y2) to satisfy the following

additional conditions respectively:

(C3.1a)

1

N2

∑
1≤i1 6=i2≤N

E
∣∣Cov(ψp(Ti1 , Yi1), ψp(Ti2 , Yi2) ∣∣ Ti1 , Ti2)∣∣→ 0

and

(C3.1b)

1

N(∆)2

∑
(i1,j1)∈N (∆)

(i2,j2)∈N (∆)
(i1,j1)6=(i2,j2)

E
∣∣Cov(θp(Ti1 , Tj1 , Yi1 , Yj1), θp(Ti2 , Tj2 , Yi2 , Yj2) ∣∣ Ti1 , Ti2 , Tj1 , Tj2)∣∣→ 0

Counterparts of Lemma A.1 and Lemma A.2 are stated respectively in Lemma A.1* and

Lemma A.2*.

Lemma A.1 ∗ Under (A1.1),(A1.2),(A3.1),(B1.1),(B1.2),(B2.1a),(B2.2a),(C1.1a)-C(1.3a),(C2.1a)

in Yao et al. (2005) and (C3.1a), τpn = supt∈T |ΨpN − µp| = Op(1/(
√
Nhν+1

µ ))

Proof. The key step of achieving the stated rate is to show that V ar(ϕpN(u)) = O(1/N).

With the presence of spatial correlation, we have,

V ar(ϕpN(u)) =
1

N2
V ar

(
N∑
i=1

1

EN∗

ni∑
k=1

e−iuTikψp(Tik, Yik)

)
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=
1

N
V ar

(
1

EN∗

N∗∑
k=1

e−iuTkψp(Tk, Yk)

)

+
1

N2

∑
1≤i1 6=i2≤N

Cov
( 1

EN∗

ni1∑
k1=1

e−iuTi1k1ψp(Ti1k1 , Yi1k1),

1

EN∗

ni2∑
k2=1

e−iuTi2k2ψp(Ti2k2 , Yi2k2)
)

,
1

N
V ar

(
1

EN∗

N∗∑
k

e−iuTkψp(Tk, Yk)

)
+

1

N2

∑
1≤i1 6=i2≤N

Cov(Zi1 , Zi2)

≤ 1

N
E

( 1

EN∗

N∗∑
k=1

e−iuTkψp(Tk, Yk)

)2
+

1

N2

∑
1≤i1 6=i2≤N

Cov(Zi1 , Zi2)

≤ 1

N(EN∗)2
E

[(
N∗∑
k=1

e−i2uTk

)(
N∗∑
k=1

ψ2
p(Tk, Yk)

)]
+

1

N2

∑
1≤i1 6=i2≤N

Cov(Zi1 , Zi2)

≤ 1

N(EN∗)2
E

[
N∗

(
N∗∑
k=1

ψ2
p(Tk, Yk)

)]
+

1

N2

∑
1≤i1 6=i2≤N

Cov(Zi1 , Zi2)

=
EN∗2

N(EN∗)2
E(ψ2

p(T, Y )) +
1

N2

∑
1≤i1 6=i2≤N

Cov(Zi1 , Zi2)

The first term in the last line isO(1/N) provided thatE(ψ2
p(T, Y )) <∞ and E(N∗)2/(EN∗)2

is O(1) as N →∞.
∑

1≤i1 6=i2≤N Cov(Zi1 , Zi2)/N
2 is the extra term due to spatial correla-

tions. Assuming (C3.1a) we have

1

N2

∑
1≤i1 6=i2≤N

|Cov(Zi1 , Zi2)|

=
1

N2

∑
1≤i1 6=i2≤N

∣∣∣Cov( 1

EN∗

ni1∑
k1=1

e−iuTi1k1ψp(Ti1k1 , Yi1k1),
1

EN∗

ni2∑
i2=1

e−iuTi2k2ψp(Ti2k2 , Yi2k2)
)∣∣∣

=
EN∗2

N2(EN∗)2

∑
1≤i1 6=i2≤N

∣∣∣Cov (e−iuTi1ψp(Ti1 , Yi1), e−iuTi2ψp(Ti2 , Yi2)) ∣∣∣
,

EN∗2

N2(EN∗)2

∑
1≤i1 6=i2≤N

∣∣∣Cov (Wi1 ,Wi2)
∣∣∣

=
EN∗2

N2(EN∗)2

∑
1≤i1 6=i2≤N

∣∣∣E(Cov(Wi1 ,Wi2)|Ti1 , Ti2
)

+ Cov
(
E(Wi1|Ti1 , Ti2), E(Wi2|Ti1 , Ti2)

)∣∣∣
=

EN∗2

N2(EN∗)2

∑
1≤i1 6=i2≤N

∣∣∣E(e−iu(Ti1+Ti2 )Cov(ψp(Ti1 , Yi1), ψp(Ti2 , Yi2)|Ti1 , Ti2)
)
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+ Cov
(
e−iuTi1E(ψp(Ti1 , Yi1)|Ti1), e−iuTi2E(ψp(Ti2 , Yi2)|Ti2)

)∣∣∣
=

EN∗2

N2(EN∗)2

∑
1≤i1 6=i2≤N

∣∣∣E(e−iu(Ti1+Ti2 )Cov(ψp(Ti1 , Yi1), ψp(Ti2 , Yi2)|Ti1 , Ti2)
)∣∣∣

≤ EN∗2

N2(EN∗)2

∑
1≤i1 6=i2≤N

E
∣∣Cov(ψp(Ti1 , Yi1), ψp(Ti2 , Yi2)|Ti1 , Ti2)

∣∣ = O(1/N)

Lemma A.2* is designed to cover cross-covariance smoothers as well and thus define

Θp∆ = Θp∆(t, s)

=
1

N(∆)h
|ν|+2
G∆

∑
(i,j)∈N (∆)

1

EN∗(EN∗ − 1)

×
∑

1≤k≤ni

∑
1≤l≤nj

θp(Tik, Tjl, Yik, Yjl)κ2

(
t− Tik
hG∆

,
s− Tjl
hG∆

)
Lemma A.2 ∗ Under (A1.1),(A1.2),(A3.2),(B1.1),(B1.2),(B2.1b),(B2.2b),(C1.1b)-C(1.3b),(C2.1b)

in Yao et al. (2005) and (C3.1b), ϑp∆ = supt,s∈T |Θp∆ − %p| = Op

(
1/
(√

N(∆)h
|ν|+2
G∆

))
Proof. This is analogous to the proof of Lemma A.1*.

Equipped with Lemma A.1* and A.2*, we prove Theorem 1* of the paper next.

Proof of Theorem 1*

This proof adopts the same techniques employed in Yao et al. (2005) for the main

reasoning process and we focus on the part where spatial correlation makes a difference.

We first look at the convergence of local linear estimator µ̂(t) of mean function to its true

value µ(t). µ̂(t) is written as

µ̂(t) = β̂0(t)

=

∑
i

1

EN∗
∑

k wikYik∑
i

1

EN∗
∑

k wik

−

∑
i

1

EN∗
∑

k wik(Tik − t)∑
i

1

EN∗
∑

k wik

β̂1(t), (1.1)

where

β̂1(t) =

∑
i

1

EN∗
∑

k wik(Tik − t)Yik −

∑
i

1

EN∗
∑

k wik(Tik − t)
∑

i

1

EN∗
∑

k wikYik∑
i

1

EN∗
∑

k wik

∑
i

1

EN∗
∑

k wik(Tik − t)2 −

(∑
i

1

EN∗
∑

k wik(Tik − t)
)2

∑
i

1

EN∗
∑

k wik

,
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and

wik =
1

Nhµ
κ1

(
t− Tik
hµ

)
Let the first term in (1.1) be µ̂NW (t) and f̂(t) =

∑
i

∑
k wik/EN

∗ be an estimator of T ’s

density function f(t). Key steps in Yao et al. (2005) are showing

sup
t∈T
|µ̂NW (t)− µ(t)| = Op(1/

√
Nhµ)

sup
t∈T
|f̂(t)− f(t)| = Op(1/

√
Nhµ)

sup
t∈T
|β̂1(t)− µ′(t)| = Op(1/

√
Nh2µ)

The convergence of f̂(t) can be shown by applying Lemma A.1* on ψ2(u, y) ≡ 1 with κ1

of order (0,2); The convergence of µ̂NW (t) follows by applying Lemma A.1* on ψ1(u, y) =

y with κ1 of order (0,2) and the convergence of f̂(t); The convergence of β̂1(t) can be

established by applying Lemma A.1* on ψ1(u, y) = y, ψ2(u, y) ≡ 1 and ψ3(u, y) = u − t

with κ̃1 = −tκ1(t)/
∫
u2κ1(u)du of order (1,3). We show below that under (D1), ψ1(u, y),

ψ2(u, y) and ψ3(u, y) all satisfy (C3.1a).

1

N2

∑
1≤i1 6=i2≤N

E
∣∣Cov(Yi1 , Yi2 |Ti1 , Ti2)

∣∣
=

1

N2

∑
1≤i1 6=i2≤N

E
∣∣φ′(Ti1)Cov(ξi1 , ξi2)φ(Ti2)|Ti1 , Ti2

∣∣
=

1

N2

∑
1≤i1 6=i2≤N

E
∣∣φ′(Ti1)diag(ρ∗1(∆i1i2), ρ

∗
2(∆i1i2), · · · , ρ∗K(∆i1i2))φ(Ti2)|Ti1 , Ti2

∣∣
≤ 1

N2
max
t∈T

(|φ(t)|2)
∑

1≤i1 6=i2≤N

K∑
k=1

|ρ∗k(∆i1i2)| → 0

The last line holds under (D1). Furthermore, noting that∑
1≤i1 6=i2≤N

E
∣∣Cov(1, 1|Ti1 , Ti2)

∣∣ = 0∑
1≤i1 6=i2≤N

E
∣∣Cov(Ti1 − t, Ti2 − t|Ti1 , Ti2)

∣∣ = 0

The result (4.1) in Theorem 1* in the paper follows.

We proceed to show (4.2) of the paper. Define

κ2

(
s− Tik
hG∆

,
t− Tjl
hG∆

)
= Wikjl
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κ2

(
s− Tik
hG∆

,
t− Tjl
hG∆

)
(s− Tik) = B1ikjl

κ2

(
s− Tik
hG∆

,
t− Tjl
hG∆

)
(t− Tjl) = B2ikjl

κ2

(
s− Tik
hG∆

,
t− Tjl
hG∆

)
(s− Tik)2 = C1ikjl

κ2

(
s− Tik
hG∆

,
t− Tjl
hG∆

)
(t− Tjl)2 = C2ikjl

κ2

(
s− Tik
hG∆

,
t− Tjl
hG∆

)
(s− Tik)(t− Tjl) = Eikjl

Dij(tik, tjl) = (Yi(tik)− µ̂(tik))(Yj(tjl)− µ̂(tjl)) = Dikjl

Dij(tik, tjl) = (Yi(tik)− µ(tik))(Yj(tjl)− µ(tjl)) = D0
ikjl

Denote
∑

(i,j)∈N (∆)

∑ni

k=1

∑nj

l=1 by
∑

ikjl. The local linear estimator Ĝ∆(s, t) of the cross-

covariance G∆(s, t) based on D0
ikjl can be written as

Ĝ∆(s, t) = β̂0(s, t)

=

∑
ikjlWikjlD

0
ikjl∑

ikjlWikjl

− β̂1(s, t)
∑

ikjlB1ikjl∑
ikjlWikjl

− β̂2(s, t)
∑

ikjlB2ikjl∑
ikjlWikjl

, (1.2)

where

β̂1(s, t) =

∑
W
∑
B1D0 −

∑
B1
∑
WD0 − β̂2(s, t)(

∑
E
∑
W −

∑
B1
∑
B2)∑

W
∑
C1− (

∑
B1)2

β̂2(s, t) =

∑
W
∑
B2D0 −

∑
B2
∑
WD0 − β̂1(s, t)(

∑
E
∑
W −

∑
B1
∑
B2)∑

W
∑
C1− (

∑
B2)2

.

Let ∑
W
∑

C1− (
∑

B1)2 = a∑
W
∑

C2− (
∑

B2)2 = b∑
W
∑

B1D0 −
∑

B1
∑

WD0 = c∑
W
∑

B2D0 −
∑

B2
∑

WD0 = d∑
W
∑

E −
∑

B1
∑

B2 = e

We have

β̂1(s, t) =
bc− de
ab− e2

=

(
β̃1 −

de

ab

ab

ab− e2

)
8



β̂2(s, t) =
ad− ce
ab− e2

=

(
β̃2 −

ce

ab

ab

ab− e2

)
.

Denote the first term in (1.2) by Ĝ∆NW (s, t) and
∑
W by f̂(s, t). Analogous to the proof

of (4.1) in the paper, we would like to show the following:

sup
s,t∈T
|Ĝ∆NW (s, t)−G∆(s, t)| = Op(1/

√
N(∆)h2G∆

)

sup
s,t∈T
|f̂(s, t)− f(s, t)| = Op(1/

√
N(∆)h2G∆

)

sup
s,t∈T
|β̂1(s, t)−

∂G∆(s, t)

∂s
| = Op(1/

√
N(∆)h3G∆

)

sup
s,t∈T
|β̂2(s, t)−

∂G∆(s, t)

∂t
| = Op(1/

√
N(∆)h3G∆

)

and

D0 is equivalent to D.

Define

θ1(u, v, y1, y2) = (y1 − µ(u))(y2 − µ(v))

θ2(u, v, y1, y2) ≡ 1

θ3(u, v, y1, y2) = s− u

θ4(u, v, y1, y2) = t− v

The convergence of f̂(s, t) follows by applying Lemma A.2* on θ2 with κ2 of order ((0,0),2).

The convergence of Ĝ∆NW (s, t) can be established based on the convergence of f̂(s, t)

and by applying Lemma A.2* on θ1 with κ2. The convergence of β̂1(s, t) and β̂2(s, t)

can be established by showing |e| = Op(1/
√
N(∆)h4G∆

). Applying Lemma A.2* on θ2

with kernel κ̇2(s, t) =
stκ2(s, t)∫

u2v2κ2(u, v)dudv
of order ((1,1),4), we obtain |E − f ′(s)f ′(t)| =

Op(1/
√
N(∆)h4G∆

). Applying Lemma A.2* on θ2 with kernel κ̃2(s, t) =
sκ2(s, t)∫

u2κ2(u, v)dudv

of order ((1,0),3), we obtain |B1−f ′(s)f(t)| = Op(1/
√
N(∆)h4G∆

). Applying Lemma A.2*

on θ2 with kernel κ̌2(s, t) =
tκ2(s, t)∫

v2κ2(u, v)dudv
of order ((0,1),3), we obtain |B2−f(s)f ′(t)| =

Op(1/
√
N(∆)h4G∆

). By Slutsky’s theorem, we have |e| =
∣∣∑W

∑
E −

∑
B1
∑
B2
∣∣ =

Op(1/
√
N(∆)h4G∆

). The equivalence between D0 and D can also be derived in a similar
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way by applying Lemma A.2* on θ1, θ3 and θ4. We show below that under (D2), θ1, θ2, θ3

and θ4 all satisfy (C3.1b).

1

N(∆)2

∑
(i1,j1)∈N (∆)

(i2,j2)∈N (∆)
(i1,j1)6=(i2,j2)

E

∣∣∣∣Cov((Yi1 − µ(Ti1)
)(
Yj1 − µ(Tj1)

)
,
(
Yi2 − µ(Ti2)

)(
Yj2 − µ(Tj2)

) ∣∣ Ti1 , Ti2 , Tj1 , Tj2)∣∣∣∣
=

1

N(∆)2

∑
(i1,j1)∈N (∆)

(i2,j2)∈N (∆)
(i1,j1)6=(i2,j2)

E

∣∣∣∣Cov(φ(Ti1)
′ξi1ξ

′
j1
φ(Tj1),φ(Ti2)

′ξi2ξ
′
j2
φ(Tj2)

∣∣ Ti1 , Ti2 , Tj1 , Tj2)∣∣∣∣

≤ 1

N(∆)2

∑
(i1,j1)∈N (∆)

(i2,j2)∈N (∆)
(i1,j1)6=(i2,j2)

K∑
k=1

E

∣∣∣∣Cov(φk(Ti1)ξi1kξj1kφk(Tj1), φk(Ti2)ξi2kξj2kφk(Tj2) ∣∣ Ti1 , Ti2 , Tj1 , Tj2)∣∣∣∣

≤ 1

N(∆)2

∑
(i1,j1)∈N (∆)

(i2,j2)∈N (∆)
(i1,j1)6=(i2,j2)

K∑
k=1

max
t∈T

(|φ(t)|4)
∣∣∣∣Cov(ξi1kξj1k, ξi2kξj2k)

∣∣∣∣

=
1

N(∆)2

∑
(i1,j1)∈N (∆)

(i2,j2)∈N (∆)
(i1,j1)6=(i2,j2)

K∑
k=1

max
t∈T

(|φ(t)|4)
∣∣∣∣E(ξi1kξj1kξi2kξj2k)−

(
ρ∗k(∆)

)2∣∣∣∣

=
1

N(∆)2

∑
(i1,j1)∈N (∆)

(i2,j2)∈N (∆)
(i1,j1)6=(i2,j2)

K∑
k=1

max
t∈T

(|φ(t)|4)
∣∣∣∣ρ∗k(∆1)

2 + ρ∗k(∆2)ρ
∗
k(∆3)

∣∣∣∣
→ 0

where ∆1, ∆2 and ∆3 represent spatial separation vectors of location pairs (i1, i2), (i1, j2)

and (j1, i2).

1

N(∆)2

∑
(i1,j1)∈N (∆)

(i2,j2)∈N (∆)
(i1,j1) 6=(i2,j2)

E

∣∣∣∣Cov((s− Ti1), (s− Ti2) ∣∣ Ti1 , Ti2 , Tj1 , Tj2)∣∣∣∣ = 0

1

N(∆)2

∑
(i1,j1)∈N (∆)

(i2,j2)∈N (∆)
(i1,j1) 6=(i2,j2)

E

∣∣∣∣Cov((t− Tj1), (s− Tj2) ∣∣ Ti1 , Ti2 , Tj1 , Tj2)∣∣∣∣ = 0

Therefore, the result in (4.2) of the paper follows.
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2 R-Code

The R-codes for implementing all the analyses and simulations described in the paper are

available at http://www.stats.gla.ac.uk/~sray/software/.
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