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S1 Postponed proofs

We first derive the following technical lemmas.

Lemma S1. Let t € (0,1) and v € (0,7] with ¥ > 0 then ) yt"7 <
t=7log ' (1/t)y~! and -, oy nt™ <tV log(1/t)y 2.
Proof. Let t € (0,1) and v € (0,7] with 4 > 0. Using that e* — 1 < ue* for all
u > 0, we have
DM = (" = 1) < —y M log T (t) exp(—log(t)y) <t TlogTH(1/t)y ",
neN
and
St = (1) < £y log ) (1) exp(— log(t)) 1 < t7log 2(1/t)y 2,
neN

which completes the proof. O
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Lemma S2. For any probability measures i, v on B(R?), measurable function
V: R?— [1,4+00) such that u(V) +v(V) < +o0 and a € (0,1), we have

= vive <2flp = vy

Proof. Let a € (0,1]. The statement is trivial if 4 = v. We just need to consider
the case where o # v. Define & = |u—v|/(|p — v| (R?)). Using [5, Definition
D.3.1] we get that

1= vllve = (1/2)E(V®) x | = v[ (RY)
< (1/2)6(V)* x |u— v| (RY)
<297 Yl = vl x [lp = v| R},
which concludes the proof using that a < 1. 0
Jensen’s inequality implies that H1-(i) holds for V' « V® with a € (0,1]
since Ay > 1. Lemma S2 implies that H1-(ii) holds replacing V' by V¢, p by p®
and As by 2As. Similarly H1-(iii) holds replacing V' by V* and () by 2®¥(v).
S1.1 Proof of Theorem 3
Consider (n,)nen defined for any n € N by
Mo =my "> {Hp, (X}) —7,(Ho,)} - (S1)
k=1

The proof of Theorem 3 relies on the two following lemmas. We consider the

following decomposition for any n € N, 7,, = ng) + 77,(L2 ), where

1 =E[nulFaa]l s, 0P =nn —E[alFaa] . (52)

We now give upper bounds on E[||777(11)||], IE[||777(11)||2] and E[Hn,(f)HQ].

Lemma S3. Assume A1, H1 and that for any 6 € © and x € R?, |Hy(z)|| <
VY/2(x). Then we have for any n € N

E[InM] < BiE [VVAX9)] /(maya) + ()
E I 12] < 2B3E [V(X8)] /(man)? + 29 ()%,

with )
B1 = 2A1A2p77/10g(1/p) .

Proof. Using the definition of (F,).en, see (7), the Markov property, H1-(ii)-
(iii), Lemma S2, Jensen’s inequality and that for any § € © and x € RY



| Ho(x)|| < V1/2(x), we have for any n € N*

Mn
IE [l Frma] 1| < m YO (KE, g, Ho, (X5) =m0, (Ho, )|
k=1

Mn
<yt Y [|Iex K, g, =,
k=1

My
<mp' > [oxpKE o — 7o, | (1 Ho, )
k=1

(Ho,)

Mn
<m," Z {I15xpKE 5 =m0 llvie} + 17,0, — 7o, 12
k=1

Mn

<mt S0 {24200 VIR )+ R () |
k=1

245907V /2( XN
20 ( mn> + ‘I’('}’n) ,
log(1/p)ynmn

where for the last inequality we have used Lemma S1. In a similar manner, we
have S/ 30
2A5p 7V E(X,
20 ( 0) + ‘I’(’YO) )
log(1/p)vomo
We conclude using H1-(i) and that (a + b)? < 2a2 4 2b? for a,b € R. O

= [no| X0} <

Lemma S4. Assume A1, H1 and that for any 6 € © and v € R?, ||Hy(z)|| <
VY2(z). Then we have for any n € N

E [Inf1?] < Bamy 97" (ma + 72 'E [VXS)]))
with By = 2(1 + 4)? max(Ba 1, Ba2) and
By = 24A3(1 — pt/%) 245,
B = 441 [1+643(1— p/2) 72 {4x(1 — p) ™" + 2} + AZlog 2(1/p) + A3

Proof. Let n € N*. We have using the Cauchy-Schwarz inequality

2

E |3 {Ho, (X7) — B [Ho, (XP)|Faa )
k=1
<9 (|3 {Hop (X0) — 7y, (Ho, )}
k=1
28 ||| S (R [ Ho, (XP)\ 1] = 70, (o, ) (53)
k=1




Using the Markov property, H1-(i)-(ii), Lemma S2, Lemma S1 and that for any
6 c O and x € R, ||Hp(x)| < V2(x) we obtain that

2

E||Y AR [Ho, (X{)| Fn-1] = 7,0, (Ho, )}
k=1
My 2
<E [|D B [[8xpRy, .0, — Ty 0, lv172| Fai]
k=1
mMn 2
< 442K ||E [VW(X{}) fn,l} 3 g2
k=1
<441 A3y, % log (1 /p)E [V(XT)] - (S4)

We now give an upper-bound on the first term in the right-hand side of (S3).
Consider for any n € N the Euclidean division of m,, by [1/7,] there exist
gn € Nand r, € {0,...,[1/v,] — 1} such that m,, = g, [1/75] + 7n. Therefore
using the Cauchy-Schwarz inequality we can derive the following decomposition

My 2
k=1
2
Tn
< || Ho (X4 q, 11/21) = Tr00 (Ho,)
J=1
[1/9n] gn—1 2
F2E Y D Hoo(X T ektijnny) = Tt (Ho,)
=1 k=0
2
Tn
< 2B ||> ) Ho, (X]7) = 3,00, (Ho,)
j=1
[1/9n] n—1 B 2
+2[1/y] D E||D Ho (XL™) = 7y .0, (Ha,) (S5)
Jj=1 k=0

Setting for any j € {1,...,[1/y.]} and k € {0,..., g, — 1}, X}™ = X7

Jtk[1/yn]"
We now bound the two terms in the right-hand side. First, using the Cauchy-

Schwarz inequality and H1-(i)-(iii), the fact that r, < [1/v,] and that for any



0 €O and x € RY, ||Hy(z)| < VV2%(x) we have

2

E |||> Ho, (X37) = 7,0, (Ho,)

<r, ZIE ([[Ho, (X2) = 73,0, (Ho,)

]
< fl/%ﬂ (24:E [V(Xg)] + 243) . (S6)

Now consider the solution of the Poisson equation [14, Section 17.4.1] associated
with K[Yl/g"], x f{%ﬂn (x) defined for any = € R? by

Hypa, @) =Y (KNG Ho, (@) =m0, (Ho,)) -

LeN

Note that by H1-(ii), Lemma S2 and since for any § € © and z € R¢, || Hg(z)|| <
V/2(z), we have that for any = € R?

A

. (2)| < 2400 = 1) VY2 (a) (S7)

and in addition for any = € R?
N 1
0, (@) = K0 G o, () = Ho, () = 7,0, (H, ) -
Therefore, we have for any j € {1,...,[1/7,]}

gn—1 gn—1

y U,
> (Ho, (X7 = T, (Ho) ) = D2 (B, (X7 = KDG0 T, 0, (X3T))

k= k=0

A § G
= > (Hyon (XE2) ~ KL o, (X0M)
k=0
7 >7.n 1/vn | 13 n
0, (XM ~ KDL o (XT ) (S8)

Combining the Cauchy-Schwarz inequality and (S8) we obtain that

qn—1 2
> Hp (X]™) = 7,0, (Ho,)|| | <3(C1+Ca), (S9)
k=0
with )
3 1/vn .
|:H Yn 0 n XJ K’[/n/”yn ‘ Yn 0 n qn—l)H :| ’

2
qn—

n 1 n ,n
Z H 0 X]i—‘—l) K'I;ln/,gn-l H"/na (XJ )




First, using (S7) and H1-(i) we get that

Cy < 4A2(1—p'/?)~ 2{E [V( X +E Ky, 0,V(Xg +j1] )

< 84,43(1 - p1/2> E[V(XQ)] - (S10)
We now give an upper-bound on Cy. Forany j € {1,...,7,} let (Gj r)ref0,q.—2}
generated by F,_; and the sequence of random variables X§,..., X ,7;[1 S+

Using the Markov property we have for any k € {0,...,¢, — 2} and j €

{1,...,mn}
E[ﬁ%,e,xxzfl)\gj,k} KIVor L, 0, (X0

Therefore, for any j € {1,...,7.}, H,, n(X,ifl) K;/’VZ]H%’ (X]™) is a

martingale increment with respect to (Gj.k)kef0,q,—2}, Combining this result
with the Markov property implies that for any & € {0,...,¢, — 2} and j €

{1,...,r},
]

0. (X0

n 1/vn vj,n
’ Yn 0 n XJ K[,/n{’yn] Yn:On (X]‘Zt )

'Yn,y d

q"L
Cy = {Knm
k=0

qn—

_ Z E |:K“/’Yn

Define for any = € R?, g,(z) = ||H,, 6, (z)||?. Using (S11), H1-(ii)-(iii) and
(S7) we obtain that

&

‘ i

’ K[V g

Y rOn H,, 6

1 . (S11)

n7

In2 2 2
1/vn n 1/vn v J,n
Cy = ZE[Kf Vo Ao, K| = |0 0, (X ]
k=0
qn—2 9
< > B [k . (50|
k=0

qn—2

E Tyn,6.
2

443 R (k+1)T1/7n]
< A=y Z E []E [H‘S K an,enHV’gj,OH

k=0

qn—2
+ Z m,am}

<4A3(1 - p"?) 2 {A(1 - p)T'E [V(XD)] + ands}
<4A3(1 - pVH)TH{ A1 A (1 — p) T 'E [VI(XD)] + gnds ) (S12)

Yn,On

qn—2
S ]E [Z ]E |:K(k+1)’—1/'YW] n(Xé,n) . 7T’Yn (gn gj Oj|




Therefore, using (S10) and (S12) in (S9) we obtain that

qn—1 2

> Ho (X{™) = 74,0, (H,)
k=0

<1243(1 - pVH) T2 [{A1A2(1 - p) T'E [V(XO)] + gnds} +2E [V(XD)]] -

(S13)

As a consequence, using (S6) and (S13) in (S5) we get that

|
+24[1/7a]* A3(1 = p!%) 2 {ALE [V(XQ)] (43 (1—p)_1+2)+an3}

< {%:2 (AlE [V(XO)] [24143( 1/2 {A -1 +2} +4] +4A§)

12442(1 — pY/?) "2 Aym,, /%] (1+7)? (S14)

Mn

Z Han (X/?) = Ty ,0n (Hen)

k=1

2
] < 4[1/3]* (AE [V(XQ)] + A43)

Combining (S4) and (S14) in (S3) we obtain that

E
k=1

S Hy, (XP) — B [Hy, (X])]

2
] < 8y, 2 A1A5p™ P log *(1/p)E [V (X7)]

+2 [322 (AE [V(XS)] [2443(1 - p/2)72 {A2(1 = )" + 2} +4] +443)
+24A3(1 = p/2) 2 Agma 0] (14 7)?
<2(1+7)° (ME [V(X§)] [2443(1 - p/2) 2 {451 - p) ' + 2}

+4 {1+ A3log ?(1/p)}] + 4A43) ~, 2 + 4843(1 — p"/ 2)*2As(1 + )2 (M /Vn)

which concludes the proof for n # 0. The same inequality holds in the case
where n = 0. O

We now turn to the proof of Theorem 3.
of Theorem 3. The proof is an application of [1, Theorem 2, Theorem 3].

(a) To apply [1, Theorem 2], it is enough to show that the following series
converge a.s

—+o0
> b1 (On — 0n1VF(On Z5n+177n ; 25 calln1?
n=0

where i € {1,2} and the sequences (ngl))neN and (nSLQ))neN are given in (S3).



In the case where ¢ = 1, since (g (0, — 0,41V f(01)))nen is bounded, we

are reduced to proving that a.s 370 8,41 ||77,(L1) || < 4+o00. Using (11), Lemma S3
and Fubini-Tonelli’s theorem we obtain that

[Z Sl ] > bnsaE [l < oo (S15)

neN neN

We consider the case where i = 2. Let (Sp)neny and (Ty)nen be defined

for any n € N by S, = Y7 6kr1 (Mo (0 — 01V F(0)),n'>) and T, =
Yoro (5k+1777(3) are (F,)nen-martingale by definition of (nﬁz))neN in (S3) and
(Fn)nen in (7). Therefore, using [19, Section 12.5], the Cauchy-Schwarz inequal-
ity and that the sequence (Ilg (05, — dn+1V f(65)))nen is bounded, it suffices to

show that > 2 5n+1E[H77(2)|| ] < +o00. Using Lemma S4 we get that

[ele] +oo
Z s +1]E H77(2) ] By <Z 52+1/(mn%) +E [V(Xg)] Z 5721+1/(mn7n)2> .
n=0

n=0
Combining this result and (S15) implies the stated convergence applying [1,
Theorem 2].

(b) Applying [1, Theorem 3], the Cauchy-Schwarz inequality and using Al we
obtain that a.s for any n € N

>0 { £(6) — min £} (S16)
k=1
||9 9*H2 n—1 n—1
0 — *
< = D oMok — G VF(06)) = 0% m) + D 0l
k=0 k=0
2 n—1 2 n—1
<2ME =33 G (e 0k — 0k 1V F(O:) — 0507y +2D 3" 62 |12 -
i=1 k=0 i=1 k=0

which implies by the proof of (a) that sup,,cy[>_p—; 0k {f(0x) — mine f}] < +oo
a.s. The proof is then completed upon dividing (S16) by > _;_;

O

S1.2 Proof of Theorem 4
(2)

Proof. Taking the expectation in (S16) and using that 7, ’ is a martingale in-
crement with respect to (Fy,)nen, we get that for every n € N

[Zak{ £(60 mmf}]QM@HM@zaME ISl

n-l 2 n-l 2
23 k[ ] + 2 X e | [
k=0 k=0

Combining this result, Lemma S3 and Lemma S4 completes the proof. O



S1.3 Proof of Theorem 5

We now introduce some tools needed for the proof. By A2 and H1-(i)-(ii), for
any 0 € © and v € (0,7], there exists a function Hw o : R? — R% solution of
the Poisson equation,

(Id —K,.0)H, 9 = Hg — 7, 0(Hp) , (S17)
defined for any = € R? by
x) =Y {K yHy(x) — 7y o(Hp)} . (S18)
jEN

Note that using H1-(ii) and Lemma S2 we have for any 6 € © and x € R¢
|Bo@)| < o Vi), Cp =8AslogTM 1/p)p 7L (S19)
Define for any n € N
in = Ho, (Xn41) — 75, (H;,) - (520)

Using (S17) an alternative expression of (7, )nen is given for any n € N by

A

ﬁn = 'Ynaen (X~n+1) - K'YnyénH’)’ruén (Xn-‘,-l) + ﬂ-'Ynyé (Hén) B ﬂ-én (Hén)

n

where
i =M, 5 (Xnsn) =K, 5 H, 5 (X0)
7® = =K, ﬁ " (f( ) — K%+1 i1 A'yn+1 9w+1()~("+1)’ (S21)
) = K%H,énHﬁWh oy (Knt1) =K 5 15 (Xng)

i =m, g (Hg)—ms (H;, )~

i € {a,b,c,d}. Tt is the matter of the following technical results.

Lemma S5. Assume Al and that for any 0 € © and x € RY, |Hg(x)| <
VY4(x). Then we have for any n € N, E 17 )?] < C1, with

Cy = 24,F [VW(XO)} +25up [ V(O
S

Proof. Using (520), that |z +y|* < 2(|z|* + |ly|*) for any z,y € R%, Al,
| Hy(z)|| < V'/2(x), we get for any k € N,

E [|1]%] < 2B[||Hj, (Xes1)l2] + 2 [r5, (I1Hg, D]
<24 [VI2(Xo)] + 25up |V (6)]



Lemma S6. Assume Al, A2, H1, H2 and that for any 6 € © and x € R?,
2 -
|Hy(z)|| < VY*(x). Then we have for anyn € N, E [Hﬁr(la) } < Oy, 2, with

C, = A\CLE [VI/Q(XO)} .
Proof. By (S21), using (S19) and H1-(i) we get that for any n € N*
2
ddlaidl
N ~ 2 N ~
<E [E [HH nﬁn(XnH)H }'n” [HK7 H 5 (X)

< A C%%E [VW(XO)} ,

]
which concludes the proof. O

Lemma S7. Assume A1, H1 and that for any 6 € © and x € R?, |Hy(z)|| <
VY4(x). Then the following statements hold.

(a) There exists C3 > 0 such that for anyn € N and 6 € ©

|

D 10k1 = kvt + D 0ra vt (Gngr /Y — 51/71)] :
k=0 =0

D ok (ang,ip)

k=0

< (s

with axy1 = g [ék — 6k+1Vf(9~k)] —0*, 6* € argming f and

Cs = A1Cy(AMo +sup [ V1(0)]| + 1+ LR [VV/4(%y)]
0O

(b) If (17) holds then Y} _, (5k+1<ak+1,ﬁ,(€b)> converges a.s.
Proof. By (S21) we have for any n € Nand 6 € ©

Z Sest (arr1, 7))
k=0

~ A

n
- Z 6k+1ak+1’K’m ékH’Yk Ox (Xk) o K'Yk+179~k+1H’Yk+17§k+1(Xk+1)>

kol
(=)

n
A ~

(Ok+10K+1 — 5kakaK Vi ng%,gk (Xk))
k=

=

A ~

nt1@nt 1, Ko g Hy 6 (Xnt1))

—{
+ <61a1’ "/O,QOH’YO,QO (XO)> <822)

10



In addition, we have for any n € N, § € © using A1, that IIg is non-expansive,
(15), H1-(i) and that for any § € © and = € RY, || Hg(z)| < V/4(x)

[0n+1an41 = Onan|| < 2Me |6p+1 — On| + On+1 [lant1 — anl|
< 2Me [0n41 = 0p| + (L4 6nLg) |01 — Onll + [0n+1 — n| [V f(Ont1)l
< (2Me + sup IV O 10011 = Onl + 651 (14 00 L)V (K1) -
(S23)

(a) Combining (522), (523), (S19), the Cauchy-Schwarz inequality and H1-(i)
we get that

|

Z Ok1(ak, 771[:)>
k=0

< (2Me + sup IVFO))ALCHE {V1/4(X0)} Z |0k41 — 6kl vy !
€ k=0

+ M Cy (14 LR [VA(R0)| D 6707
k=0

+ 24, Mo CHxE {V1/4(X0)] {0n+1/Vns1 + 01/} s
which concludes the proof of Lemma S7-(a).

(b) Assume now (17). We show that a.s the first term in (S22) is absolutely
convergence and the second term converges to 0.

Using (523), (S19), the Cauchy-Schwarz inequality and (17) we get that

E

“+oo
Z ’<6k+1ak+1 —opar, K, 5. H., 5, (Xk)>"|
k=1

+oo
< (2Mo +5up [VF(O)) A1 C4 B [V /4(Ko)| 3 16001 — 6l 3¢
€ k=0

+o0
+A41Cr(1+01Lf)E [V1/4(X0)] Z Set1
k=0
< 400,

N

H_ 5 (X1)))ken is absolutely con-

which implies that ((0g+1ak+1 — dpak, K A

'Yk,‘gk

vergent a.s. We have that K 5 . (Xn+1)| is upper-bounded us-

'Yn+17§n+1 ||};["/n+179n+1
ing (S19) by '7;-|lrloﬁK%+1,§n+1V1/4(Xn+1)' It follows that we have for any

0 € ©, ¢ > 0, using the Markov inequality, the Cauchy-Schwarz inequality,

11



(S19) and (17)

> P (lansall 60X, g, I, (Kn)l 2 €)
neN

<> P (QCFIM@ St Vi1 Koy, VI (Kig) 2 5)
neN
<4=T2MBCHALE [VI2(X0)| 37 0272 < oo,
neN

Using the Borel-Cantelli lemma, we get 1imn_>+oo<5nanK o
0 a.s. This completes the proof of convergence for any 6 e

~(b
S e Okt (@1, L)

H an(ffn» =
@ f the series

O

Lemma S8. Assume Al, A2, H1, H2 and that for any 6 € © and x € R?,
| Ho(z)|| < VY/*(x). Then we have for any n € N

|

with

~7(lc)

:| < 027;41_1 [’Y;_il_l {Al (’Y’m ’Yn—&-l) + A2(’Yna 7n+1)5n+1} + 6n+1] y

Cy=4A,A, log_l(l/p)p_w2 max [LH, Con + 24, log_l(l/p)p_"_’/ﬂ , (S24)
where Cc1 is given by
Cen = 4A1Azlog ™ (1/p)p PE [V (Xo)] - (S25)

Proof. We start by giving an upper-bound on |7y, 9, — Ty,,0, |[y1/2 for y1,72 €
(0,7] with v, > 7 and, 0,0, € ©. Let g : R — R% be a measurable function
satisfying sup,cga{||lg(z)| /V1/2(z)} < 1. Using H1-(i)-(ii), H2, Lemma S1
and Lemma S2, we get that for any 71,72 € (0,7%] with y1 > 72, 61,02 € © and
¢ e N*

E [HK[’;L@lg(XO) - K’Yzﬂz XO H]

-1
j -1
- ZKZ/1791 (K71791 - K’Yzﬂz) {K’(Yzﬁz ])g( ) T Ty2,0, (f)}
j=0

~ Ko, 0)V (@)

—1— 2
< 2A22p( el HK% 01 K’Yl,al

7=0

<24 ZP(Z LI /2 (A (y1,72) + Ao (71, 72) 1601 — 92||]SHPE[K71 0, V(Xo)]
7=0

< 441421087 (1/p)p 245t [Ar(1,72) + Aa(71,72) 101 — 62 E [V (Xo)] -

12



Taking ¢ — +oo and using H 1-(ii), we obtain that for any 61,0, € © and
Y1572 S (Oa’?] with Y1 > Y2,

1731,00 = Tz llvire < Cenva ' [A1 (71, 72) + Aa(v1,72) 1161 — Gfl] . (S26)

with C, 1 given by(S25).
In what follows we derive an upper bound HK'n,Glﬁvlﬂl () — Kyp.0, Hop 0, () H

for any 61,0y € O, 71,72 € (0,7] with 71 > 72 and x € R%. By (S18) we have
for any 61,0, € ©, 1,72 € (0,7] with 71 > v, and x € R,

HK’Ylﬁl H’Ybol (.’t) - K’Y2,92H’Y2792 (ZL’) H

Z {K’YlﬂlH‘gl (l’) — Ty1,61 (Hgl)} - Z {K€2,92H92 (l’) T Tyg,0, (H92)}||

LEN* LEN*
< Z H{ 'y1,01H91 = Ty1,01 (Hel)} - {K§2,92H02(x) - 7T72,92(H92)}H .
LeN*

We now bound each term of the series in the right hand side. For any measurable
functions g1, ge with g; : RY — R% and such that sup,cga [|g:(z)| /VV4(z) <
+oo with i € {1,2}, 01,05 € ©, 71,7 € (0,7] with 1 > 72, € R? and £ € N*,
it holds that

K2, 0,91(2) = K5, g,92(2) = K, 5,01(2) = K5, ,01(2) + K5, o, (g1(2) — g2(2))

—1
£—1
= Z { 1,01 ﬂ-’Ylﬁl} (K71,91 - K72,92) {Kfm 02]gl(x) T Ty2,02 (91)}
7=0
-1
l—1—j l—j
> o K 01 @) — K01 (0) )+ KL, 6, (91(2) — g2()
§=0

j l—
= {Kfyl,é)l - 7r71791} (K%,Gl - K‘Yzﬁz) {K a2 192jgl(x) T Tyg,02 (gl)}

= 100 (K5, 0,01(2) = 91(2)) + K5, g, (91(2) = ga2(2)) -

Setting g1 = Hp, — 1+, 0, (Ho,) and g2 = Hp, — 7, 0,(Hp,), we obtain that

KS, 0,01(2) = K5, 0,92(2) (527)
Z 1
l
Z { 1,01 7T’Yl,91} (K’Ylﬁl - K’Y2,92) {K»YQ 192 JH91 (z) - Try2,02 (H91)}
7=0
+ =
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where

B¢ = —my,.0, (K, 0, Ho, () — Hp, (2))
+ XY, 9, [Ho, (x) — Ho, (x) + 7,0, (Ho,) — 7,0, (Ho, )]
—1,.0, K5, 0, Ho, () + K, o, [Ho, () — Hp, () + 7,0, (Hp, )]
= (71'72,92 - 7T71,91)(K72,92H01( T) = Toyy,0, (He,)) — 2,02 (He,)
+ K., 4, [Ho, () — Ho, () + 1,0, (Ha,)|
= (7772,02 - Tr')’l,al)(K’yg 92H01( r) — 2,02 (Ho,)) (528)
+ K'yz 0, (Ho, — Ho,)(x) — 7,.0,(Hg, — Hp,) .
For the first term in (S27), using H1-(ii), H2, Lemma S2 and and that

for any § € © and = € R?, ||Hy(z)|| < V'/%(x) we obtain for any 6;,60, € O,
1,72 € (0,7] with 41 > ¥, € R% and £ € N*

~
Ju

j —1—
{Kzﬂ,el - 71—71791} (K’h,@l - KV2792) {K,yz 0 3H91 (l‘) T Ty2,0, (H91)}

<.
Il
o

S 2A2 ZP(Z e H{ 71,01 71'71’6'1} (K71,91 - K’Yzﬁz)vl/z(x)H
=0

-1
< AAZ[A1(71,72) + Aa(71,72) |61 — b2 ] ZPQH@ IRy (g

< AAZ (A1 (31, 72) + As(v1,72) |00 = O2]]] €722V (@) . (S29)

For the first term in (528), using H1-(ii), Lemma S2, (526) and that for any
0 € © and x € RY, | Hp(x)|| < VV/4(z) < VV/2(x), we obtain for any 6,60 € O,
71,72 € (0,7] with 71 > 79, * € R? and £ € N*

||(7T’Yl,01 - 7T’Yz,02)(K72 02H91( ) 2,02 (Hal))H

< 2A2p672/2H7Try1,01 = Ty2,02 HVl/z
< 245Cc1 p7 5 AL (11,72) + As(71,72) (161 — 65} (530)

For the second term in (S28), using A2, H1-(ii) and Lemma S2, we obtain for
any 01,05 € O, v1,72 € (0,7] with v; > 72, * € R? and £ € N*

HK H91 - H@z)(l‘) - 7T72,92(H91 - Hoz)” < 2A2LHp£’Y2/2||81 - 92”‘/1/2(1‘) :
(S31)
Combining (S28), (529), (S30), (S31) in (S27) and using Lemma S1, we obtain

that for any 61,0y € ©, v1,72 € (0,7] with v; > 72, © € R? that

V2,02

HK'Yhel FI’Ylﬁl (x) - K72,92E[72,92 (x)H
< Cenvy ' [ {AL(0,72) + Az(y1,72) 101 — 02|} + 101 — 62]|] V/3(2)
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with
Ceo = 4A51log™ (1/p)p~7/? max [LH, Ceq+ 24, log_l(l/p)p*wﬂ )
- ékH < 8p1VY2(Xp41) by (15) and the fact that

for any 6 € © and = € RY, ||Hy(z)|| < V¥/?(z) and that Ilg is non-expansive,
we get that for any k € N,

b (Xkt1) — K X’““)H

< Cc,ﬂklll [’7@11 {AL (Vi Yor1) + A2 (Ve Vit 1)1} + Okt ] V(Xki1)
which implies by (S21) and using H1-(i) that

o[

with Cy given by (S24).

HK H’Yk 7§k~

7k+17§k+1H7k+17§k+1(

} < 02%;&1 hkjl {AL (Vs Yot 1) + A2 (Vie, V1) Okt1} + O]

Lemma S9. Assume A1, H1 and that for any 6 € © and x € R, ||Hp(z)|| <
VY/4(x). Then we have for anyn € N

e 0] = %>

Proof. By a straightforward application of H1-(iii) and by (S21) along with the
fact that for any § € © and = € R?, | Hy(x)|| < V/4(z) we have for any n € N,

E [[la]]] < ®(m)- 0
We now turn to the proof of Theorem 5

Proof. (a) To apply [1, Theorem 2], it is enough to show that the following
series converge a.s

+oo
Y ni1(Me (O — 601V f(02)) — 0%,71) Z Snrallinll?
n=0

with 6% € argmingcg f(6). +°° 0021 [|7ia]|? < 400 a.s by Lemma S5 since

ZneN 5'r2L+1 < +00. Since (<H@(0n - 5n+1vf( n)) - 0*7ﬁ£la)>)n€N is a (-Fn)nEN‘
martingale increment, see (16) and by Lemma S6 and Y, .\ 02, /72 < +00

+o0

E Z 5?L+1<H@(97L - 5n+1vf(9n)) - 9*, ﬁn >2 <+ ’
n=0

we obtain using [19, Section 12.5] that Y% 6,11 (e (8, — 6,1V f(0n)) —
0* ﬂh(z )> converges a.s. Using Al, (17) and Lemma S8 and Lemma S9 we get
that Z::()) On+1{Te (0 — 3,41V f(0,)) — 0%, ﬁ,(l )> is absolutely convergent a.s for
i € {¢,d}. Finally we obtain that 372 6,11 (Ie(6y — 6,11V f(6,)) — 0%, 7))
converges a.s by Lemma S7-(b).

(b) The proof of is identical to the one of Theorem 3-(b).
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S1.4 Proof of Theorem 6

The proof is similar to the one of Theorem 4, using Lemma S5, Lemma S7,

Lemma S8, Lemma S9 and the fact that 77,(1&) isa (fn)neN—martingale increment,
see (16).

S1.5 Proof of Theorem 7

In this section, we give the proof of Theorem 7 by showing that H1 holds. First
of all in Section S1.5.1, we establish under L1 and L2 stability results uniform
in the parameter § € © for the Langevin diffusion (5) and the associated Euler-
Maruyama discretization (6) based on a Foster-Lyapunov drift condition with
constants independent of 6. Then, in Section S1.5.2; we show that the stability
conditions that we derive, are sufficient to prove that H1 holds. The proof
of Theorem 7 then consists in combining all these results and is presented in
Section S1.5.3.

Under L1 and L2, for any 6 € ©, (5) defines a Markov semi-group (Py)¢>0
for any x € R? and A € B(R?) by P, g(z,A) = P(Yf € A) where (Y,?);>¢ is the
solution of (5) with Y¢ = x. Consider now the generator of (P g)¢>o for any
6 € O, defined for any f € C?(R%) by

Agf = —(Vaf,VoUp(x)) + Asf . (S32)

We say that a Markov semi-group (P;)¢>o on R? x B(RY) with extended in-
finitesimal generator (A,D(A)) (see e.g. [15] for the definition of (A, D(A)))
satisfies a continuous drift condition D.(V,(, 8) if there exist ( > 0, § > 0
and a measurable function V : R? — [1,+o0c) with V € D(A) such that for all
z € RY

AV (z) < —CV(z)+ 3.

S1.5.1 Foster-Lyapunov drift conditions uniform on 6

Define V, : R? — [1,+00) for all z € R? by

Vo(x) = exp(@id(x)) ,  with ¢(2) = /I + 2l and & =mi/4 . (S33)

Proposition S10. Assume L1 and L2. Let ¥ < min(1,2mg). Then there
exist Ae € (0,1) and be > 0 such that for all v € (0,7] and 0 € © the Markov
kernel R, g associated with the recursion (6) satisfies the discrete drift condition
D4 (V,\7,by), i.e. for all z € R?

R, oVe(r) < AVe(®) + bevLlp (0, (2) 5 (S34)
with
—@?(21/2-1)
Ae =€ M , re=max(1,2(d+ c)/m, Ry),
be = 1y (d + ¢+ 2% ) exp [ﬁll {(d+c+m1)ﬁ+ V1 +r§H )
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Proof. Since ¢ is 1-Lipschitz, by the log-Sobolev inequality [3, Proposition 5.4.1],
we have for any « € R% and 0 € O,

R, oVe(2) < exp [@iR 09(2) + @77] (S35)
< exp |1/ o = VL Uo@)P + 29d + 1+ ]

where we have used Jensen’s inequality in the last line. Second, using L2 and
v < 2my, we obtain that for any z € R? and § € ©,

|z = VU (2)|* < [|#]1> = 2v(z, VoUs(x)) + 7* |V Us ()|
< || — 2myy|#]| Lo, ry) () + (v — 2m2) Vo Us(z)[|* 4 27¢
< lz|® - 2m1 ||| L0, ry)e () + 27¢ .

Therefore, using for any a > 0, /T +a — 1 < a/2, we get for any x € R? and
€O,

Ve =VoUs(@)IPP +2vd + 1 = 6(x)
(@) {{/1+21072(2)(d + ¢ —m |z Iporye(2) ~ 1} (536)
<07 (@)(d + ¢ —m|z]|Ln(o,r,)e (@) -

Therefore, combmlng this result with (S35) and using that for any # € B(0,7.)¢,
o(#)2/ ||Z]|> < 2 and d+¢ < m; ||z]| /2, we obtain for any 2 € B(0,7.)¢ and § € ©,

Ry oVal) < exp [~ (2)(d + c — mila]) + 4] Valo)
< exp [—2877¢ " (2)||z]| + fly] Ve(z) < A1 Ve(x) .

Using (S35), (S36), and the fact that ¢(Z) > 1 for any # € R?, we have for any
x € B(0,7e) and 6 € O,

Ry oVe(z) < AVa(z) + (eﬁll<d+c+ﬁ'1>7 . Ag) exp [mlm n rg} .

The proof of (S34) for € B(0,7) and § € © is then completed upon using
that e® — e’ < (a — b)e? for all a,b € R with a > b. O

Proposition S11. Assume L1 and L2. Then for any 0 € ©, (P g)i>0 associ-
ated with (5) satisfies the continuous drift condition D.(Vs, (o, Be) for Vo defined
n (S33) and

Co=3i/21%, Bo =T exp [n/T+72] (14 +c+d), 7o=max(l,Ry).
Proof. First, by definition, for any = € R?, we have

v V(z) m 2V (z)/p(x)
2V (2) = {mV(2)/6(x) Hiu 2] /(x) + d — ||2]|* /¢*(2)} -
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Therefore, by (S32) and L2, we get for any 6 € © and x € R?,

AV (&) = {8V (2)/0(2)} [~ (V,Up(@). ) + 8 12l [(z) +d — o> /62(x)]
< (i V(@)/6(0)} |- 2] Lno,n)e () + ¢+ l2l]* /6(2) + d = ||o]* /6 ()]
< {mV(2)/¢(x)} [~(3m1/4) 2]l L(o,ry)e () + ¢ + 81 |2 1(0,r,) () +d] .
The proof is then complete upon using that for any x € B(0,7)¢, ||z|| /¢(x) >
27112, for any y € BY, |y /6(y) < 1. o
S1.5.2 Checking H1

Lemma S12. Assume L1 and let V : R% — [1, +00) measurable and satisfying
lim 3| 400 V(%) = +00 and V € D(Ay), for any 6 € ©, where Ag is defined by
(S32). .

(a) Assume that there exist A € (0,1), b > 0 and ¥ > 0 such that for any
6 € © and v € (0,7], R0 associated with the recursion (18), satisfies
Da(V, A7, by). Then for any 0 € © and v € (0,7], Ry,9 admits an invari-
ant probability measure 7,9 on (R%, B(R?)) and there exists D3 > 0 such
that for any © € R% and k € N

8.,REG)V <Ds+V(x), mo(V)<Ds,  Ds=>bx"7/log(1/}) .

In addition, for all € © and x € R?, limy_, 4 o ||6$R’§79 — my0llv =0.

(b) Assume that there exist { > 0 and 8 > 0 such that for any 6 € ©, (P g)i>0
associated with (5) satisfies D.(V,(, 3). Then for any 6 € O, the diffusion
is non-explosive, Ay admits my as an invariant probability measure and

7o(V) < Dy, Do =pB/C.
In addition, for all € © and v € RY, limy_, o [|8,P.9 — 7ol = 0.

Proof. (a) for any v € (0,7] and § € O, R, is irreducible with respect to
the Lebesgue measure on R?, has the Feller property and satisfies Dg(V, A7, b)
then [13, Section 4.4] applies and R., ¢ admits an invariant probability measure
my,0. The discrete drift condition and [6, Lemma 1] give that for any v € (0, 7]
and 0 € ©

RE,V(2) < V(@) + AT /1og(1/),  my0(V) < AT/ log(1/N) .

We obtain that for all € © and z € R?, limg 4 0 ||6me;ﬁ — 70|l = 0 using
[14, Theorem 16.0.1].

(b) Using D (V. ¢, ) and [15, Theorem 2.1] we get that the diffusion process is
non-explosive and thus (P ¢):>0 is defined for any € © and ¢t > 0. Using [18,
Corollary 10.1.4] for any 6 € ©, (P 9):>0 is strongly Feller continuous, therefore
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any compact sets is petite for the Markov kernel Py, 9, for any A > 0 and 6 € O,
by [14, Theorem 6.0.1]. Using [17, Chapter 7, Proposition 1.5], [7, Chapter 4,
Theorem 9.17], and the fact that 7g(Agf) = 0 for any § € © and f € C2(R?),
we obtain that for any § € O, 7y is an invariant measure for (P;¢);>o. Using
D.(V,(, ) and [15, Theorem 4.5] we get that for all § € ©, mp(V) < 5/C.
Finally, the convergence is ensured using [16, Theorem 5.1].

O

As an immediate corollary we obtain that under the conditions of Lemma S12
for any 0 € ©, v € (0,7] and k € N,

moRE 4V < B/C+ DA77 /log(1/A) . (S37)

Lemma S13. Let V : R? — [1,4+00). Assume there exist A € (0,1), b > 0
and ¥ > 0 such that for any 6 € © and v € (0,7], Ry g associated with the
recursion (6) satisfies Dq(V, A7, bv). Let (Yn)nenN, (0n)nen be sequences of non-
increasing positive real numbers and (mp)nen be a sequence of positive integers
satisfying sup, ey Yn < 7. Then, (X7 )nen ke{o,...,m,} given by (10) with {K, ¢ :
v €(0,7],0 € ©} ={R, : v € (0,7],0 € O} satisfies for all p,n € N and
ke{0,...,mp}

V(X})

Y ,On

E [RP

Xg] <DWV(X0),  Di=1+2bA"7/log(1/)).
Proof. By induction we obtain that

E[V(XptH|F,] =R~ V(xgth (S38)

Yr+1,0n+1

k
S ATV by Y AT 0

i=1
where (Fy,)nen is defined by (7). Similarly, we obtain for any k € {0,...,mo},

k
E[V(XP)|X0] =RE 5 V(X0) < MOV(XE) + by Y A°ED 0 (S39)

Y0500
=1

Define for k,¢ € N and i € N*, qp1 = Zﬁ;émj +k, qn = quo and §; =

Ej:og YiL(q;,;411 (1) In addition, consider for any p,q € N*, T, = 3L %
and I', = T'; ,. Combining (S38), (S39) and Lemma S1 we get for any n € N
and k € {0,...,m,}

B[R, VOXP)[X§] < X07E [V(X7)[X8] + blog(1/A)A (540)
dn,k
< AT V(XE) Y AT 4+ blog(1/N)AT
i=1
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Since (9;)ien is nonincreasing and for all t > 0, 1 — At > —tAflog()\), we have
for all g € N*|

q q q
DD B |
i=1 =1 =i

q q q
< (=M log(\) 7! Z H 1+ A7 log(\)7;) H L4+ A7 log(A)7;)
=1 Jj=1 Jj=1

< (=ATlog(N) 7t
Combining this result and (S40) completes the proof. O

Lemma S14. Let V : R? — [1,+00) with sup,cga {(1+ [|z]))?/V(z)} < My
where My > 0 and V measurable. Assume L1 and that for any 0 € @, ~v € (0,7]
and k € N,

W@R,{?@(V) < D] y 770P'ym-y,9v < Dl ) <S41)

with m, = [1/v]. Then for any 6 € © and v € (0,7]
||71'9R Pwm.y,t‘)HVl/z

< 2D1L2y(1 +7) {d—i— 2’?(Sug ||VmU0(0)H2 + L2MvD1)} ;
€

Proof. The proof follows the lines of [6, Theorem 10]. Let § € © and « € (0,7].
We have, using a generalized Pinsker inequality [6, Lemma 24], that

17%6R2"G = 0P, o[22/ < 2(wgRIGV + moPom, 0V KL (maRIG 70Pom 0 ) -
< ADIKL (moR73 9P 0) -

Using L1, [6, Equation (15)], [9, Theorem 4.1, Chapter 2], (S41) and that for
any a,b € R, (a +b)? < 2(a® + b?) we obtain that

KL (R ImoPm, ) < 1mon(d + 5 supmoRY, [ VoUp(@)])

<L*(1+A)y(d+ 23(sup [V.Up(0)||” + L2My Dy))
€

which concludes the proof. O

Proposition S15. Let V : R? — [1,+00) measurable and My > 0 satisfying
sup,epe { (1 + [|2]])2/V(z)} < My. Assume L1 and that there exist X € (0,1),
b >0 and ¥ > 0 such that for any 8 € © and v € (0,7] R0 satisifies
Da(V, A7, by). Assume that there exists Dy > 0 . Then there exists Dy > 0
such that for any 6 € © and v € (0,7]

17,0 = Tollyise < Day'/? . (S42)
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Proof. Using Lemma S12 we obtain that for any 6 € ©

kgrfmllﬁeRli,a = moPk0llviz = [[my,0 — mollyr/e (543)

We now give an upper bound on ||W9R§79 — 9Prk0lly1/2 for k = g¢ym,, with
m~ = [1/7] and ¢, € N. Using [4, Theorem 6] and that 7y is invariant for P; g
with ¢ > 0, see Lemma S12, we obtain for all § € ©, v € (0,7] and k € N

||770R»]$,9 — TPyl

qy—1
—(0+1 —£

< D ImoPenym, 0BG = mo P, RGO e

=0

qy—1
< Z Cf’ym“’(q“’_(é"’_l))H7T9Pwlm~,,9Pm»y%9 — WQPngW’QR:?gHvl/Z

=0

v

< ||76Pum, .0 — ToR Gllvise Y CET™ (S44)

{=1

where C' > 0,¢ € (0,1) are the constants given by [4, Theorem 6] with mi-
norization condition given by [4, Proposition 8a] with m = —L since L1 holds
and drift condition D4 (V'/2 \7,bA~7/27/2), since for all € © and v € (0,7]
we have that R ¢ satisfies Dq(V, A7, by) and therefore using Jensen’s inequality
that R, ¢ satisfies the drift condition Dy (V1/2 \7/2 pA=7/27/2).

We now give an upper bound on error ||mgPp,_ .0 — W@Rﬁ:;”‘/l/z. Indeed,
since Ap satisfies a D.(V, (. 5) and R, g satisfies Dg(V,\7,b7y) for any 6 € ©
and v € (0,7], we obtain using (S37) that for any 6 € © and v € (0,7]

7T9P’me,9(v) < DO ; ﬂ-eRng (V) < -Dl y -ﬁl = DO + b)‘_—? lOg(l/)\)_l )
Combining this result and Lemma S14 we have for any § € © and v € (0,7]
176Pym. 0 — ToR G lv172 < Do/, (S45)

with
1/2
Dy =2DY?(1 4+ 7)1/2 {d +29(L2My + sup sz9(0)||2)D1} L.
S

Combining (S44) and (S45) we get for any k € N, § € © and v € (0,7]

v
||7raR’j79 — ToPyollyr2 < CDs Zﬁ’ym”E’Yl/Q
=1

< CDy(1 -8 1912,

where we used that £ < £. The conclusion follows from this result and
(S43). O
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S1.5.3 Proof of Theorem 7

Combining Proposition S10 and Lemma S13 we get that H1-(i) is satisfied with
constant A; < D;. L1, L2, Proposition S10 and Lemma S12-(a) ensure that HI-
(ii) is satisfied by [4, Theorem 14] with As < Ds. HI-(iii) is satisfied combining
Proposition S10, Proposition S11 and Proposition S15 with ¥(y) + Dyy'/2.
S1.6 Proof of Theorem 8

We preface the proof by a technical lemma.

Proposition S16. Let V iR — [1,4+00) measurable and My.4 > 0 satisfying
sup,cpa { (14 [|z]|*)/V ()} < My,4. Assume that there exists M > 1 such that
forany 0 € ©, ve (O _], with ¥ > 0 and z € RY, R, gV (z) < MV (z). Assume
L1 and L3, then we have for any 01,02 € ©, v1,7v2 € (0,7] with v2 < 71,
a €[1/4,1/2] and z € R?

||6IR71,91 b R’Y2,92”V“ < Ds [71/72 -1 +71/2||91 - 92“} V(x)Qa ) (S46)

where {R 9,7 € (0,7],0 € ©} is the sequence of Markov kernels associated with
the recursion (6) and

1/2
D5 = max <2M1/2 [d/4 + sup ||V, Uy (0)]|* + L2Mj/v2] ,(2M)1/2LU> .
0€© ’
Proof. Let x € R%, 01,05 € © and 71,7 € (0,7], 72 < 71. Using [6, Lemma 24]

we have that

HSIR’hﬁl - 61R’Y2,92 ”Va
2a 2a 1/2 1/2
< \/5 (R’Yl alv ( ) + R’Y2’92V ) 5 R"Yl 01 |6 R’YQ,GQ)
< MOV ()KL (8,R, 0,5, R, ml & (s47)

Denote for any p € R? and o2 > 0, Yu,o2 the d-dimensional Gaussian distribu-
tion with mean p and covariance matrix o2 Id. Using that for any p;, ps € R?
and 01,09 > 0,

2
KL (Y00 10| Tz oz 10) = [ — w2l /(203)+(d/2) {~log(07/03) — 1 + 0% /03 } .
In addition, if 01 > 09
KL (Y00 10| Tz 10) < [l — miaf|* /(203) + (d/2)(1 = 07 /03)?
Therefore, we obtain that

KL (8:R,,0 85 R.0.) < 2/ (472) + (d/2)(1 = 71/72)* (548)
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where = satisfies

E = M VaUs, (2) = 72V U, ()|
= M VaUs, (x) = 72 VaUs, () + 72V U, (2) = 12V Us, (2) |2
< 2| VaUs, (2) = 12V Us, ()% + 2|12V Us, () — 72VaUs, ()|
< 2(y1 = 72)2VaUs, ()| + 203V Us, () — Vo Us, (2) |2
<20y —72)2IVaUs, ()% + 295 LT |61 — 62| PV (), (S49)

where we have used L3 in the last line. Using L3 again and that supgeg [|V2Up(0)]| <
+oo by L1, we get for any a € [1/4,1/2]

IV.Us(2)]|* < 2(||VaUs(z) — Vo Ug(0)||* + sup IV.Us(0)|%) < CoV*(a),
€

with Ce = 2supgeg |V2Us (0)H2+2L2Mi’/‘3. Combining this result, log(y2/71) <
0 and and (S49) in (S48), it follows that

KL (6$R71791 ISTER"/%QQ) < d(l - 71/72)2/2

+5 (= 12 (IVaU (61, 2)12/2 + 12 LE |11 — 62|V () /2

< dyy (1= v2/m)/4+ 75 (n —12)?Co /2 + 72 L ||6r — bof|* /2] V(2) -
This result substituted in (S47) completes the proof with the fact that for any
a,b€Ry, (a+b)/2 < al/? +b/2 O

Proof of Theorem 8. L1 and L2 ensure a uniform drift condition on R, g, see
Proposition S10 . Note that the Lyapunov function V defined by Proposi-
tion S10 satisfies sup,ega (1 + [|z]|*)/V (x) < +o0. is then a direct consequence
of Proposition S16 O

S1.7 Proof of Theorem 9

We preface the proof with the following lemmas.
Lemma S17. Assume L1 and L4.

(a) There exist b > 0 and X € [0,1) such that for any v € (0,7] with ¥ <
m3(2L% + 4 supgeg IV Us (0)]2 JR3)"! and 0 € ©, R, ¢ associated with the
recursion (6) satisfies Dgq(V,\7,by) with V : R% — [1, +00) given for any
zeR by V(z) =1+ |z|*.

(b) There exist ¢ > 0 and b > 0 such that for 0 € O, (Pyg)t>0 associated with
(5) satisfies D.(V.,C, ).

(¢) In addition, there exist w > 0, b,3 > 0 independent of the dimension d
such that R R
b<b(1+d®), B<pL+d7),

and A and ¢ are independent of the dimension d.
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Proof. Let € © and = € R?
(a) Denote T, g(x) =  —yV,Ug(x) and X =T, g(x) + /27Z where Z is a d-

dimensional Gaussian random variable with zero mean and identity covariance
matrix. Using L1 and L4, if ||z|| > Rs we have for any v € (0, 7]

ITy0(2)1* < (1= 2ym3 + 29°L2) [|z]|* + 29° M ,

Ty 0(@)I* < (1= 29m3 + 29°L%) [la]|* + 49 M ||| * + 4* M*
(1 — 2ymz + 29212 + 492 M) ||z|* + 42 M2 (1 + M)

IN

where M = supyeg ||V2Us(0)|. In addition, || ¢(x)| < ||z| +~+M and
4 4 2 2 4
IXI* = 1Ty 0(@)]1* + 47 [T 0(2) 17 1217 + 49° |1 Z]
+ 22392 T (2) P (T 0 (2), Z) + 87 T 0 (@)1 1 21 + 292 (1 21 (T 0(2). Z) -
Therefore, we obtain
E(IX]*] = 1Ty o) + 127d | T ()| + 4d(d + 2)7°
< |y 0(2)||* + 247d ||2|)* 4 2472 M? + 4d(d + 2)° .
Let Ry > R3 First, assume that ||z|| > R4 then
E[[|X[*] < (1 — 2ymg + 29°L? + 4y* M? + 244d/R}) |l«||*
+ 249° M? + 4d(d + 2)v* + 4y* M? (1 + > M?) .
Hence, we have
E[1+[|X[|*] < (1 = 2ymg + 29°L% + 47> M + 247d(1 + L) /R (1 + ||z ")
+ 2472 M? + 4d(d + 2)v* + 4> M (1 + y2M?) + 27m3 .
Second assume that ||z|| < R4, we have
IT0() [ < flal* + 4y MR + 692 M> RS + 49 M Ry + 7M.
Therefore,
E[1+ [|X[|*] < (1 — 2ymg + 29%L? + 49> M? + 247dR3) (1 + |lz]| )

+ 4yMR3 4 6> M?R3 4 4y* M3 Ry + y*M* + 2ym3(1 + RY)
+ 24vdR% + 24y*M? + 4d(d + 2)7? .

Let Ry = max{(24d/m3)'/2, R3}. Then D4(V,\7,by) holds with V : R? —
[1,4+00) and
A = exp[—m3 + 27L% + 47 M?] (S50)
b=4MR; + 6yM?R3 + 45> M3Ry + 73 M* + 2m3(1 + RY)
+ 24dR3 + 247 M? + 4d(d + 2)y + 4y M3 (1 + 7> M?) .
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(b) We have for any = € R?

VV(z)=4|z|?z, AV(z)=4(d+2)]|z]> .
Therefore we have

AV (z) = —4||z|* (VU (), z) + 4(d + 2) ||z||* .
Let Ry = max(R3, (2(d + 2)mz *)'/2). If ||| > R4 then

AV (x) < —4mg ||z]|* + 4(d + 2) ||z]|* < —2m3V (2) + 2mg .
If ||z|| < R4 then
AoV (z) < 4RIM + ALR] + 4d(d + 2)R3 .
Hence, we obtain that D.(V,(, 5) with
C=2m3, B=4RIM +4LR} 4+ 4d(d+ 2)R? + 4(d + 2)R? + 2m3 , (S51)

which concludes the proof.
(¢) The last point follows from (S50), (S51) and L4.

O

Proof of Theorem 9. Combining Lemma S17 and Lemma S13 we get that H
1-(i) is satisfied with constant A; <« fll(l + d®1) with Ay > 0 and wy € N*
independent of the dimension. Using L1, L4 and a straightforward adaptation
of [4, Theorem 16] (where V (x) = 1+||z||? is replaced by V(z) = 1+ ||z||*) and
the discussion that follows we obtain H1-(ii) is satisfied with Ay = Ay(1+d™?),
log™ (p~') = log H (5~ 1)(1 + d®?) and Az = A3(1 + d=?) with @y, w3 € N*,
p € [0,1) and Ay, A3 > 0 independent of the dimension d. Using L1, L4 and
a straightforward adaptation of [4, Theorem 23] (where V(z) = 1 + |z||? is
replaced by V(z) = 1+ ||z||*) we obtain that for any x € R?, [|8,P; — mgllv <
Ce'V (z) with C = C(1 + d®°) and log ' (671) = log ' (£~1)(1 + d®°) with
C,w, >0 and 5 € [0,1) independent of the dimension d. Using this result and
Proposition S15 we obtain that H1-(iii) holds with the constant D, in (S42)
which satisfies Dy = /14(1 + d®4) with Ay > 0 and w, € N*. Using Proposi-
tion S16 we obtain that H2 holds with the constant Ds in (S46) which satisfies
Ds = As(1 + d®5) with ws € N*. Finally note that By, By, Cy,C1, Cs, Cy
in Lemma S3, Lemma S4, Lemma S5, Lemma S6, Lemma S7 and Lemma S8
depend polynomially on A4; with i € {1,...,5} and log™'(p~"). Therefore The-
orem 4 and Theorem 6 apply and the conclusion follows using the explicit ex-
pressions for the constants appearing in these results. O
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S2 Posterior convexity

Lemma S18. For any y € {0,1}%, 0 + p(y|0) given by (19) is log-concave.

Proof. Let 6 € R, then by (19), for any y € R we have p(y|0) = [z. p(y, 516)df
with

d

1 ||s—61 H2
Py, Bl) = (2no®) =42 S [ s(af B)" (1 — s« 5)) ¥ e mr

i=1

Therefore we have using that for any ¢t € R, 1 — s(t) = s(—t)
log p(y, B0) = (—d/2)log(2no?)
dy )
—01
+ ;y log(s(zT ) + (1 — y;) log(s(—zTB)) b — W .

Since y; > 0, 1 —y; > 0, (3,0) — [8—0614> t — log(s(t)) and t >
log(s(—t)) are convex, we obtain that (8,6) — p(y, 5]0) is log-concave. Us-
ing the Prékopa—Leindler inequality [8, Theorem 7.1] we obtain that 8 — p(y|6)
is log-concave which concludes the proof. O

S3 Non-convex objective function

In this section we turn to the case where f is non-convex. We recall that the
normal cone of a sub-manifold M C R% (see [2]) at point 6 is given by

{uERd"’ : (uﬁf@)go,foranyée@} if0e M;
{0} otherwise ,

o) - {

Note that for any 6 € int(M), N(0, M) = {0}, where int(M) denotes the
interior of M. For any R > 0, we have N(6,B(0, R)) = {rf : r > 0} if ||0|| = R.
We consider the following assumption on the set ©.

A2. 0 ={0ecRl : ¢ <0, foranyic{l,...,p}} with p € N* and
for any i € {1,...,p}, ¢; € CL(R?) is convexr and such that for any 6 € Rée,
Vi (0) # 0 if qi(6) = 0.

Under A2, for any 6 € O\int(©) we have that 1(0
qi(6) = 0} is not empty. In this case we obtain that N(6
generated by {Vq;(0) : i € 1(0)}, see [11].

Theorem S19. Assume Al and A2. Let 5 > 0, (Yn)nen, (0n)nen be sequences
of non-increasing positive real numbers and (my)nen be a sequence of positive
integers such that sup,,cy0n < 1/Ly, sup,enyvn <7 and (11) are satisfied. Let
{(XP)keqo,...mny = n € N} be given by (10). Assume in addition that H1 is
satisfied. Then (0n)nen defined by (10) satisfies limy, o0 d(0pn, A) =0 a.s with
A={0e0© : Vfl)+n=0, neN(00)}. In addition, if |A|] < +oo then
limy, 400 0 = 60" € A a.s.

)= {i € {1,....p} :

©) is the convex cone
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Proof. The proof is an application of [11, Chapter 5, Theorem 2.3] using the
decomposition of the error term considered in the proof of Theorem 3 and
Theorem 5. Indeed we decompose the error term 7, defined by (S1) as 7, =
0M,, + B, where 6 M,, is a martingale increment. Then, we only need to show
that the following sums converge

Yo EI0MP] Y S BB

k=0 k=0

which is established in Lemma S3 and Lemma S4. Denote, B the limit set (see
[11] for a definition) of the projected ODE (d, /dt) = —T1(6;, V f(6;)), where T is
the projection operator defined in [10, p.191]. For any ¢ > 0, denote u(t) = f(6;).
Then u satisfies u/(t) < 0, see [11, p.108]. Using Lasalle’s invariance principle
[12, Theorem 1] we obtain that B C A which concludes the first part of the
proof using [11, Chapter 5, Theorem 2.3]. Assume that A = {67,...,0%,}
with M € N*. Using Lemma S3 and Lemma S4 and that for any a,b > 0,
(a+b)? < 24 + 2b* we obtain that

E [ 0,01 - W] <23 a2 {E [V £6.02] + Ellna ]} < +o0
neN neN
Hence, we obtain that lim_, o [|6r+1 — 6 ]| = O a.s. Denote r = min{||6} — HJ*H :

i,j € {1,...,M}, ¢ # j}. For any n € N let i,, € {1,...,M} such that
d(0,,A) = ||t9n — HjnH. Then, since lim,,_, 4 o d(6,,A) = 0, there exists nyp € N
such that for any n € N with n > ng, i,, is uniquely defined, d(6,,,A) < r/4 and
16n+1 — 0nl] < r/4. Assume that there exists ny € N with n; > ng such that
iny # iny+1. Then [0y, 41 — 07 || <r/4 and

10y 1 = 67

Tnqy+1

=067, =05, ol = 1100, =67, 1 = 100, =0, 0]l > 7/2,

Tny Tnqy+1

which is absurd. Therefore, for any n € N with n > ng, i, = in, which concludes
the proof. O
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