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S1 Postponed proofs
We first derive the following technical lemmas.

Lemma S1. Let t ∈ (0, 1) and γ ∈ (0, γ̄] with γ̄ > 0 then
∑
n∈N t

nγ ≤
t−γ̄ log−1(1/t)γ−1 and

∑
n∈N nt

nγ ≤ t−γ̄ log−2(1/t)γ−2.

Proof. Let t ∈ (0, 1) and γ ∈ (0, γ̄] with γ̄ > 0. Using that eu − 1 ≤ ueu for all
u ≥ 0, we have∑
n∈N

tnγ = −(tγ − 1)−1 ≤ −γ−1 log−1(t) exp(− log(t)γ) ≤ t−γ̄ log−1(1/t)γ−1 ,

and∑
n∈N

ntnγ = tγ(tγ−1)−2 ≤ tγ{γ−1 log−1(t) exp(− log(t)γ)}2 ≤ t−γ̄ log−2(1/t)γ−2 ,

which completes the proof.
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Lemma S2. For any probability measures µ, ν on B(Rd), measurable function
V : Rd → [1,+∞) such that µ(V ) + ν(V ) < +∞ and a ∈ (0, 1), we have

‖µ− ν‖V a ≤ 2‖µ− ν‖aV .

Proof. Let a ∈ (0, 1]. The statement is trivial if µ = ν. We just need to consider
the case where µ 6= ν. Define ξ = |µ− ν| /(|µ− ν| (Rd)). Using [5, Definition
D.3.1] we get that

‖µ− ν‖V a = (1/2)ξ(V a)× |µ− ν| (Rd)
≤ (1/2)ξ(V )a × |µ− ν| (Rd)
≤ 2a−1‖µ− ν‖aV × [|µ− ν| (Rd)]1−a ,

which concludes the proof using that a ≤ 1.

Jensen’s inequality implies that H1-(i) holds for V ← V a with a ∈ (0, 1]
since A1 ≥ 1. Lemma S2 implies that H1-(ii) holds replacing V by V a, ρ by ρa
and A2 by 2A2. Similarly H1-(iii) holds replacing V by V a and Ψ(γ) by 2Ψ(γ).

S1.1 Proof of Theorem 3
Consider (ηn)n∈N defined for any n ∈ N by

ηn = m−1
n

mn∑
k=1
{Hθn(Xn

k )− πθn(Hθn)} . (S1)

The proof of Theorem 3 relies on the two following lemmas. We consider the
following decomposition for any n ∈ N, ηn = η

(1)
n + η

(2)
n , where

η(1)
n = E [ηn|Fn−1 ] , η(2)

n = ηn − E [ηn|Fn−1 ] . (S2)

We now give upper bounds on E[‖η(1)
n ‖], E[‖η(1)

n ‖2] and E[‖η(2)
n ‖2].

Lemma S3. Assume A1, H1 and that for any θ ∈ Θ and x ∈ Rd, ‖Hθ(x)‖ ≤
V 1/2(x). Then we have for any n ∈ N

E
[
‖η(1)
n ‖

]
≤ B1E

[
V 1/2(X0

0 )
]
/(mnγn) + Ψ(γn) ;

E
[
‖η(1)
n ‖2

]
≤ 2B2

1E
[
V (X0

0 )
]
/(mnγn)2 + 2Ψ(γn)2 ,

with
B1 = 2A1A2ρ

−γ̄/ log(1/ρ) .

Proof. Using the definition of (Fn)n∈N, see (7), the Markov property, H1-(ii)-
(iii), Lemma S2, Jensen’s inequality and that for any θ ∈ Θ and x ∈ Rd,
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‖Hθ(x)‖ ≤ V 1/2(x), we have for any n ∈ N∗

‖E [ηn|Fn−1 ] ‖ ≤ m−1
n

mn∑
k=1

∥∥Kk
γn,θnHθn(Xn

0 )− πθn (Hθn)
∥∥

≤ m−1
n

mn∑
k=1

∥∥∣∣δXn0 Kk
γn,θn − πθn

∣∣ (Hθn)
∥∥

≤ m−1
n

mn∑
k=1

∣∣δXn0 Kk
γn,θn − πθn

∣∣ (‖Hθn‖)

≤ m−1
n

mn∑
k=1

{
‖δXn0 Kk

γn,θn − πγn,θn‖V 1/2
}

+ ‖πγn,θn − πθn‖V 1/2

≤ m−1
n

mn∑
k=1

{
2A2ρ

kγnV 1/2(Xn
mn) + Ψ(γn)

}
≤

2A2ρ
−γ̄V 1/2(Xn

mn)
log(1/ρ)γnmn

+ Ψ(γn) ,

where for the last inequality we have used Lemma S1. In a similar manner, we
have ∥∥E [η0

∣∣X0
0
]∥∥ ≤ 2A2ρ

−γ̄V 1/2(X0
0 )

log(1/ρ)γ0m0
+ Ψ(γ0) .

We conclude using H1-(i) and that (a+ b)2 ≤ 2a2 + 2b2 for a, b ∈ R.

Lemma S4. Assume A1, H1 and that for any θ ∈ Θ and x ∈ Rd, ‖Hθ(x)‖ ≤
V 1/2(x). Then we have for any n ∈ N

E
[
‖η(2)
n ‖2

]
≤ B2m

−2
n γ−1

n

(
mn + γ−1

n E
[
V (X0

0 )
])

) ,

with B2 = 2(1 + γ̄)2 max(B2,1, B2,2) and

B2,1 = 24A2
2(1− ρ1/2)−2A3 ,

B2,2 = 4A1

[
1 + 6A2

2(1− ρ1/2)−2 {A2(1− ρ)−1 + 2
}

+A2
2 log−2(1/ρ) +A2

3

]
.

Proof. Let n ∈ N∗. We have using the Cauchy-Schwarz inequality

E

∥∥∥∥∥
mn∑
k=1
{Hθn(Xn

k )− E [Hθn(Xn
k )|Fn−1 ]}

∥∥∥∥∥
2


≤ 2E

∥∥∥∥∥
mn∑
k=1
{Hθn(Xn

k )− πγn,θn(Hθn)}

∥∥∥∥∥
2


+ 2E

∥∥∥∥∥
mn∑
k=1
{E [Hθn(Xn

k )|Fn−1 ]− πγn,θn(Hθn)}

∥∥∥∥∥
2
 (S3)
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Using the Markov property, H1-(i)-(ii), Lemma S2, Lemma S1 and that for any
θ ∈ Θ and x ∈ Rd, ‖Hθ(x)‖ ≤ V 1/2(x) we obtain that

E

∥∥∥∥∥
mn∑
k=1
{E [Hθn(Xn

k )|Fn−1 ]− πγn,θn(Hθn)}

∥∥∥∥∥
2


≤ E

∣∣∣∣∣
mn∑
k=1

E
[
‖δXn0 Rγn,θn − πγn,θn‖V 1/2

∣∣Fn−1
]∣∣∣∣∣

2


≤ 4A2
2E

∣∣∣∣∣E [V 1/2(Xn
0 )
∣∣∣Fn−1

] mn∑
k=1

ρkγn/2

∣∣∣∣∣
2


≤ 4A1A
2
2γ
−2
n ρ−2γ̄ log−2(1/ρ)E

[
V (X0

0 )
]
. (S4)

We now give an upper-bound on the first term in the right-hand side of (S3).
Consider for any n ∈ N the Euclidean division of mn by d1/γne there exist
qn ∈ N and rn ∈ {0, . . . , d1/γne − 1} such that mn = qn d1/γne+ rn. Therefore
using the Cauchy-Schwarz inequality we can derive the following decomposition

E

∥∥∥∥∥
mn∑
k=1

Hθn(Xn
k )− πγn,θn(Hθn)

∥∥∥∥∥
2


≤ 2E


∥∥∥∥∥∥
rn∑
j=1

Hθn(Xn
j+qnd1/γne)− πγn,θn(Hθn)

∥∥∥∥∥∥
2


+ 2E


∥∥∥∥∥∥
d1/γne∑
j=1

qn−1∑
k=0

Hθn(Xn
j+kd1/γne)− πγn,θn(Hθn)

∥∥∥∥∥∥
2


≤ 2E


∥∥∥∥∥∥
rn∑
j=1

Hθn(X̄j,n
qn )− πγn,θn(Hθn)

∥∥∥∥∥∥
2


+ 2 d1/γne
d1/γne∑
j=1

E

∥∥∥∥∥
qn−1∑
k=0

Hθn(X̄j,n
k )− πγn,θn(Hθn)

∥∥∥∥∥
2 (S5)

Setting for any j ∈ {1, . . . , d1/γne} and k ∈ {0, . . . , qn − 1}, X̄j,n
k = Xn

j+kd1/γne.
We now bound the two terms in the right-hand side. First, using the Cauchy-
Schwarz inequality and H1-(i)-(iii), the fact that rn ≤ d1/γne and that for any
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θ ∈ Θ and x ∈ Rd, ‖Hθ(x)‖ ≤ V 1/2(x) we have

E


∥∥∥∥∥∥
rn∑
j=1

Hθn(X̄j,n
qn )− πγn,θn(Hθn)

∥∥∥∥∥∥
2


≤ rn
rn∑
j=1

E
[∥∥Hθn(X̄j,n

qn )− πγn,θn(Hθn)
∥∥2]

≤ d1/γne2
(
2A1E

[
V (X0

0 )
]

+ 2A2
3
)
. (S6)

Now consider the solution of the Poisson equation [14, Section 17.4.1] associated
with Kd1/γneγn,θn

, x 7→ Ĥγn,θn(x) defined for any x ∈ Rd by

Ĥγn,θn(x) =
∑
`∈N

(
K`d1/γne
γn,θn

Hθn(x)− πγn,θn(Hθn)
)
.

Note that by H1-(ii), Lemma S2 and since for any θ ∈ Θ and x ∈ Rd, ‖Hθ(x)‖ ≤
V 1/2(x), we have that for any x ∈ Rd∥∥∥Ĥγn,θn(x)

∥∥∥ ≤ 2A2(1− ρ1/2)−1V 1/2(x) , (S7)

and in addition for any x ∈ Rd

Ĥγn,θn(x)−Kd1/γneγn,θn
Ĥγn,θn(x) = Hθn(x)− πγn,θn(Hθn) .

Therefore, we have for any j ∈ {1, . . . , d1/γne}

qn−1∑
k=0

(
Hθn(X̄j,n

k )− πγn,θn(Hθn)
)

=
qn−1∑
k=0

(
Ĥγn,θn(X̄j,n

k )−Kd1/γneγn,θn
Ĥγn,θn(X̄j,n

k )
)

=
qn−2∑
k=0

(
Ĥγn,θn(X̄j,n

k+1)−Kd1/γneγn,θn
Ĥγn,θn(X̄j,n

k )
)

+ Ĥγn,θn(X̄j,n
0 )−Kd1/γneγn,θn

Ĥγn,θn(X̄j,n
qn−1) . (S8)

Combining the Cauchy-Schwarz inequality and (S8) we obtain that

E

∥∥∥∥∥
qn−1∑
k=0

Hθn(X̄j,n
k )− πγn,θn(Hθn)

∥∥∥∥∥
2 ≤ 3(C1 + C2) , (S9)

with
C1 = E

[∥∥∥Ĥγn,θn(X̄j,n
0 )
∥∥∥2

+ Kd1/γneγn,θn

∥∥∥Ĥγn,θn(X̄j,n
qn−1)

∥∥∥2
]

;

C2 = E

∥∥∥∥∥
qn−2∑
k=0

Ĥγn,θn(X̄j,n
k+1)−Kd1/γneγn,θn

Ĥγn,θn(X̄j,n
k )

∥∥∥∥∥
2 .
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First, using (S7) and H1-(i) we get that

C1 ≤ 4A2
2(1− ρ1/2)−2 {E [V (Xn

j )
]

+ E
[
Kγn,θnV (Xn

qn+j−1
]}

≤ 8A1A
2
2(1− ρ1/2)−2E

[
V (X0

0 )
]
. (S10)

We now give an upper-bound on C2. For any j ∈ {1, . . . , rn} let (Gj,k)k∈{0,qn−2}
generated by Fn−1 and the sequence of random variables Xn

0 , . . . , X
n
kd1/γne+j .

Using the Markov property we have for any k ∈ {0, . . . , qn − 2} and j ∈
{1, . . . , rn}

E
[
Ĥγn,θn(Xj,n

k+1)
∣∣∣Gj,k ] = Kd1/γneγn,θn

Ĥγn,θn(Xj,n
k ) .

Therefore, for any j ∈ {1, . . . , rn}, Ĥγn,θn(Xj,n
k+1) − Kd1/γneγn,θn

Ĥγn,θn(Xj,n
k ) is a

martingale increment with respect to (Gj,k)k∈{0,qn−2}, Combining this result
with the Markov property implies that for any k ∈ {0, . . . , qn − 2} and j ∈
{1, . . . , rn},

C2 =
qn−2∑
k=0

E
[
Kd1/γneγn,θn

∥∥∥Ĥγn,θn(X̄j,n
k )−Kd1/γneγn,θn

Ĥγn,θn(X̄j,n
k )
∥∥∥2
]

=
qn−2∑
k=0

E
[
Kd1/γneγn,θn

∥∥∥Ĥγn,θn(X̄j,n
k )
∥∥∥2
−
∥∥∥Kd1/γneγn,θn

Ĥγn,θn(X̄j,n
k )
∥∥∥2
]
. (S11)

Define for any x ∈ Rd, gn(x) = ‖Ĥγn,θn(x)‖2. Using (S11), H1-(ii)-(iii) and
(S7) we obtain that

C2 =
qn−2∑
k=0

E
[
Kd1/γneγn,θn

∥∥∥Ĥγn,θn(X̄j,n
k )
∥∥∥2
−
∥∥∥Kd1/γneγn,θn

Ĥγn,θn(X̄j,n
k )
∥∥∥2
]

≤
qn−2∑
k=0

E
[
Kd1/γneγn,θn

∥∥∥Ĥγn,θn(X̄j,n
k )
∥∥∥2
]

≤ E

[
qn−2∑
k=0

E
[

K(k+1)d1/γne
γn,θn

gn(X̄j,n
0 )− πγn,θn(gn)

∣∣∣Gj,0 ]]+
qn−2∑
k=0

πγn,θn(gn)

≤ 4A2
2

(1− ρ1/2)2

{
qn−2∑
k=0

E
[
E
[
‖δXn

j
K(k+1)d1/γne
γn,θn

− πγn,θn‖V
∣∣∣Gj,0 ]]

+
qn−2∑
k=0

πγn,θn(V )
}

≤ 4A2
2(1− ρ1/2)−2 {A2(1− ρ)−1E

[
V (Xn

j )
]

+ qnA3
}

≤ 4A2
2(1− ρ1/2)−2 {A1A2(1− ρ)−1E

[
V (X0

0 )
]

+ qnA3
}
. (S12)
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Therefore, using (S10) and (S12) in (S9) we obtain that

E

∥∥∥∥∥
qn−1∑
k=0

Hθn(X̄j,n
k )− πγn,θn(Hθn)

∥∥∥∥∥
2 (S13)

≤ 12A2
2(1− ρ1/2)−2 [{A1A2(1− ρ)−1E

[
V (X0

0 )
]

+ qnA3
}

+ 2E
[
V (X0

0 )
]]
.

As a consequence, using (S6) and (S13) in (S5) we get that

E

∥∥∥∥∥
mn∑
k=1

Hθn(Xn
k )− πγn,θn(Hθn)

∥∥∥∥∥
2
 ≤ 4 d1/γne2 (A1E

[
V (X0

0 )
]

+A2
3)

+ 24 d1/γne2A2
2(1− ρ1/2)−2 {A1E

[
V (X0

0 )
]

(A2(1− ρ)−1 + 2) + qnA3
}

≤
[
γ−2
n

(
A1E

[
V (X0

0 )
] [

24A2
2(1− ρ1/2)−2 {A2(1− ρ)−1 + 2

}
+ 4
]

+ 4A2
3

)
+24A2

2(1− ρ1/2)−2A3mn/γn

]
(1 + γ̄)2 (S14)

Combining (S4) and (S14) in (S3) we obtain that

E

∥∥∥∥∥
mn∑
k=1

Hθn(Xn
k )− E [Hθn(Xn

k )]

∥∥∥∥∥
2
 ≤ 8γ−2

n A1A
2
2ρ
−2γ̄ log−2(1/ρ)E

[
V (X0

0 )
]

+ 2
[
γ−2
n

(
A1E

[
V (X0

0 )
] [

24A2
2(1− ρ1/2)−2 {A2(1− ρ)−1 + 2

}
+ 4
]

+ 4A2
3

)
+24A2

2(1− ρ1/2)−2A3mn/γn

]
(1 + γ̄)2

≤ 2(1 + γ̄)2
(
A1E

[
V (X0

0 )
] [

24A2
2(1− ρ1/2)−2 {A2(1− ρ)−1 + 2

}
+4
{

1 +A2
2 log−2(1/ρ)

}]
+ 4A2

3
)
γ−2
n + 48A2

2(1− ρ1/2)−2A3(1 + γ̄)2(mn/γn) ,

which concludes the proof for n 6= 0. The same inequality holds in the case
where n = 0.

We now turn to the proof of Theorem 3.

of Theorem 3. The proof is an application of [1, Theorem 2, Theorem 3].

(a) To apply [1, Theorem 2], it is enough to show that the following series
converge a.s

+∞∑
n=0

δn+1〈ΠΘ(θn − δn+1∇f(θn)), η(i)
n 〉 ,

+∞∑
n=0

δn+1η
(i)
n ,

+∞∑
n=0

δ2
n+1‖η(i)

n ‖2 .

where i ∈ {1, 2} and the sequences (η(1)
n )n∈N and (η(2)

n )n∈N are given in (S3).
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In the case where i = 1, since (ΠΘ(θn − δn+1∇f(θn)))n∈N is bounded, we
are reduced to proving that a.s

∑+∞
n=0 δn+1‖η(1)

n ‖ < +∞. Using (11), Lemma S3
and Fubini-Tonelli’s theorem we obtain that

E

[∑
n∈N

δn+1‖η(1)
n ‖

]
=
∑
n∈N

δn+1E
[
‖η(1)
n ‖

]
< +∞ . (S15)

We consider the case where i = 2. Let (Sn)n∈N and (Tn)n∈N be defined
for any n ∈ N by Sn =

∑n
k=0 δk+1〈ΠΘ(θk − δk+1∇f(θk)), η(2)

k 〉 and Tn =∑n
k=0 δk+1η

(2)
n are (Fn)n∈N-martingale by definition of (η(2)

n )n∈N in (S3) and
(Fn)n∈N in (7). Therefore, using [19, Section 12.5], the Cauchy-Schwarz inequal-
ity and that the sequence (ΠΘ(θn − δn+1∇f(θn)))n∈N is bounded, it suffices to
show that

∑+∞
n=0 δ

2
n+1E[‖η(2)

n ‖2] < +∞. Using Lemma S4 we get that
+∞∑
n=0

δ2
n+1E[‖η(2)

n ‖2] ≤ B2

(+∞∑
n=0

δ2
n+1/(mnγn) + E

[
V (X0

0 )
] +∞∑
n=0

δ2
n+1/(mnγn)2

)
.

Combining this result and (S15) implies the stated convergence applying [1,
Theorem 2].

(b) Applying [1, Theorem 3], the Cauchy-Schwarz inequality and using A1 we
obtain that a.s for any n ∈ N

n∑
k=1

δk

{
f(θk)−min

Θ
f
}

(S16)

≤ ‖θ0 − θ?‖2

2 −
n−1∑
k=0

δk+1〈ΠΘ(θk − δk+1∇f(θk))− θ?, ηk〉+
n−1∑
k=0

δ2
k+1‖ηk‖2

≤ 2M2
Θ −

2∑
i=1

n−1∑
k=0

δk+1〈ΠΘ(θk − δk+1∇f(θk))− θ?, η(i)
k 〉+ 2

2∑
î=1

n−1∑
k=0

δ2
k+1‖η

(i)
k ‖

2 .

which implies by the proof of (a) that supn∈N[
∑n
k=1 δk {f(θk)−minΘ f}] < +∞

a.s. The proof is then completed upon dividing (S16) by
∑n
k=1 δk.

S1.2 Proof of Theorem 4
Proof. Taking the expectation in (S16) and using that η(2)

n is a martingale in-
crement with respect to (Fn)n∈N, we get that for every n ∈ N

E

[
n∑
k=1

δk

{
f(θk)−min

Θ
f
}]
≤ 2M2

Θ + 2MΘ

n−1∑
k=0

δk+1E
[∥∥∥η(1)

k

∥∥∥]
+ 2

n−1∑
k=0

δ2
k+1E

[∥∥∥η(1)
k

∥∥∥2
]

+ 2
n−1∑
k=0

δ2
k+1E

[∥∥∥η(2)
k

∥∥∥2
]
.

Combining this result, Lemma S3 and Lemma S4 completes the proof.

8



S1.3 Proof of Theorem 5
We now introduce some tools needed for the proof. By A2 and H1-(i)-(ii), for
any θ ∈ Θ and γ ∈ (0, γ̄], there exists a function Ĥγ,θ : Rd → Rdθ solution of
the Poisson equation,

(Id−Kγ,θ)Ĥγ,θ = Hθ − πγ,θ(Hθ) , (S17)

defined for any x ∈ Rd by

Ĥγ,θ(x) =
∑
j∈N
{Kj

γ,θHθ(x)− πγ,θ(Hθ)} . (S18)

Note that using H1-(ii) and Lemma S2 we have for any θ ∈ Θ and x ∈ Rd∥∥∥Ĥθ(x)
∥∥∥ ≤ CĤγ−1V 1/4(x) , CĤ = 8A2 log−1(1/ρ)ρ−γ̄/4 . (S19)

Define for any n ∈ N

η̃n = Hθn(X̃n+1)− πθ̃n(Hθ̃n
) . (S20)

Using (S17) an alternative expression of (η̃n)n∈N is given for any n ∈ N by

η̃n = Ĥγn,θ̃n
(X̃n+1)−Kγn,θ̃n

Ĥγn,θ̃n
(X̃n+1) + πγn,θ̃n(Hθ̃n

)− πθ̃n(Hθ̃n
)

= η̃(a)
n + η̃(b)

n + η̃(c)
n + η̃(d)

n ,

where

η̃(a)
n = Ĥγn,θ̃n

(X̃n+1)−Kγn,θ̃n
Ĥγn,θ̃n

(X̃n) ,

η̃(b)
n = Kγn,θ̃n

Ĥγn,θ̃n
(X̃n)−Kγn+1,θ̃n+1

Ĥγn+1,θ̃n+1
(X̃n+1) ,

η̃(c)
n = Kγn+1,θ̃n+1

Ĥγn+1,θ̃n+1
(X̃n+1)−Kγn,θ̃n

Ĥγn,θ̃n
(X̃n+1) ,

η̃(d)
n = πγn,θ̃n(Hθ̃n

)− πθ̃n(Hθ̃n
) .

(S21)

To establish Theorem 5 we need to get estimates on moments of
∥∥∥η̃(i)
n

∥∥∥ for
i ∈ {a, b, c, d}. It is the matter of the following technical results.

Lemma S5. Assume A1 and that for any θ ∈ Θ and x ∈ Rd, ‖Hθ(x)‖ ≤
V 1/4(x). Then we have for any n ∈ N, E

[
‖η̃n‖2

]
≤ C1, with

C1 = 2A1E
[
V 1/2(X̃0)

]
+ 2 sup

θ∈Θ
‖∇f(θ)‖2 .

Proof. Using (S20), that ‖x+ y‖2 ≤ 2(‖x‖2 + ‖y‖2) for any x, y ∈ Rd, A1,
‖Hθ(x)‖ ≤ V 1/2(x), we get for any k ∈ N,

E
[
‖η̃k‖2

]
≤ 2E[‖Hθ̃k

(X̃k+1)‖2] + 2
[
πθ̃k(‖Hθ̃k

‖)
]2

≤ 2A1E
[
V 1/2(X̃0)

]
+ 2 sup

θ∈Θ
‖∇f(θ)‖2 .
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Lemma S6. Assume A1, A2, H1, H2 and that for any θ ∈ Θ and x ∈ Rd,

‖Hθ(x)‖ ≤ V 1/4(x). Then we have for any n ∈ N, E
[∥∥∥η̃(a)

n

∥∥∥2
]
≤ C̃1γ

−2
n , with

C̃1 = A1C
2
Ĥ
E
[
V 1/2(X̃0)

]
.

Proof. By (S21), using (S19) and H1-(i) we get that for any n ∈ N∗

E
[
E
[∥∥∥η̃(a)

n

∥∥∥2
∣∣∣∣Fn ]]

≤ E
[
E
[∥∥∥Ĥγn,θ̃n

(X̃n+1)
∥∥∥2
∣∣∣∣Fn ]]− E

[∥∥∥Kγn,θ̃n
Ĥγn,θ̃n

(X̃n)
∥∥∥2
]

≤ A1C
2
Ĥ
γ−2
n E

[
V 1/2(X̃0)

]
,

which concludes the proof.

Lemma S7. Assume A1, H1 and that for any θ ∈ Θ and x ∈ Rd, ‖Hθ(x)‖ ≤
V 1/4(x). Then the following statements hold.

(a) There exists C3 ≥ 0 such that for any n ∈ N and θ ∈ Θ

E

[∥∥∥∥∥
n∑
k=0

δk+1〈ak+1, η̃
b
k〉

∥∥∥∥∥
]

≤ C3

[
n∑
k=0
|δk+1 − δk| γ−1

k +
n∑
k=0

δ2
k+1γ

−1
k + (δn+1/γn+1 − δ1/γ1)

]
.

with ak+1 = ΠΘ
[
θ̃k − δk+1∇f(θ̃k)

]
− θ?, θ? ∈ arg minΘ f and

C3 = A1CĤ(4MΘ + sup
θ∈Θ
‖∇f(θ)‖+ 1 + δ1Lf )E

[
V 1/4(X̃0)

]
.

(b) If (17) holds then
∑n
k=0 δk+1〈ak+1, η̃

(b)
k 〉 converges a.s.

Proof. By (S21) we have for any n ∈ N and θ ∈ Θ
n∑
k=0

δk+1〈ak+1, η̃
(b)
k 〉

=
n∑
k=0
〈δk+1ak+1,Kγk,θ̃k

Ĥγk,θ̃k
(X̃k)−Kγk+1,θ̃k+1

Ĥγk+1,θ̃k+1
(X̃k+1)〉

=
n∑
k=1
〈δk+1ak+1 − δkak,Kγk,θ̃k

Ĥγk,θ̃k
(X̃k)〉

− 〈δn+1an+1,Kγn+1,θ̃n+1
Ĥγn+1,θ̃n+1

(X̃n+1)〉

+ 〈δ1a1,Kγ0,θ̃0
Ĥγ0,θ̃0

(X̃0)〉 , (S22)
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In addition, we have for any n ∈ N, θ ∈ Θ using A1, that ΠΘ is non-expansive,
(15), H1-(i) and that for any θ ∈ Θ and x ∈ Rd, ‖Hθ(x)‖ ≤ V 1/4(x)

‖δn+1an+1 − δnan‖ ≤ 2MΘ |δn+1 − δn|+ δn+1 ‖an+1 − an‖
≤ 2MΘ |δn+1 − δn|+ (1 + δnLf ) ‖θn+1 − θn‖+ |δn+1 − δn| ‖∇f(θn+1)‖
≤ (2MΘ + sup

θ∈Θ
‖∇f(θ)‖) |δn+1 − δn|+ δ2

n+1(1 + δn+1Lf )V 1/4(X̃n+1) .

(S23)

(a) Combining (S22), (S23), (S19), the Cauchy-Schwarz inequality and H1-(i)
we get that

E

[∥∥∥∥∥
n∑
k=0

δk+1〈ak, η̃[b)
k 〉

∥∥∥∥∥
]

≤ (2MΘ + sup
θ∈Θ
‖∇f(θ)‖)A1CĤE

[
V 1/4(X̃0)

] n∑
k=0
|δk+1 − δk| γ−1

k

+A1CĤ(1 + δ1Lf )E
[
V 1/4(X̃0)

] n∑
k=0

δ2
k+1γ

−1
k

+ 2A1MΘCĤE
[
V 1/4(X̃0)

]
{δn+1/γn+1 + δ1/γ1} ,

which concludes the proof of Lemma S7-(a).

(b) Assume now (17). We show that a.s the first term in (S22) is absolutely
convergence and the second term converges to 0.

Using (S23), (S19), the Cauchy-Schwarz inequality and (17) we get that

E

[+∞∑
k=1

∣∣∣〈δk+1ak+1 − δkak,Kγk,θ̃k
Ĥγk,θ̃k

(X̃k)〉
∣∣∣]

≤ (2MΘ + sup
θ∈Θ
‖∇f(θ)‖)A1CĤE

[
V 1/4(X̃0)

] +∞∑
k=0
|δk+1 − δk| γ−1

k

+A1CĤ(1 + δ1Lf )E
[
V 1/4(X̃0)

] +∞∑
k=0

δ2
k+1

< +∞ ,

which implies that (〈δk+1ak+1 − δkak,Kγk,θ̃k
Ĥγk,θ̃k

(X̃k)〉)k∈N is absolutely con-
vergent a.s. We have that Kγn+1,θ̃n+1

‖Ĥγn+1,θ̃n+1
(X̃n+1)‖ is upper-bounded us-

ing (S19) by γ−1
n+1CĤKγn+1,θ̃n+1

V 1/4(X̃n+1). It follows that we have for any
θ ∈ Θ, ε > 0, using the Markov inequality, the Cauchy-Schwarz inequality,
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(S19) and (17)∑
n∈N

P
(
‖an+1‖ δn+1Kγn+1,θ̃n+1

‖Ĥγn+1,θ̃n+1
(X̃n+1)‖ ≥ ε

)
≤
∑
n∈N

P
(

2CĤMΘ δn+1 γ
−1
n+1 Kγn+1,θ̃n+1

V 1/4(X̃n+1) ≥ ε
)

≤ 4ε−2M2
ΘC

2
Ĥ
A1E

[
V 1/2(X̃0)

]∑
n∈N

δ2
nγ
−2
n < +∞ ,

Using the Borel-Cantelli lemma, we get limn→+∞〈δnanKγn,θ̃n
Ĥγn,θ̃n

(X̃n)〉 =
0 a.s. This completes the proof of convergence for any θ ∈ Θ of the series∑
k∈N δk+1〈ak+1, η̃

(b)
k 〉.

Lemma S8. Assume A1, A2, H1, H2 and that for any θ ∈ Θ and x ∈ Rd,
‖Hθ(x)‖ ≤ V 1/4(x). Then we have for any n ∈ N

E
[∥∥∥η̃(c)

n

∥∥∥] ≤ C2γ
−1
n+1

[
γ−1
n+1 {Λ1(γn, γn+1) + Λ2(γn, γn+1)δn+1}+ δn+1

]
,

with

C2 = 4A1A2 log−1(1/ρ)ρ−γ̄/2 max
[
LH , Cc,1 + 2A2 log−1(1/ρ)ρ−γ̄/2

]
, (S24)

where Cc,1 is given by

Cc,1 = 4A1A2 log−1(1/ρ)ρ−γ̄/2E
[
V (X̃0)

]
. (S25)

Proof. We start by giving an upper-bound on ‖πγ1,θ1 − πγ2,θ2‖V 1/2 for γ1, γ2 ∈
(0, γ̄] with γ1 > γ2 and, θ1, θ2 ∈ Θ. Let g : Rd → Rdθ be a measurable function
satisfying supx∈Rd{‖g(x)‖ /V 1/2(x)} ≤ 1. Using H1-(i)-(ii), H2, Lemma S1
and Lemma S2, we get that for any γ1, γ2 ∈ (0, γ̄] with γ1 > γ2, θ1, θ2 ∈ Θ and
` ∈ N∗

E
[∥∥K`

γ1,θ1g(X̃0)−K`
γ2,θ2g(X̃0)

∥∥]
=

∥∥∥∥∥∥
`−1∑
j=0

Kj
γ1,θ1

(Kγ1,θ1 −Kγ2,θ2)
{

K(`−1−j)
γ2,θ2

g(x)− πγ2,θ2(f)
}∥∥∥∥∥∥

≤ 2A2

`−1∑
j=0

ρ(`−1−j)γ2/2
∥∥∥Kj

γ1,θ1
(Kγ1,θ1 −Kγ2,θ2)V 1/2(x)

∥∥∥
≤ 2A2

`−1∑
j=0

ρ(`−1−j)γ2/2 [Λ1(γ1, γ2) + Λ2(γ1, γ2)‖θ1 − θ2‖] sup
k∈N

E
[
Kk
γ1,θ1V (X̃0)

]
≤ 4A1A2 log−1(1/ρ)ρ−γ̄/2γ−1

2 [Λ1(γ1, γ2) + Λ2(γ1, γ2)‖θ1 − θ2‖]E
[
V (X̃0)

]
.
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Taking ` → +∞ and using H 1-(ii), we obtain that for any θ1, θ2 ∈ Θ and
γ1, γ2 ∈ (0, γ̄] with γ1 > γ2,

‖πγ1,θ1 − πγ2,θ2‖V 1/2 ≤ Cc,1γ−1
2 [Λ1(γ1, γ2) + Λ2(γ1, γ2)‖θ1 − θ2‖] , (S26)

with Cc,1 given by(S25).
In what follows we derive an upper bound

∥∥∥Kγ1,θ1Ĥγ1,θ1(x)−Kγ2,θ2Ĥγ2,θ2(x)
∥∥∥

for any θ1, θ2 ∈ Θ, γ1, γ2 ∈ (0, γ̄] with γ1 > γ2 and x ∈ Rd. By (S18) we have
for any θ1, θ2 ∈ Θ, γ1, γ2 ∈ (0, γ̄] with γ1 > γ2 and x ∈ Rd,∥∥∥Kγ1,θ1Ĥγ1,θ1(x)−Kγ2,θ2Ĥγ2,θ2(x)

∥∥∥
=

∥∥∥∥∥∑
`∈N∗

{
K`
γ1,θ1Hθ1(x)− πγ1,θ1(Hθ1)

}
−
∑
`∈N∗

{
K`
γ2,θ2Hθ2(x)− πγ2,θ2(Hθ2)

}∥∥∥∥∥
≤
∑
`∈N∗

∥∥{K`
γ1,θ1Hθ1(x)− πγ1,θ1(Hθ1)

}
−
{

K`
γ2,θ2Hθ2(x)− πγ2,θ2(Hθ2)

}∥∥ .
We now bound each term of the series in the right hand side. For any measurable
functions g1, g2 with gi : Rd → Rdθ and such that supx∈Rd ‖gi(x)‖ /V 1/4(x) <
+∞ with i ∈ {1, 2}, θ1, θ2 ∈ Θ, γ1, γ2 ∈ (0, γ̄] with γ1 > γ2, x ∈ Rd and ` ∈ N∗,
it holds that

K`
γ1,θ1g1(x)−K`

γ2,θ2g2(x) = K`
γ1,θ1g1(x)−K`

γ2,θ2g1(x) + K`
γ2,θ2(g1(x)− g2(x))

=
`−1∑
j=0

{
Kj
γ1,θ1

− πγ1,θ1

}
(Kγ1,θ1 −Kγ2,θ2)

{
K`−1−j
γ2,θ2

g1(x)− πγ2,θ2(g1)
}

+
`−1∑
j=0

πγ1,θ1

{
K`−1−j
γ2,θ2

g1(x)−K`−j
γ2,θ2

g1(x)
}

+ K`
γ2,θ2(g1(x)− g2(x))

=
`−1∑
j=0

{
Kj
γ1,θ1

− πγ1,θ1

}
(Kγ1,θ1 −Kγ2,θ2)

{
K`−1−j
γ2,θ2

g1(x)− πγ2,θ2(g1)
}

− πγ1,θ1(K`
γ2,θ2g1(x)− g1(x)) + K`

γ2,θ2(g1(x)− g2(x)) .

Setting g1 = Hθ1 − πγ1,θ1(Hθ1) and g2 = Hθ2 − πγ2,θ2(Hθ2), we obtain that

K`
γ1,θ1g1(x)−K`

γ2,θ2g2(x) (S27)

=
`−1∑
j=0

{
Kj
γ1,θ1

− πγ1,θ1

}
(Kγ1,θ1 −Kγ2,θ2)

{
K`−1−j
γ2,θ2

Hθ1(x)− πγ2,θ2(Hθ1)
}

+ Ξ` ,
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where

Ξ` = −πγ1,θ1(K`
γ2,θ2Hθ1(x)−Hθ1(x))

+ K`
γ2,θ2

[
Hθ1(x)−Hθ2(x) + πγ2,θ2(Hθ2)− πγ1,θ1(Hθ1)

]
= −πγ1,θ1K`

γ2,θ2Hθ1(x) + K`
γ2,θ2

[
Hθ1(x)−Hθ2(x) + πγ2,θ2(Hθ2)

]
= (πγ2,θ2 − πγ1,θ1)(K`

γ2,θ2Hθ1(x)− πγ2,θ2(Hθ1))− πγ2,θ2(Hθ1)
+ K`

γ2,θ2

[
Hθ1(x)−Hθ2(x) + πγ2,θ2(Hθ2)

]
= (πγ2,θ2 − πγ1,θ1)(K`

γ2,θ2Hθ1(x)− πγ2,θ2(Hθ1)) (S28)
+ K`

γ2,θ2(Hθ1 −Hθ2)(x)− πγ2,θ2(Hθ1 −Hθ2) .

For the first term in (S27), using H 1-(ii), H 2, Lemma S2 and and that
for any θ ∈ Θ and x ∈ Rd, ‖Hθ(x)‖ ≤ V 1/4(x) we obtain for any θ1, θ2 ∈ Θ,
γ1, γ2 ∈ (0, γ̄] with γ1 > γ2, x ∈ Rd and ` ∈ N∗∥∥∥∥∥∥

`−1∑
j=0

{
Kj
γ1,θ1

− πγ1,θ1

}
(Kγ1,θ1 −Kγ2,θ2)

{
K`−1−j
γ2,θ2

Hθ1(x)− πγ2,θ2(Hθ1)
}∥∥∥∥∥∥

≤ 2A2

`−1∑
j=0

ρ(`−1−j)γ1/2
∥∥∥{Kj

γ1,θ1
− πγ1,θ1

}
(Kγ1,θ1 −Kγ2,θ2)V 1/2(x)

∥∥∥
≤ 4A2

2 [Λ1(γ1, γ2) + Λ2(γ1, γ2)‖θ1 − θ2‖]
`−1∑
j=0

ρ(j+(`−1−j))γ2/2V 1/2(x)

≤ 4A2
2 [Λ1(γ1, γ2) + Λ2(γ1, γ2)‖θ1 − θ2‖] `ρ(`−1)γ2/2V 1/2(x) . (S29)

For the first term in (S28), using H1-(ii), Lemma S2, (S26) and that for any
θ ∈ Θ and x ∈ Rd, ‖Hθ(x)‖ ≤ V 1/4(x) ≤ V 1/2(x), we obtain for any θ1, θ2 ∈ Θ,
γ1, γ2 ∈ (0, γ̄] with γ1 > γ2, x ∈ Rd and ` ∈ N∗∥∥(πγ1,θ1 − πγ2,θ2)(K`

γ2,θ2Hθ1(x)− πγ2,θ2(Hθ1))
∥∥

≤ 2A2ρ
`γ2/2‖πγ1,θ1 − πγ2,θ2‖V 1/2

≤ 2A2Cc,1 ρ
`γ2/2γ−1

2 {Λ1(γ1, γ2) + Λ2(γ1, γ2)‖θ1 − θ2‖} . (S30)

For the second term in (S28), using A2, H1-(ii) and Lemma S2, we obtain for
any θ1, θ2 ∈ Θ, γ1, γ2 ∈ (0, γ̄] with γ1 > γ2, x ∈ Rd and ` ∈ N∗∥∥K`

γ2,θ2(Hθ1 −Hθ2)(x)− πγ2,θ2(Hθ1 −Hθ2)
∥∥ ≤ 2A2LHρ

`γ2/2‖θ1 − θ2‖V 1/2(x) .
(S31)

Combining (S28), (S29), (S30), (S31) in (S27) and using Lemma S1, we obtain
that for any θ1, θ2 ∈ Θ, γ1, γ2 ∈ (0, γ̄] with γ1 > γ2, x ∈ Rd that∥∥∥Kγ1,θ1Ĥγ1,θ1(x)−Kγ2,θ2Ĥγ2,θ2(x)

∥∥∥
≤ Cc,2 γ−1

2
[
γ−1

2 {Λ1(γ1, γ2) + Λ2(γ1, γ2)‖θ1 − θ2‖}+ ‖θ1 − θ2‖
]
V 1/2(x) ,
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with

Cc,2 = 4A2 log−1(1/ρ)ρ−γ̄/2 max
[
LH , Cc,1 + 2A2 log−1(1/ρ)ρ−γ̄/2

]
.

Since for any k ∈ N,
∥∥θ̃k+1 − θ̃k

∥∥ ≤ δk+1V
1/2(X̃k+1) by (15) and the fact that

for any θ ∈ Θ and x ∈ Rd, ‖Hθ(x)‖ ≤ V 1/2(x) and that ΠΘ is non-expansive,
we get that for any k ∈ N,∥∥∥Kγk,θ̃k

Ĥγk,θ̃k
(X̃k+1)−Kγk+1,θ̃k+1

Ĥγk+1,θ̃k+1
(X̃k+1)

∥∥∥
≤ Cc,2γ−1

k+1
[
γ−1
k+1 {Λ1(γk, γk+1) + Λ2(γk, γk+1)δk+1}+ δk+1

]
V (X̃k+1) ,

which implies by (S21) and using H1-(i) that

E
[∥∥∥η̃(c)

∥∥∥] ≤ C2γ
−1
k+1

[
γ−1
k+1 {Λ1(γk, γk+1) + Λ2(γk, γk+1)δk+1}+ δk+1

]
,

with C2 given by (S24).

Lemma S9. Assume A1, H1 and that for any θ ∈ Θ and x ∈ Rd, ‖Hθ(x)‖ ≤
V 1/4(x). Then we have for any n ∈ N

E
[∥∥∥η̃(d)

n

∥∥∥] ≤ Ψ(γn) .

Proof. By a straightforward application of H1-(iii) and by (S21) along with the
fact that for any θ ∈ Θ and x ∈ Rd, ‖Hθ(x)‖ ≤ V 1/4(x) we have for any n ∈ N,
E
[∥∥η̃dn∥∥] ≤ Ψ(γn).

We now turn to the proof of Theorem 5.

Proof. (a) To apply [1, Theorem 2], it is enough to show that the following
series converge a.s

+∞∑
n=0

δn+1〈ΠΘ(θn − δn+1∇f(θn))− θ?, η̃(i)
n 〉 ,

+∞∑
n=0

δ2
n+1‖η̃n‖2 ,

with θ? ∈ arg minθ∈Θ f(θ).
∑+∞
n=0 δ

2
n+1‖η̃n‖2 < +∞ a.s by Lemma S5 since∑

n∈N δ
2
n+1 < +∞. Since (〈ΠΘ(θn − δn+1∇f(θn))− θ?, η̃(a)

n 〉)n∈N is a (F̃n)n∈N-
martingale increment, see (16) and by Lemma S6 and

∑
n∈N δ

2
n+1/γ

2
n < +∞

E

[+∞∑
n=0

δ2
n+1〈ΠΘ(θn − δn+1∇f(θn))− θ?, η̃(a)

n 〉2
]
< +∞ ,

we obtain using [19, Section 12.5] that
∑+∞
n=0 δn+1〈ΠΘ(θn − δn+1∇f(θn)) −

θ?, η̃
(a)
n 〉 converges a.s. Using A1, (17) and Lemma S8 and Lemma S9 we get

that
∑+∞
n=0 δn+1〈ΠΘ(θn−δn+1∇f(θn))−θ?, η̃(i)

n 〉 is absolutely convergent a.s for
i ∈ {c, d}. Finally we obtain that

∑+∞
n=0 δn+1〈ΠΘ(θn − δn+1∇f(θn)) − θ?, η̃(b)

n 〉
converges a.s by Lemma S7-(b).

(b) The proof of is identical to the one of Theorem 3-(b).
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S1.4 Proof of Theorem 6
The proof is similar to the one of Theorem 4, using Lemma S5, Lemma S7,
Lemma S8, Lemma S9 and the fact that η̃(a)

n is a (F̃n)n∈N-martingale increment,
see (16).

S1.5 Proof of Theorem 7
In this section, we give the proof of Theorem 7 by showing that H1 holds. First
of all in Section S1.5.1, we establish under L1 and L2 stability results uniform
in the parameter θ ∈ Θ for the Langevin diffusion (5) and the associated Euler-
Maruyama discretization (6) based on a Foster-Lyapunov drift condition with
constants independent of θ. Then, in Section S1.5.2, we show that the stability
conditions that we derive, are sufficient to prove that H 1 holds. The proof
of Theorem 7 then consists in combining all these results and is presented in
Section S1.5.3.

Under L1 and L2, for any θ ∈ Θ, (5) defines a Markov semi-group (Pt,θ)t≥0
for any x ∈ Rd and A ∈ B(Rd) by Pt,θ(x,A) = P(Y θt ∈ A) where (Y θt )t≥0 is the
solution of (5) with Y θ0 = x. Consider now the generator of (Pt,θ)t≥0 for any
θ ∈ Θ, defined for any f ∈ C2(Rd) by

Aθf = −〈∇xf,∇xUθ(x)〉+ ∆xf . (S32)

We say that a Markov semi-group (Pt)t≥0 on Rd × B(Rd) with extended in-
finitesimal generator (A,D(A)) (see e.g. [15] for the definition of (A,D(A)))
satisfies a continuous drift condition Dc(V, ζ, β) if there exist ζ > 0, β ≥ 0
and a measurable function V : Rd → [1,+∞) with V ∈ D(A) such that for all
x ∈ Rd

AV (x) ≤ −ζV (x) + β .

S1.5.1 Foster-Lyapunov drift conditions uniform on θ

Define Ve : Rd → [1,+∞) for all x ∈ Rd by

Ve(x) = exp(m̃1φ(x)) , with φ(x) =
√

1 + ‖x‖2 and m̃1 = m1/4 . (S33)

Proposition S10. Assume L 1 and L 2. Let γ̄ < min(1, 2m2). Then there
exist λe ∈ (0, 1) and be ≥ 0 such that for all γ ∈ (0, γ̄] and θ ∈ Θ the Markov
kernel Rγ,θ associated with the recursion (6) satisfies the discrete drift condition
Dd(V, λγ , bγ), i.e. for all x ∈ Rd

Rγ,θVe(x) ≤ λγeVe(x) + beγ1B(0,re)(x) , (S34)

with

λe = e−m̃2
1(21/2−1) , re = max(1, 2(d+ c)/m1, R1) ,

be = m̃1(d+ c+ 21/2m̃1) exp
[
m̃1

{
(d+ c+ m̃1)γ̄ +

√
1 + r2

e

}]
.

16



Proof. Since φ is 1-Lipschitz, by the log-Sobolev inequality [3, Proposition 5.4.1],
we have for any x ∈ Rd and θ ∈ Θ,

Rγ,θVe(x) ≤ exp
[
m̃1Rγ,θφ(x) + m̃2

1γ
]

(S35)

≤ exp
[
m̃1
√
‖x− γ∇xUθ(x)‖2 + 2γd+ 1 + m̃2

1γ
]
,

where we have used Jensen’s inequality in the last line. Second, using L2 and
γ < 2m2, we obtain that for any x ∈ Rd and θ ∈ Θ,

‖x− γ∇xUθ(x)‖2 ≤ ‖x‖2 − 2γ〈x,∇xUθ(x)〉+ γ2‖∇xUθ(x)‖2

≤ ‖x‖2 − 2m1γ‖x‖1B(0,R1)c(x) + γ(γ − 2m2)‖∇xUθ(x)‖2 + 2γc

≤ ‖x‖2 − 2m1γ‖x‖1B(0,R1)c(x) + 2γc .

Therefore, using for any a > 0,
√

1 + a − 1 ≤ a/2, we get for any x ∈ Rd and
θ ∈ Θ, √

‖x− γ∇xUθ(x)‖2 + 2γd+ 1− φ(x)

≤ φ(x)
{√

1 + 2γφ−2(x)(d+ c− m1‖x‖1B(0,R1)c(x))− 1
}

(S36)

≤ γφ−1(x)(d+ c− m1‖x‖1B(0,R1)c(x)) .

Therefore, combining this result with (S35) and using that for any x̃ ∈ B(0, re)c,
φ(x̃)2/ ‖x̃‖2 ≤ 2 and d+c ≤ m1 ‖x‖ /2, we obtain for any x ∈ B(0, re)c and θ ∈ Θ,

Rγ,θVe(x) ≤ exp
[
m̃1φ
−1(x)(d+ c− m1‖x‖) + m̃2

1γ
]
Ve(x)

≤ exp
[
−2m̃2

1γφ
−1(x)‖x‖+ m̃2

1γ
]
Ve(x) ≤ λγeVe(x) .

Using (S35), (S36), and the fact that φ(x̃) ≥ 1 for any x̃ ∈ Rd, we have for any
x ∈ B(0, re) and θ ∈ Θ,

Rγ,θVe(x) ≤ λγeVe(x) +
(

em̃1(d+c+m̃1)γ − λγe
)

exp
[
m̃1
√

1 + r2
e

]
.

The proof of (S34) for x ∈ B(0, re) and θ ∈ Θ is then completed upon using
that ea − eb ≤ (a− b)ea for all a, b ∈ R with a ≥ b.

Proposition S11. Assume L1 and L2. Then for any θ ∈ Θ, (Pt,θ)t≥0 associ-
ated with (5) satisfies the continuous drift condition Dc(Ve, ζe, βe) for Ve defined
in (S33) and

ζe = 3m̃2
1/21/2 , βe = m̃1 exp

[
m̃1
√

1 + r̃2
e

]
(1 + m̃1 + c + d) , r̃e = max(1, R1) .

Proof. First, by definition, for any x ∈ Rd, we have

∇xV (x) = m̃1xV (x)/φ(x)
∆xV (x) = {m̃1V (x)/φ(x)}{m̃1 ‖x‖2 /φ(x) + d− ‖x‖2 /φ2(x)} .
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Therefore, by (S32) and L2, we get for any θ ∈ Θ and x ∈ Rd,

AθV (x) = {m̃1V (x)/φ(x)}
[
−〈∇xUθ(x), x〉+ m̃1 ‖x‖2 /φ(x) + d− ‖x‖2 /φ2(x)

]
≤ {m̃1V (x)/φ(x)}

[
−m1 ‖x‖1B(0,R1)c(x) + c + m̃1 ‖x‖2 /φ(x) + d− ‖x‖2 /φ2(x)

]
≤ {m̃1V (x)/φ(x)}

[
−(3m1/4) ‖x‖1B(0,R1)c(x) + c + m̃1 ‖x‖1B(0,R1)(x) + d

]
.

The proof is then complete upon using that for any x ∈ B(0, r̃e)c, ‖x‖ /φ(x) ≥
2−1/2, for any y ∈ Rd, ‖y‖ /φ(y) ≤ 1.

S1.5.2 Checking H1

Lemma S12. Assume L1 and let V : Rd → [1,+∞) measurable and satisfying
lim‖x‖→+∞ V (x) = +∞ and V ∈ D(Aθ), for any θ ∈ Θ, where Aθ is defined by
(S32). .

(a) Assume that there exist λ ∈ (0, 1), b ≥ 0 and γ̄ > 0 such that for any
θ ∈ Θ and γ ∈ (0, γ̄], Rγ,θ associated with the recursion (18), satisfies
Dd(V, λγ , bγ). Then for any θ ∈ Θ and γ ∈ (0, γ̄], Rγ,θ admits an invari-
ant probability measure πγ,θ on (Rd,B(Rd)) and there exists D3 ≥ 0 such
that for any x ∈ Rd and k ∈ N

δxRk
γ,θV ≤ D3 + V (x) , πγ,θ(V ) ≤ D3 , D3 = bλ−γ̄/ log(1/λ) .

In addition, for all θ ∈ Θ and x ∈ Rd, limk→+∞ ‖δxRk
γ,θ − πγ,θ‖V = 0.

(b) Assume that there exist ζ > 0 and β ≥ 0 such that for any θ ∈ Θ, (Pt,θ)t≥0
associated with (5) satisfies Dc(V, ζ, β). Then for any θ ∈ Θ, the diffusion
is non-explosive, Aθ admits πθ as an invariant probability measure and

πθ(V ) ≤ D0 , D0 = β/ζ .

In addition, for all θ ∈ Θ and x ∈ Rd, limt→+∞ ‖δxPt,θ − πθ‖V = 0.

Proof. (a) for any γ ∈ (0, γ̄] and θ ∈ Θ, Rγ,θ is irreducible with respect to
the Lebesgue measure on Rd, has the Feller property and satisfies Dd(V, λγ , bγ)
then [13, Section 4.4] applies and Rγ,θ admits an invariant probability measure
πγ,θ. The discrete drift condition and [6, Lemma 1] give that for any γ ∈ (0, γ̄]
and θ ∈ Θ

Rk
γ,θV (x) ≤ V (x) + bλ−γ̄/ log(1/λ) , πγ,θ(V ) ≤ bλ−γ̄/ log(1/λ) .

We obtain that for all θ ∈ Θ and x ∈ Rd, limk→+∞ ‖δxRk
γ,θ − πγ,θ‖V = 0 using

[14, Theorem 16.0.1].

(b) Using Dc(V, ζ, β) and [15, Theorem 2.1] we get that the diffusion process is
non-explosive and thus (Pt,θ)t≥0 is defined for any θ ∈ Θ and t ≥ 0. Using [18,
Corollary 10.1.4] for any θ ∈ Θ, (Pt,θ)t≥0 is strongly Feller continuous, therefore
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any compact sets is petite for the Markov kernel Ph,θ, for any h > 0 and θ ∈ Θ,
by [14, Theorem 6.0.1]. Using [17, Chapter 7, Proposition 1.5], [7, Chapter 4,
Theorem 9.17], and the fact that πθ(Aθf) = 0 for any θ ∈ Θ and f ∈ C2

c(Rd),
we obtain that for any θ ∈ Θ, πθ is an invariant measure for (Pt,θ)t≥0. Using
Dc(V, ζ, β) and [15, Theorem 4.5] we get that for all θ ∈ Θ, πθ(V ) ≤ β/ζ.
Finally, the convergence is ensured using [16, Theorem 5.1].

As an immediate corollary we obtain that under the conditions of Lemma S12
for any θ ∈ Θ, γ ∈ (0, γ̄] and k ∈ N,

πθRk
γ,θV ≤ β/ζ + bλ−γ̄/ log(1/λ) . (S37)

Lemma S13. Let V : Rd → [1,+∞). Assume there exist λ ∈ (0, 1), b ≥ 0
and γ̄ > 0 such that for any θ ∈ Θ and γ ∈ (0, γ̄], Rγ,θ associated with the
recursion (6) satisfies Dd(V, λγ , bγ). Let (γn)n∈N, (δn)n∈N be sequences of non-
increasing positive real numbers and (mn)n∈N be a sequence of positive integers
satisfying supn∈N γn < γ̄. Then, (Xn

k )n∈N,k∈{0,...,mn} given by (10) with {Kγ,θ :
γ ∈ (0, γ̄] , θ ∈ Θ} = {Rγ,θ : γ ∈ (0, γ̄] , θ ∈ Θ} satisfies for all p, n ∈ N and
k ∈ {0, . . . ,mn}

E
[

Rp
γn,θn

V (Xn
k )
∣∣∣X0

0

]
≤ D1V (X0

0 ) , D1 = 1 + 2bλ−γ̄/ log(1/λ) .

Proof. By induction we obtain that

E
[
V (Xn+1

k )
∣∣Fn ] = Rk

γn+1,θn+1
V (Xn+1

0 ) (S38)

≤ λkγn+1V (Xn+1
0 ) + bγn+1

k∑
i=1

λγn+1(k−i) ,

where (Fn)n∈N is defined by (7). Similarly, we obtain for any k ∈ {0, . . . ,m0},

E
[
V (X0

k)
∣∣X0

0
]

= Rk
γ0,θ0V (X0

0 ) ≤ λkγ0V (X0
0 ) + bγ0

k∑
i=1

λγ0(k−i) . (S39)

Define for k, ` ∈ N and i ∈ N∗, q`,k =
∑`−1
j=0mj + k, qn = q`,0 and γ̃i =∑+∞

j=0 γj1(qj ,qj+1](i). In addition, consider for any p, q ∈ N∗, Γp,q =
∑q
i=p γ̃i

and Γp = Γ1,p. Combining (S38), (S39) and Lemma S1 we get for any n ∈ N
and k ∈ {0, . . . ,mn}

E
[

Rp
γn,θn

V (Xn
k )
∣∣∣X0

0

]
≤ λγnpE

[
V (Xn

k )
∣∣X0

0
]

+ b log(1/λ)λ−γ̄ (S40)

≤ λΓqn,kV (X0
0 ) + b

qn,k∑
i=1

γ̃iλ
Γi+1,qn,k + b log(1/λ)λ−γ̄ .
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Since (γ̃i)i∈N is nonincreasing and for all t ≥ 0, 1 − λt ≥ −tλt log(λ), we have
for all q ∈ N∗,

q∑
i=1

γ̃iλ
Γi+1,q ≤

q∑
i=1

γ̃i

q∏
j=i+1

(1 + λγ̃1 log(λ)γ̃j)

≤ (−λγ̃1 log(λ))−1
q∑
i=1


q∏

j=i+1
(1 + λγ̃1 log(λ)γ̃j)−

q∏
j=i

(1 + λγ̃1 log(λ)γ̃j)


≤ (−λγ̃1 log(λ))−1 .

Combining this result and (S40) completes the proof.

Lemma S14. Let V : Rd → [1,+∞) with supx∈Rd
{

(1 + ‖x‖)2/V (x)
}
≤ MV

where MV ≥ 0 and V measurable. Assume L1 and that for any θ ∈ Θ, γ ∈ (0, γ̄]
and k ∈ N,

πθRk
γ,θ(V ) ≤ D̃1 , πθPγmγ ,θV ≤ D̃1 , (S41)

with mγ = d1/γe. Then for any θ ∈ Θ and γ ∈ (0, γ̄]

‖πθR
mγ
γ,θ − πθPγmγ ,θ‖

2
V 1/2

≤ 2D̃1L2γ(1 + γ̄)
{
d+ 2γ̄(sup

θ∈Θ
‖∇xUθ(0)‖2 + L2MV D̃1)

}
,

Proof. The proof follows the lines of [6, Theorem 10]. Let θ ∈ Θ and γ ∈ (0, γ̄].
We have, using a generalized Pinsker inequality [6, Lemma 24], that

‖πθR
mγ
γ,θ − πθPγmγ ,θ‖

2
V 1/2 ≤ 2(πθR

mγ
γ,θV + πθPγmγ ,θV )KL

(
πθR

mγ
γ,θ |πθPγmγ ,θ

)
.

≤ 4D̃1KL
(
πθR

mγ
γ,θ |πθPγmγ ,θ

)
.

Using L1, [6, Equation (15)], [9, Theorem 4.1, Chapter 2], (S41) and that for
any a, b ∈ R, (a+ b)2 ≤ 2(a2 + b2) we obtain that

KL
(
πθR

mγ
γ,θ |πθPγmγ ,θ

)
≤ L2mγγ

2(d+ γ̄ sup
k∈N

πθRk
γ,θ ‖∇xUθ(x)‖2)

≤ L2(1 + γ̄)γ(d+ 2γ̄(sup
θ∈Θ
‖∇xUθ(0)‖2 + L2MV D̃1)) ,

which concludes the proof.

Proposition S15. Let V : Rd → [1,+∞) measurable and MV ≥ 0 satisfying
supx∈Rd

{
(1 + ‖x‖)2/V (x)

}
≤ MV . Assume L1 and that there exist λ ∈ (0, 1),

b ≥ 0 and γ̄ > 0 such that for any θ ∈ Θ and γ ∈ (0, γ̄] Rγ,θ satisifies
Dd(V, λγ , bγ). Assume that there exists D0 ≥ 0 . Then there exists D4 ≥ 0
such that for any θ ∈ Θ and γ ∈ (0, γ̄]

‖πγ,θ − πθ‖V 1/2 ≤ D4γ
1/2 . (S42)
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Proof. Using Lemma S12 we obtain that for any θ ∈ Θ

lim
k→+∞

‖πθRk
γ,θ − πθPγk,θ‖V 1/2 = ‖πγ,θ − πθ‖V 1/2 . (S43)

We now give an upper bound on ‖πθRk
γ,θ − πθPγk,θ‖V 1/2 for k = qγmγ with

mγ = d1/γe and qγ ∈ N. Using [4, Theorem 6] and that πθ is invariant for Pt,θ
with t ≥ 0, see Lemma S12, we obtain for all θ ∈ Θ, γ ∈ (0, γ̄] and k ∈ N

‖πθRk
γ,θ − πθPγk,θ‖V 1/2

≤
qγ−1∑
`=0
‖πθPγ(`+1)mγ ,θR

(qγ−(`+1))mγ
γ,θ − πθPγ`mγ ,θR

(qγ−`)mγ
γ,θ ‖V 1/2

≤
qγ−1∑
`=0

Cξγmγ(qγ−(`+1))‖πθPγ`mγ ,θPmγγ,θ − πθPγ`mγ ,θR
mγ
γ,θ ‖V 1/2

≤ ‖πθPmγγ,θ − πθR
mγ
γ,θ ‖V 1/2

qγ∑
`=1

Cξ`γmγ , (S44)

where C ≥ 0, ξ ∈ (0, 1) are the constants given by [4, Theorem 6] with mi-
norization condition given by [4, Proposition 8a] with m = −L since L1 holds
and drift condition Dd(V 1/2, λγ , bλ−γ̄/2γ/2), since for all θ ∈ Θ and γ ∈ (0, γ̄]
we have that Rγ,θ satisfies Dd(V, λγ , bγ) and therefore using Jensen’s inequality
that Rγ,θ satisfies the drift condition Dd(V 1/2, λγ/2, bλ−γ̄/2γ/2).

We now give an upper bound on error ‖πθPmγγ,θ − πθR
mγ
γ,θ ‖V 1/2 . Indeed,

since Aθ satisfies a Dc(V, ζ, β) and Rγ,θ satisfies Dd(V, λγ , bγ) for any θ ∈ Θ
and γ ∈ (0, γ̄], we obtain using (S37) that for any θ ∈ Θ and γ ∈ (0, γ̄]

πθPγmγ ,θ(V ) ≤ D0 , πθR
mγ
γ,θ (V ) ≤ D̃1 , D̃1 = D0 + bλ−γ̄ log(1/λ)−1 ,

Combining this result and Lemma S14 we have for any θ ∈ Θ and γ ∈ (0, γ̄]

‖πθPγmγ ,θ − πθR
mγ
γ,θ ‖V 1/2 ≤ D̃2γ

1/2 , (S45)

with

D̃2 = 2D̃1/2
1 (1 + γ̄)1/2

{
d+ 2γ̄(L2MV + sup

θ∈Θ
‖∇xUθ(0)‖2)D̃1

}1/2
L .

Combining (S44) and (S45) we get for any k ∈ N, θ ∈ Θ and γ ∈ (0, γ̄]

‖πθRk
γ,θ − πθPγk,θ‖V 1/2 ≤ CD̃2

qγ∑
`=1

ξγmγ`γ1/2

≤ CD̃2(1− ξ)−1γ1/2 ,

where we used that ξγmγ ≤ ξ. The conclusion follows from this result and
(S43).
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S1.5.3 Proof of Theorem 7

Combining Proposition S10 and Lemma S13 we get that H1-(i) is satisfied with
constant A1 ← D1. L1, L2, Proposition S10 and Lemma S12-(a) ensure that H1-
(ii) is satisfied by [4, Theorem 14] with A3 ← D3. H1-(iii) is satisfied combining
Proposition S10, Proposition S11 and Proposition S15 with Ψ(γ)← D4γ

1/2.

S1.6 Proof of Theorem 8
We preface the proof by a technical lemma.

Proposition S16. Let V : Rd → [1,+∞) measurable and MV,4 ≥ 0 satisfying
supx∈Rd

{
(1 + ‖x‖4)/V (x)

}
≤MV,4. Assume that there exists M ≥ 1 such that

for any θ ∈ Θ, γ ∈ (0, γ̄], with γ̄ > 0 and x ∈ Rd, Rγ,θV (x) ≤MV (x). Assume
L 1 and L 3, then we have for any θ1, θ2 ∈ Θ, γ1, γ2 ∈ (0, γ̄] with γ2 < γ1,
a ∈ [1/4, 1/2] and x ∈ Rd

‖δxRγ1,θ1 − δxRγ2,θ2‖V a ≤ D5

[
γ1/γ2 − 1 + γ

1/2
2 ‖θ1 − θ2‖

]
V (x)2a , (S46)

where {Rγ,θ, γ ∈ (0, γ̄] , θ ∈ Θ} is the sequence of Markov kernels associated with
the recursion (6) and

D5 = max
(

2M1/2
[
d/4 + sup

θ∈Θ
‖∇xUθ(0)‖2 + L2M

1/2
4,V

]1/2
, (2M)1/2LU

)
.

Proof. Let x ∈ Rd, θ1, θ2 ∈ Θ and γ1, γ2 ∈ (0, γ̄], γ2 < γ1. Using [6, Lemma 24]
we have that

‖δxRγ1,θ1 − δxRγ2,θ2‖V a

≤
√

2
(
Rγ1,θ1V

2a(x) + Rγ2,θ2V
2a(x)

)1/2 KL (δxRγ1,θ1 |δxRγ2,θ2)1/2

≤ 2MaV a(x)KL (δxRγ1,θ1 |δxRγ2,θ2)1/2 (S47)

Denote for any µ ∈ Rd and σ2 > 0, γµ,σ2 the d-dimensional Gaussian distribu-
tion with mean µ and covariance matrix σ2 Id. Using that for any µ1,µ2 ∈ Rd
and σ1,σ2 > 0,

KL (Υµ1,σ1 Id|Υµ2,σ2 Id) = ‖µ1 − µ2‖2 /(2σ2
2)+(d/2)

{
− log(σ2

1/σ
2
2)− 1 + σ2

1/σ
2
2
}
.

In addition, if σ1 ≥ σ2

KL (Υµ1,σ1 Id|Υµ2,σ2 Id) ≤ ‖µ1 − µ2‖2 /(2σ2
2) + (d/2)(1− σ2

1/σ
2
2)2 .

Therefore, we obtain that

KL (δxRγ1,θ1 |δxRγ2,θ2) ≤ Ξ/(4γ2) + (d/2)(1− γ1/γ2)2 , (S48)
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where Ξ satisfies

Ξ = ‖γ1∇xUθ1(x)− γ2∇xUθ2(x)‖2

= ‖γ1∇xUθ1(x)− γ2∇xUθ1(x) + γ2∇xUθ1(x)− γ2∇xUθ2(x)‖2

≤ 2‖γ1∇xUθ1(x)− γ2∇xUθ1(x)‖2 + 2‖γ2∇xUθ1(x)− γ2∇xUθ2(x)‖2

≤ 2(γ1 − γ2)2‖∇xUθ1(x)‖2 + 2γ2
2‖∇xUθ1(x)−∇xUθ2(x)‖2

≤ 2(γ1 − γ2)2‖∇xUθ1(x)‖2 + 2γ2
2L

2
U‖θ1 − θ2‖2V 2a(x) , (S49)

where we have used L3 in the last line. Using L3 again and that supθ∈Θ ‖∇xUθ(0)‖ <
+∞ by L1, we get for any a ∈ [1/4, 1/2]

‖∇xUθ(x)‖2 ≤ 2(‖∇xUθ(x)−∇xUθ(0)‖2 + sup
θ∈Θ
‖∇xUθ(0)‖2) ≤ CΘV

2a(x) ,

with CΘ = 2 supθ∈Θ ‖∇xUθ(0)‖2+2L2M
1/2
4,V . Combining this result, log(γ2/γ1) ≤

0 and and (S49) in (S48), it follows that

KL (δxRγ1,θ1 |δxRγ2,θ2) ≤ d(1− γ1/γ2)2/2
+ γ−1

2 (γ1 − γ2)2‖∇xU(θ1, x)‖2/2 + γ2L
2
U‖θ1 − θ2‖2V 2a(x)/2

≤
[
dγ−1

2 (1− γ2/γ1)/4 + γ−1
2 (γ1 − γ2)2CΘ/2 + γ2L

2
U‖θ1 − θ2‖2/2

]
V 2a(x) .

This result substituted in (S47) completes the proof with the fact that for any
a, b ∈ R+, (a+ b)1/2 ≤ a1/2 + b1/2.

Proof of Theorem 8. L1 and L2 ensure a uniform drift condition on Rγ,θ, see
Proposition S10 . Note that the Lyapunov function V defined by Proposi-
tion S10 satisfies supx∈Rd(1 + ‖x‖4)/V (x) < +∞. is then a direct consequence
of Proposition S16

S1.7 Proof of Theorem 9
We preface the proof with the following lemmas.

Lemma S17. Assume L1 and L4.

(a) There exist b ≥ 0 and λ ∈ [0, 1) such that for any γ ∈ (0, γ̄] with γ̄ <

m3(2L2 +4 supθ∈Θ ‖∇xUθ(0)‖2 /R2
3)−1 and θ ∈ Θ, Rγ,θ associated with the

recursion (6) satisfies Dd(V, λγ , bγ) with V : Rd → [1,+∞) given for any
x ∈ Rd by V (x) = 1 + ‖x‖4.

(b) There exist ζ > 0 and b ≥ 0 such that for θ ∈ Θ, (Pt,θ)t≥0 associated with
(5) satisfies Dc(V, ζ, β).

(c) In addition, there exist $ > 0, b̃, β̃ ≥ 0 independent of the dimension d
such that

b ≤ b̃(1 + d$) , β ≤ β̃(1 + d$) ,

and λ and ζ are independent of the dimension d.
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Proof. Let θ ∈ Θ and x ∈ Rd

(a) Denote Tγ,θ(x) = x− γ∇xUθ(x) and X = Tγ,θ(x) +
√

2γZ where Z is a d-
dimensional Gaussian random variable with zero mean and identity covariance
matrix. Using L1 and L4, if ‖x‖ ≥ R3 we have for any γ ∈ (0, γ̄]

‖Tγ,θ(x)‖2 ≤ (1− 2γm3 + 2γ2L2) ‖x‖2 + 2γ2M2 ,

‖Tγ,θ(x)‖4 ≤ (1− 2γm3 + 2γ2L2) ‖x‖4 + 4γ2M2 ‖x‖2 + 4γ4M4

≤ (1− 2γm3 + 2γ2L2 + 4γ2M) ‖x‖4 + 4γ2M2(1 +M2γ2) ,

where M = supθ∈Θ ‖∇xUθ(0)‖. In addition, ‖Tγ,θ(x)‖ ≤ ‖x‖+ γM and

‖X‖4 = ‖Tγ,θ(x)‖4 + 4γ ‖Tγ,θ(x)‖2 ‖Z‖2 + 4γ2 ‖Z‖4

+ 25/2γ1/2 ‖Tγ,θ(x)‖2 〈Tγ,θ(x), Z〉+ 8γ ‖Tγ,θ(x)‖2 ‖Z‖2 + 2γ3/2 ‖Z‖2 〈Tγ,θ(x), Z〉 .

Therefore, we obtain

E[‖X‖4] = ‖Tγ,θ(x)‖4 + 12γd ‖Tγ,θ(x)‖2 + 4d(d+ 2)γ2

≤ ‖Tγ,θ(x)‖4 + 24γd ‖x‖2 + 24γ2M2 + 4d(d+ 2)γ2 .

Let R4 ≥ R3 First, assume that ‖x‖ ≥ R4 then

E[‖X‖4] ≤ (1− 2γm3 + 2γ2L2 + 4γ2M2 + 24γd/R2
4) ‖x‖4

+ 24γ2M2 + 4d(d+ 2)γ2 + 4γ2M2(1 + γ2M2) .

Hence, we have

E[1 + ‖X‖4] ≤ (1− 2γm3 + 2γ2L2 + 4γ2M2 + 24γd(1 + γL)/R2
4)(1 + ‖x‖4)

+ 24γ2M2 + 4d(d+ 2)γ2 + 4γ2M2(1 + γ2M2) + 2γm3 .

Second assume that ‖x‖ ≤ R4, we have

‖Tγ,θ(x)‖4 ≤ ‖x‖4 + 4γMR3
4 + 6γ2M2R2

4 + 4γ3M3R4 + γ4M4 .

Therefore,

E[1 + ‖X‖4] ≤ (1− 2γm3 + 2γ2L2 + 4γ2M2 + 24γdR2
4)(1 + ‖x‖4)

+ 4γMR3
4 + 6γ2M2R2

4 + 4γ3M3R4 + γ4M4 + 2γm3(1 +R4
4)

+ 24γdR2
4 + 24γ2M2 + 4d(d+ 2)γ2 .

Let R4 = max{(24d/m2
3)1/2, R3}. Then Dd(V, λγ , bγ) holds with V : Rd →

[1,+∞) and

λ = exp[−m3 + 2γ̄L2 + 4γ̄M2] (S50)
b = 4MR3

4 + 6γ̄M2R2
4 + 4γ̄2M3R4 + γ̄3M4 + 2m3(1 +R4

4)
+ 24dR2

4 + 24γ̄M2 + 4d(d+ 2)γ̄ + 4γ̄M2(1 + γ̄2M2) .
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(b) We have for any x ∈ Rd

∇V (x) = 4 ‖x‖2 x , ∆V (x) = 4(d+ 2) ‖x‖2 .

Therefore we have

AθV (x) = −4 ‖x‖2 〈∇xUθ(x), x〉+ 4(d+ 2) ‖x‖2 .

Let R4 = max(R3, (2(d+ 2)m−1
3 )1/2). If ‖x‖ ≥ R4 then

AθV (x) ≤ −4m3 ‖x‖4 + 4(d+ 2) ‖x‖2 ≤ −2m3V (x) + 2m3 .

If ‖x‖ ≤ R4 then

AθV (x) ≤ 4R3
4M + 4LR4

4 + 4d(d+ 2)R2
4 .

Hence, we obtain that Dc(V, ζ, β) with

ζ = 2m3 , β = 4R3
4M + 4LR4

4 + 4d(d+ 2)R2
4 + 4(d+ 2)R2

4 + 2m3 , (S51)

which concludes the proof.

(c) The last point follows from (S50), (S51) and L4.

Proof of Theorem 9. Combining Lemma S17 and Lemma S13 we get that H
1-(i) is satisfied with constant A1 ← Ã1(1 + d$1) with Ã1 ≥ 0 and $1 ∈ N∗
independent of the dimension. Using L1, L4 and a straightforward adaptation
of [4, Theorem 16] (where V (x) = 1 + ‖x‖2 is replaced by V (x) = 1 + ‖x‖4) and
the discussion that follows we obtain H1-(ii) is satisfied with A2 = Ã2(1+d$2),
log−1(ρ−1) = log−1(ρ̃−1)(1 + d$2) and A3 = Ã3(1 + d$3) with $2, $3 ∈ N∗,
ρ̃ ∈ [0, 1) and Ã2, Ã3 ≥ 0 independent of the dimension d. Using L1, L4 and
a straightforward adaptation of [4, Theorem 23] (where V (x) = 1 + ‖x‖2 is
replaced by V (x) = 1 + ‖x‖4) we obtain that for any x ∈ Rd, ‖δxPt,θ − πθ‖V ≤
CξtV (x) with C = C̃(1 + d$c) and log−1(ξ−1) = log−1(ξ̃−1)(1 + d$c) with
C̃,$c ≥ 0 and ξ̃ ∈ [0, 1) independent of the dimension d. Using this result and
Proposition S15 we obtain that H1-(iii) holds with the constant D4 in (S42)
which satisfies D4 = Ã4(1 + d$4) with Ã4 ≥ 0 and $4 ∈ N∗. Using Proposi-
tion S16 we obtain that H2 holds with the constant D5 in (S46) which satisfies
D5 = Ã5(1 + d$5) with $5 ∈ N∗. Finally note that B1, B2, C1, C̃1, C3, C2
in Lemma S3, Lemma S4, Lemma S5, Lemma S6, Lemma S7 and Lemma S8
depend polynomially on Ai with i ∈ {1, . . . , 5} and log−1(ρ−1). Therefore The-
orem 4 and Theorem 6 apply and the conclusion follows using the explicit ex-
pressions for the constants appearing in these results.
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S2 Posterior convexity
Lemma S18. For any y ∈ {0, 1}dy , θ 7→ p(y|θ) given by (19) is log-concave.
Proof. Let θ ∈ R, then by (19), for any y ∈ R we have p(y|θ) =

∫
Rd p(y, β|θ)dβ

with

p(y, β|θ) = (2πσ2)−d/2


dy∏
i=1

s(xT
i β)yi(1− s(xT

i β))1−yi

 e−
‖β−θ1d‖2

2σ2 .

Therefore we have using that for any t ∈ R, 1− s(t) = s(−t)

log p(y, β|θ) = (−d/2) log(2πσ2)

+


dy∑
i=1

yi log(s(xT
i β)) + (1− yi) log(s(−xT

i β))

− ‖β − θ1d‖22σ2 .

Since yi ≥ 0, 1 − yi ≥ 0, (β, θ) 7→ ‖β − θ1d‖2, t 7→ log(s(t)) and t 7→
log(s(−t)) are convex, we obtain that (β, θ) 7→ p(y, β|θ) is log-concave. Us-
ing the Prékopa–Leindler inequality [8, Theorem 7.1] we obtain that θ 7→ p(y|θ)
is log-concave which concludes the proof.

S3 Non-convex objective function
In this section we turn to the case where f is non-convex. We recall that the
normal cone of a sub-manifoldM⊂ RdΘ (see [2]) at point θ is given by

N(θ,M) =
{{

u ∈ RdΘ : 〈u, θ̃ − θ〉 ≤ 0 , for any θ̃ ∈ Θ
}

if θ ∈M ;
{0} otherwise ,

Note that for any θ ∈ int(M), N(θ,M) = {0}, where int(M) denotes the
interior ofM. For any R ≥ 0, we have N(θ,B(0, R)) = {rθ : r ≥ 0} if ‖θ‖ = R.
We consider the following assumption on the set Θ.
A 2. Θ = {θ ∈ RdΘ : qi(θ) ≤ 0 , for any i ∈ {1, . . . , p}} with p ∈ N∗ and
for any i ∈ {1, . . . , p}, qi ∈ C1(RdΘ) is convex and such that for any θ ∈ RdΘ ,
∇qi(θ) 6= 0 if qi(θ) = 0.

Under A2, for any θ ∈ Θ\int(Θ) we have that I(θ) = {i ∈ {1, . . . , p} :
qi(θ) = 0} is not empty. In this case we obtain that N(θ,Θ) is the convex cone
generated by {∇qi(θ) : i ∈ I(θ)}, see [11].
Theorem S19. Assume A1 and A2. Let γ̄ > 0, (γn)n∈N, (δn)n∈N be sequences
of non-increasing positive real numbers and (mn)n∈N be a sequence of positive
integers such that supn∈N δn < 1/Lf , supn∈N γn < γ̄ and (11) are satisfied. Let
{(Xn

k )k∈{0,...,mn} : n ∈ N} be given by (10). Assume in addition that H1 is
satisfied. Then (θn)n∈N defined by (10) satisfies limn→+∞ d(θn,A) = 0 a.s with
A = {θ ∈ Θ : ∇f(θ) + n = 0, n ∈ N(θ,Θ)}. In addition, if |A| < +∞ then
limn→+∞ θn = θ? ∈ A a.s.
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Proof. The proof is an application of [11, Chapter 5, Theorem 2.3] using the
decomposition of the error term considered in the proof of Theorem 3 and
Theorem 5. Indeed we decompose the error term ηn defined by (S1) as ηn =
δMn +Bn, where δMn is a martingale increment. Then, we only need to show
that the following sums converge

n∑
k=0

δ2
k+1E

[
‖δMk‖2

]
,

n∑
k=0

δk+1E [‖Bk‖] ,

which is established in Lemma S3 and Lemma S4. Denote, B the limit set (see
[11] for a definition) of the projected ODE (dθt/dt) = −Π̄(θt,∇f(θt)), where Π̄ is
the projection operator defined in [10, p.191]. For any t ≥ 0, denote u(t) = f(θt).
Then u satisfies u′(t) ≤ 0, see [11, p.108]. Using Lasalle’s invariance principle
[12, Theorem 1] we obtain that B ⊂ A which concludes the first part of the
proof using [11, Chapter 5, Theorem 2.3]. Assume that A = {θ?1 , . . . , θ?M}
with M ∈ N∗. Using Lemma S3 and Lemma S4 and that for any a, b ≥ 0,
(a+ b)2 ≤ 2a2 + 2b2 we obtain that

E

[∑
n∈N
‖θn+1 − θn‖2

]
≤ 2

∑
n∈N

δ2
n

{
E
[∥∥∇f(θn)2∥∥]+ E[‖ηn‖2]

}
< +∞ .

Hence, we obtain that limk→+∞ ‖θn+1 − θn‖ = 0 a.s. Denote r = min{
∥∥θ?i − θ?j∥∥ :

i, j ∈ {1, . . . ,M}, i 6= j}. For any n ∈ N let in ∈ {1, . . . ,M} such that
d(θn,A) =

∥∥θn − θ?in∥∥. Then, since limn→+∞ d(θn,A) = 0, there exists n0 ∈ N
such that for any n ∈ N with n ≥ n0, in is uniquely defined, d(θn,A) ≤ r/4 and
‖θn+1 − θn‖ ≤ r/4. Assume that there exists n1 ∈ N with n1 ≥ n0 such that
in1 6= in1+1. Then ‖θn1+1 − θ?in1+1

‖ ≤ r/4 and

‖θn1+1 − θ?in1+1
‖ ≥ ‖θ?in1

− θ?in1+1
‖ − ‖θn1 − θ?in1

‖ − ‖θn1 − θin1+1‖ ≥ r/2 ,

which is absurd. Therefore, for any n ∈ N with n ≥ n0, in = in0 which concludes
the proof.
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