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S1 Baseline truth for parameter estimation simulations

Parameter Simulation Setting 1 Simulation Setting 2 Simulation Setting 3

B (Fixed effects

parameters) 54 3 2 1 0 54 3 2 1 0 543 2 1 0
o2 (Fixed effects
variance) 1 1 1

Dy (Random effects 1 075 05 025

covariance matrix for 1 0 1 0.7 05 0.75 1 0.75 0.5

st . . ' ;
the 1% random factor): {0 1} 0.7 09 0.6 05 075 1 0.75

05 06 08 ; X ’

025 05 0.5 1

D, (Random effects

covariance matrix for 1 0 1 07 05
the 2" random factor): — {0 1} 07 09 0.6
05 06 038

D3 (Random effects
covariance matrix for 1 o
the 3" random factor): — { }

Table S1: Parameters chosen as baseline truth for the parameter estimation simulations. Entries marked as ‘—’ indicate
that the design for the corresponding simulation setting did not include the specified parameter.




S2 MAE and MRD definition

Here, we formally define the Mean Absolute Error (MAE) and Mean Relative Difference (MRD) which were used in
the main text as performance metrics for between-method comparison. For a model parameter y, these were defined

as:
1 o
MAE(Y) = ——} || %= ¥l
1 V-
MRD(y) = T >
ngim | 5 (% + %) lleo

where nyg;, is the total number of simulations run, ¥; is an estimate of the parameter vector ¥ obtained during the ith
simulation using the parameter estimation method of interest, and ¥, is a baseline truth to which ¥; is to be compared.




S3 MAE results for ML estimation

Method (m;) FS FFS SFS FSFS CSFS Imer
Simulation 1
MAE;(B) 7.12x 1076 7.12 %1076 3.41 x 107° 3.41x1076 1.95%x 1073 -
(1.08 x 1073) (1.08 x 1073) (8.01 x 107) (8.01 x 1079) (1.74 x 1073) -
MAE, 1.28 x 107! 1.28 x 107! 1.28 x 107! 1.28 x 107! 1.28 x 107! 1.28 x 107!
(B)
(8.39 x 1072) (8.39x 1072) (8.39x 1072) (8.39x 1072) (8.39x 1072) (8.39 x 1072)
MAE;(6?D) 2.12x 1073 2.12x 1073 1.96 x 1073 1.96 x 1073 9.07 x 1073 -
(3.72x 1073) (3.72x 1077) (3.72x 1073) (3.72x 1077) (3.48 x 1077) -
MAE;(c*D 2.58 x 107! 2.58 x 107! 2.58 x 107! 2.58 x 107! 2.58 x 107! 2.58 x 107!
(
(1.21x 1071 (1.21 x 1071y (1.21x 1071) (1.21x 1071) (1.21 x 1071) (1.21x 1071
Simulation 2
MAE;(B) 9.75x 1076 9.75 x 1076 5.40x 1076 5.40x 1076 1.30 x 1073 -
(1.38 x 1073) (1.38 x 107°) (1.25 x 107°) (1.25x 1073) (1.69 x 107°) -
MAE,(B) 9.77 x 1072 9.77 x 1072 9.77 x 1072 9.77 x 1072 9.77 x 1072 9.77 x 1072
(5.92x1072) (5.92x1072) (5.92x1072) (5.92x1072) (5.92x1072) (5.92x1072)
MAE;(cD) 1.05 x 1074 1.05x 10~* 1.04 x 107 1.04 x 1074 1.08 x 10~* -
(1.96 x 1074) (1.96 x 107%) (1.96 x 107) (1.96 x 1074) (1.95 x 107%) -
MAE,(62D) 3.93x 107! 3.93x 107! 3.93x 107! 3.93x 107! 3.93x 107! 3.93x 107!
(1.52x 1071 (1.52x 1071) (1.52x 1071) (1.52x 1071 (1.52x 1071) (1.52x 1071
Simulation 3
MAE;(B) 7.50 x 1076 7.50 x 1076 5.30 x 1076 530 x 1076 1.54x 1074 -
(9.08 x 1079) (9.08 x 107¢) (8.06 x 107°) (8.06 x 1079) (5.61 x 107%) -
MAE;(B) 8.34 x 1072 8.34 x 1072 8.34 x 1072 8.34 x 1072 8.34x 1072 8.34 x 1072
(3.99 x 1072) (3.99 x 1072) (3.99 x 1072) (3.99 x 1072) (3.99 x 1072) (3.99 x 1072)
MAE;(c2D) 4.08 x 1074 4.08 x 1074 4.08 x 1074 4.08 x 1074 2,96 x 1073 -
(6.23 x 107%) (6.23 x 1074) (6.23 x 1074) (623 x 107%) (7.97 x 1073) -
MAE,;(c2D) 5.76 x 107! 576 x 1071 5.76 x 107! 576 x 1071 5.76 x 1071 5.76 x 107!
(2.54x 1071 (2.54x1071) (2.54x1071) (2.54x 1071 (2.54x1071) (2.54x 1071

Table S2: Average MAE values for the 8 and oD parameter estimates, taken relative to the baseline truth used for
simulation (7) and the parameter estimates produced by Imer (7). All reported results were obtained through averages
taken from 1000 simulations performed for each simulation setting, with parameter estimation performed using the
ML likelihood criteria. Empirical standard errors are also given in brackets underneath each entry in the table.




S4 MAE results for ReML estimation

Method (m;) FS FFS SFS FSFS CSFS Imer
Simulation 1
MAE;(B) 7.47 %1076 7.47 %1076 3.39 x 107° 3.39 x 1076 2.00 x 1073 -
(1.14 x 1073) (1.14 x 1073) (8.18 x 107) (8.18 x 1079) (1.66 x 1073) -
MAE, 1.21 x 10~ 121 x 10~ 1.21x 10~ 1.21 x 10~ 1.21 x 10~ 1.21 x 10~
(B) 21 x 107! 21 x 107! 21 x 107! 21 x 107! 21 x 107! 21 x 107!
(8.10x 1072) (8.10x 1072) (8.10x 1072) (8.10x 1072) (8.10x 1072) (8.10x 1072)
MAE;(6?D) 2.08 x 1073 2.08 x 1073 1.87 x 1073 1.87 x 1073 9.30 x 1073 -
(4.12x1073) (4.12x 1077) (4.13x1073) (4.13x1077) (4.13x 107°) -
MAE;(c°D 59 x 10~ 59 x 10~ 59 %107 59 x 10~ 59 x 107 59 x 10~
(6?D) 2.59 x 107! 2.59 x 107! 2.59 x 107! 2.59 x 107! 2.59 x 107! 2.59 x 107!
(117 x 1071) (1.17x 1071) (1.17 x 1071) (117 x 1071 (1.17x 1071) (117 x 1071
Simulation 2
MAE;(B) 1.02 x 1073 1.02 x 1073 5.57x 1070 5.57x 1076 1.29 x 1073 -
(1.18 x 1073) (1.18 x 1073) (9.62 x 107°) (9.62 x 1076) (1.43 x 107°) -
MAE,(B) 9.37 x 1072 9.37 x 1072 9.37 x 1072 9.37 x 1072 9.37 x 1072 9.37 x 1072
(5.25x1072) (5.25x1072) (5.25x1072) (5.25x1072) (5.25x1072) (5.25x1072)
MAE;(cD) 1.14x 1074 1.14x 107* 1.14x 107 1.14x 1074 1.17 x 107# -
(224 x 107%) (2.24 x 107%) (2.24 x 107%) (224 x 107%) (223 x 107%) -
MAE,(62D) 3.87x 107! 3.87x 107! 3.87x 107! 3.87x 107! 3.87x 107! 3.87x 107!
(1.51x 1071 (1.51x 1071) (1.51 x 1071) (1.51x 1071 (1.51x 1071) (1.51x 1071
Simulation 3
MAE;(B) 8.01 x 107° 8.01 x 1076 5.57x 1076 5.57x 1076 2.38x 1074 -
(121 x 1073) (1.21 x 1073) (1.10 x 1077) (1.10 x 1073) (1.18 x 1073) -
MAE;(B) 8.61 x 1072 8.61 x 1072 8.61 x 1072 8.61 x 1072 8.61 x 1072 8.61 x 1072
(4.15%x1072) (4.15x 1072) (4.15x1072%) (4.15x1072) (4.15x1072%) (4.15%x1072)
MAE;(c2D) 4.30 x 1074 4.30x 1074 430x 1074 4.30x 1074 4.01x1073 -
(8.40 x 107%) (8.40 x 1074) (8.40 x 1074) (8.40 x 107%) (1.42x 1072%) -
MAE,;(c2D) 5.88 x 107! 5.88x 107! 5.88 x 107! 5.88x 107! 5.88 x 107! 5.88 x 107!
(2.57x 1071 (2.57x 1071 (2.57x1071) (2.57x 1071 (2.57x1071) (2.57x 1071

Table S3: Average MAE values for the 8 and oD parameter estimates, taken relative to the baseline truth used for
simulation (7) and the parameter estimates produced by Imer (7). All reported results were obtained through averages
taken from 1000 simulations performed for each simulation setting, with parameter estimation performed using the
ReML likelihood criteria. Empirical standard errors are also given in brackets underneath each entry in the table.




S5 MRD results for ML estimation

Method (m;) FS FFS SFS FSFS CSFS Imer
Simulation 1
MRD;(B) 1.63x 107 1.63x 1073 1.09 x 1073 1.09 x 1073 4.17x1073 -
(1.79 x 107%) (1.79 x 1074) (1.13x 107%) (1.13x 107%) (3.75 x 1074) -
MRD,(B) 4.17x 1072 4.17x 1072 4.17 x 1072 4.17 x 1072 4.17x 1072 4.17x 1072
(2.09 x 1072) (2.09 x 1072) (2.09 x 1072%) (2.09 x 1072) (2.09 x 1072) (2.09 x 1072)
MRD;(c>D) 5.18x 1074 5.18x 1074 4.63x 1074 4.63x 1074 2.81x 1073 -
(8.58 x 1073) (8.58 x 1073) (9.52 x 1073) (9.52x107%) (2.53x1072%) -
MRD,(c2D) 2.42x 107! 2.42x 107! 2.42x 1071 2.42x 107! 2.42x 1071 2.42x 107!
(1.35x 1071 (1.35x 1071) (1.35x 1071) (1.35x 1071 (1.35x 1071) (1.35x 1071
Simulation 2
MRD;(B) 3.92x 1073 3.92% 1073 4.51 %1073 4.51%x107 7.20 x 1073 -
(3.15x 107%) (3.15x 107%) (4.46 x 107%) (4.46 x 107%) (6.62 x 1074) -
MRD,(B) 3.73x 1072 3.73x 1072 3.73x 1072 3.73x 1072 373 x 1072 3.73x 1072
(1.85x 1072) (1.85x 1072) (1.85x1072%) (1.85x 1072) (1.85x 1072%) (1.85x 1072)
MRD;(c>D) 535x 1074 535x 1074 5.34x 1074 534x 1074 5.65x 1074 -
(230 x 1073) (2.30 x 1073) (2.31 x1073) (231 x107%) (2.35x 1073) -
MRD,(c2D) 3.25x 107! 3.25x 107! 3.25x 107! 3.25x 107! 3.25x 107! 3.25x 107!
(1.96 x 1071) (1.96 x 1071) (1.96 x 1071) (1.96 x 1071) (1.96 x 1071) (1.96 x 1071)
Simulation 3
MRD;(B) 7.03x 1074 7.03x 1074 1.03x 1073 1.03x 1073 2.89 x 1073 -
(1.25x 1072) (1.25x 1072) (2.47 x 1072) (2.47x 1072) (3.90 x 1072) -
MRD;(B) 3.96 x 1072 3.96 x 1072 3.96 x 1072 3.96 x 1072 3.95x 1072 3.96 x 1072
(2.09 x 1072) (2.09 x 1072) (2.09 x 1072) (2.09 x 1072) (2.09 x 1072%) (2.09 x 1072)
MRD;(c>D) 2.12x 1073 2.12x 1073 2.12x 1073 2.12x1073 4.99 x 1073 -
(1.92x 1072) (1.92x 1072) (1.91 x 1072) (1.91 x 1072) (2.10 x 1072) -
MRD,(c2D) 2.44 x 107! 2.44 %1071 2.44 x 107! 244 x 107! 2.44 x 1071 2.44 x 107!
(1.43x 1071 (1.43x 1071) (1.43x 1071) (1.43x 1071 (1.43x 1071) (1.43x 1071

Table S4: Average MRD values for the 8 and 62D parameter estimates, taken relative to the baseline truth used for
simulation (7) and the parameter estimates produced by Imer (7). All reported results were obtained through averages
taken from 1000 simulations performed for each simulation setting, with parameter estimation performed using the
ML likelihood criteria. Empirical standard errors are also given in brackets underneath each entry in the table.




S6 MRD results for ReML estimation

Method (m;) FS FFS SFS FSFS CSFS Imer
Simulation 1
MRD;(B) 2.55%x 1073 2.55% 1073 1.93x 1073 1.93x 107 4.32x 1073 -
(2.81 x 107%) (2.81 x 107%) (2.39 x 1074) (239 x 107%) (3.24 x 107%) -
MRD,(B) 4.05x 1072 4.05x 1072 4.05x 1072 4.05x 1072 4.05x 1072 4.05x 1072
(1.99 x 1072) (1.99 x 1072) (1.99 x 1072) (1.99 x 1072) (1.99 x 1072) (1.99 x 1072)
MRD;(c>D) 2.42x 1074 2.42x 1074 2.05x 1074 2.05x 1074 3.99 x 1073 -
(1.89 x 1073) (1.89 x 1073) (1.78 x 1073) (1.78 x 1073) (8.35x1072%) -
MRD,(c2D) 2.42x 107! 2.42x 107! 2.42x 1071 2.42x 107! 2.42x 1071 2.42x 107!
(127 x 1071 (127 x1071) (127 x 1071) (127 x 1071 (1.27x1071) (127 x 1071
Simulation 2
MRD;(B) 1.08 x 1074 1.08 x 1074 7.74 x 1073 7.74 %1073 7.45x 1073 -
(2.16 x 1073) (2.16 x 1073) (1.45x 1073) (1.45x 1073) (537 x 107%) -
MRD,(B) 3.61 x 1072 3.61 x 1072 3.61 x 1072 3.61 x 1072 3.61 x 1072 3.61 x 1072
(1.75 x 1072) (1.75 x 1072) (1.75 x 1072%) (1.75 x 1072) (1.75x 1072) (1.75 x 1072)
MRD;(c>D) 5.02x 1074 5.02x 1074 5.01 x 1074 501 x 1074 5.16 x 1074 -
(2.35x1073) (2.35x 1073) (2.35x 1073) (2.35x1073) (2.30 x 1073) -
MRD,(c2D) 3.27 x 107! 3.27x 107! 3.27x 107! 327 x 107! 327x 107! 3.27 x 107!
(1.86x 1071) (1.86 x 1071) (1.86 x 1071) (1.86 x 1071) (1.86 x 1071) (1.86x 1071)
Simulation 3
MRD;(B) 1.22x 1074 1.22x 1074 1.22x 1074 1.22x 1074 5.45x 1073 -
(7.38x 107%) (7.38 x 107%) (8.57 x 107) (8.57x 107%) (6.22 x 1072) -
MRD;(B) 3.86x 1072 3.86x 1072 3.86 x 1072 3.86x 1072 3.86 x 1072 3.86x 1072
(1.93x 1072) (1.93x 1072) (1.93x 1072) (1.93x 1072) (1.92x 1072%) (1.93x 1072)
MRD;(c>D) 1.82x 1073 1.82x 1073 1.82x 1073 1.82x 1073 5.56 x 1073 -
(1.14 x 1072) (1.14x 1072) (1.14x 1072%) (1.14 x 1072) (1.65x 1072%) -
MRD,(c2D) 2.54x 107! 2.54x 107! 2.54x 107! 2.54x 107! 2.54x 1071 2.54x 107!
(1.53x 1071 (1.53x1071) (1.53x 1071) (1.53x 1071 (1.53x1071) (1.53x 1071

Table S5: Average MRD values for the 8 and 62D parameter estimates, taken relative to the baseline truth used for
simulation (7) and the parameter estimates produced by Imer (7). All reported results were obtained through averages
taken from 1000 simulations performed for each simulation setting, with parameter estimation performed using the
ReML likelihood criteria. Empirical standard errors are also given in brackets underneath each entry in the table.




S7 ML likelihood criteria

Method FS FFS SFS FSFS CSFS Imer
Simulation 1
[ (Mean log-likelihood) —1564.860 —1564.860 —1564.860 —1564.860 —1564.860 —1564.860
(22.203) (22.203) (22.203) (22.203) (22.203) (22.203)
[ — [jner (Mean difference from 0.030 0.030 0.031 0.031 —0.166 -
1mer log-likelihood, x 106) (0.306) (0.306) (0.306) (0.306) (0.318) -
Simulation 2
[ (Mean log-likelihood) —1683.238 —1683.238 —1683.238 —1683.238 —1683.238 —1683.238
(22.598) (22.598) (22.598) (22.598) (22.598) (22.598)
[ — ljner (Mean difference from 0.756 0.756 0.749 0.749 0.562 -
1mer log-likelihood, x 10°) (12.977) (12.977) (12.977) (12.977) (12.975) -
Simulation 3
[ (Mean log-likelihood) —1918.952 —1918.952 —1918.952 —1918.952 —1918.974 —1918.952
(22.925) (22.925) (22.925) (22.925) (22.916) (22.925)
i— f,me, (Mean difference from 5.696 5.696 5.543 5.543 —2000.163 -
1mer log-likelihood, x 106) (50.795) (50.795) (50.793) (50.793) (22942.480) -

Table S6: Maximized ML log-likelihood criteria averaged across the 1000 simulations performed for each simulation
setting. Mean differences observed between each of the Fisher Scoring methods and lmer are reported on a scale of
107, Underneath each entry in the table, empirical standard errors are displayed in brackets. All reported likelihoods
can be seen to be indistinguishable from one another, apart from the CSFS method, which experienced convergence
failure in a small number of instances.




S8 ReML likelihood criteria

Method FS FFS SFS FSFS CSFS Imer
Simulation 1
Ir (Mean log-likelihood) —1574.069 —1574.069 —1574.069 —1574.069 —1574.069 —1574.069
(22.602) (22.602) (22.602) (22.602) (22.602) (22.602)
I — g jmer (Mean difference from 0.024 0.024 0.024 0.024 —0.174 -
1mer log-likelihood, x 10°) (0.327) (0.327) (0.326) (0.326) (0.336) -
Simulation 2
Ir (Mean log-likelihood) —1694.464 —1694.464 —1694.464 —1694.464 —1694.464 —1694.464
(22.721) (22.721) (22.721) (22.721) (22.721) (22.721)
Ir — IR tmer (Mean difference from 0.990 0.990 0.985 0.985 0.801 -
1mer log-likelihood, x 10°) (9.905) (9.905) (9.903) (9.903) (9.909) -
Simulation 3
Tr (Mean log-likelihood) —1930.486 —1930.486 —1930.486 —1930.486 —1930.530 —1930.486
(22.460) (22.460) (22.460) (22.460) (22.468) (22.460)
Tr — Ir imer (Mean difference from 6.022 6.022 5.865 5.865 —43966.471 -
1mer log-likelihood, x 10%) (43.037) (43.037) (43.037) (43.037) (345579.800) -

Table S7: Maximized ReML log-likelihood criteria averaged across the 1000 simulations performed for each simu-
lation setting. Mean differences observed between each of the Fisher Scoring methods and Imer are reported on a
scale of 107°. Underneath each entry in the table, empirical standard errors are displayed in brackets. All reported
likelihoods can be seen to be indistinguishable from one another, apart from the CSFS method, which experienced
convergence failure in a small number of instances.




S9 The SAT score results

Estimation Method FS FFS SFS FSFS CSFS Imer
Fixed effects parameters
Bo (Intercept) 597.715 597.715 597.714 597.714 597.714 597.714
(Standard Error) (7.534) (7.534) (7.535) (7.535) (7.535) (7.535)
B1 (Year) 28.556 28.556 28.557 28.557 28.557 28.557
(Standard Error) (8.638) (8.638) (8.639) (8.639) (8.639) (8.639)
Covariance parameters
6,-2 (Student) 340.712 340.712 340.684 340.684 340.688 340.690
o7 (Teacher) 604.877 604.877 604.954 604.954 604.956 604.973
o~ (Residual) 237.943 237.973 237.972 237.972 237.966 237.962
Performance
|l = ljmer| (Log-likelihood x10~7)  0.313 0.313 3.321 3.321 1.933 -
t (Time in seconds) 0.216 0.176 0.200 0.175 0.282 0.178
n;; (Number of Iterations) 7 7 16 16 14 —

Table S8: Parameter estimates and performance metrics for the SAT score model. Provided are the results for the FS,
FFS, SFS, FSFS and CSFS methods, as well as the results produced on the same dataset using Imer. All values in this
table were obtained using ML, including the results of Imer which usually by default employs ReML. Log-likelihood
values are given as absolute differences from Imer and reported on a scale of 1077,

10



S10 Index of notation

Notation Definition First introduced in

Y Response vector. Section 1.2.1, equation (1)
X Fixed effects design matrix. Section 1.2.1, equation (1)
B Fixed effects parameter vector. Section 1.2.1, equation (1)
z Random effects design matrix. Section 1.2.1, equation (1)
b Random effects vector. Section 1.2.1, equation (1)
€ Error term. Section 1.2.1, equation (1)
c? Fixed effects variance. Section 1.2.1, equation (1)
I, Identity matrix of size (n x n). Section 1.2.1, equation (1)
D Random effects covariance matrix. Section 1.2.1, equation (1)

Superscript’ (e.g. A")

n

Jr

I

gk

Subscript (k) (e.g. Ag))

Matrix transpose.

Total number of observations.

Total number of fixed effects.

Second dimension of Z.

Shorthand for the parameters (3,2, D).
The log-likelihood function of 6.

The residual vector, Y — X 3.

The matrix defined as I,, + ZDZ'.

Total number of factors.

The k™ factor.

Number of levels (categories) into which the & fac-
tor groups random effects.

Number of random effects which are grouped by the
k" factor.

The columns of a matrix which correspond to random
effects grouped by the k" factor.

Section 1.2.2
Section 1.2.1
Section 1.2.1
Section 1.2.1
Section 1.2.1, equation (2)
Section 1.2.1, equation (2)
Section 1.2.1, equation (2)
Section 1.2.1, equation (2)
Section 1.2.1
Section 1.2.1

Section 1.2.1

Section 1.2.1

Section 1.2.1
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Subscript  (k, j)
A.j))

(e.g.
Dy

2]

Hat notation. (e.g. @)
Subscript [X,Y] (e.g.

Alxy)

vec

vech

Dk

Zk

Subscript s (e.g. 65)

d(eg %)

E (e.g. E(X))

Superscript + (e.g. A™)

The columns of a matrix which correspond to random
effects grouped into the j level of the k" factor.

The covariance matrix for the random effects
grouped by the k™" factor.

Direct sum.

Maximum likelihood (or restricted maximum likeli-
hood) estimator. For example, 3 is the (restricted)
maximum likelihood estimator of 3.

Row/column indexing. The matrix Ay y) represents
the submatrix of A formed by the elements of A with
row index x € X and the column index. y €Y

Vectorization.
Half-vectorization.

The unique matrix of dimension (k* x k?) satisfying
vec(A) = Nyvec(A + A’)/2 for any arbitrary square
matrix A of dimension (k x k).

Commutation matrix. Le. the unique (mn x mn) ma-
trix which satisfies vec(A) = K, ,vec(A’) for any ar-
bitrary matrix A of dimension (m X n).

Duplication Matrix. Le. the unique (k%> x k(k+1)/2)
matrix satisfying vec(A) = Zvech(A) for any arbi-
trary symmetric matrix A of dimension (k X k).

Elimination matrix. Le. the unique (k(k+1)/2 x k?)
matrix satisfying vech(A) = % vec(A) for any arbi-
trary lower triangular matrix A of dimension (k X k).

Iteration number. This subscript is only employed
in Fisher Scoring update rules where its meaning is
clear.

Scalar step size.

Total derivative operator. IL.e. the matrix derivative
operator which accounts for dependencies between
elements of a matrix. For example, d accounts for the
equality between reflected elements of a symmetric

matrix (see Supplementary Material [S12.1)).

Expectation.

Moore-Penrose inverse.

Section 1.2.1

Section 1.2.1

Section 1.2.1

Section 1.2.2

Section 1.2.2

Section 1.2.2

Section 1.2.2

Section 1.2.2

Section 1.2.2

Section 1.2.2

Section 1.2.2

Section 2.1, equation (3)

Section 2.1, equation (3)

Section 2.1, equation (3)

Section 2.1

Section 2.1, equation (4)
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F(87)

be,Fb

2
ﬁanbal)kO

P.Q,R,S,T,U

vec,,

R

vecu

9(}()}’!

G

Half, full and Cholesky representations of 6, respec-
tively.

The Cholesky factor of Dy (Ie. AxAj = Dy).

Sub-matrix of the Fisher Information matrix. The su-
perscript A, f or ¢ specifies the half, full or Cholesky
representations, respectively. The subscript repre-
sents the parameter vectors a and b, to which the sub-
matrix corresponds. The notation fah(f /e) is short-

hand for fa}f,(lf /e,
Matrix of zeros with dimensions (m X n).
Kronecker product.

Partial derivative operator. lL.e. the matrix deriva-
tive operator which does not account for dependen-
cies between elements of a matrix. For example, o
does not account for the equality between reflected
elements of a symmetric matrix (see Supplementary

Material [SE])

The matrix used in the place of the Fisher Informa-
tion matrix for the Pseudo-Inverse Fisher Scoring ap-
proach.

F,  is the sub-matrix of F corresponding to parame-
ter vectors a and b. F is shorthand for F ,.

Initial estimates for 8, 62 and Dy, respectively.

The product forms X'X, X'Y. X'Z Y'Y,Y'Z and Z'Z,
respectively.

Generalized vectorization.

For an arbitrary matrix, A, the tilde matrix, A, is de-
fined by the mapping given by equation (25). Nota-
tion only employed in Section 2.3.

Unique vectorisation. Le. vecu(A) is a column vector
of the unique variables required to specify A, listed in
column major order.

Constrained representation of 0.

Constraint matrix for the k' random factor.

Section 2.1

Section 2.1

Section 2.1

Section 2.1.1, equation (9)
Section 2.1.1, equation (10)

Section 2.1.2, equation (11)

Section 2.1.2, equation (14)

Section 2.1.2, equation (15)
Section 2.2, equations (22),
(23)

Section 2.3

Section 2.3

Section 2.3, equation (25)

Section 2.4

Section 2.4

Section 2.4, equation (27)
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fCOn

PpD

Var

K%, K}

Fisher Information matrix for constrained represen-
tation of 0.

A set of parameters which, when taken together, can
be used to specify all non-zero elements of Dy.

Constraint matrix modelling constraints for all ran-
dom factors in the LMM.

T-statistic. Notation only employed in section 2.5.
Contrast vector of dimension (1 x p)

Degrees of freedom of T-statistic.

Variance.

Shorthand for the parameters (62, D).

The estimated variance of L3, \//Er(LB), as a function
of the variance estimates, 7).

Satterthwaite estimated degrees of freedom, based on
the variance parameter estimates, 7).

Half-representation of 7).
The matrix Z'V-'X(X'V-1Xx)~1L.

The additive genetic, common environmental and
residual error variances in the ACE model. o7 is
equivalent to the notation 6> employed in previous

sections.

Kinship matrices for additive genetic and com-
mon environmental variance components, respec-
tively (see see Supplementary Material [ST6.1).

Section 2.4

Section 2.4

Section 2.4

Section 2.5
Section 2.5
Section 2.5
Section 2.5, equation (28)
Section 2.5, equation (28)

Section 2.5, equation (28)

Section 2.5, equation (28)

Section 2.5
Section 2.5

Section 4.1.2

Section 4.1.2

Table S9: Index of notation. Listed above are all notational conventions used throughout the paper, “Fisher Scoring
for crossed factor Linear Mixed Models”. Notations which are introduced in the appendices are not included.
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S11 Ensuring non-negative definiteness

In order to ensure numerical optimization produces a valid covariance matrix when performing LMM parameter es-
timation, optimization must be constrained to ensure that for each factor, f;, Dy is non-negative definite. This is a
well-documented obstacle for numerical approaches to LMM parameter estimation for which many solutions have
been suggested. In this section, we describe how non-negative definiteness was ensured for the covariance matrix
estimates produced by the Fisher Scoring algorithms described in the main text.

A common approach, utilized in |Bates et al.|[2015]] for example, is to reparameterize optimization in terms of the
Cholesky factor of the covariance matrix, Ay, as oppose to the covariance matrix itself, D;. This approach is adopted
by the CSFS method, described in Section 2.1.5. However, the methods described in Sections 2.1.1-2.1.4 require an
alternative approach as optimization does not account for the constraint that D; must be non-negative definite. For the
FS, FFS, SFS and FSFS algorithms, we use an approach described by Demidenkol[2013]], for the single factor LMM.
Denoting the Eigendecomposition of {Dk}ke{l r}y as Dy = UiXU[, we project Dy onto the space of all (gx X gi)

non-negative definite matrices by, following each update of the covariance matrix, D, replacing {Dk}ke{l’“,} with

Dy kbreqt,.rys
Dy =UZ U,

where X ; = max(X;,0) with ‘max’ representing the element-wise maximum. For each factor, fi, this ensures Dy,
and as a result D, is non-negative definite.

We note here it could be argued that using the Eigendecomposition in this manner defeats our objective to employ
only simplistic vectorizable operations for parameter estimation. In response to this potential criticism, however, we
highlight that vectorized Eigendecomposition operations are widely available in practice and can be found in many
programming languages such as, for example, MatLab and Python.
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S12 Matrices and differentiation

In this section, supplementary information is provided for the material found in Appendix 6.1 of the main text. Section
S12.1|provides an explicit definition for, and discussion of, the notion of derivative employed throughout the main text.
Section [ST2.2]restates and proves the lemmas employed in the arguments of Appendix 6.1.

S12.1 Derivative definition

Many different notions of matrix derivative currently exist in the statistical literature. In this section, we explicitly state
the definition of derivative which is employed throughout “Fisher Scoring for crossed factor Linear Mixed Models”.
Throughout this work, for arbitrary matrices A and B of dimensions (p x ¢) and (m x n) respectively, the following
definition of matrix (partial) derivative has been implicitly employed:

[ 9471 QApp.1 9Aipq)
83[1‘1] 33[1‘1] 8B[H]
&VCC(A) _ aA[M] o aA[p,l] o aA[M]
dvec(B) | ?Bini 9By, 1] OBl |7
9Any) A1 9Alpq)
—aB[m,n] o aB[m,n] o B[m,n] -

with the equivalent definition holding for the total derivative. In addition, for a scalar value, a, and matrix, B, defined
as above, we employ the below matrix (partial) derivative definition:

da da
dBy T 9By
a . .
p : ‘. : )
JB da da
aB[m‘l] aB[m_n]

with, again, the equivalent definition holding for the total derivative. The above notation can be useful since by
definition, the two derivatives defined above satisfy the below relation:

da\  da
Vec<8B> ~ dvec(B)’

The matrix derivative definitions we have used are commonly employed in the mathematical and statistical liter-
ature, but are not a universal standard. For example, sources such as Neudecker and Wansbeek] [1983] and [Magnus
and Neudecker| [[1999] define dvec(A)/dvec(B) as the transpose of the definition supplied above. This discrepancy
between definitions is noteworthy as some of the referenced results used in the appendices of “Fisher Scoring for
crossed factor Linear Mixed Models” are the transpose of those found in the original source. For a full account and
in-depth discussion of the different definitions of matrix derivatives used in the literature, we recommend the work of
Turkington|[2013].

S12.2 Derivative lemmas

In this Section, Lemma 1 and Lemma 2, which were employed in Section 6.1 of the main text, are restated as Lemma
[ST]and Lemma|[S2]and proven rigorously.

Lemma S1. Let g be a column vector, A be a square matrix and {Bs} be a set of arbitrary matrices of equal size. Let
K be an unstructured matrix which none of g, A or any of the {Bs} depend on. Further, assume A,{B;},g and K can
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be multiplied as required. The below matrix derivative expression now holds;

J -1
3% gl(A+;BtKB;) gl =

~ Y B/(A'+Y.BKB,) '¢g'(A'+Y BKB) 'B,. (S1)
s t t

Proof. To begin, denote M = A+ Y B;KB.. For clarity and convenience, in this proof, we shall briefly depart from
the usual notation of Hj; ; for the (i, )" element of an arbitrary matrix H and instead employ Ricci calculus notation,

in which the (i, j)"" element of H is given by H j’ and all summations are made implicit. The left hand side of is
now given, using Ricci calculus notation, as;

9
oK

d

KT '] (S2)

J

{(g/)i(M‘l)ﬂ-g’} = (¢)ig’
We employ a result from |Giles| [2008]] which states, in Ricci calculus notation;

ANy 288
dx 7 Jx
Applying this result to (S2)), it can be seen that the right hand side of is equal to:

(F.

o

- (8/)i8j(M_1)qw(M_l)?-

Evaluating the derivative in the above expression and rearranging the terms gives the below:
— (B (M) (¢")i(M ™) BL,,
= —[BM 'gg'M B,

By applying a transposition to the matrices in the above expression, in order to interchange the indices m and n, the
result follows. O

Lemma S2. Let A,{B;} and K be defined as in Lemma Then the following is true:

J / / 1 p\—1
ﬁlog|A+zt:B,KBt\ :ZS:BS(AJrXt:B,K B))"'B;. (S3)
Proof. As in the proof of Lemma the notation of M = A+ Y, B,K'B; will be adopted and the proof will be given
in Ricci calculus notation. Expanding the derivative with respect to K" using the partial derivatives of the elements of
M gives the following:

d dlog|M| IM;
log M| = —=—— . S4
g 108 M = =50 S (54)
j
‘We now make use of the following well-known result, which can be found in|Giles|[2008]].

dlog|X]| 1N

5 =X M. (S5)
J

Inserting into and noting that A; does not depend on K", yields:

J ety OBK(By));
W10g|M| = (M )jW

n
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Evaluating the derivative on the right hand side of the above now returns:

108 M1 = 0818 = (B)7 018

Combining the summation terms in the above expression yields the following.

0
—log|M| = (B.M'~'B,)™.
9K og|M| = (B, )

Finally, converting the above into matrix notation now gives (S3) as desired.

J

ne
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S13 Full Fisher Scoring

In this section, we prove that equations (14) and (18) in the main text are valid Fisher Scoring rules of the form given
by equation (4). To achieve this, we first require the following lemma.

Lemma S3. Let n, p and k be arbitrary positive integers with p < n. Let N be of dimension (n x n) with rank(N) < n,
K be of dimension (n x p) with rank(K) = p, C be of dimension (n x n) with rank(N) = n and & be of size (n x k). If
the following properties are satisfied:

1. RK* =N, where K™ = (K'K) 'K’ is the generalized inverse of K.
2. N is symmetric and idempotent.

3. NC=CN =NCN.

4. N6 =6.

then it follows that:
(NC)T6 =C18.

Proof. In proving the above lemma, we make use of the following result given by [Barnett [1990];

e If A is a matrix of dimension (m x I) with rank(A) =1 < m, and B is a matrix of dimension (I x m) with
rank(B) = I, then;
(AB)* = B'(BB') "' (A'A)7'A". (S6)

By property 1, we have that:
(NC)" = (KK*C)*". (87)

By applying to the above, with A = K and B = K C, and simplifying the result, the following is obtained:
(RR*C)r =C'RY (R*CC'RT) 'K, (S8)
We now consider the inversion in the center of the above expression, i.e. the inversion of (K*CC'K +/). This inversion
is given by;
(KTcC'R™)y ' =KR'cV'c k.

We will demonstrate this by showing that the product of the matrix inside the inversion on the left hand side and the
matrix on the right hand side is the identity matrix:

(RTcCRTYK'cVc'R)=KTcCRTRcVc 'k,

Using properties 1, 2 and 3 we see that the above is equal to:

KtNec'c Ve 'R,
Simplifying and applying property 1 now yields that the above is equal the below:

K'NK=K'K=1,
where / is the identity matrix as required. Returning to (S8) and applying properties 1 and 2, we now have that:

(NC)t =C'NCcVC'A.

By applying properties 2 and 3, the above can now be reduced to:

(NC)* = NC'A. (S9)
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We now note that, by property 3, NC = CN. By multiplying the left and right side of this identity by C~! it can be
seen that:
C'N=NCc".
Multiplying the right hand side of the above by N and applying property 2 we obtain:
C'N=NC'N.
Substituting the above into (S9) gives:
(NC)"=C'N.

The result of Lemma now follows by multiplying the right-hand side by 6 and applying property 4.
O

Theorem S1. The below two update rules are equivalent, where F (Gsf ) is the matrix defined in Section 2.1.2 and
54 (Gsf ) is the Fisher Information matrix of 6.

- ~191(6])
0/, =0/ +aF(6]) 2,
S f f +al(9sf)
6,1 =6/ +a.7(6]) o
Proof. To prove Theorem|[S1] it suffices to prove the below equality:
a1(6f) a1(6))
o)) —_~ =F(0)) ' —=_~.

To prove the above, we employ Lemma[S3] To achieve this, we proceed by defining:

e N to be the matrix:

Iyi 0O o ... O
0 Ny O ... 0
0 0 Ny ... O
0 0 0 N,
e K to be the matrix:
Ipi 0 0 0
0 Ky 0 0
0 0 Ky a0 0 ’
0 0 0 oo Ky
e § to be the column vector:
21(67)
00/’

e C to be the matrix F(8/),

and claim that F(6/)N = .#(8/). To prove this equality, we first note the following two properties of the matrix Ny,
given by Magnus and Neudecker| [1986].

1. Ni,(A®A) = Ni, (A®A)Ny, = (A®A)N;, for any arbitrary matrix A and scalars k; and k>, such that the matrix
multiplications are well defined.
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2. Npvec(A) = vec(A) for any arbitrary symmetric matrix A of appropriate dimension.

The first of the above properties, in combination with equations (13) and (15), can be seen to imply that, for any k;
and k between 1 and r: ;

‘ﬂvec(DkI )vee(Dy,) = FVeC<Dk1 )vVCC(DkZ)N‘Ikz .
In a similar manner, the second of the above properties, in combination with equation (12), can be seen to imply that,

for any k between 1 and r:
!

fcz,vcc(Dk) - FGZ,V@C(Dk)qu'
Expanding the multiplication F (GSf )N block-wise demonstrates that the two equations above are sufficient to prove
the equality F (Osf WN=.9 (Bf ). The matrices N, K and C can be seen to satisfy properties 1-3 of Lemmaby noting
standard results concerning the matrices %, K, , and N, provided in[Magnus and Neudecker] [1986]. Property 4 of

. /
Lemmacan be seen to hold for the matrix N and column vector & by noting the symmetry of aé(gi ) (see Theorem

1). By combining the previous arguments and applying Lemma|[S3] the below is obtained:

70916 = (F(8/)N)"6 = F(67)~18.

The result of Theorem [STnow follows.
O

Theorem S2. For any fixed integer k between 1 and r, the below two update rules are equivalent, where Fyo.(p, ) is

as defined in Section 2.1.2 and .9 V’; c(Des) is the Fisher Information matrix of vec(Dy,).

.8

. RICH
seeDisi) = vee(Dis) sl SO
S S

UG

veC(Dk7S+1) = VeC(Dk7S) —+ a;(]f ) WD]C)

vec(Dkﬁs)
Proof. The proof of the above proceeds by defining N = Ny, K= Ky 0> C = Fyee(p,) @nd 6 to be the partial derivative

appearing in the statement of the theorem. Following this, the proof follows the same structure as that of Theorem
O
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S14 Constraint Matrices

In this section, we provide further detail on the approach to constrained optimization which was outlined in Section 2.4
of the main text. We begin by providing examples of how the notation described in Section 2.4 may be used in practice.
For a given k, we introduce the notation {d;} and {d;} to represent the set of unique parameters required to specify
the constrained and unconstrained representations of Dy, respectively. For example, if Dy is (3 x 3) in dimension
and we wish to induce Toeplitz structure onto Dy, then Dy can be considered to take the following “constrained” and
“unconstrained” representations:
di dy dy di dr ds
D= |dy ds dg| = d~2 d~1 6172
ds dg dy dy dy d

The notation vecu(A) is used to denote the column vector of unique variables in the matrix A, given in order of
first occurrence as listed in column major order. In the above example, this implies vecu(Dy) = [d},d>,d3]" whilst
vec(Dy) = [dy,...,ds]’. Using this notation, the constraint matrix %} may be defined element-wise. To see this, note
that the chain rule for the total derivative is given by:

aiecr) Z dd; d1(0")
dd; ~dd; dd
Comparing this with the derivative expression provided in equation (27), it can be seen that the elements of ¢} are
given by:
ad,

Chji) = ad,

In general, derivation of the constraint matrix for the k* factor is relatively straightforward for most practical
applications. Table supports this statement by providing examples of the constraint matrix for the k' factor
operating under the assumption that D exhibits several commonly employed covariance structures. In addition, we
note that two instances in which a constraint matrix approach was employed implicitly can be found in the main
body of this work. In Section 2.1.1, we took 6 = %, to enforce symmetry in Dy and, in Section 2.1.5, we took
©x = (dvech(Dy)/dvech(Ay)) %y, in order to derive the Fisher Scoring update in terms of the Cholesky factor, Ay.

It is also worth noting that this approach to constrained optimization allows for different covariance structures to
be enforced on different factors in the LMM. For instance, a researcher may enforce the first factor in an LMM to
have an AR(1) structure while allowing the second factor to exhibit a completely different structure such as compound
symmetry. As noted in Section 2.4, this approach can also be extended further to allow all elements of the vectorized
covariance matrices, vec(Dy),...vec(D,), to be expressed as functions of one set of parameters, pp, common to all
{vec(Di) }rei.....r- To further detail this, we define v(D) and extend the definition 6":

vec(Dy) B
V(D) _ , geon — 62 )
vec(Dy) Pp

Through the same process used to obtain equation the equations presented in Section 2.4, the below can be ob-
tained;
dl(econ) _ al(econ)
dpp ov(D) ’ (S10)
con __ f /
It = %ﬂV(D)% ,

where ¢ is the constraint matrix defined to be the Jacobian matrix of partial derivatives of v(D) taken with respect
to pp. The score vector and Fisher Information matrix associated to v(D) are readily seen to be given by block-wise
combinations of the matrix expressions (11) and (13).
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Covariance Structure Constraint matrix, %

Diagonal
d 0 0
0 d 0 [1 000100 0 1]
0 0 4

Variance components
d 0 0
0 & 0
0 0 ds

S O =
S O O
S O O
(=]
S = O
S OO
(=R
(=i
- O O

Toeplitz
d & d
b d &
dy dr dy

S O =
S = O
— o O
S = O
S O =
S = O
— O O
S = O
S O =

Compound Symmetry
1 d d
d 1 d O 1 1 10 1 1 1 0]
d di 1

AR(1)
1 d &

d 1 4 0 1 24 1 0 1 24 1 0

a d 1

Table S10: The constraint matrix for the k™" factor, %%, in the setting in which the k™ factor groups 3 random effects,
under various covariance structures.
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S15 Satterthwaite degrees of freedom estimation

In this section, we provide an in-depth accounting of Satterthwaite estimation for degrees of freedom in the multi-factor
LMM setting. In Section we detail how the expression described by equation (28) of the main text is derived
for estimating the degrees of freedom of the approximate T-statistic. Following this, in Section [S15.2] we describe
how this approach is extended to degrees of freedom estimation for the approximate F-statistic. These sections follow
the proofs outlined in the work of [Kuznetsova et al.|[2017]. The reader is referred to this work for a more in-depth
discussion of Satterthwaite degrees of freedom estimation for the LMM.

S15.1 Satterthwaite estimation for the approximate T-statistic

To derive the estimator given by (28), we first begin by noting that the approximate T-statistic used for LMM null
hypothesis testing is given by:
LB

T= ——
LVar(B)L’

9

where B is the estimator of 8 obtained from numerical optimization and \/ar( 3) is an estimate of the variance of the
B estimator, given by:

Var(f) = 62(X'V"'x)~".

We highlight that the above expression differs from the T-statistic typically employed in the setting of linear regression
hypothesis testing. Under the standard assumptions for linear regression, it is possible to derive an exact expression
for the distribution of the OLS variance estimate of 3 given by 62(X'X)~!. However, the above estimator, \//Er(ﬁ),
differs from the OLS estimate as it includes an estimate of \//\Wl}ich has an unknown distribution. As a direct result, no
equivalent theory is available to obtain the distribution of Var(f) in the setting of the LMM. A consequence of this is
that, whilst T" follows a student’s #,,_, distribution in the setting of linear regression, the distribution of 7" in the LMM
setting is unknown. The aim of this section is to approximate the degrees of freedom of 7 assuming that it follows a
students ¢-distribution.

To meet this aim, we now denote Var(B ) as the unknown true variance of the B estimator. By multiplying both the

numerator and denominator of the T-statistic by (LVar(ﬁ)L)]/ 2, the below expression for 7 is obtained:
z
T= :
LVar(B)L/
LVar(B)L/

where Z is a random variable with standard normal distribution, given by Z = LB /A/ LVar(B)L’ . We now consider the
definition of the students z-distribution, which states that a random variable is ¢-distributed with v degrees of freedom
if and only if it takes the following form:

Z
T=—
X
v

)

where Z ~ N(0,1) and X ~ x2. When the degrees of freedom v are unknown, as both X and 7 are distributed
with v degrees of freedom, it suffices to estimate the degrees of freedom of the chi-square variable X instead of the
t-distributed variable T. By equating the approximate T-statistic with the defining form of a z-distributed random
variable, under the assumption that the T-statistic is truly ¢-distributed, the below expression for X can be obtained:

¥ vLVar(P)L’ ~ 22
LVar(B)L’
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We now define the notation S?(}) to represent the estimated variance of Lﬁ as a function of the estimated variance
parameters given by f) = (62,Dy,...,D,). Similarly, we define X’ to be the true unknown variance of Lf3. Noting that
¥2 = LVar(B)L’ and by rearranging the above, the below can be obtained:

$2(f) = LVar(B)L/ ~2729c§-

By considering the variance of the above expression and noting that, as X ~ y2, Var(X) = 2v, the below expression is

obtained. (222 2(52)?
Var($%()) = v—zVar(X) =—

To obtain an estimator of v in terms of S?(#), the above is rearranged and the approximation X2 ~ §?(f)) is used. This
yields the below approximation.
2(s*())

") = Garts2(m))

Under the assumption that 7' ~ f,, ¥(f]) is an estimator for the degrees of freedom of X and, therefore, for the degrees
of freedom of 7. This concludes the derivation of (28).

S15.2 Satterthwaite estimation for the approximate F-statistic

In this section, we detail how the Satterthwaite method described in Section[ST5.T|may be extended in order to estimate
the degrees of freedom of the approximate F-statistic. The approximate F-statistic for the LMM takes the below form:

B'L'[LVar(B)L')'LB

r

F =

where, throughout this section only, the notation F' will represent the approximate F-statistic and r will be used to
denote r = rank(L). The aim of this section is to approximate F with an F,, distribution where v, the denominator
degrees of freedom, is estimated using a Satterthwaite method of approximation. To simplify the notation we will first
consider Q, which is the numerator of F;

Q=rF = B'L'[LVar(B)L) L.
We begin by considering the eigendecomposition of LVar(ﬁ )L', which we will denote:

LVar(B)L' = UAU',

where U is an orthonormal matrix of eigenvectors and A is a diagonal matrix of eigenvalues. Using standard properties
of the eigendecomposition the below is obtained:

Q= (U'LBYA"'(U'LP)
r /Lﬁ

-y AL

i=1 ’

where (U’ Lﬁ),- is the i’ element of the vector U’Lf and J; is the i’ diagonal element (eigenvalue) of A, Aji ). For

purposes which will become clear, we define L as U’L. By noting that A; = (U’LVar(B)L'U);, the above can be seen
to be equal to:
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where L; represents the i’ row of L. Noting now the definition of L, it can be seen that the above is a sum of
independent squared T-statistics of the form discussed in Section By denoting the unknown degrees of freedom
of each of the T-statistics in the above sum by v;, it follows that:

oA 2
)|
L;Var(B)L!

V,'—Z’

E(Q) =

-

|
-

where the second equality follows from the fact that a squared T-statistic with degrees of freedom v; is an Fj ,,-statistic,

which in turn has expectation —%5. Noting that, in practice, the true variance of B is unknown, the methods of [S15.1
must be employed to estimate each of the v; in the above sum.
To use the above expression for E(Q) to estimate the denominator degrees of freedom of F, three cases are con-

sidered; the cases r > 2,r = 2 and r = 1. Each of these will now be considered in turn.

Case 1 (r > 2): By recalling Q = rF, and by the standard formula for the expectation of an F distribution with
numerator degrees of freedom v greater than 2, the below is obtained.

ry

E(Q) =E(rF) =

v—2
Setting the above equal to the previous expression for E(Q) and rearranging, the below expression for v is obtained:

r i
221‘:1 v,-712
r Vi
< =1 Vilz) -

it follows that the above formula can be used to estimate the degrees of freedom of the approximate F-statistic when
r>2.

V=

Case 2 (r = 2): When r = 2, the expectation of Q is infinite and, resultantly, the equality used in the argument of
case 1 no longer holds. A common convention for estimation of v in the case r = 2 is based on the observation that for
r > 2 the expectation of Q satisfies the following relationship with v:

_ 2E(Q)
E(Q)—r

By taking the limit from above of both sides of this expression, and noting that E(Q) — oo as v | 2, the following
estimate for v is obtained. e

v=1im & =2.
r2 E(Q)—r
Case 3 (r = 1): For the case r = 1, it is well known that if F' ~ Fy,, for some integer v, then F is the square of

a T-statistic with the same degrees of freedom, v;. Resultantly, in this case, the unknown denominator degrees of
freedom of the F-statistic, vy, can be estimated using the methods of Section[ST5.1}
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S16 The ACE model

This section provides additional material concerning the ACE model described in Section 4.1.2 of the main text. For
readers unfamiliar with the ACE model, Section provides a brief overview of the kinship and environmental
matrices that appear in the model specification. For readers interested in computational efficiency, Section [S16.2]
provides detail on how the FSFS algorithm of Section 2.1.4, ReML adjustments of Appendix 6.3 and constrained
optimization approach of Section 2.4 may be efficiently combined in order to perform parameter estimation for the
ACE model.

S16.1 Kinship and environmental matrices

In twin studies, twin pairs are typically described as either Monozygotic (MZ) or Dizygotic (DZ). MZ twin pairs are
identical twins, whilst DZ twins are non-identical. The additive genetic kinship matrix, K¢, describes the additive
genetic similarity between members of a family unit. For a family of ¢; members, K¢, is a (gy x ¢x) dimensional
constant matrix with its (i, j)" element given by:

if subjects i and j are MZ twins or i = j.

(K“) o if subjects i and j are DZ twins or full siblings.
e [ ] if subjects i and j are half siblings.

e N e N

if subjects i and j are unrelated.

The common environmental matrix, K, describes the similarity between members of a family unit which is at-
tributed to individuals’ being reared in a shared environment. Kf is a (g x g;) dimensional constant matrix with its
(i, j)" element given by:

(K%)= 1 if subjects i and j were reared together.
k1] 0 if subjects i and j were not reared together.

For more information on the construction of kinship and common environmental matrices for twin studies, the
reader is referred to|Lawlor et al. [2009].

S16.2 Computation and the ACE model

A key aspect in which the ACE model differs from other LMM’s considered in this work is that, in the ACE model,
the second dimension of the random effects design matrix, ¢, is equal to the number of observations, n. Resultantly,
the random effects design matrix, Z, which is given by the (n x n) identity matrix, has notably large dimensions. Due
to the large size of Z, the methods of Section 2.3, which assume that the second dimension of Z is much smaller
than n (i.e. ¢ << n), cannot be applied to the ACE model in order to improve computation speed. In this section,
we briefly outline how the FSFS algorithm of Section 2.1.4 may be implemented efficiently, in conjunction with the
ReML adjustments described in Appendix 6.3 and the constrained optimization methods of Section 2.4 to perform
parameter estimation for the ACE model.

To begin, we consider the GLS updates, given by equation (16), which are employed for updating the parameters
B and o?. By defining the matrix, D; by Dy = I, + Dy, and noting that the matrix Z is the (n x n) identity matrix, the
below matrix equality can be seen to hold for the ACE model:

X'vix= ZZXk, v Xk,

where X(; ;) represents the design matrix for the 7 family unit which possesses family structure of type k. Via
well-known properties of the Kronecker product, the above equality can be seen to be equivalent to the following:

r

vec(X'V7X) = Z (ZX,” ®X(kj)>vec(Dk1)
=
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The above equality is noteworthy as the matrix expression which appears inside the large brackets on the right-hand
side is fixed and does not depend on 3, 6% or D. Further, the matrix expression inside the brackets is typically small
in size and has dimensions (p? x q%) As a result, this expression can be calculated and stored prior to the iterative
procedure of the FSFS algorithm. This means that the above equality offers a quick and convenient method for repeated
evaluation of the matrix, X'V ~'X, which is employed for many calculations throughout the FSFS algorithm. Similar
logic can be applied to the evaluation of the vector, X'V~'Y, and the scalar value, Y'V~1Y. Using this approach it
which are small in dimension. Since the matrlces {Dk}ke{l,..., y are also typically small in dimension, this calculation
is extremely quick and computationally efficient.

Next, we consider the matrix Fe.(p,) and the partial derivative vector of Ir(87), taken with respect to vec(Dy).
Expressions for these quantities can be obtained using equations (15) and (11), respectively, in combination with the
adjustments described in Appendix 6.3. Again noting that the random effects design matrix, Z, is equal to the identity
matrix, the ReML equivalent of equation (11) simplifies substantially to the below expression:

IR(67) 1 1 ( EE;
dvec(Dy) 2V Dy o2

( ’.)(X’V_IX)_IX(’,CJOD,:]),

j=1

where Ej = vec,, (ezk))’ , vecy, is defined as the generalized vectorization operator described in Section 2.3 and ey is
defined as the residual vector corresponding to subjects who belong to a family unit with family structure type k. Using
equation (15), the sub-matrix of F corresponding to vec(Dy) can also be seen to be given by the following simplified
expression.

1 - ~
FVCC(Dk) = Elk(Dk ! ®Dk 1)'

The two expressions above can be evaluated computationally in an extremely efficient manner primarily for two
reasons. The first of these is that the matrices involved in computation are typically small; Dy, Ey and X ;) have
dimensions (gx X qi), (qx X lxqx) and (g X p), respectively. The second reason is that, excluding the inversions of
Dy and X'V~!X, the only operations required to evaluate the above expressions are computationally quick to perform.
These operations are: matrix multiplication, the reshape operation, matrix addition and the Kronecker product.
Lastly, we consider the evaluation of the score vector and Fisher Information matrix associated to T = [7,, 7| =

C.
o, '[o,,0.]', which shall be denoted as %/;E) and JACE | respectively. We define Ky = [vec(K{),vec(K¢)]". By
employing equation (SI0) of Section[ST4] and using the constraint matrix derived in Appendix 6.6.2, the score vector
and Fisher Information matrix associated to 7 can be reduced to the following:

jACE (TT ( Z Kkaec(Dk)K;<> )

dzR(eACE) K dlr(07)
dt ( )y “ovec(Dy) Dk))
where © represents the Hadamard (entry-wise) product. The results of Section 4.2.2 were produced by using the GLS
updates for the parameters B and 6 and by employing the two expressions above to perform Fisher Scoring update
steps for the parameter vector 7.

It should be noted that, in the ACE model, misspecification of variance components can result in a low-rank
Fisher Information matrix. This can be seen by noting the positioning of the Hadamard product in the above Fisher
Information matrix expression and by considering the case in which one of the elements of 7 equals 0. If not accounted
for appropriately, this issue may, in practice, result in failure of the algorithm to converge. A simple, practical solution
to this issue is to execute the algorithm multiple times using different initial starting points; once with a starting point
where 7, is set to zero, once with 7. set to zero and once with neither 7, nor 7. set to zero. The results of Section 4.2.2
were obtained using this approach.
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