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1 Weak convergence

Our asymptotic arguments concern the convergence of sequences of probability
measures. Billingsley (1999) is an authoritative reference on the topic. We now
recap some useful foundational theory, as is presented in Van Der Vaart (1998,
Chapter 2). The Portmanteau lemma gives a number of useful equivalent defini-
tions of convergence in distribution (weak convergence).

Lemma S.1 (Portmanteau) Let (Zn)nen denote a sequence of random vectors
of fixed dimension, and Z denote another random vector of the same dimension.
The following statements are equivalent, where limits are being taken in n:

(a) Pr(Z, < z) —» Pr(Z < z) at all continuity points z of the cumulative distri-
bution function Pr(Z < z).

(b) Pr(Z, € B) — Pr(Z € B) for all Borel sets B with Pr(Z € 0B) = 0, where
0B denotes the boundary of the set B. The boundary is defined as the closure
of the set B minus the interior of B, so 0B = B\ B°.

Lemma S.2 (Uniform convergence) Suppose that (Zy) converges in distribu-
tion to a random vector Z with a continuous distribution function. Then

lim sup |Pr(Z, < z) —Pr(Z < z)|=0.

n— oo z
Proofs for these results are given in Chapter 2 of Van Der Vaart (1998).

2 Random Matrix Theory

Definition S.1 A random variable Z has a Tracy-Widom distribution Fi, when
the cumulative distribution function is given by

Fi(2) = exp (_% /:O o) + (¢ — )2 () dt> .
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Where ¢(z) satisfies the nonlinear differential equation ¢”(z) = zq(z)+2¢>(z), sub-
ject to the asymptotic boundary condition, g(z) ~ Ai(z) as z — co. The function
Ai(z) denotes the Airy function, defined as Ai(z) = 7~ * Jo© cos (t3/3 + 2t) dt.

Theorem S.1 (Ma, 2012)

Consider a sequence of Wishart(k, I4/k) random matrices where d,k — oo and
d/k — a with a € (0,1]. Let Amax denote the mazimum eigenvalue of the random
matriz. Define the centering and scaling constants as

k' (VE—1/2++/d—1/2)
(1/,/k— 1/2+1//d— 1/2)1/3

Then with Z ~ F1 and Fy is the Tracy-Widom distribution.

pra=k""(Vk—1/24+Vd—=1/2)% opa=

A1'1’1 X
(Amax — fk,d) 4,
Ok,d

A limit theorem for the minimum eigenvalue is best expressed in terms of the
logarithm of the minimum eigenvalue as this gives higher order accuracy (Ma,
2012).

Theorem S.2 (Ma, 2012)

Consider a sequence of Wishart(k, I4/k) random matrices where d,k — oo and
d/k — o with a € (0,1]. Let Amin denote the minimum eigenvalue of the random
matriz. Set

pra = (VEk—1/2—/d—1/2)*,

1 1 e
Vk—1/2 Jd- 1/2) ’

and define the following centering and scaling constants T,,q = O,/ fik,ds Vi,d =
log(pk,q) — logk — 7,37(1/8, Then where Z ~ F1 and F is the Tracy- Widom distri-
bution,

ora=(Vk—1/2—/d—1/2) (

(log Amin — Vk,d) 4
Th,d

-7,

3 Proof of Theorem 1

Proof The extreme eigenvalues of a Wishart random matrix converge in proba-
bility to fixed values as both the dimension and degrees of freedom expand. The
result for the largest eigenvalue is due to Geman (1980) and the result for the
smallest eigenvalue is due to Silverstein (1985).

Theorem S.3 (Geman, 1980; Silverstein, 1985)

Consider a sequence of Wishart(k, Ii/k) random matrices where the degrees of
freedom k and dimension d are both taken to infinity. Suppose that the variables to
samples ratio d/k converges to a constant (d/k) — «, where o € (0,1]. Then the
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extreme eigenvalues of the random matriz, Amin and Amax converge in probability
to the limits

() Amin = (1= Va)?, (S.1)
(i) Amax — (1 + V)2 (S.2)

Theorem S.3 and the continuous mapping theorem can be used to determine the
asymptotic embedding probability for the Gaussian sketch.

Lemma S.3 Suppose we have an arbitrary nxd data matriz A,y wheren > d and
A(n) is of rank d. Assume we take a Gaussian sketch of size k. Then asymptotically
inn,k and d, with d/k — o where o € (0,1],

lim Pr(S is an e-subspace embedding for A,)) =

n,d,k— oo

0 ife<(14a)?-1
1 ife>(1+ya)?-1

Proof Let W ~ Wishart(k, I;/k), and let Apin and Amax denote the minimum
and maximum eigenvalues of W respectively. Using Slutsky’s theorem and the
continuous mapping theorem we have the joint convergence result

[ I [V | R VR

where the equality uses the fact that « € (0, 1]. For large k and d, the maximum
eigenvalue Amax is expected to show greater deviation from one than the minimum
eigenvalue Amin. Over the interval a € (0, 1] it holds that

11— (1+vVa)? > 1—(1-vVa)?|

Applying the continuous mapping theorem to the random vector in (S.3),

i ] 2 ma [ 76 VA

yields max(|1 — Amin|, |1 — Amax|) = |1 — (1 + /a@)?|. Now as (1 + /a)? is greater
than one for all a > 0, the absolute value sign can be removed in the limit giving
the equivalent statement max(|1 — Amin|, |1 — Amax|) = (1 + v/a@)? — 1. Recalling
that omax(Ig — W) = max(|1 — Amin|, |1 — Amax|), we establish convergence of the
limiting singular value

max |:

Omax(Ig — W) B (14 va)? — 1. (S.4)

As convergence in probability to a constant implies convergence in distribution,
the Portmanteau lemma then gives the probabilistic statement

0 ife<(l+va)3-1

lim  Pr(omax(lg— W) <e) = { (1+va) ’

n,d,k— oo

1 ife> (14 a)?—1.

As € = (14 +/a)? — 1 is a discontinuity point of the limiting distribution function
we do not make a statement about the case ¢ = (1++/a)?—1. We have the equality
in limits

lim Pr(S is an e-subspace embedding for A) = lim Pr(omax(Ig — W) <),

n,d,k— oo n,d,k— o0

giving the final result.
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Given Lemma S.3, we can move on to the proof of Theorem 1. Let W ~ Wishart(k, I4/k),
and let A\pin and Amax denote the minimum and maximum eigenvalues of W re-
spectively. The majority of the proof comes down to showing that Amax controls

the embedding probability. Using the Portmanteau lemma (Lemma S.1) we will
show that

lim Pr(omax(lg— W) <e¢) = } }Cirn Pr (|1 — Amax| <€).
Jk— 00

d,k— o0
Recall the key expression

Pr(S is an e-subspace embedding for A) = Pr(omax(Iq — W) <€)
=Pr (|1 — Amin| < €,]1 — Amax| <€).

The Tracy-Widom law describes the marginal distributions of Apmin and Amax. We
would like to avoid working with the joint distribution of the extreme eigenvalues,
and instead restrict attention to the distribution of the maximum. Let X denote
the random vector X = (|1—Amin|, |1 —Amax|)” . Figure S1 presents some diagrams
that will be useful. We wish to know the probability that X lies in the shaded re-
gion C in panel (a). For every € > 0 we have that Pr (|1 — Amin| < €, |1 — Amax| <€) =
Pr(X € C). The region C can be expressed as C = M — R where M and R are the
shaded regions in panels (b) and (c) respectively. The probability Pr(X € M) rep-
resents the marginal probability that |1 — Amax| < €. The probability Pr(X € R)
represents the probability of the joint event that (|1 — Amax| < €,]1 — Amin| > €).
We have that

Pr(X € C) =Pr(X € M) — Pr(X € R).

In panel (c) the dot-dash line gives the identity line where |1 — Amax| = |1 — Amin]|-
From the first part of the proof of Lemma S.3 we know that as d, k tends to infinity
X converges in distribution to the constant vector X, = (|1 — (1 —+/@)?|,[1—(1+
Va)?)T. As such, asymptotically |1 — Amax| > |1 — Amin| with probability one.
Referring to panel (c), the random vector X, takes values in the region below the
dot-dash line with probability one. The limiting random vector X, thus satisfies

Pr(Xr € R) = 0 and Pr(Xy € OR) = 0. As X % X, Property (b) of the
Portmanteau lemma (Lemma S.1) gives that Pr(X € R) — Pr(X, € R) = 0. The
limiting probability is then

}cim Pr(J1 — Amin| € 6|1 = Amax| <€) = lim Pr(X € ()

Jk— 00

d,k— o0

= lim Pr(XEM)fd}cim Pr(X € R)
Jk— 00

d,k— o0
= lim Pr(XeM)-0
d,k— o0
= lim Pr(|1 — Amax| <e€). (S.5)
k—o00

)

We have now isolated the maximum eigenvalue Amax as the determining fac-
tor in obtaining an e-subspace embedding. We make another application of the
Portmanteau lemma to arrive at the final result. From here we can write

Pr(J1 — Amax| <€) = Pr(Amax < e+ 1) — Pr(Amax < 1 —¢). (S.6)
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Fig. S1 Regions of interest in determining the embedding probability. To obtain an e-subspace
embedding we require that |1 — Apin| < € and |1 — Amax| < €. If we define X = (|1 — Apin|, |1 —
Amax|)T, we have that Pr(X € C) = Pr(X € M) — Pr(X € R). In panel (c) the dot-dash line
gives the identity line where |1 — Amax| = |1 — Amin|-

From Theorem S.3 we know that Amax converges in distribution to the constant
random variable Z1, = (14 +/a)?, where we have assumed « € (0, 1]. Let B denote
the interval (—oo, 1]. The limiting random variable Z;, satisfies Pr(Z; € B) =0
and Pr(Z; € 0B) = 0. As such using property b of the Portmanteau lemma,

lim Pr(Amax € B) = 0. Now Pr(Amax < 1 —¢) < Pr(Amax € B) for any

d,k— o0

e > 0. We can then conclude that lim Pr(Amax < 1 —¢€) = 0 for any € > 0.

d,k— o0
Asymptotically, the term Pr(Amax < 1 — €) drops out of the expression for the
embedding probability. Taking limits over (S.6),
lim Pr(|l — Amax| <€)= lim Pr(Amax <e+1)— lim Pr(Amax <1—c¢)
d,k— o0 d,k— oo

d,k— o0

= lim Pr(Amax <e+1)—0.
d,k— o0
The asymptotic embedding probability is then related to the asymptotic distri-
bution of Amax. The inequality can be manipulated to include the centering and
scaling constants that appear in Theorem S.1,

lim Pr(Amax <e+1)= lim Pr (

d,k— o0 d,k— o0

Amax — Uk,d < € +1- Nk,d)
Ok,d - Ok,d '

Let Z be a random variable with Tracy-Widom distribution Fi. For any fixed d
and k, it must hold that for any fixed ¢ > 0,

Amax — 1-— 1-—
’Pr( a Hk,d < €+ Mk,d) —pr (Z < €+ Mk,d)’ < (S.7)
Ok,d Ok.,d Ok,d
)\m X
sup |Pr (ai'uk’d < z) —Pr(Z < 2z)|.
2€R Ok,d

From Theorem S.1 we have that (Amax — fk,d)/0k,q converges in distribution to
the continuous random variable Z, where Z ~ F}. It then follows from Lemma S.2
that

lim sup =0.

d,k—00 R Ok,d

Pr (M SZ) —Pr(Z <2)
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Now by the squeeze theorem, it holds that for all € > 0,

lim ‘Pr(Amax_Wmd<6+1_ﬂk,d>_Pr(Z§€+1_'&k’d)‘:0.

d,k— o0 Ok,d - Ok,d Ok,d

From Theorem 1 of Ma (2012), the error in the approximation (S.7) is O(d~2/%)
for even d. As discussed in Ma (2012), it is difficult to give a rigorous error bound
for odd d, however simulations suggest the O(d_2/ %) bound still holds.

4 Proof of Theorem 2

Proof Let W ~ Wishart(k, I;/k) and let Amin denote the minimum eigenvalue of
W . The probability of convergence can be expressed as

Pr (lim |8 = 8|2 = 0) = Pr (Amin > 0.5)

 Pr <log Amin — Vk,d S log(0.5) — I/k7d) (S.8)
Tk,d Tk,d

Let Z be a random variable with Tracy-Widom distribution F;. Now from Theorem
S.2, (10g Amin — Vk,d)/Tk,a converges in distribution to the continuous random
variable —Z, where Z is distributed according to the Tracy-Widom distribution
F1. For any fixed d and k, it must hold that for any fixed € > 0,

b (log Amin = Vi _ 10g(0.5) - Vk,d) _pr (_Z S k’gm)_”kvd)' < (S.9)

Tk,d Tk,d Tk,d
log Amin —
sup |Pr <M > z> —Pr(—=Z>2)|. (S.10)
z€R Tk,d
From Lemma S.2 it must hold that
1 min — 1 . -
lim sup |Pr ( 08 X Ukod 08(0-5) Vk’d) —Pr(-Z > z)|=0.
d,k—00 LcR Tk,d Tk,d

Now by the squeeze theorem, for all € > 0,

1 min — 1 .5) — 1 5) —
lim ‘Pr ( og A Vid 0g(0.5) I/k’d) _pr (—Z N 0g(0.5) Vk,d)' 0
d,k—o0 Tk,d Tk,d Tk,d

Rearranging

Pr (—Z S log(0.5) — I/k7d) — pr (Z < Vk,d — 10g(0.5)) 7
Tk,d Tk,d

and using the identity (S.8) gives the the final result,

—log(1/2
Pr (tlim 18 — B |2 :0) _Pr (Z < ng(/))’ =0.
— 00

Tk,d

lim
n,d,k— oo

From Theorem 2 of Ma (2012), the error in the approximation (S.7) is O(d~2/?)
for even d. As discussed in Ma (2012), it is difficult to give a rigorous error bound
for odd d, however simulations suggest the O(d72/3) bound still holds.
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5 Proof of Theorem 3

Proof Assumption 1 on the leverage scores is sufficient to establish a central limit
theorem for the data-oblivious sketches.

Theorem S.4 (Ahfock et al. (2020)) Consider a sequence of arbitrary n x d
data matrices A(y), where d is fized. Let

A = U(n)D(n)V(z;) represent the singular value decomposition of A,y. Let S
be a k xn Hadamard or Clarkson- Woodruff sketching matriz where k is also fized.
Suppose that Assumption 1 on the mazimum leverage score is satisfied. Then asn
tends to infinity

~ - d
[AVi) Dy | Agny] < MN(O, Iy, 14/k).
As we only need to consider the sequence of orthonormal matrices U, to de-

termine the embedding probability, we can use Theorem S.4 with D(,,) and V{,,) set

to the d x d identity matrix. As such we conclude that S(,)U ) 4 MN(Iy, I4/k).
By the continuous mapping theorem it holds that for fixed d and k, asymptoti-

cally with n, U(T,;)S(T;I)S(MU(”) S Wishart(k, I;/k). Another application of the
continuous mapping theorem gives

omax(Ia — Uty Sty SimyUemy) 2 omax(Ia — W),

where W ~ Wishart(k, I5/k). We can use the continuous mapping theorem as
the limiting Wishart matrix W has rank d with probability one. The maximum
singular value function is continuous over the range where W has full rank (Bhatia,
1996). By the Portmanteau lemma it then holds that

lim Pr (omax(Ta = Ulny Sty S Utny) < €) = Pr (gmax(Ta = W) < €).

n— oo

Now as
. . . , T oT
lim Pr (S(n) is an e-subspace embedding for A(,)) = lim Pr (amax(Id —UiySin)SimyUn)) < e)

= Pr (omax(Ig — W) < ¢),

we have the final result.

6 Comment on Theorem 4

A random vector Z € R? is said to be isotropic if E[ZZT] = I;. Theorem 5.41 in
Vershynin (2010) is reproduced below.

Theorem S.5 (Theorem 5.41 in Vershynin (2010)) Let A be an N Xn matriz
whose rows A; are independent isotropic random vectors in R™. Let m be a number
such that || Ai|l2 < v/m almost surely for all i. Then for every t > 0, one has

\/N - tm < Umin(A) < Umax(A) < \/N"' t\/E

with probability at least 1 — 2n, - exp(fctQ), where ¢ > 0 is an absolute constant.
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Suppose S is a uniform sketch of size k. As UTU = I, the matrix B = VkSU
is a random k X d matrix whose rows are independent isotropic random vectors in
R%. Now using the definition of the uniform sketch B = vkSU = \/E%QSU =

/n®U where @ subsamples k rows with replacement. Let u?l represent the i-th
row in U and b] represent the i-th row in B. Now suppose that

_max ||U1H§ <r.
1=1,..., n

Then the rows bl of the matrix B = vVkSU = /n®U must satisfy

‘max ||b;||3 < max |[vnwi|3 =n max |uil3 < nr.
1=1,...,k i=1,..., n i=1,..., n

)

We can then apply Theorem 5.41 in Vershynin (2010) with N = k,n=d, A= B =
VEkSU, and m = nr. For every t > 0, with probability at least 1 — 2d exp(—ct?)
one has

VE = t\/rn < 0min(VESU) < 0max(VESU) < Vk + t/rn.

Multiplication of each term by 1/v/k then gives the bounds as stated in Theorem
4 of the main text,

1—t /% < Omin(SU) < 0max(SU) < 1+t /%.
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