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A Appendix

A.1 Geometric convergence in the Besov-space norm of
approximations to h

Throughout this section we assume regularity conditions (i)—(vi) on h and . We
provide proofs showing that these regularity conditions are sufficient to ensure that the
Besov space norm for h, given in (8), is finite, and that approximation (10) converges
geometrically to h in this norm.

We begin by establishing the finiteness of

Hj =277/2% "|hyil, (45)

1€EZ

separately for scales j > 0 and j < 0. For j > 0, Lemma 1 shows that, as j — oo, H;
decays geometrically at a rate r,, the number of vanishing moment of . For j < 0,
Lemma 2 shows that, as j — —oo, H; decays geometrically at a rate dependent on
Sn, the decay rate in the tails of h. Lemma 3 then combines these results to show
that restricting scales j to the range j, < j < ji, as we do in Section 7.3, leads to
discrepancies between h and its WMC approximation which decay geometrically as



(Jo,j1) = (—00,00). Corollary 4 then shows that the Besov space norm for h, given
in (8), is finite.
Lemma 1. ForjeZ, 5 >0,

Hj < 012—j7'w7 (46)

where C1 = CyCra™ (1 +a+2(s, —1)71).

Proof. From Taylor’s Theorem using the Lagrange form of remainder term, for given
xo,x1 € R, —00 < 29 < 1 < 00, and for all z, z € [zg, 21],

1
h(z) — ha(@) < = sup (W) o — 2] (47)
Ty c€lzo,a1]
where
’I‘w*l 1
ha(z)= > k,h(k)( 2) (x—2)". (48)
k=0

From (45), using (4,7),

H; Z|/ V(2 —i)da| = 2_JZ|/ (279 (y +1))2b(y) dy|

€L I€EZL

<2 Z{/ (2 4+ 1)) — hayy (279 (y + )] dy

€L

s y+z>w<y>dy|}, (19)

for an arbitrary choice of z;;. Setting z;; = 277 and substituting z = 279 (y + i);
E=279(n+1i); x9 =279i; 11 = 279(a+14); z = zj; into (47) then integrating and
summing we obtain

Z/ (29 (g + ) — hay (279 (y + )] ()] dy

i€EZL

<,y / Lomins sup (hO@ g+ )]l dy

1€Z n€l0,a]
—Jry orv+1 —J i) o
<277q CwChZ sup (1+277|n+i|)
Y=Y/ 776[0301]

<277t OOy { o427 a+i) "

i<—a



+ 20: 1+) (1+2j|z'|)sh}

i=—a >0

o0
< 27meqme T Oy Oy, {a +1+ 2/ (1+ Q*ju)fsh du}
0

. 27
= 2—Jwaw+1cw0h <a +1+2 1) , (50)
Shp —

using (3,12). Substituting the same ingredients into (48) then integrating we obtain

Tw—l

[raeiwr e = [ Y Grentewe tay—o. 61

k=0

using (2). Substituting (50,51) into (49), we obtain

o 2J
Hj < 277279 q e 10,0, (a +1+2 >

sp—1
. 1 . .
< a7""+1C¢Oh (a +1+2 1> 27T = 012_]T'¢, (52)
Sp —
noting that here we consider only 5 > 0. O
Lemma 2. ForjeZ, j <0,
H; < Cp 2005, (53)

where Co = 6aCyCh(sp — 1)~L
Proof. For j,k € Z, j < 0, and an arbitrary choice of v € (0, 1), let

i =k277, L= [wjexiee),  Le(z) = o € Iy, (54)
notationally suppressing their dependence on -, and let
Jiw = [k277, (k+a)277).

Note that, as j — —oo, the length of interval I}, grows more slowly than that of Jj.

From Taylor’s theorem using the Lagrange form of remainder term, since ry > 1,
we have for all z, z € I}, that

() = ¥(2)] < sup [P (E)].]z — 2]

€Lk

< Cyla -2, (55)



from (3). From (45), using (4,7) and noting that the support of ¢(27x — i) is J;;,

—23/22|/h ©)ji(x) da| = Z|/ h(z

€L

= |Tuji + Tojil,
€7

Y(27z — i) dz|
i€L

where
Tvj; = / h(z) {ijk(x) (V272 — i) = (2 @)1 — 1))
i k<0
+ 3 Lg-i(@) (e — i) = (w1 — 1)) dx} (57)
k>0
Ty = / {lek V(22 g1 — 1)
Jji k<0
> L (@) (2w 1—z)d:1:}. (58)
k>0
Then
|T1Jz| < Z/ |h(x {lek Nb(27w — i) — (27w k1 — 1)
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i 1€Z k<0
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k<0
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k>0
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= 21077240, Cy (s — 1), (59)



from (3,12,54,55). Also

RS { / L1 (2) + Lio(x) (220 — i) da|

1€EZL 1€EZ

Z o) |27 w) k1 — 0)| do

Ja» k<—2
/ |h lek 1 |1/} Qijk 1—Z)|dl‘
E>2
<o, |/ dx|+Z/ h@) Y Lu(a)
i=1—a 1EL k<-—2
D RUCT oA
i€L k>2

using (3) and that ¢ (27x;0—i) # 0 only for 1—a < i < —1, for which I; _; U Lo C Jj,

for j <0,
Tj,1 Tj,—1 o0
< aCly |/ h(z) dx| Jr/ |h(z)|dz +/ |h(z)| dx
mj,_l — 00 ijl

— 20, {/_Z_llh(w)l do + /:h(g;n dx}

using [ h(z)dz =0, from (11),

< QGC,/,C}L {/ " (1 + |1’|)75h dx —|—/ (1 + |x|)75h, dx}

—0o0 ZTj,1
= 4aC¢C’h(sh — 1)_1 (1 + 2_j7)1_5h
< 2j7(8h71)4aC¢Ch(Sh — 1)71, (60)

using (12,54). Thus, from (56),

Hy < [Tl + [Tl
€L
< 2j(1—'y) 2G/Ch0¢(8h _ 1)—1 + 2j’Y(S}L—1) 40101[)0}7,(8}1 — 1)_17 (61)

from (59,60). As j — —oo, the rate of decay in (61) is greatest when 1 —~ = y(sp, — 1),
which is when v = s,:l. Substituting this into (61) gives the required result. O



Lemma 3. For jo <0 and j1 > 0,

2— J1iTy
DM <Oy and ) <Ca—
JjZi Ji<Jjo

2]0(1 st

62
—(1— s, ) ( )

Proof. The results follow by summing the geometric series of the bounds on Hj;
obtained in Lemmas 1 and 2. O

Corollary 4. The homogeneous Besov space norm B?)l for h, given in (8), is finite.

Proof. From (8) and (45), B?J( )= deZH >0 Hj+>, 0 Hj, which is finite
as can be seen from (62), setting j; = 0 and jo = —1. O

Corollary 5. The approximation lAsz,jl () given in (10) converges geometrically in
L1 norm to h at rate 277 as j; — oo and at rate 2-(1=s;") g jo — —oQ.

Proof. The L; discrepancy between h and iljo,jl (z) is, from (6,10),

/|h hjo.jr (z)| da = /|Z Zhﬂw]t + Z Zhﬂwﬂ )| da

J>j1 i€ZL 7<Jjo i€Z
< [[wia] X e
Jj>j1 €L j<jo i€Z
S an Z Hj + Z Hj
J>j1 J<jo
oo E e, 2 63
<aw1ﬁ+aw2m7 (63)

using (3,4,45,62). Geometric convergence to zero of (63) occurs in its first term at rate
27" as j; — oo, and in its second term at rate 9-(1=s;") as Jo — —o0. O

A.2 Completing the proof of principle of pwMC

The proof of principle of pWMC, given in Section 3.2, requires the following result.
Lemma 6. For given y € R, [ |q(x,y) — q(y,z)|dz < o0, a.e.

Proof. For given y, integrating (23) over  # y € R, using Tonelli’s Theorem to
exchange the order of integration and summations, we obtain

/#y (xydx<—z Z{’“ﬁ* /% ) da + B (y) /¢ }

JEZ J ez



:722{}#1/# )+ 5 ()}

J €EZ €L
(64)

Therefore

// q(z,y dxdy<fZA Z{ﬁ +h; } QAOZQ 23 " hyil,
TFY

]GZ €L 9 JEL i€EZL

using (15). Then, by the finiteness of the Besov space norm for h given in (8) (proved in
Appendix A.1), fy fw#y q(z,y) dz dy < oco. This implies that both fg#y q(z,y)dz < 00
and fx?ﬁy q(y,z)dx < oo, a.e. Therefore, noting that ¢(z,y) > 0 for all z,y € R,

[la(z,y) —qly,z)|dz < f q(z,y) + q(y,r) dz < oo, a.e. O



A.3 Supplementary Tables and Figures

The following tables and figures are referenced in Sections 8.1 and 8.2 of the paper.

Table 5 Additional statistics from the application of Monte-Carlo samplers to
the one-dimensional example of Section 8.1 of the paper. See text for further

details.
sWMC RS IS RWM
Iterations  Scale mean jumps  pr (40) M sd(w)  burn-in
1- 20000 5 8.6 1.06 13240 19.6 0
20 001- 40000 10 8.7 1.06 698 15.2 20000
40001- 60000 20 12.0 1.02 96 5.3 40000
60 001- 80000 40 16.6 1.01 51 4.2 60 000
80001-100 000 80 7.3 0.93 64 4.9 80000

Table 6 Additional statistics from the application of
Monte-Carlo samplers to the two-dimensional example
of Section 8.2 of the paper.

sWMC RS Is RWM
Scale  mean jumps M sd(w)  burn-in
1 4.1 1.8 x 109 9.6 0
2 15.5 21138 7.2 0
4 17.1 3490 18.5 0
6 8.6 4352 1.6 0
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Fig. 4 sWMC applied to the one-dimensional example of Section 8.1 of the paper. The target density
g1, shown with a broken red line, is described in Figure 2 of the paper. The histogram is of L = 100 000
independent particles generated by sWMC in a single simulation progressing through a sequence of five
initial ¢5-distributions go located at -2.0 with increasing scale from 5.0 to 80.0, as described in Table 1
of the paper.
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Fig. 5 RS applied to the one-dimensional example of Section 8.1 of the paper. The target density g1,
shown with a broken red line, is described in Figure 2 of the paper. The histogram is of L = 100000
independent particles generated by RS in a single simulation progressing through a sequence of five
initial ¢5-distributions gg located at -2.0 with increasing scale from 5.0 to 80.0, as described in Table 1
of the paper.
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Fig. 6 IS applied to the one-dimensional example of Section 8.1 of the paper. The target density g1,
shown with a broken red line, is described in Figure 2 of the paper. The histogram is of L = 100000
independent particles generated by IS in a single simulation progressing through a sequence of five
initial ¢5-distributions go located at -2.0 with increasing scale from 5.0 to 80.0, as described in Table 1
of the paper.
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Fig. 7 RWM applied to the one-dimensional example of Section 8.1 of the paper. The target density g1,
shown with a broken red line, is described in Figure 2 of the paper. The histogram is of L = 100000
dependent particles generated by RWM in a single simulation progressing through a sequence of five
proposal t5-distributions gP*°P centred on the current point with increasing scale from 5.0 to 80.0, as
described in Table 1 of the paper.
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Fig. 8 Position—time tracks of 8 particles from an application of sWMC to the one-dimensional example
discussed in Section 8.1 of the paper. The target density g; is described in Figure 2 of the paper, and
the initial density go is a ts-distribution rescaled by a factor of 20.0 and relocated to -2.0. In each
panel, the track of one particle is shown with a solid black line, and the corresponding section of the
target density is shown with a broken red line.
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Fig. 9 Monte-Carlo samplers applied to the two-dimensional example of Section 8.2 of the paper
(top-left: sWMC; bottom-left: IS; bottom-right: RWM). In each panel, the target density g1, described in
Figure 3 of the paper, is shown in broken red contours; the initial distribution g is a bivariate Normal

distribution N~ ([g] , [(1) ?D (scale 1 in Table 3 of the paper) and is shown in dotted green contours;
and a kernel-density estimate based on L = 10000 particles generated by one of the samplers, is

shown in continuous black contours.
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Fig. 10 Monte-Carlo samplers applied to the two-dimensional example of Section 8.2 of the paper
(top-left: sWMC; top-right: RS; bottom-left: IS; bottom-right: RWM). In each panel, the target density
g1, described in Figure 3 of the paper, is shown in broken red contours; the initial distribution go

is a bivariate Normal distribution ~ ([g} ,22 [é ?D (scale 2 in Table 3 of the paper) and is shown in
dotted green contours; and a kernel-density estimate based on L = 10000 particles generated by one
of the samplers, is shown in continuous black contours.
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Fig. 11 Monte-Carlo samplers applied to the two-dimensional example of Section 8.2 of the paper
(top-left: sWMC; top-right: RS; bottom-left: IS; bottom-right: RWM). In each panel, the target density
g1, described in Figure 3 of the paper, is shown in broken red contours; the initial distribution go
is a bivariate Normal distribution ~ ([ﬂ 42 [é ?D (scale 4 in Table 3 of the paper) and is shown in
dotted green contours; and a kernel-density estimate based on L = 10000 particles generated by one

of the samplers, is shown in continuous black contours.
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Fig. 12 Monte-Carlo samplers applied to the two-dimensional example of Section 8.2 of the paper
(top-left: sWMC; top-right: RS; bottom-left: IS; bottom-right: RWM). In each panel, the target density
g1, described in Figure 3 of the paper, is shown in broken red contours; the initial distribution go

is a bivariate Normal distribution ~ ([g} .62 [é ?D (scale 6 in Table 3 of the paper) and is shown in
dotted green contours; and a kernel-density estimate based on L = 10000 particles generated by one
of the samplers, is shown in continuous black contours.
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