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1 Description

We provide details and additional empirical evidence that supplement the data analysis
described in �5 of the manuscript. In particular, for each application, we give:

� the reference of the repository where the original data set was retrieved and a link
through which the speci�c data under investigation can be accessed;

� a link to the Monte Carlo estimates of the expectation of the ordered squared robust
distances d̃2(i),βn

, computed through Algorithm 1;

� further empirical results of the analysis described in the manuscript.

All the computations described in the manuscript and in this supplementary �le are per-
formed through a Fortran code which makes use of the Fast-MCD algorithm of Rousseeuw
and Van Driessen (1999), as implemented in the R package robustbase (Todorov and Filz-
moser, 2009) and following the previous (normal-based) analysis of Cerioli et al. (2009) and
Cerioli (2010). A similar implementation is also available in the FSDA toolbox for MAT-
LAB, which is an extensive package for robust statistical analysis developed by the Univer-
sity of Parma and the European Commission's Joint Research Centre and freely distributed
by The Matlab Central (https://www.mathworks.com/matlabcentral/fileexchange/
72999-fsda).

Our code makes use of some numerical algorithms, which are necessary to evaluate the
inverse of the regularized Beta function and to compute the integral displayed in formula
(10) of the paper. We remark that the required numerical algorithms are nowadays standard
and are available through virtually all programming languages. For instance, our Fortran
implementation takes advantage of IMSL� libraries for numerical computation, including
function DBETAI for the evaluation of the incomplete Beta function ratio and function
DQDAGS for numerical integration. Alternative non-proprietary implementations are also
available: see, e.g., function XINBTA developed and listed by Cran et al. (1977), which is
the source of many libraries. Similarly, we take advantage of the same IMSL� libraries for
random number generation and computation of the Kolmogorov-Smirnov statistic.

Portable Matlab and R implementations of the code used in this manuscript are cur-
rently under development. Calls to numerical functions similar to those listed above will
still be necessary, but they will be easily available in such languages as well. See, for
instance, functions betaincinv (Matlab) and qbeta (R) for inverting the cumulative dis-
tribution function of a Beta distribution, and functions integral (Matlab) and integrate

(R) for performing numerical integration.

2 Image denoising

2.1 Data and simulated distances

The Image Segmentation Data Set, from which the data analyzed in �5.1 of the manuscript
are derived, is available from the UCI Machine Learning Repository (Dua and Gra�, 2022).
At the following address
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https://univpr-my.sharepoint.com/:f:/g/personal/andrea_cerioli_unipr_it/

Eh6mTrZIK89KgSHexb6tWtsBSgvYBX8i9G8H1rMJJoadJQ?e=YcwrGj

we have created a speci�c repository for the GRASS image, before and after contamination:
see �les

Grass.prn

and

Grass_contaminated.prn,

respectively. In these �les, the �rst column corresponds to the variable denoted as rawred-
mean in the original data set, the second column corresponds to rawblue-mean, while the
third column corresponds to rawgreen-mean.

The Monte Carlo estimates of the expectation of the ordered squared robust distances
d̃2(i),βn

, computed through Algorithm 1, are also available at the same address, both for

the original GRASS image (mn = n = 330) and for the same image after contamination
(mn = 300): see �les

Robust_distances_Grass.txt

and

Robust_distances_Grass_contaminated.txt,

respectively. Finally, �les

Classical_distances_Grass

and

Classical_distances_Grass_contaminated

report the analogous Monte Carlo estimates computed from the full-sample estimators µ̂
and Σ̂, which are obtained with αn = 0, wi,0 = 1 for i = 1, . . . , n, and η0,p = 1.

2.2 Additional empirical evidence

Figure 1 shows the index plot of the ordered squared robust distances for the contaminated
GRASS image. The choice mn = 300 clearly emerges from the left-hand panel, even without
the help of a formal outlier detection rule. A milder form of occasional contamination in the
supposedly homogeneous part of the image may instead be suspected from the right-hand
panel.

The estimates of µ and Σ computed for the original GRASS image under Assumption 3
are

µ̃αn = (10.7, 12.1, 18.3)T
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Figure 1: Index plot of the ordered squared robust distances for the contaminated GRASS

image. Left: plot of all the distances. Right: zoom of the plot excluding the contaminated
portion of the image.

and

Σ̃αn(5) =

40.7 50.9 56.4
50.9 67.9 71.6
56.4 71.6 80.1

 ,

where we plug in the estimate ν̌ = 5 in the consistency factor from Proposition 1. They are
indeed very similar to those obtained for the contaminated GRASS image under the same
Assumption:

µ̃αn = (10.8, 12.2, 18.4)T

and

Σ̃αn(5) =

37.4 46.8 52.9
46.8 63.1 66.3
52.9 66.3 77.3

 .

Of course, the same conclusion does not hold for the non-robust estimates µ̂ and Σ̂, which
di�er widely before and after contamination.
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3 Stock index returns

3.1 Data and simulated distances

The data on daily stock index returns for the Canadian and UK equity markets considered
in �5.2 of the manuscript are available from Li (2018):

https://doi.org/10.1016/j.dib.2017.12.045.

At the following address

https://univpr-my.sharepoint.com/:f:/g/personal/andrea_cerioli_unipr_it/

EsvMxJbP0CxKiwK0t3MERHUBOZDHmXqTFKoyLZxxQlZWQA?e=vOfWZW

we have created a speci�c repository for the two-years data analyzed in this work, before
and after contamination: see �les

Returns_1991_1992_CanUK.prn

and

Returns_1991_1992_CanUK_contaminated.prn,

respectively. In these �les, the �rst column corresponds to the stock index returns for the
Canadian equity market, while the second column corresponds to the stock index returns
for the UK equity market.

The Monte Carlo estimates of the expectation of the ordered squared robust distances
d̃2(i),βn

, computed through Algorithm 1, are also available at the same address, both for the

original two-years data of returns (mn = n = 520) and for the same data after contamina-
tion (mn = 475): see �les

Robust_distances_Returns_1991_1992_CanUK.txt

and

Robust_distances_Returns_1991_1992_CanUK_contaminated.txt,

respectively. Finally, �les

Classical_distances_Returns_1991_1992_CanUK.txt

and

Classical_distances_Returns_1991_1992_CanUK_contaminated.txt

report the analogous Monte Carlo estimates computed from the full-sample estimators µ̂
and Σ̂, which are obtained with αn = 0, wi,0 = 1 for i = 1, . . . , n, and η0,p = 1.
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3.2 Additional empirical evidence

The full-sample estimates of µ and Σ for the original two-years bivariate series of uncon-
taminated stock index returns are

µ̂ = (−0.012, 0.013)T

and

Σ̂ =

(
0.380 0.193
0.193 1.331

)
.

The MCD estimates computed on the same data under Assumption 3 are

µ̃αn = (−0.073,−0.073)T

and

Σ̃αn(6) =

(
0.309 0.213
0.213 1.563

)
,

where we plug in the tentative estimate ν̌ = 6 in the consistency factor from Proposition
1. The robust estimates of µ and Σ are similar to those obtained for the contaminated
bivariate series of index returns:

µ̃αn = (−0.035,−0.079)T

and

Σ̃αn(5) =

(
0.413 0.246
0.246 1.709

)
,

with a slight increase in variability due to the use of ν̌ = 5 as our re�ned estimate of ν
in the consistency factor of Proposition 1. The re�ned estimate of ν is obtained by �rst
inspecting the empirical distribution of the rescaled squared robust distances d̃2i,αn,ν for
values of ν close to its preliminary estimate and then selecting the contamination rate ε by
comparing these distances to quantiles of FT . The rescaled squared robust distances are
given, for ν = 3, . . . , 20, in �le

Scaled_robust_distances_Returns_1991_1992_CanUK_contaminated.prn ,

available at the data repository cited above. If we instead use ν̌ = 6 as our re�ned estimate
of ν, we obtain

Σ̃αn(6) =

(
0.378 0.225
0.225 1.561

)
,

in close agreement with the full-sample estimate of Σ for the uncontaminated bivariate
series.

Finally, the e�ect of the contamination induced by the simulated �nancial crisis is
minor on the non-robust location estimate µ̂ = (−0.104,−0.056)T. It is instead huge on
the non-robust dispersion estimate

Σ̂ =

(
3.904 2.640
2.640 4.160

)
,
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which is greatly a�ected by the increase of the variability of returns in both markets after
Day 460. Therefore, even in this case where the shift contamination is minor, the increased
volatility induced by the simulated �nancial shock makes Σ̂ completely unreliable for the
purpose of estimating the bivariate structure of the two return series under Assumption 3.
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