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This document is structured as follows:

• Appendix A derives the full conditional posteriors of β and σ2 and explains how the

regression coefficients β can be updated efficiently using sparse Cholesky updates.

• Appendix B contains proofs for our theoretical results of Section 3 in the paper.

• Appendix C contains proofs for our theoretical results of Section 4 in the paper.

• Appendix D explains how a prior scaling approach can be used to determine a rea-

sonable value for the Weibull rate parameter.

• Appendix E states the partial derivatives of the log-kernel when the smoothing vari-

ances follow inverse gamma or Weibull priors.

• Appendix F provides additional information for the temperature data set analyzed

in Section 5.2 of the paper.

• Appendix G contains another real data example about two-dimensional spatial smooth-

ing of US precipitation anomalies.
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A Efficient MCMC Updates for the Regression Coef-

ficients

In this appendix we derive the full conditional posteriors of β and σ2 and explain how the

regression coefficients β can be updated efficiently using sparse Cholesky updates.

A.1 Full Conditional Posteriors

The full conditional posterior of β is proportional to

p(β | ·) ∝ p(y | β, σ2) p(β | τ 2)

∝ Nn(y ;Bβ, σ2In) exp

(
−1

2
β⊤K(τ 2)β

)
∝ exp

(
−∥y −Bβ∥22

2σ2

)
exp

(
−1

2
β⊤K(τ 2)β

)
∝ exp

(
−1

2

{
β⊤
[
B⊤B

σ2
+K(τ 2)

]
β − β⊤B

⊤y

σ2

})
, β ∈ RD,

where we recognize the kernel of a D-variate Gaussian density with covariance matrix

Σ = [B⊤B/σ2 + K(τ 2)]−1 and mean vector µ = [B⊤B/σ2 + K(τ 2)]−1B⊤y/σ2. Thus,

the full conditional posterior distribution of β is

β | · ∼ ND

(
[B⊤B/σ2 +K(τ 2)]−1B⊤y/σ2, [B⊤B/σ2 +K(τ 2)]−1

)
.

The full conditional posterior of σ2 is proportional to

p(σ2 | ·) ∝ p(y | β, σ2)p(σ2)

∝ Nn(y ;Bβ, σ2In) 1/σ
2

∝ (σ2)−n/2−1 exp
(
−∥y −Bβ∥22/(2σ2)

)
, σ2 > 0,

where we recognize the kernel of an inverse gamma density with shape n/2 and scale

∥y −Bβ∥22/2. Thus, the full conditional posterior distribution of σ2 is

σ2 | · ∼ IG
(
n/2, ∥y −Bβ∥22/2

)
.

A.2 Sparse Cholesky Updates

The MCMC update of β has the form

β | · ∼ ND(Q
−1v ,Q−1), (1)
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where Q is a symmetric positive definite precision matrix and v ∈ RD is a vector. Let L

be a Cholesky factor of the precision matrix such that Q = LL⊤. Then the inverse of Q

is equal to Q−1 = (LL⊤)−1 = (L⊤)−1L−1 and it holds

ND(Q
−1v ,Q−1) = ND((L

⊤)−1L−1v , (L⊤)−1L−1)

d
= (L⊤)−1ND(L

−1v , ID)

d
= (L⊤)−1(ND(0, ID) +L−1v),

where
d
= means equal in distribution. Thus, the coefficient vector β can be updated effi-

ciently using the following steps:

1. Compute the Cholesky decomposition Q = LL⊤ of the precision matrix Q;

2. Solve Lw = v for w ;

3. Sample z ∼ ND(0, ID);

4. Solve L⊤β = z +w for β.

Then β follows the desired distribution (1). This procedure is a slightly simplified version

of Algorithm 2.5 in Rue and Held (2005) (we only need to solve two triangular systems of

equations, while they need to solve three). The corresponding R code is:

R=Matrix : : chol (Q) ; L=t (R)

Matrix : : solve (R, rnorm(n=D)+Matrix : : solve (L , v ) )

The R package Matrix (Bates et al., 2022) allows us to exploit the sparsity of the precision

matrix Q for the Cholesky decomposition and to make use of the triangular structure when

solving the two systems of equations.

A.3 Blockwise Updates

The update of β becomes time consuming for very large dimension (say D > 1000). In this

case, one can partition the vector β into several blocks to reduce the computational burden

(see, e.g., Ishwaran and Rao, 2005, Appendix). For simplicity, we explain the approach for

two blocks. To this end, we partition the design matrix B = (B1,B2) and the coefficient

vector β = (β⊤
1 ,β

⊤
2 )

⊤ as well as the overall roughness penalty matrix K = K(τ 2) into

blocks of matching sizes

K =

(
K11 K12

K21 K22

)
.

Then, the update of β1 is N(µ1,Σ1) with

Σ1 =

(
B⊤

1 B1

σ2
+K11

)−1

and µ1 = Σ1

(
B⊤

1 ỹ

σ2
−K12β2

)
,
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where ỹ = y −B2β2. Moreover, the update of β2 is N(µ2,Σ2) with

Σ2 =

(
B⊤

2 B2

σ2
+K22

)−1

and µ2 = Σ2

(
B⊤

2 ỹ

σ2
−K21β1

)
,

where ỹ = y−B1β1. In general (for any number of blocks) the update of βj0 is N(µj0 ,Σj0)

with

Σj0 =

(
B⊤

j0
Bj0

σ2
+Kj0,j0

)−1

and µj0 = Σj0

(
B⊤

j0
ỹ

σ2
−
∑
j ̸=j0

Kj0,j βj

)
,

where ỹ = y −
∑

j ̸=j0
Bjβj. As the updates again have the form (1), we can use the

approach of the previous section for efficient sampling.

B Proofs for Section 3

In this appendix we prove the theoretical results of Section 3 in the paper.

Proof of Theorem 3.1. To prove the result for arbitrary dimension p ∈ N, it will be con-

venient to first introduce the Kronecker sum of two square matrices. Let A be a matrix

of size m × m and B be a matrix of size n × n. Following Graham (2018) we define the

Kronecker sum of A and B as the mn×mn matrix

A⊕B = A⊗ In + Im ⊗B.

The summation extends naturally to more than two summands and can easily be shown

to be associative. With this, we can write the overall roughness penalty matrix K(τ 2) as

the Kronecker sum of the marginal penalty matrices, i.e.

K(τ 2) =
K̃1

τ 21
⊕ · · · ⊕ K̃p

τ 2p
.

Moreover, we can write the statement which we aim to prove in the equivalent form

K̃1

τ 21
⊕ · · · ⊕ K̃p

τ 2p
=
(
Q̃1 ⊗ · · · ⊗ Q̃p

)(Γ̃1

τ 21
⊕ · · · ⊕ Γ̃p

τ 2p

)(
Q̃1 ⊗ · · · ⊗ Q̃p

)⊤
.

Since Q = Q̃1 ⊗ · · · ⊗ Q̃p is orthogonal, it suffices to show that(
Q̃1 ⊗ · · · ⊗ Q̃p

)⊤(K̃1

τ 21
⊕ · · · ⊕ K̃p

τ 2p

)(
Q̃1 ⊗ · · · ⊗ Q̃p

)
=

Γ̃1

τ 21
⊕ · · · ⊕ Γ̃p

τ 2p
. (2)

We prove statement (2) by induction over p. For p = 1 the statement is obviously satisfied

since Q̃
⊤
1 K̃1Q̃1/τ

2
1 = Γ̃1/τ

2
1 . We assume that the statement is satisfied for p and show that

it is also satisfied for p+ 1. It holds:
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(
Q̃1 ⊗ · · · ⊗ Q̃p+1

)⊤(K̃1

τ 21
⊕ · · · ⊕ K̃p+1

τ 2p+1

)(
Q̃1 ⊗ · · · ⊗ Q̃p+1

)
=
(
(Q̃1 ⊗ · · · ⊗ Q̃p)⊗ Q̃p+1

)⊤((K̃1

τ 21
⊕ · · · ⊕ K̃p

τ 2p

)
⊕ K̃p+1

τ 2p+1

)
(
(Q̃1 ⊗ · · · ⊗ Q̃p)⊗ Q̃p+1

)
(2)
=
(
(Q̃1 ⊗ · · · ⊗ Q̃p)

⊤ ⊗ Q̃
⊤
p+1

)((K̃1

τ 21
⊕ · · · ⊕ K̃p

τ 2p

)
⊗ Idp+1 + Id1...dp ⊗

K̃p+1

τ 2p+1

)
(
(Q̃1 ⊗ · · · ⊗ Q̃p)⊗ Q̃p+1

)
(3)
=

(Q̃1 ⊗ · · · ⊗ Q̃p)
⊤

(
K̃1

τ 21
⊕ · · · ⊕ K̃p

τ 2p

)
⊗ Q̃

⊤
p+1 + (Q̃1 ⊗ · · · ⊗ Q̃p)

⊤ ⊗
Q̃

⊤
p+1K̃p+1

τ 2p+1


(
(Q̃1 ⊗ · · · ⊗ Q̃p)⊗ Q̃p+1

)
(4)
=(Q̃1 ⊗ · · · ⊗ Q̃p)

⊤

(
K̃1

τ 21
⊕ · · · ⊕ K̃p

τ 2p

)(
Q̃1 ⊗ · · · ⊗ Q̃p

)
⊗ Idp+1 + Id1...dp ⊗

Q̃
⊤
p+1K̃p+1Q̃p+1

τ 2p+1

(5)
=

(
Γ̃1

τ 21
⊕ · · · ⊕ Γ̃p

τ 2p

)
⊗ Idp+1 + Id1...dp ⊗

Γ̃p+1

τ 2p+1

(6)
=

(
Γ̃1

τ 21
⊕ · · · ⊕ Γ̃p

τ 2p

)
⊕ Γ̃p+1

τ 2p+1

=
Γ̃1

τ 21
⊕ · · · ⊕ Γ̃p+1

τ 2p+1

,

where we have used the definition of the Kronecker sum for the second equality, the

properties of the Kronecker product (distributivity and the mixed-product property) for the

third and fourth equality, the induction hypothesis for the fifth equality and the definition

of the Kronecker sum for the sixth equality. This finishes the proof of Theorem 3.1.

Proof of Corollary 3.2. The first equality follows from Theorem 3.1 and the fact that sim-

ilar matrices have the same eigenvalues. The second equality follows from the diagonality

of the Γj, j = 1, . . . , p, and the fact that the pseudo-determinant of a diagonal matrix is

simply the product of the nonzero diagonal entries.
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C Proofs for Section 4

In this appendix we prove the theoretical results of Section 4 in the paper.

Proof of Proposition 4.1. Let x−j = (x1, . . . , xj−1, xj+1, . . . , xp)
⊤ ∈ [0, 1]p−1 be arbitrary

but fixed. Then it holds:

f(x ) = B(x )⊤β

=
(
B⃗1(x1)

⊤ ⊗ · · · ⊗ B⃗j(xj)
⊤ ⊗ · · · ⊗ B⃗p(xp)

⊤)β
=
(
1B⃗1(x1)

⊤ ⊗ · · · ⊗ B⃗j(xj)
⊤Idj ⊗ · · · ⊗ 1B⃗p(xp)

⊤)β
=
(
1⊗ · · · ⊗ B⃗j(xj)

⊤ ⊗ · · · ⊗ 1
)(
B⃗1(x1)

⊤ ⊗ · · · ⊗ Idj ⊗ · · · ⊗ B⃗p(xp)
⊤)β

= B⃗j(xj)
⊤(B⃗1(x1)

⊤ ⊗ · · · ⊗ Idj ⊗ · · · ⊗ B⃗p(xp)
⊤)β, xj ∈ [0, 1],

where we used the mixed-product property of the Kronecker product for the fourth equality

and the fact that 1⊗M = M⊗1 = M for an arbitrary matrix M for the last equality. This

finishes the proof for one-dimensional slices. The proof for two-dimensional slices follows

by the same arguments and is therefore omitted.

Proof of Proposition 4.2. It holds:∫
[0,1]p−1

f(x )dx−j =

∫
[0,1]p−1

B⃗(x )⊤β dx−j

=

(∫ 1

0

B⃗1(x1)
⊤dx1 ⊗ · · · ⊗ B⃗j(xj)

⊤ ⊗ · · · ⊗
∫ 1

0

B⃗p(xp)
⊤dxp

)
β

=
(
A⊤

1 ⊗ · · · ⊗ B⃗j(xj)
⊤ ⊗ · · · ⊗A⊤

p

)
β, xj ∈ [0, 1],

where we used Fubini’s theorem and linearity of the integral for the second equality and

the definition of the Aj for the third equality. Using the same arguments as in the proof

of Proposition 4.1, we obtain that the previous display is equal to(
1A⊤

1 ⊗ · · · ⊗ B⃗j(xj)
⊤Idj ⊗ · · · ⊗ 1A⊤

p

)
β

=
(
1⊗ · · · ⊗ B⃗j(xj)

⊤ ⊗ · · · ⊗ 1
)(
A⊤

1 ⊗ · · · ⊗ Idj ⊗ · · · ⊗A⊤
p

)
β

=B⃗j(xj)
⊤(A⊤

1 ⊗ · · · ⊗ Idj ⊗ · · · ⊗A⊤
p

)
β, xj ∈ [0, 1],

which finishes the proof for one-dimensional averages. The proof for two-dimensional av-

erages follows by the same arguments and is therefore omitted.
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D Prior Scaling

In this appendix we explain how a prior scaling approach (cf. Klein and Kneib, 2016) can

be used to determine a reasonable value for a common Weibull rate parameter λ. The

key idea of the prior scaling approach is to set λ such that prior function draws f have a

reasonable scale. More formally, we aim to set λ such that

P(∥f∥ ≥ c)
!
= α,

where ∥ · ∥ is a suitable norm, c > 0 is a threshold and α ∈ (0, 1) is a probability level. All

three quantities are chosen by the user and we state our defaults at the end of this section.

The partial impropriety of the conditional prior of β precludes direct sampling from

the prior of f . As a remedy, we exploit the mixed model representation of tensor product

smooths using Q = (Q+,Q0) from Theorem 3.1 as change-of-basis matrix. This allows us

to decompose the vector of function evaluations f n = (f(x 1), . . . , f(xn))
⊤ into a penalized

part and an unpenalized part, i.e., we can write f n in the form

f n = Bβ = Zu +Xζ,

where p(ζ) ∝ 1 is improper uniform and u | τ 2 ∼ N(0,Γ+(τ
2)−1). Thereby, Γ+(τ

2) is the

diagonal matrix corresponding to the positive diagonal entries of Γ(τ 2) = Γ1/τ
2
1 + · · · +

Γp/τ
2
p . Moreover, Z = BQ+ and X = BQ0. With this, we proceed as follows:

a) Draw a large Monte-Carlo sample from

∥Zu∥∞ with u | τ 2 ∼ N(0,Γ+(τ
2)−1) and τ 2j

iid∼ Weibull(1/2, 1), j = 1, . . . , p.

b) Determine the empirical (1− α) quantile q1−α of the sample from a).

c) Set λ = (q1−α/c)
2.

This procedure ensures that

P(∥Zu∥∞ ≥ c) = α

up to Monte-Carlo error. By default, we use the absolute norm of the observations for the

threshold c, i.e., we set c = ∥y∥∞. In addition to that we use α = 0.05 for the probability

level and generate 1, 000 Monte-Carlo samples by default.
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E Partial Derivatives of the Log-Kernel

To implement the Taylored MH updates for the inverse gamma prior and the Weibull prior

we need the log-kernel in terms of ρ, i.e. log q(ρ), as well as its first and second order partial

derivatives.

E.1 Inverse Gamma

By the density transformation formula, the joint prior of ρ is proportional to

p(ρ) ∝
p∏

j=1

IG(eρj ; aj, bj)

p∏
j=1

eρj ∝
p∏

j=1

(eρj)−aj exp(−bje
−ρj), ρ ∈ Rp.

Thus, the log-kernel is

log q(ρ) =

p∑
j=1

−ajρj − bje
−ρj , ρ ∈ Rp.

For the partial derivatives we thus obtain

∂j0 log q(ρ) = −aj0 + bj0e
−ρj0 ,

∂2
j0
log q(ρ) = −bj0e

−ρj0 ,

∂j0∂k0 log q(ρ) = 0, if j0 ̸= k0.

E.2 Weibull with Shape 1/2

By the density transformation formula, the joint prior of ρ is proportional to

p(ρ) ∝
p∏

j=1

Weibull(eρj ; 1/2, λj)

p∏
j=1

eρj ∝
p∏

j=1

eρj/2 exp(−
√

λj e
ρj/2), ρ ∈ Rp.

Thus, the log-kernel is

log q(ρ) = −
p∑

j=1

√
λj e

ρj/2 +
1

2

p∑
j=1

ρj, ρ ∈ Rp.

For the partial derivatives we thus obtain

∂j0 log q(ρ) = −1

2

√
λj0 eρj0/2 +

1

2
,

∂2
j0
log q(ρ) = −1

4

√
λj0 eρj0/2,

∂j0∂k0 log q(ρ) = 0, if j0 ̸= k0.
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F Additional Information for the Temperature Data

In this appendix we provide additional background information for the temperature data

set analyzed in Section 5.2 of the paper. Moreover, we explain our preprocessing steps.

F.1 Berkeley Earth Climate Data Set

We have downloaded the Berkeley Earth climate data set from kaggle (www.kaggle.com)

using the following link:

www.kaggle.com/datasets/berkeleyearth/climate-change-earth-surface-temperature-data

The data set has been provided by Berkely Earth (www.berkeleyearth.org) and is li-

censed under CC BY-NC-SA 4.0 allowing for non-commercial use. There are several csv-

files (together about 600 MB) containing global land and ocean temperature data with

records dating back as early as 1750.

F.2 Preprocessing

We have selected the csv-file GlobalLandTemperaturesByCity.csv and conducted the

following prepocessing steps to create the temperature data set analyzed in Section 5.2 of

the paper.

• First we have selected the records from the USA.

• Then we have selected the records from 2000 up to 2010.

• Next we have removed the records for the city Anchorage because it is too far away

from the other measurement locations (spatial outlier).

• Next we have removed duplicates (the file GlobalLandTemperaturesByCity.csv con-

tains several identical time series that are associated with the same geographical loca-

tion but have different city labels, e.g. the temperature time series for San Francisco

and Oakland are identical).

• Finally, we have converted longitude and latitude to numbers to facilitate the analysis.

The resulting data set contains temperature time series of length 11 × 12 = 132 for 96

different locations across the USA. In total we thus have n = 132× 96 = 12, 672 records of

the monthly average temperature.
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G US precipitation anomalies

For this example we closely follow Section 6.1 of Rodŕıguez-Álvarez et al. (2015) and analyze

US precipitation anomalies for April 1948. The analyzed data set USprecip is available in

the R package spam, further details about the data are provided in Rodŕıguez-Álvarez et al.

(2015). Following these authors we restrict our analysis to those n = 5, 906 observations

that have a valid precipitation record. Figure 1 panel A visualizes the raw data.

We apply our new method with Weibull hyperpriors for estimation of a smooth precip-

itation anomaly surface. Following Rodŕıguez-Álvarez et al. (2015) we use 44-dimensional

marginal B-spline bases leading to D = 44 × 44 = 1, 936 tensor product B-splines. Such

a high number of basis functions seems to be necessary to capture the complexity of the

surface. The estimated surface is shown in Figure 1 panel B and is virtually indistin-

guishable from that of Rodŕıguez-Álvarez et al. (2015). Panels C and D show lower and

upper simultaneous 95% credible surfaces, respectively. To this end, we used the method

of Krivobokova et al. (2010). Estimation takes only 3 minutes for 2,500 MCMC samples

from which we discard the first 500 as burn-in. The median effective sample size (ESS)

across the βj is 1, 935 (with minimum 1, 044) indicating good MCMC mixing (Vehtari et al.

(2021) recommend an ESS of at least 400 for each parameter of interest).

For comparison, we apply the SAP algorithm of Rodŕıguez-Álvarez et al. (2015). With

this, we need about 5 minutes for estimation of the anomaly surface. This is remarkable as

SAP is based on REML, which is usually much faster than MCMC, but at the cost of more

involved and only asymptotically valid uncertainty quantification (see, e.g., Wood, 2020). A

possible explanation for the comparable speed is that Rodŕıguez-Álvarez et al. (2015) use a

mixed model reparametrization, which leads to non-sparse matrices in their algorithm. For

a larger number of basis functions, our approach even becomes much faster than SAP: For

80-dimensional marginal B-spline bases (leading to D = 80×80 = 6, 400 tensor product B-

splines) we need about 11 minutes for 2, 500 MCMC samples (median/min ESS 1943/772),

whereas the SAP algorithm needs about 180 minutes to compute an estimate.

This example shows that our approach can compete and in certain settings even outper-

form the SAP algorithm. In addition, our approach provides straightforward uncertainty

quantification, which does not even seem to be implemented for the SAP algorithm of

Rodŕıguez-Álvarez et al. (2015).
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Figure 1: US precipitation anomalies. Shown are the raw data (panel A), the estimated

surface from our approach (panel B) as well as lower and upper 95% credible surfaces

(panels C and D, respectively).
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