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C. Methodology overview

Algorithm 1: Computation of the log-likelihood for a given parameter vector @

Input: Knot vector ¢, static parameter vector 6, link function g(f;, ), scaling

function S(f;), starting value fi, and data {z,}Z,.

Step 1: Compute the spline coefficients a;, b;, ¢;, d; from the knot vector ¢ and
ordinates y = 7(%), and construct the spline function h accordingly.

Step 2: Construct the antiderivative H of h, using formula in Section [2.4]
imposing the normalization H(0) = 0.

Step 3: Given H, approximate the normalization constant C' and the mean g
from H using the procedure described in Section [F]

Step 4: Use {x;}1_,, C' and pu to recursively compute the filtered sequence
{f:(0)}L_,, starting from fy, using the update equation (I3)) with
s(f,z) =S(f) - V(f,z), and V(f, ) as defined in (11

Step 5: Use {f,(0)},, {x;},, C and p to calculate the average log-likelihood
z S 7 £,(8) based on the expression in (T4).

D. Proofs of lemmas

Proof of Lemma[B.1. See Section for the expressions of the derivatives.

That for any n > 0, Esupgeg |s(f:(0), )" < 00, Esupgee [|10s(f:(0), z:) /0 ||" <
o0, and Esupgcg [0s(f+(0), ;) /00?|" < oo, follows from the assumptions on © and the
fact that s(f:(0),x;), 0s(f:(0),1;)/0% and Os(f:(0),x;)/0c* are all at most third order
piecewise polynomials evaluated in x;— f;(0), and z; and f;(0) are known to have bounded
moments of any order by Propositions [I| and (1) In particular, due to the compactness
of ©, the conditions on % that ensure the spline-based density is well-defined and o > 0

for any 6 € O, the expectation of the supremum over O of these quantities will be finite.
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For the remaining expectations, so those with a supremum over f € R, it can be argued
that the derivatives are uniformly bounded over 8 € O, f € R and = € R. In particular,
it is clear that sup,cg 4ew |P'(2;%)] < D for some constant D < oo. Furthermore, the
second order derivative of h is not only such that sup,cg 4w |R”(2;%)] < D for some
D < o0, but also has value zero outside the outer knots, due to h being linear outside
the outer knots. It follows that also sup,cg yew |20 (2;9)] < D for some D < oo. By
again taking into account the assumptions on O, it is clear that the derivatives are indeed

uniformly bounded over f and 6, and therefore have bounded moments of any order. [J

Proof of Lemma[B.3 See Section for the expressions of the derivatives.

For the expectations without a supremum over f € R and the expectations with a
supremum over f € R, exactly the same two respective argumentations can be used as in
the proof of Lemma . Here we also need to use that sup,cp yeq |22 (2;90)] < D for

some constant D < oo, which holds because h”(z; 1) = 0 whenever z < t; or z > t;. [

Proof of Lemma[B.3. The derivative

aQS(fth)_ 1 " :L‘—f'
of0f “Fh( = ’”’)’

is a continuous piecewise linear function of x — f. Due to the compactness of © and the
other conditions in place, it is clear that the function A" is Lipschitz continuous uniformly
over 1p € W, i.e. there exists a constant K such that sup,cq [h"(21;9) — h'(22;9)| <

K|z — 25| for any z1, 2o € R. Therefore,

| 25U w0) _ Ps(f,m)
oo | 0f0] =1:(6) OfOf s
= sup igh” (xt_—ft(o)’ ”‘/’) _ igh// (xt - ft(a)’w)|
6co |0 o o o

€i>807

1 1 .
< sup —3KSUP —sup | f+(0) — f(6)

6co O 0co 0 9co

as t — 00, because o > 0 for any 0 € ©, O is compact and f,(8) converges e.a.s. to f,(6)
uniformly over © by Proposition [2{i).
For the second derivative under consideration,

82S<fux;7):ih/<x_f )—x_fh”(x_f;@b),

do20f ot o o° o
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we will show the e.a.s. convergence of the two terms separately, which implies convergence
of the total expression by the subadditivity of the sup-norm. The first term is continuously
differentiable in f, so an application of the mean value theorem gives:

%M<%—ﬁWL¢>_$H(%—ﬁWL¢N

sup

0coe |0 g o

< sup
feR,0€0

< D|ft<9) — f(0)] =0,

e (L) 10 - o

od

as t — 0o, where D = supg , |h"(z;4)/0®|, which is finite because h” is continuous and
is zero for any z < ¢; and z > {; by construction and © is compact with ¢ > 0.

For the remaining term, let z,(0) = (2, — f,(8))/o and 2,(8) = (z; — f,(0))/o. Then,

sup | O 2 0)0) - A0 (o)) 25 0,

fco | O o
as t — oo by Lemma TA.14 of Blasques et al.| (2022), because clearly supgeg |2:(0) —
2(0)] “% 0 and supgeg |h” (2:(0); 1) — " (2(0);4) | “%” 0, by the uniform Lipschitz
continuity of 4", and z,(0) and h” (z,(0); 1) have a bounded log"-moment uniformly over
0 € o.

Finally, given that

D?s(f, ;) _ 35h<$;f;¢>_|_5($0—f)h/ (ﬁgf”’b) |

do200? 4o
the final convergence result follows from an application of the mean value theorem, the

e.a.s. convergence of f,(8) to f,(0) uniformly over ©, and the observation that the deriva-

tive of the expression with respect to f is bounded:

ih/(a:_f;’g[))—|—5(x_f)h//(x_f;¢)‘:[),
g o

sup

z€ER,fER,0€O 406 407

for some finite constant D, due to h/(z) and zh”(z) being bounded in z and © being

compact. N

Proof of Lemma[B.4. To prove the result holds, it is sufficient to show that supgce 10,(0)—
0,(0)] “%" 0 by Lemma 2.1 of Straumann and Mikosch! (2006)). The expression of /,(8)
is given in ([E.1). Only the first term, —H ((z; — f1(0))/0; %), contains f,(0), so we

can disregard the other terms. By construction, H(-;4)) is a continuously differentiable
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function. Thus, if we let 2,(8) := (2, — f,(8))/c and %(0) := (z, — f,(0))/o we can apply

the mean value theorem to obtain:

|H (2:(0); ) — H (2(0);9)| < [h (2(0))[2(0) — z(0)] ,

for some processes {2;(0)} and {z,(0)}, and where z/(8) is on the line segment between
2(0) and 2,(0). As h is also continuously differentiable, we can apply the mean value

theorem to the first factor on the right-hand side, which gives

|7 (27 (0); )| < [h (2(6); )| + I (27(0); )] |27 (0) — 2:(6))
< [h (2(0); )] +§1€1£!h’ (2:9)]12:(0) — z(0)]

for some value z*(0) on the line segment between z;(0) and z,(0), and where we use
for the second inequality that z; (@) is on the line segment between z,(0) and 2,(0). It

therefore follows that:
sup [H (2,(0); ) — H (2,(0); )|
0co

< (sup [l (24(0): )| + supsup [’ (= 46)| sup |2,(6) — zt<e>\) sup 2(6) — 2(0) .
f0coO 0cO zeR 60coO 0o

€.a.S.

which converges e.a.s. to zero as t — 0o as long as supgeg |2:(0) — 2:(0)| = 0 ast — oo
and {z; }4ez is stationary with a bounded log-moment. This follows because © is compact
and supgee SUp,eg |/ (2;9)] = D for some finite constant D due to the boundedness
of h' for every ¢ € W. The result then follows from Lemma 2.1 of Straumann and
Mikosch| (2006), which says that if & “% 0 as ¢t — oo and {v,} is strictly stationary with
Elog™ |vy] < oo, then v,& “% 0 as t — oo,

Now it remains to be shown that {Z;} converges to {z;} e.a.s. and {z;} has the required

properties. We have that

xt—ft<9) l’t_ft(e)

sup |2,(0) — z(0)| = sup

0co 0cO o o
1 N e.a.s.
<sup —-sup|fi(0) — fi(@)] = 0,
0co 0 0co

as t — 0o, due to the compactness of © and 02 > 0 for any @ € © by assumptions, and
the convergence result of Proposition [2(i). Finally, {2(0)}iez = {(z¢ — f:(0))/0}iez is
clearly SE by Krengel (1985, Proposition 4.3) and it has bounded moments of any order
due to z; and f;(6) having bounded moments of any order by Propositions [l] and 2] This
concludes the proof.

O
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Proof of Lemma[B.5. See Equation for an expression of ¢;. The elements ¢;(-) are
continuous functions from © to R. Furthermore, {¢;(0)},cz is SE for every 8 € © by
Krengel (1985 Proposition 4.3), as it is a continuous function of the elements of the SE
sequences {z; }ez and {f;(0) }iez.

Just as in Lemma TA.6 of Blasques et al.| (2022)), we apply the ergodic theorem
for separable Banach spaces of Rao| (1962) to {{;(-)}ez, which requires us to show
E supgee |€:(0)] < co. As the last two terms of ¢;(6) are deterministic and time invariant,

we only have to consider the first term here. We can see immediately that

E sup H(xt_—ft(o),v,bﬂ < 00,

6co o

because (i) © is compact, (i) o > 0 for any @ € O, and (i) E|lz;|" < oo and
Esupgee | f:(0)]" < oo for any n > 0 by Propositions [I] and [2, and H is a continu-
ous piecewise quartic polynomial in x; — f;(@). Thus, we can apply the ergodic theorem

and the result follows.

]

Proof of Lemma[B.6. Tt follows from the proof of Lemma that E[¢;(0)] exists and is
bounded for any 8 € O. It can be shown straightforwardly, see for instance Blasques
et al.| (2018, Theorem 4.1), that under correct specification, in case £,(0) = ¢;(68y) holds
almost surely if and only if @ = 6, then 6 is the unique maximizer of E[¢;(8)].

For ease of exposition, we introduce the notation ¢(f;(0),v) := £,(0). We start by
showing that £(f,(60),7v,) = ¢(f:(0),7) a.s. if and only if f,(8y) = f,(0) a.s. and v = ~,.
Notice that f;(6y) is the true time-varying parameter, as we know from Proposition
that {f;(8¢)}iez is the unique limit sequence of {f;(6¢)}en, which implies that 2, =
f1(80) + ooey.

First, we notice that because each vector 9» € W leads to a unique cubic spline
function h(-;)), it also leads to a unique anti-derivative H(-;1)). Despite to the anti-
derivative H for a given 1 only being unique up to an additive constant, it is clear that
for a,a’ € R and v,v¢’ € ¥, we have a + H(z;v) = o’ + H(z;4') for all z € R if and
only if (a,) = (d’, ).

Building on this, we notice that for any a,a’,c,¢ € R, b,b' > 0, and v,9’ € ¥,
a+ H((z—¢c)/bjep) = d + H((z — )/V;4") for any z € R if and only if (a,b,c,vp) =
(a',V,c,4p"). This follows because the division by b essentially leads to a scaling of the

knots ¢, while ¢ effectively yields a shift of the knots, as it can be seen that h((z —
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c)/b;t,y) = h(z — ¢;bt,y) = h(z;bt + ¢,y). Due to the rotational symmetry around the
origin that is imposed on the spline h, it is clear that a shift of the knots will always lead
to an inherently different spline function, which implies that we must have ¢ = ¢ for the
equality above to hold. Furthermore, from the second part of Assumption [ it follows
that h((z — ¢)/b;vp) = h((z — ¢)/V';4") for any z € R if and only if (b,1) = (b,v"). This
concludes the proof for the statement above.

Therefore, if e; ~ p.(e1;9), where p.(+; %) denotes the spline-based density for pa-
rameter ¥ € W, then a’ + H((e; — ) /b)) = a” + H((e1 — ") /V";¢") a.s. if and only
if (a0, ") = (a",b",c",4"), as ; is an absolutely continuous random variable with

support on the entire real line. Thus, as ¢(f:(0),7) = ¢(f:(60),7,) a.s. if and only if

oy (ft(e()) - f;(e) - Uogt;¢> —log C(v) — %bggz

1
=—-H (€t;¢o) — log C(d’o) - §log0§,

holds almost surely, it follows that ¢(f;(0),~) = £(fi(00),7,) a.s. if and only if v = ~,
and f;(600) = f1(0) a.s.. To show that £,(0) = ¢,

remains to be shown that given v = ~,, f:(0) = fi(6y) a.s. if and only if @ = 6. Because
{f:(0)}1cz is SE for any 8 € O, then if f,(0) = f1(0y) a.s. for some t € Z, this equality
holds almost surely for any ¢ € Z. Let us assume that 6 € © is such that f;(0) = £.(6o)

(8p) a.s. if and only if 8 = @y, it now only

a.s., then it follows from the form of the updating equation that
Jt41(60) = fi11(0) = wo(1 = fo) — w(l = B) + (Bo — B)fi(60) + (a0 — Oé)gioh (et; )

where g, ~ p.(e4;1,). We start by proving that to have f;(6y) = f:(0) a.s., we must have
w(l —B) =wo(l —fFy). We use a proof by contradiction. Say w(1 — 5) # wo(1 — fy) and
frr1(80) — fi11(8) = 0 as., then we must have (8y — B)fi(6o) + (0 — @) oh (g4 %) =
w(1—=P)—wo(1—05y) # 0 a.s. As the first and second term of the expression on the left hand
side are independent, this equality can only hold a.s. if both terms are constants and at
least one is different from zero. However, neither of these terms can be nonzero constants,
because f;(6) is non-deterministic due to g # 0 by Assumption 4| and h(es; 1) is also
clearly non-deterministic under the conditions imposed on ¥. Therefore, we must have
w(l = B) = wo(1 — Fy). Secondly, we show that 5 = [y is needed to have f;(6y) = f(0)
a.s.. If by contradiction we say that 3 # By, then to have f;11(0¢) — fi+1(0) =0 a.s., we
must have (ao—a)aioh(g; o) = (8—050) f:(00) # 0 a.s., which is ruled out by h(e; 1,) and
f:(8p) being independent and non-deterministic. Therefore, we must also have 5 = fy,

which together with w(1 — ) = wo(1l — fy) and the assumption that |Gy < 1, implies
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that we must have w = wy. Finally, we must clearly also have o« = vy, because this is the
only way to have (ag — a)aioh (e1;%) = 0 a.s.. This finishes the proof.
O

Proof of Lemma[B.7 The expression of ¢/(8) = 0%¢,(8)/0000" is given in Section .
By the sub-additivity of the norm supgee || - ||, it suffices to show that the expectation
of this norm for each term in this expression is bounded. That all these expectations
are bounded follows readily from the following reasons: (i) © is a compact set such
that for any @ € ©, 0 > 0 and ¥ is such that exp(—H (z;%)) is integrable, (i) by
Proposition [I| we have E|z;|" < oo and by Proposition we have [2| Esupgee | f:(0)] < o0,
E supgee |0.f:(0)/00]" < oo and Esupgee |0%£:(0)/0000"|" < oo for any n > 0, and
(i4i) h(-;1) being a piecewise cubic function and A'(-;1p) being a piecewise quadratic
function for any y € R*, and (iv) the assumptions on ¥ that ensure that for any ¥ € W,
H(z;1p) diverges at least linearly as |z| — oo, which implies that infyee C(3p) > 0 and
SUPyey [|[0C(¥) /09| < oo and supyey [|0°C(1h) /090y || < oo. For the terms that
contain products of random variables, the finiteness of the expectation of the supremum
follows from the sub-multiplactivity of the norm and the Cauchy-Schwarz inequalty.

]

Proof of Lemma[B.8. We use an approach similar to the proof of Lemma A.5 of|Gorgi and
Koopman|(2023)). Due to the correct specification assumption and the existence of a finite
moment of the second order derivative of the log likelihood function shown in Lemma
[B.7, we can use the Fisher information matrix equality —E[¢/(8,)] = E[(;(80)(;(60)"].
See Equation for the expression of £,(6). Because E[(}(00)¢;(00)"] is positive semi-
definite by construction, we only have to show that it is full rank, which can be achieved

by proving that

0ft(60)
0 Bwo
9f(60)
0 860

1
v 0(0)) =v' 0 + —8ftafo) o_h (e;)| =0 a.s. ,
0

o (en i) || 2
_OH(estpg) _ _ 1 9C(y) 9f:(60)

L ot Cly) 0 el J

(D.1)
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if and only if v = 0, where v € R*". Furthermore, we use that f;(8y) is almost surely
equal to the true value of f; in x; = f; + 0¢e; due to the correct specification assumption
and due to {f,(8¢)}iez being the unique limit sequence of {f,(0o)}en for any @ € © by
Proposition [2]

Let us split the vector v into v = (v],v9,v3 )", where v; € R3 v, € R and v3 € R

Because h(eg; 1)) # 0 a.s., with probability one we have that (D.1)) implies

3f:9(90) T/, T
T 95.(60) L A N Vs 20z (1= eih (2119b0))
! ap 2fe80) | h(ey: OH (e1;:%0) 1 9C()
2£:(60) U3 o (565 %0) \ w5 oot oy 0%
oo

(D.2)

Notice that if v"¢;(6y) = 0 a.s. for v # 0, then we must be in one of the following cases:
(i) (vo,v3)" # 0, or (i1) vy # 0, v, = 0 and vz = 0. We will now prove that neither
of these options can lead to v ¢,(6y) = 0 a.s. We start by noting that the terms on the
left-hand side of are G;_i-measurable, while those on the right-hand side are not.
Thus, this equality can only hold almost surely if both sides are equal to some constant
almost surely.

We first consider option (i); (ve,v4 )" # 0. Due to the linear dependence of the cubic
spline coefficients on the vector of ordinates y and the linearity of 7(%), we can write for

any ¥ € R? and any z € R:

H(z;e1) H(ze)
H z;e OH (z: H ze
H(z; ) = P’ (25 €2) such that M = (z:€2) , (D.3)
: A :
H(z;e,) H(z e,)
where e; for 1 = 1,...,¢q denotes a ¢g-dimensional vector with a 1 on entry ¢ and zeroes

elsewhere. Tt follows that v3 OH (g4; 1) /0% = H(es;v3). We simplify the right-hand side
of (D.2)) as follows

(2 . ) 1

20, 0
In order to argue that there exists no nonzero vector (vq,v4 )" for which this expression

is constant a.s., it suffices to show that for any constants B, D € R the following equality

only holds a.s. for for v, = 0 and v3 = 0:

1
B+ H(ey;v3) = (D + UQFQ) h(es; o).
90
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We notice that both functions (D + dz)h(z;1,) for d = vy/203, and B + H(z;v3) are
piecewise quartic polynomials in z € R, but they are inherently different from each other,
as the former is only twice continuously differentiable under the assumptions on ¥, while
the latter is three times continuously differentiable. In particular, their derivatives are
different, as h(z;w3) is a cubic spline function by construction while, dh(z;%,) + (D +
dz)h' (z;1p,) is not, as ¥ is such that A" is non-differentiable at some of the knots t under
Assumption 4l This holds even if d = 0. Therefore, given that the density function p, is
nonzero on R, there exist no (vy,v4 )" # 0 and B, D € R such that the equality above
holds almost surely. Thus, to have that the right-hand side of is equal to a constant
a.s., we must have vy = 0 and v3 = 0, in which case it is equal to zero a.s.

Finally, for case (i), we would need

9ft(80)

dw

L. ™| 9£060)
O__Oh(gh 1700)’01 ta—ﬂo =0 as. )

0ft(60)

Oa

for vy # 0. First of all, we know that h(es;1),)/00 is non-degenerate and independent of
the rest of the expression. Thus, for the equality to hold almost surely, we must have that
the inner product next to it, is equal to zero almost surely. Looking at the expressions

of the equations that describe these derivative processes:

Ofi11(00) 0fi(60)

T 0w =B D +1— P,

—8ftg16(90) = By @fta(;o) —wo + Bofe(00)

Ofii1(0 071.(0

O] _ p,00800) (100, ).
aS(f, xt)

where B; = 6y + g ——= )
of f=ft(00)

we see that 0f;(0y) /0w, 0f(00)/05, and 0f;(6y)/Oc, are elements of autoregressive pro-
cesses that are identical, except for their ‘innovations’ being equal to 1— [y, —wo+ f;—1(60)
and h(egq_1;1,) /00, respectively. Clearly, none of the three processes is degenerate and
their ‘innovations’ take different values with probability one, as 1 is a constant and the
remaining two ‘innovations’ are continuous random variables that are independent of each

other. Tt follows that case (iv) is also ruled out, which concludes the proof.

O
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Proof of Lemma[B.9 We apply the central limit theorem of Billingsley| (1999) for SE

martingale difference sequences to {¢;(6¢)}cz, which requires us to show that this se-

quence is an SE martingale difference sequence with E|¢}(80)|* < oo. An application of

Krengel| (1985 Proposition 4.3) tells us that {¢}(0¢)}ez is SE, as £}(8y) is a continuous
function of fi(6y), 0fi(6y)/00 and x;, which are elements of SE sequences by Proposi-
tions[l] and 2| That E|¢,(6,)|* < oo can be seen straightforwardly from the expression of
0;(0y) that can be found in (D.I]), as it is known that &, and 9/,(8,)/00 have bounded
moments of any order, and h and H are piecwise polynomials. Finally, {£},(0¢)}icz is a
martingale difference sequence, because using the notation from the proof of Lemma[B.§]

we can write

0ft(60)
0 -

0ft(60)
0 1
0

1
+ | 2w U—OE[h(at; )] =0
—1 (1 — Elesh (e4510))) 8]:;520)

_E [amamo)] _ 1 0C(y) 9f1(60)
Cyy) 0 GBI

E[£,(00)Gi-1] =

where we use that the derivative 0f;(0)/00 is G;—; measurable and that E[h(es;2),)] =0
because h is rotationally symmetric around zero by construction, which implies that p.
is a symmetric distribution. Furthermore, E[e;h(es;1),)] = 1 follows from:

Elesh(es; )] = / " eh(aso)pa(e) do = — / LV EC)

o0 —o0o ox

= — /_00 apl(z)de = — [zp(2) — Pxp (X < )] =1.

o0

Finally, for i = 1,...,q, it can be seen using the expressions in Section that

oM ) jexp(=Hlziy) 1 0C(ky)
{ ] / Hoe) =Gy = Ty v

Thus, {¢}(60)}icz is indeed a martingale difference sequence and the central limit theorem

can be applied, which together with the Fisher information matrix equality, which was
argued to hold in the proof of Lemma [B.§] concludes the proof.
O

Proof of Lemma[B.10, By Lemma 2.1 of [Straumann and Mikosch| (2006) and the sub-
additivity of the sup-norm, it suffices to show that

sup ||£1(0) — £4(0)]| “S" 0 ast— oco.
0co
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By considering the expression of the first order derivative in (E.2), and using that
infgeg 1/0 > 0 under the imposed assumptions, it is clear that the following conver-

gence results are sufficient for this result to hold:

Ty — ft(e)' aft(e) Ty — ft(e). aft(e) e.a.s.
pes h( _—_— ) 06 _h( o ,¢> a0 || O
amh(ﬁiiﬁﬁ;)cm—ﬁw»—h(ﬁlﬁ@%¢)@ramm>eﬂ'm
6co o g
OH (Z, ’(ZJ) OH (Z, ’l/)) e.a.s.
sup (| —— - =0, (D4
0co o z=(2:—f+(0)) /o P z=(2t—f1(0))/o

as t — 0o. The first two results follow from applications of Corollary TA.16 of |Blasques
et al.| (2022)), which tells us that if {2(0)}en and {9:(0)}ten converge e.a.s. to SE limit
sequences {z:(0)}ez and {y:(0)}icz as t — oo, respectively, uniformly over O, then
in case Esupgcg log™ |2(0)] < oo and Esupgeg log™ |1:(0)| < oo, supgee |2:(0)7:(0) —

2(0)y:(0)] = 0 ast — oo. It is not hard to see that this result can be extended to the

case where either {Z,(0)}en or {9:(0)}ien is a vector process and the absolute value is

replaced by a norm || - ||. Thus, here it suffices to show that
Sup ft(g) — fi(8)] == 0,
0co
0110) _0fu0)| cap.
oco || 00 00 ’
wph(@—ﬁwx¢>_h<n—ﬁw%¢)eﬁim
0co 9 o

as t — oo and that the processes { f+(0) }tez, {0f+(0)/00}icz and {h((xi— f:(0)/0; ) }rez
are SE and have a finite logt-moment uniformly over ©. For the first two processes, all the
required results follow readily from Proposition [2] For the last process, the stationarity
and ergodicity follows from Krengel (1985, Proposition 4.3), as it is a continuous function
of SE sequences. Furthermore, the finite log™ moment follows from the assumptions on O,
the fact that z; and f;(€) have been shown to have finite moments of any order uniformly
over © and h being a piecewise third degree polynomial. Finally, for the convergence
result, we can apply the mean value theorem, as h(-; 1) is continuously differentiable and

has a uniformly bounded derivative under the current assumptions:

h(%—fw%¢>_h<“‘j”%¢)

h (z;)

o

sup
6co

fi(8) — (6)

€.a.8

= 0.

< supsup
0cO zeR

- sup
6co

~
=D<oco
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Now it only remains to be shown that holds, which can be shown using the same
approach as is used in the proof of Lemma [B.4] because 0H (z;)/0y; = H(z;e;) for
1=1,...,q.

O

Proof of Lemma[B.11. Using the same argument as in the proof of Lemma [B.4] it is

e.a.s.

sufficient to show that supgee [6;(8) — £:(8)] “%" 0 as t — oo. The expression of £,(8) is
given by

mmz—H( Ww)A%aw—ﬁ@. (D.5)

exp(ft(e

As only the first and last term depend on f;(0), the middle term can be disregarded. For

the final term we have

sup | f(0) — f1(8)] “5" 0 ast — oo,
€0

which follows directly from Proposition |3l Thus, it only remains to be shown that

H&m@ww¢>‘H@mme¢)

By arguments used in the proof of Lemma [B.4] it suffices to show that

€.a.S.
0

sup —

6co

as t — 0o,

Ty — M Ty — MM

exp(f,(0))  exp(fi(0))

480 as t — 00,

sup
6co

and that {(x; —m)/ exp(fi(0))}:ez is SE and has a bounded log™-moment uniformly over

©. The convergence result holds by an application of the mean value theorem:

Ty —m Ty —m Ty —m A B
8 oxp(70)  S@)| = ocofer osp() | 5e (O A
|th| +m ~

as we know fi(6) € F = [f,00) for some f > —oo, and where m = supgegm < co. It

follows from Proposition [3| that {|z;|}+cz is SE and also:

E(log™ |z:]) = E(log™ Jmg + exp(fi)e:|)
< 2log2+ log™ |mg| + E(log™ |exp(f;)e])
< 2log2 + log™ |mg| + E(log® exp(f;)) + E(log™ |&]) < o0
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where the inequalities follow from Lemma 2.2 of Straumann and Mikosch| (2006]). The
final expression is finite, because E(log™ exp(f;)) = E(14,0f;) < E|fi| < oo, as f; has
bounded moments of any order by Proposition 3, and E(log™ |¢;|) < oo as &; has bounded
moments of any order.

Finally, that {(z; —m)/exp(f:(0)) }1ez is SE follows from Krengel (1985, Proposition
4.3) and that the elements of this sequence have a bounded log*-moment uniformly over
© holds by another application of Lemma 2.2 of [Straumann and Mikosch| (2006), and the
fact that f,(6) is bounded from below by f > —oo. O

Proof of Lemma[B.13. The log likelihood function log p,(z|f;4) is uniformly bounded
from above over x € R, f € F and 8 € O, as can be seen from its expression in ,
as we have that © is compact, fi(0) > f > —oo a.s., ¥ is such that H(z) diverges to
+00 as |z| = 0o, which together with H(z; ) being finite on R, implies that H(z; ) is
uniformly bounded from below. Also, C(%)) is finite for any ¢ € ¥ under the imposed
conditions. Therefore, logp.(z|f;~) is uniformly bounded from above, implying that
El,(0) < oo exists for any @, although it can be equal to —o0.

The second result holds because

E\fft(Ho)!SE’H( T~ Mo '¢o)‘+\10g0(¢o)|+E\ft(90)\

exp(f:(80))
— E|H (= 90)| + [log C(4h,)| + E|fi(60)| < oo

where we use that f,(6y) = f; a.s., due to {f;(0¢)}icz being a unique limit sequence.
Each individual term in the expression on the right-hand side is finite, due to f;(6o)
having bounded moments of any order by Proposition [f] and H being a piecewise quartic
polynomial evaluated in ¢;, which has bounded moments of any order due to the expo-
nential decay of the tails of its distribution. Furthermore, clearly C(,) < oo under the

assumptions that are in place. O

Proof of Lemma[B.13. We know from Lemma that ¢;(0) is bounded from above,
implying it is integrable, such that E/;(0) exists for any 8 € ©. That lemma also tells
us that E[(,(0p)] < oo. Clearly, whenever 8 € © is such that E¢(6) = —oo, then
El,(0) < El,(00), so we just have to consider vectors 8 € © for which E/¢,(8) is finite.

As for Lemma [B.6] we prove the claim by showing that ¢;(6) = £,(0,) a.s. if and only
if 6 = 6.
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We have argued in the proof of Lemma that if €1 ~ p.(e1;9), then o' + H((e1 —
NVi") = a" + H((er — ") /V;4") as. if and only if (¢/,b,,¢") = (a”, 0", ", 4").
Thus, because £;(0) = £,(8y) a.s. if and only if

B exp(fi(6o))ee + mo —m —lo -
(S ) e - 50

= -H (515; ¢0) — log C(¢0) - ft(OO)

a.s., it is clear that ¢,(0) = £,(6y) holds almost surely if and only if ¥ = 1,, mg = m
and f,(0) = f;(8p) a.s. So it remains to be shown that given ¥ = 1, and m = my,
f:(8) = fi(6y) a.s. holds if and only if (w, 8, a) = (wo, Bo, ap). Because {f;(0)}icz is SE
for any @ € O, then if we have f,(0) = f,(8¢) almost surely, this must hold for any ¢ € Z.
Say that 8 € O is such that the equality holds almost surely, then the update equation
of f;(@) implies that:

fi41(00) — f141(0)
= wo(1 = o) —w(l = B) + (Bo — B) f:(00) + (a0 — ) (h(er; Pg)er — 1) as.

To have that the left-hand side is equal to zero almost surely, we must have wy(1 — 5y) =
w(1—p), because otherwise, the equality implies that (8o—f) f:(0o)+(co—a) (h(es; o) er—
1) = w(l — B) —wo(l — By) # 0, which is ruled out, because the left-hand side cannot
be equal to a nonzero constant due to f;(6y) being independent of h(e;)e;, and fi(6y)
being non-degenerate due to g # 0 and h(e;)e; clearly being non-degenerate under the
maintained assumptions. Next, we also need 5y = [ for the equality above to hold
a.s., because in case [y # (3, we would need (ag — a)(h(ey; ¥y)er — 1) = (8 — Bo) f:(60),
which is not possible due to h(e)e; and (8 — Bo)fi(6p) being independent and non-
degenerate. It then follows from wy(1 — fy) = w(1 — ) and the assumption that fy < 1
that w = wy. Finally, we must clearly also have a = g, as there is no other way of having
(g — ) (h(eg;¢y)er — 1) = 0 a.s.. This concludes the proof.

[

E. Derivatives location model

E.1. Derivatives of score function location model

In this section we provide the first, second and selected third order derivatives of s(f, x;; )

with respect to @, so effectively v = (02,4)), and f, necessary for deriving the properties
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of the derivatives of f;(0). Recall that here 8 = (w, 8,a,0%,4) ", where ¥ = (¢1,...,1,)
for ¢ = k/2, and where () is such that y1 = —¢y, ..., Yy = —U1, Ypr1 = Y1, ..
Yr = Y. We have that for any f €e R, x € Rand v € I":

1 (x—f

g

°)

For the first order derivatives we will use that the nonzero elements of the derivative
Oh(z;4)/080 are given by:

Oh (z;1)

— — = h(ze),

;i
for any z € R and i = 1,...,q, and where e; for j = 1,...,¢ denotes a g-dimensional
vector with a 1 on entry j and zeroes elsewhere. This follows from the linearity of the

function A(z;1p) in 9. It follows that for any i =1,...,¢

os(fiey) 1, (e—f
__0_2h ( p 7¢) )

of

Os(frwiy) 1 r—f, fr=f  \Nr—f
do2 200 {h( o ’¢>+h( o ’Qp) o }’
o= (Fhe)

o o

where derivative h'(z; 1)) denotes the derivative of the spline function h with respect to
z, which is a second degree piecewise polynomial.
For second order derivatives of s, we will use that by the linearity of h(z;4) in y, the

second order derivative of h with respect to the static parameters is a matrix of zeroes:

h (z;4)

0000

= O4+q><4+q :

Furthermore, the nonzero elements of Oh/(z;4)/00 are given by

o' (z; )

a—wlzh(z,el),

forany z € Rand i =1,...,q. Thus, we have forany:=1,...,qand j=1,...,¢q

Ps(fwiy) _ 1, (x—f;¢>

ofof o3 o
62 fa ) 1 / _f _f " _f
o= () e ().
?s(f, x; 1, (z—F
*s(f,xy) 3 r—f S5zx—f),, (z—f.
002002 _405h( o ’1/)>+ 406 h( o 71/))



+<I_f)2h”(x;f;’l,b),

407
625<f7x;’7)_ 1 ZE—f
do20y; 203 {h ( o ’ei)
—i—h/ (x_f;ei) Ji—f:| ’
o o
Ps(f @) _
Oy

Notice that h”(z; 1) is a continuous piecewise linear function and can be straightforwardly
computed given h'(z; ).
Finally, we compute the following three selected third order derivatives fort =1,...,¢q
and j=1,...,¢
Ps(fw7) _
OV 0;0f ’

ags(fax;'Y)_ 1 / l‘—f. ZL'—f " iIZ‘—f_
00200 f ‘?h( ’ei)_ " ( e)

Ps(frwiy) _ 1, (Sc 1. ei) |

0 0f0f  od

E.2. Derivatives of log likelihood location model

In this section we give the first and second order derivatives of the log likelihood function
of the location model defined in Section |4.1} with respect to 8 where @ = (w, 5, a, 02, 9) ",
where ¥ = (¢1,...,1,) for ¢ = k/2, and where 7(¢p) is such that y; = =)y, ..., y, = =1,
Yg+1 = V1, ..., Yr = V. For any 6 € O, the log likelihood function reads:

T
%;gt(a% where ((0) = —H <M_Tft(0>;¢) —log C(v) — %log o,  (E1)

The first order derivative of ¢,(0) is given by:

004(9) x — f1(0) 10f,(0) Oo~! O0H (z;1)
06 :h( - ;‘”) [E o~ [ h0) g } T

z=(z¢—ft(0))/0

1 0C(¥) 1 do?
C(p) 00 20200 (E2)

where the nonzero elements of dH (z;1)/06, 0C(1)/06, Do~ /90 and do?/do? are given
by
OH (2 )

a—w = H<Z§ ei) )
OC(p) [ dexp(—H(z;9))
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=/°°—exp< H (o)) H(x; ) da

Oo~ ! B 1
do2 253’
do? B
w )

fori =1,...,q and any z € R. The form of 0H (z;4)/0; follows from the linearity of
the spline coefficients in y. We will now argue why the derivative can be taken into the
integral in the calculation of OC()/0v;. Because © is compact, there must be some real
positive value t* > 0 such that for some ¥* € ¥ and every 1 € ¥ and corresponding y
and y*, respectively, |0 exp(—H (x;%™))/0;| > 0exp(—H (z;))/0Y; for every x > t* or
x < —t*. Within [—t*,¢*], the derivative can be taken into the integral by Leibniz rule
and outside of this interval, the derivative can be taken into the integral by an application
of the dominated convergence theorem, as |0exp(—H (x;1"))/0v;| is clearly integrable
under the maintained assumptions.
For the second order derivative, we obtain

(92&(0) Y (.I't — ft(e) >
o606 " s ¥

10£,(6) 0017 [10£.(6) Do
OB = 80 % | [ 220 - 00

N h( — fi(6 ),zb) [18%(6’) L 01A0) 80" 00" 0f,(6)

o 0000" 80 00" 00 90"
—1
R }

8080T
10
+ {_ J:;(e ) ( Tt — ft }
o z=(z1—f1(6))/o
Oh(z;:9) {1 8ft 80‘1]
T | (wi—fi(0)))o LO aeT ~ e OV

1 PC(p) 1 (8C(¢))2_lai2802
C(¥) 9000T  C()2 \ 00

200 907’
where we use that
2H (z;1)) 0?02

T ananT  Jdtgxdtqo and AananT  U4tgxdtqs
0000"

0000"

because H(z;1)) is linear in y and because do?/0o? = 1. The expressions of the nonzero
elements of Oh(z;1p)/00 are given in the previous subsection. Finally, the nonzero ele-

ments of 020! /0000 ", do=2/0c* and 0>C(v)) /0000 " are given by
oAl 3

002002 405’
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Oo—2 1

o> ot
2 o0
g?jé:i) B /_oo oxp(—H(z; %)) H(z; €;) H(xz;t, e5) Az,

for any 7,7 = 1,...,q, where we use the same argumentation as for 0C (1) /0 for taking

the derivative into the integral.

F. Calculation of moments

Let us derive the moments of the spline probability distribution p.. For any non-negative
integer n, we have that:

CE[e}] = /00 e" exp(—H(e;t,y))de

—00

= /t1 e" exp(—H(e;t,y))de + /tk e" exp(—H(e;t,y))de (F.1)

—00 t1

+ / e exp(—H(e; b, y))de |

ti

where C' denotes the integrating constant defined in (§]). We will discuss how this con-
stant can be calculated in Section [F.1] The middle integral can be reliably evaluated
numerically, because it is a smooth function that is integrated over a bounded integra-
tion range. In particular, we suggest using some quadrature routine between each pair of
subsequent knots (¢;,¢;41) for i = 1,...,k — 1, in order to obtain a good approximation.
We use the quad routine of the scipy.integrate library in Python.

The first and last integrals can be simplified analytically. Note that beyond the outer
knots, the natural cubic spline h is linear and therefore its anti-derivative is quadratic.
For the tail integrals to be finite, the assumption on the coefficients in Assumption
must hold.

To evaluate the tail integrals, we have to distinguish between the case where by > 0
(b, > 0) and where by = 0 and ay < 0 (by = 0 and a; > 0). Let us start with the first
integral on the right-hand side of for the case by > 0:

t1 t1
/ " exp(—H (e £, y))de = / = exp(— Ho(e: £, y))de

—00 —0o0

t1 1
= exp(—eo)/ g" exp (—ao(€ — 1) — 550(5 - t1)2> de

—00

0 1
= eXp(—eo)/ (y +t1)" exp (—aoy — §boy2) dy
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—0o0

1 0 1 (y -+ a0b71)2
Y G e U S @2
Oy~ eXpP ( € + 2a0 0 ) (y + 1) \/Fbal exXp 2b61 Yy

pdf of N'(—aoby ',b5")

_5‘1)(50) oxb(—e ’ n 1 ox _(y — fin)®
=0 p( 0)/_Oo(y+t1) B0 p< 272 )de

pdf of trN (fio,62,—00,0)

_ ®(5 ,
Y (~0) eXp(_eO)EZNtrN(ﬂo,&g,—oo,O) [(Z + tl) ] )

090(50)

where we use the notation jiyp = —aobal, o8 = bal and Bo = —[ip/Go = ag \/boTl, where we
use the change of variable y = ¢ — t; in the third equality and where trA (u, 02, a,b) for
i E€R, 02> 0and —oo < a < b < oo, denotes the truncated normal distribution with
mean 4, variance o2 and truncation on the interval (a, b). Furthermore, ®(-) denotes the
cumulative distribution function of the standard normal distribution and ¢(-) denotes its
probability density function. For the last integral in (F.1]), under the restriction by > 0,

a similar derivation gives:

o0 .o n
/ e exp(—H(g;t, y))de = oy, > eXP(_ek)EZwrN(ﬁk,&g,o,oo) [(Z +t)"],
123 @(ﬁk)
where [i;, = —akb,zl, i = b,;l and 3, = — O = ak\/b,;l .
For the case by = 0 and a¢ < 0, the first integral on the right-hand side of (F.1)) is

equal to

t1 t1
/ " exp(—H(e: £, y))de — / = exp(— Ho(: £, y))de

—0o0 —00

—exp(—co) [ " exp(~aule — 1)) de

—00

— exp(—co) / Tl — ) exp (—(—ao)y) dy

_ _exp(=e) /Ooo(t1 — )" (—ap) exp (—(—ag)y) dy

a’O . J/

-~

pdf of Exp(\) with A=—ag

exp(—ep) "
= —&—OE%Exp(fao) [(ti —2)"],

where we use the change of variable y = ¢, — ¢ in the third equality and where Exp(\) de-
notes the exponential distriubtion with parameter A > 0. The last integral in (F.1f), under
the restriction b, = 0 and a;, > 0, can be shown to be equal to MEZNEXP(%) [(Z + tr)"]

a

using a similar derivation.
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In summary, we have found that for any integer n,
(

t 2(Bo) s L
| e ew(-HE): - 50 ot P CO)E 2tr (i 33,00 [(Z + 11)"] iE b0 > 0
o \_WEZNEXP(_GO) [(tl - Z>n] , ifbg = 0and ap <0,
( .
. = (=) _ no
[ e exploti(eas = § 7 i PC R Bt (0T, A0 =0
tr exp(=ep) )EZNExp (ak) [(Z + tk) ] if bk = 0 and ay > 0’

\ %k

(F.2)
where fig = —aobal, s = bgl and BO = —Ji/d¢ = am/bgl and where i = —akblzl,

o7 = b_l and Bk = _,ak/é_k = akwb_l .

For the first and second moment we can use that if Z ~ trA (fig, 52, —00,0):

E[Z] = fio — S0@0)50, and Var(Z) = 58 1— Bow(ﬁo) _ (¢(5:0)> ’

®(fo) (o) ®(5o)

such that E [Z°] =47 |1+ B2+ By

wo)]
®(fo)
and if Z ~ trN (., 52,0, 00):
B o | BB (e
E[Z]_'uk—i_q)(—gk)ak’ d \% (Z)— k 1+ Q)(—Bk) < Y )) 5
o(5r) ]
O ()

such that E[Z%] =67 |1+ 52 — S

F.1. Normalizing constant

We can compute the normalizing constant C' using ([F.1)) evaluated in n = 0. The middle

integral on the right-hand side can be approximated numerically, as discussed above.

Using (F.2)), it is clear that:

t 50209 exp(—eg), if by > 0,
/ exp(—H (e))de = Ye(fo) (~eo) ’

—o0 —W, if b =0and ag <0,
\
( ~

~ P(=Pk) ;
00 or——=2 exp(—eg), if by >0,
and / exp(—H (e))de = () (=ex)
12 W, if by =0 and ap > 0.

\

F.2. Expectation

Let us derive the mean p of ¢; for a given spline density:

1 oo
p=Bel =g [ e en(-Htp)de,
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where C' denotes the normalizing constant. Based on (F.2)) for n = 1 and the form of the
expectation of a truncated normal distribution, we have that:

(

/t1 ( H( ))d eXp(—60)5'0 %(tl + [Lo) — 5’0] R if bo >0
cexp(—H(e))de = L
oo \—%j@(tﬁagl), if bp =0 and ap < 0,
( - ~
- [®f) MNP
o0 exp(—ex )0k R (e + i —i—crk}, if b, >0,
and / cexp(—H(e))de = (=ee) L #(B) ( )
tk %;ek)(tkjta;l), if b, =0 and a; > 0.
\

F.3. Variance

Now let us turn to the calculation of E[e?], such that we can calculate the variance of &;.

E[e?] = é/_oo e? exp(—H(e;t,y))de.

o0

From (F.2)) for n = 2 it follows that:

(

) exp(—eo)o [ £ ([t + fo]? + 52) — G (fo + 211)]
/OO e?exp(—H(g))de = if by > 0,
(e (B n 2+ 3], ifb=0andag <0,
N (eXp(—ek)ffk [ﬁ(—[i};) ([t + fw)? + 67) + o (fir, + ka)} :
/t <2 exp(— H(e))de — if by > 0,
‘ (=2 242+ 3], b =0and a >0,

Based on the values of 1 = Elg;] and E[eZ], we can calculate 0* = Var(g;) = E[e?] — p?.
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