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SI.1.1



To determine , the proportionality constant in , a continuous function approximation is performed:1




With :




Substituting  into :



SI.1.2



Using the expression for  from  and condensing:



To determine , the proportionality constant in , a continuous function approximation is performed:




With :




Substituting  into :



SI.1.3



And:


To evaluate :

 
 

With :

 
 

Substituting  into :



SI.1.4



 is a first-order linear homogeneous recurrence relation with constant coefficients. To solve, “guess” a solution of the form .2 Therefore , so:



Since  is not 0 (otherwise, since , all  would be 0), divide by :



 is the characteristic equation for the recurrence relation. The root, , of this characteristic equation is . 

The general solution to a first-order linear homogeneous recurrence relation with constant coefficients is:2



which is a geometric sequence with ratio , and where  is a constant to be determined.

To express  in terms of  and  only:





The general solution is therefore:



SI.1.5

Back-Solving to Determine  and 

The process for finding  is as follows:
· For  with , the recurrence relation is  (see right column, Table 2). Given at least one non-zero equation with the  and  terms, a unique solution for  may be found. If “x”  terms are known, “x-1” simultaneous equations are generated.
· A trial value for  is evaluated by substituting into the recurrence relation and comparing the calculated values of  with the known values of . The best value for  minimises the sum of squared differences between the calculated and known values.
· Excel’s Solver add-in is suitable for finding the best value for . The GRG nonlinear method is used and the following options are specified: convergence of 0.000001, central derivatives, and multistart with a population size of 100.

The process for finding , and therefore , is as follows:
· The general solution is of the form .
· With the best value for  known, if “x”  terms are known, then using the general solution “x” simultaneous equations are generated. At least one non-zero equation is required to find a unique solution for .
· A trial value for  is evaluated by substituting into the general solution and comparing the calculated values of  with the known values of . The best value for  minimises the sum of squared differences between the calculated and known values.
· Once  is known, given that ,  is directly inferred ().
· Again Excel’s Solver add-in is suitable for finding the best value for . The GRG nonlinear method is used and the following options are specified: convergence of 0.000001, central derivatives, and multistart with a population size of 100.

Checking for the Best Fit

The process of finding both  and  uses minimisations of the sum of squared differences between the fitted data set and the experimental data set:



and



Taking the first and second derivatives of each equation:





and:




Following the solver procedure described previously, both  and  are calculated to confirm that a stationary point has been found for  (i.e. ) and for  (i.e. ). Note that the second derivatives above are positive constants. A plot of  or  gives a parabola, and any stationary point found is a minimum (i.e. a change in  results in a higher value for , a change in  results in a higher value for ).

SI.1.6

a. Polymerisation equations



 



 

b. Schulz-Flory equations







c. Other equations

With :

 

With :

 

d. Expressing  with Schulz-Flory equations



 

 

 

e. Expressing  with Schulz-Flory equations

 

 

 

f. Expressing  with Schulz-Flory equations



SI.2.1



 is a 2nd order linear homogeneous recurrence relation with constant coefficients. To solve, “guess” a solution of the form .2 Therefore  and , so:



Since  is not 0 (otherwise, since , all  would be 0), divide by :



 is the characteristic equation for the recurrence relation. With , , and , the roots  and  of the characteristic equation are real and distinct. The general solution to a 2nd order recurrence relation with constant coefficients and a characteristic equation with real, distinct roots is:2



where  and  are constants to be determined.

To find  and , use the quadratic formula:




Note that from  and , . Also note that with , , and , then , , and also .

To find  and , set up a pair of simultaneous equations with any two known  terms:




These give:




To express  in terms of , , , ,  and  only, since  and , then:





The general solution is therefore:3


with:





SI.2.2



 
 

With :

 
 

So:



SI.2.3



To derive a normalised  equation:



And to evaluate :

 
 
 
= 

With :

 
 

So:



SI.2.4

Back-Solving to Determine , , , and 

The process for finding  and  is as follows:
· For  with , the recurrence relation is  (see right column, Table 3). Given at least two distinct, non-zero simultaneous equations – one with the ,  and  terms, and another with the ,  and  terms – unique solutions for α and β may be found. If “x”  terms are known, “x-2” simultaneous equations are generated.
· Trial values for α and β are evaluated together by substituting into the recurrence relation and comparing the calculated values of  with the known values of . The best values for α and β minimise the sum of squared differences between the calculated and known values.
· Excel’s Solver add-in is suitable for finding the best values for α and β. The GRG nonlinear method is used and the following options are specified: convergence of 0.000001, central derivatives, and multistart with a population size of 100.

The process for finding  and , and therefore  and , is as follows:
· The general solution is of the form .
· With the best values for  and  known,  and  are directly inferred (see  and ), and if “x”  terms are known, then using the general solution “x” simultaneous equations are generated. At least two distinct, non-zero simultaneous equations are required to find unique solutions for  and .
· Trial values for  and  are evaluated together by substituting into the general solution and comparing the calculated values of  with the known values of . The best values for  and  minimise the sum of squared differences between the calculated and known values.
· Once  and  are known,  and  may be directly inferred:

                                                             By simultaneous equations:

                                                              

· Again Excel’s Solver add-in is suitable for finding the best values for  and . The GRG nonlinear method is used and the following options are specified: convergence of 0.000001, central derivatives, and multistart with a population size of 100.

Checking for the Best Fit

The process of finding both ,  and ,  uses minimisations of the sum of squared differences between the fitted data set and the experimental data set:



and:



Taking the first and second partial derivatives of :





and:




Taking the first and second partial derivatives of :





and:





Following the solver procedure described previously, , , , and  are calculated to confirm that a stationary point has been found for  (i.e. ), for  (i.e. ), for (i.e. ), and for(i.e. ). Note that the second partial derivatives above are positive constants. A plot of  or  gives an elliptic paraboloid, and any stationary point found is a minimum (i.e. a change in  or  results in a higher value for , a change in  or  results in a higher value for ).

SI.2.5

a. Polymerisation equations



 



b. Alternating equations





 

 

 

c. Other equations

With :

 

d. Expressing  with Alternating equations

 

e. Expressing  with Alternating equations

 

 

 

 

f. Expressing  with Alternating equations

 
 
 

 

 

 

 

So:

 

with:





SI.2.6

Limiting Cases for 

a. High degree of single insertion







b. High degree of double insertion







c. High degree of single and double insertion







d. High degree of termination







SI.3.1



To evaluate , with  (as per ):

 
 

So then:



Using  and :







SI.4.1

Before beginning, a point must first be made regarding the use of equilibrium constants in kinetic derivations, using the Michaelis-Menten model to illustrate. The Michaelis-Menten model is a well-known scheme for enzymatic kinetics, relating reaction rate to substrate concentration:4 







Scheme SI.1: Scheme for the Michaelis-Menten model of enzymatic kinetics. Enzyme  reversibly binds with substrate  to form an enzyme-substrate complex . This intermediate then forms the product  and regenerates the original enzyme . Rate constants  for each reaction step labelled.

In steady-state, the concentrations of the intermediates  and  are constant. Consequently, rates are balanced:



 may be rearranged to give:



 states that the equilibrium constant for the reversible reaction is equal to , and is therefore independent of .  features in the final Michaelis-Menten equation as a simplifying constant.
It is, however, possible to draw other catalytic schemes in which certain equilibrium “constants” are not independent of substrate concentration. Consider, for example, a slightly modified version of Scheme SI.1, where two substrate molecules are permitted to bind sequentially to form the intermediate :








Scheme SI.2: Modified version of Scheme 4 featuring sequential binding of two substrate molecules.
 
As before, in steady-state the concentrations of all intermediates are constant. Consequently:





The aim here is to evaluate  and  to determine whether or not each equilibrium constant is independent of . From , it is evident that  has no dependence on  since:



 may be rearranged to express  in terms of  and :



Substituting into :





 shows that, in contrast to  ,  varies with  and so cannot be treated as a concentration-independent equilibrium constant.
The schemes which follow involve two sequential reversible reactions, as per Scheme SI.2, where the presumption of pressure-independent equilibrium constants is inaccurate. In order to preserve the integrity of the following analysis, no simplifications involving equilibrium constants are made. This produces more complicated expressions during the derivation, but ensures theoretically robust results.

Connecting Pressure with  and 

Scheme 3 presented a catalytic scheme for the production of alternating 1-alkene oligomer distributions via a metallacyclic mechanism. The terms ,  etc. group together all intermediates involving  ethylene units. In order to investigate the effect of changing ethylene pressure on  and , it is necessary to propose a more detailed scheme with the individual elementary reaction steps that occur within each active species “box” (i.e. between each type of  species). This so-called candidate scheme is kept as general as possible, for application to processes proceeding via a metallacyclic mechanism:


Scheme 6: Candidate scheme proposed for individual reaction steps occurring between each type of metallacyclic  species, with selected rate constants labelled.

Scheme 6 may be condensed to the following format, with intermediate species represented with the letters A-C and the probabilities for reaction steps labelled:








Scheme SI.3: Condensed candidate scheme with probabilities for reaction steps labelled. Note that the terms  and  represent the combined probabilities of “leaving”, via elimination or propagation processes, from intermediate species B and C respectively.

The fate of arriving intermediate species must be considered from two points of entry – via species A or via species B. The arriving species must leave (in order to maintain constant concentrations at steady state) via one of three potential exit-points: via species A, via species B, or via species C.
For species arriving via A, the condensed candidate scheme may be “unfolded” for the purpose of evaluating the probability of each potential outcome:


 










Scheme SI.4: Condensed candidate scheme (unfolded), for species arriving via A.

The probability of leaving via species A is:

 

 











The probability of leaving via species B is:

 

] 

Using  and  as previously defined in :





The probability of leaving via species C is:

 

] 

Using  and  as previously defined in :





As a check, the sum of ,  and  should be equal to 1:









For species arriving via B, the condensed candidate scheme may again be “unfolded” for the purpose of evaluating the probability of each potential outcome:














Scheme SI.5: Condensed candidate scheme (unfolded), for species arriving via B.

The probability of leaving via species A is:

 

 

Using  and  as previously defined in :

 

 

 

 



The probability of leaving via species B is:

 

 

Using the method of derivation for :

 



The probability of leaving via species C is:

 
 

Using the method of derivation for :

 



As a check, the sum of ,  and  should be equal to 1:










If Scheme SI.3 is modified to fully reflect Scheme 6:










Scheme SI.6: Expansion of the condensed candidate scheme.

then, using  and , for species arriving at A:





Using  and , for species arriving at B:





In both cases:



Comparing Scheme SI.6 with Scheme 6, since:









then:

 






Henry’s Law states that at a constant temperature, the quantity of a gas dissolved in a volume of liquid is directly proportional to the partial pressure of that gas in equilibrium with that liquid.5 The Law may be expressed as:



with  as the partial pressure of the gas above solution,  as the concentration of the gas in solution, and  as the Henry’s Law constant for the given system at a particular temperature. Substituting  into  gives:



SI.5.1

The change in concentration over time for  species is given by:



 is a first-order linear non-homogeneous ordinary differential equation. To solve, define the integrating factor , apply to both sides of , integrate and simplify:










The change in concentration over time for  species is given by:



 may be solved in a similar fashion to , giving the following result:



The change in concentration over time for  species is given by:



Again,  may be solved in a similar manner as before to give:



By continuing to higher  and inspecting the results, a general solution may be identified:



SI.5.2

Given the definition of CCG, it is reasonable to assume that all rate constants for chain transfer steps are much greater than all rate constants for propagation and elimination so that CT species are instantaneously in steady state. Considering the change in concentration over time for :








 shows that the distribution of  matches the distribution of  scaled by , independent of the kinetic stage of the underlying  system. Considering the change in concentration over time for :



Using ,  simplifies to:



SI.5.3

In order to numerically model these progressions, it is necessary to determine both  and  during a time interval .  may be defined as:



with  as per . In order to define , a simplifying assumption is made where all  rate constants are equal. In such a case, then at time = ,  simplifies to:



with as the total CT agent loading. At time = :



Then:



Note that . Then:







SI.5.4

Back-Solving to Determine  and 

The process for finding  and  is as follows:
· Given at least two non-zero values for , unique solutions for  and  may be found.
· Trial values for  and  are evaluated together by substituting into  and comparing the calculated values of  with the known values of . The best values for  and  minimise the sum of squared differences between the calculated and known values.
· Excel’s Solver add-in is suitable for finding the best values for  and . The GRG nonlinear method is used and the following options are specified: convergence of 0.000001, central derivatives, and multistart with a population size of 100.

Checking for the Best Fit

The process of finding and  uses a minimisation of the sum of squared differences between the fitted data set and the experimental data set:



Taking partial derivatives of the equation:



and:



Following the solver procedure described previously, both  and  are calculated to confirm that a stationary point has been found for  (i.e. ) and for  (i.e. ).

SI.5.5

For a distribution of n-alkane products (obtained following termination by hydrolysis):





To evaluate :

 


So:



For a distribution of n-alkene products (obtained following thermal termination), the  terms disappear from :



SI.5.6

For a distribution of n-alkane products (obtained following termination by hydrolysis):

 
 

The weight-average molecular weight  is defined as:

 

Using :

 
 

To evaluate :

 
 
 

So:

 

For a distribution of n-alkene products (obtained following thermal termination), the  terms disappear from  and :

 

 

SI.5.7

Catalysed Chain Growth

A solution of MMAO-12 in toluene (100 eqv., 7 wt%, 0.96 M (Al), 0.96 mL) was added to a suspension of 2,6-diacetylpyridinebis(2,6-diisopropylanil)FeCl2 (6.2 mg, 10 μmol) in toluene (5 mL), initiating a colour change from blue to orange. The orange suspension was transferred to a Schlenk containing ZnEt2 (3 mmol) in toluene (30 mL), and the flask was pressurised continuously with ethylene (2 barg). After 1 hr the polymerisation was quenched with water and aqueous HCl (1 M, 1 mL). Quantitative 13C {1H} NMR and GC was used to analyse the oligomer product. 
Quantitative 13C {1H} NMR (d2-1,1,2,2-tetrachloroethane/trichlorobenzene (50/50 v/v), 125 MHz, 100 °C): δ (ppm) 32.83 (CH2), 25.72 (CH2CH3), 16.95 (CH3).
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