[bookmark: _Ref443413316]Skin microstructure is a key contributor to its friction behaviour.
Maria F. Leyva-Mendivil1,2, Jakub Lengiewicz3, Anton Page4, Neil W. Bressloﬀ5 and Georges Limbert1,2,6 *


1national Centre for Advanced Tribology at Southampton (nCATS), Faculty of Engineering and the Environment, University of Southampton. Southampton, SO17 1BJ, UK.
2Bioengineering Research Group, Faculty of Engineering and the Environment, University of Southampton. Southampton, SO17 1BJ, UK.
3Institute of Fundamental Technology Research, Polish Academy of Sciences (IPPT PAN), ul. Pawinskiego 5B; 02-106 Warszawa, Poland
4Biomedical Image Unit, Faculty of Medicine, University of Southampton, Southampton General Hospital, Southampton, SO16 6YDJ, UK.
5Computational Engineering and Design Group, Faculty of Engineering and the Environment, University of Southampton. Southampton, SO17 1BJ, UK.
6Laboratory of Biomechanics and Mechanobiology, Division of Biomedical Engineering, Department of Human Biology, Faculty of Health Sciences, University of Cape Town, Observatory 7935, South Africa.

Journal:				Tribology Letters
Article type:			Research Article 
Date:				9 September 2016
*Corresponding author:		Tel: +44 (0)2380 592381; fax: +44 (0)2380 593016.
E-mail address: 			g.limbert@soton.ac.uk

1
Supplementary material: validation of the indentation simulations against line contact theories
[bookmark: _Ref442810307]This supplementary material describes the analytical verification of the finite element simulations of contact interactions of a cylindrical or discoidal body with a half-space. The validation was performed by comparing analytical solutions of contact area and total deflection against the results obtained in the finite element simulations for various contact theories found in the literature. This validation was required for the progression of an idealised model of skin as a flat homogeneous material in contact with a rigid indenter, into an anatomical multi-layer model of human skin subjected to sliding contact interactions. 










The analytical model to obtain the contact area was derived from the Hertzian theory of contact between two cylinders with parallel axes with equal length . The first cylinder of radius  represented the discoidal indenter. The second cylinder of radius  mm represented the skin material as a half space. The indenting force of magnitude, normal to the skin surface, is uniformly distributed along the length of the indenter cylinder. This can be represented in 2D as a punctual load of magnitude. Under these conditions, the contact area is described by a  rectangle, where the half width  is the distance between the indenter axis and the further region in contact, as projected over the skin surface (see Fig. 1). As , these contact conditions are known as ‘line contact’, for which the half width  is the most representative parameter of the contact area.


The half width  for line contact is defined by the Hertz theory of contact as:

[bookmark: ZEqnNum776542]	 	


where  and  are the reduced radius and reduced Young's modulus respectively. The reduced radius is defined in terms of the radii of the contact parts: 

	 	


that, by considering, results in. The reduced Young's modulus is defined in terms of the elastic properties of the materials in contact as:

[bookmark: ZEqnNum377140]	 	


where sub-indexes 1 and 2 refer to the indenter and flat materials, respectively.  Assuming that  for a rigid indenter, .


[bookmark: _GoBack]In response to the indenting force applied, the surface of the flat material is deflected a distance from its original surface. Hertzian theory can be used for the estimation of maximum deflection in line contact between two cylinders with parallel axes as [1]: 

	 	



where the subscript index H stands for Hertzian theory of contact. However, this equation cannot capture  when one of the cylinders is represented with an infinite radius (i.e. a half-space) [2], as . A great variety of models have been proposed in the literature for the estimation of , for which a review is presented next, identifying each model with a Roman number subscript index.

Norden [3] provided an in-depth review of various models for contact of cylinders with a half-space. One of these models corresponds to the expression obtained from the work of Thomas, Hoersch [4] and Love [5]:

[bookmark: ZEqnNum782764]	 	
which, although expressed in a different arrangement of parameters, is coincident with the work of Lundberg [6] and Puttock, Thwaite [2]. Another model corresponds to the work of Ferguson [7], considering an elliptical distribution of pressure on the plane surface:

	 	
From the formulation for deflection of one half of a cylinder compressed by two diametrical forces [8], the deflection between two parallel cylinders can be derived as: 

	 	

which is equivalent to the solution presented by Nakhatakyan [9]. Johnson [8] also presented a model for 2D contact between a cylinder and a half-space, estimating the deflection of a plane surface with respect of a point located directly underneath the indenter contact point at a distance  as:

[bookmark: ZEqnNum510002]	 	



which, assuming the indenter is much stiffer than the half-space material (i.e. ), it is equivalent to the total deflection. It was indicated that  can be used to indicate the depth  of the half-space in the model, as it does affect the contact interaction. Considering the thickness of the flat material, Johnson [8] reviewed the Wrinkler elastic foundation model. This model represents the flat material as an elastic foundation resting on a rigid surface instead of a half-space. The elastic response of this material is dependent on the displacement normal to the surface and excludes any shear response. Such behaviour is analogous to a mattress whose deformation is given by the resistance of its springs. With the Wrinkler model, the 2D contact between a cylinder and the `mattress' material can be approximated as:

	 	
The last model presented in this section, applied in the analysis of contact in roller bearings, reviewed by Harris, Kotzalas [10], accounts for the models from Lundberg [6] for line contact with semi-cylindrical stress distribution at the contact area:

[bookmark: ZEqnNum198554]	 	
All these models (Equations  to ), were developed under the assumptions of Hertzian theory [2,3,8,10]:
a) the materials are linear elastic
b) the contacting surfaces are perfectly smooth and frictionless
c) loading is applied normal to the contact surface, neglecting shear effects
d) the area of contact is much smaller than the surface dimensions of both contacting bodies
e) strain levels are small and within the elastic regime




The deflection models (Equations  to ) were evaluated by means of a sensitivity analysis considering variation of the stiffness of the flat material (i.e. skin) , the indenter radius  and displacement of the indenter(inducing the skin deflection). The design of computational experiment was built using a normalised pseudo-random space filling sampling plan generated using a Sobol sequence from the Intel® Math Kernel Library (MKL) generator through Mathematica® (Wolfram Research, Inc., Champaign, IL, USA). The Sobol sequence is a low-discrepancy sequence that provides a uniform distribution of values for random sampling generation [11]. A fixed seed value was specified in order to maintain the same sequence of pseudo-random values in subsequent analyses. Three sets of 25 experiments, identified as a sensitivity analysis (SA) were generated to assess the effects of different levels of indentation and stiffness of the flat material. Each experiment was obtained by variation of the parameters within the ranges specified in Table 1.












Given the number of analytical deflection models, it was required to determine which of these models could appropriately capture the skin deflection when the skin is represented as flat homogeneous material. It should be noted that, despite the maximum imposed indenter displacement being  mm, the maximum deflection captured in the sensitivity analysis simulations was  mm.  Models  and  showed a large difference from the simulations results, while higher agreement was shown for models , ,  and , especially for  mm (Fig. 2). At such a small deflection ( mm), model  showed a mean and median error of 5.43% and 5.48%, respectively, and an interquartile range of 0.007. This model was of higher accuracy (lower error and lower dispersion) for the conditions applied in these simulations.


Table 2 shows the relative error comparison between the six models evaluated and the finite element results. The variation observed among the analytical deflection models results reflect the different conditions considered in their development. In these simulations, where the height of the skin model was considered to be  mm, the analytical model  showed a better correspondence to the finite element model results. 



For the validation of the model, the half width  and deflection  measurements in the finite element simulations (AceGen/AceFEM) were compared to those predicted by the analytical models (Equations  for half width, and  for deflection). Results of the sensitivity analyses are depicted in Fig. 3. There was a good agreement between the analytical and numerical solutions, with a mean relative error of 4.3% for the half width, and 5.43% for the deflection which were considered sufficient to consider the idealised finite element model validated. These preliminary validation steps of the computational contact framework were essential to ensure a sound basis for further advanced contact analyses of the anatomically-based multi-layer skin models. These models featured a very complex geometry which prevented the derivation of any tractable analytical solution.
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[bookmark: _Ref455356844][bookmark: _Ref443414657]Table 1. Parameter limits for the analyses of sensitivity of half width and deflection sensitivity of the analytical models, with the use of the idealised skin contact model.  - Young’s modulus of the flat material

	Analysis
	Limits
	
 
	

	


	
	
	[MPa]
	[mm]
	[mm]

	SA 1: Large indentation
	Min
	0.01
	0.05
	0.01

	
	Max
	400.0
	0.5
	1.0

	SA 2: Small indentation
	Min
	0.01
	0.05
	0.01

	
	Max
	400.0
	0.5
	0.05

	SA 3: Low stiffness of flat material
	Min
	0.01
	0.05
	0.01

	
	Max
	1.0
	0.5
	0.5






[bookmark: _Ref461117861]Table 2 Error analysis between the analytical deflection models and the finite element (FE) results. Mean and median values of the relative error distribution for deflection  mm are compared, showing the interquartile range (IQR) as a measure of error dispersion. Lower error and dispersion was found in model , as marked in bold font


	Model
	Mean error [%]
	Median error [%]
	IQR

	FE
	0.0
	0.0
	0.0

	

	23.05
	23.17
	0.0315

	

	6.30
	5.92
	0.0672

	

	53.05
	52.88
	0.1056

	

	5.43
	5.48
	0.0070

	

	80.35
	80.25
	0.0273

	

	10.78
	9.26
	0.1032







[image: C:\Users\faBy\Documents\phD\skin surface\Paper2\Friction\Figures\HalfWidth.png]








[bookmark: _Ref443328758]Fig. 1 Line contact between a cylinder and a flat surface. The contact between a cylinder of radius  and a half-space providing a flat surface, both of length  in the  direction, under indentation force of magnitude , equally distributed along the cylinder length, causes the flat material to deflect a distance , resulting in a contact area of , where  is the half width of the line contact area. This system can be simplified in 2D under the assumption of plane strain (infinitely long cylinders), where indentation is caused by a punctual load of magnitude  (right)




	[image: C:\Users\faBy\Documents\phD\skin surface\Paper2\Friction\Figures\Deflection model evaluation All.png]
	[image: C:\Users\faBy\Documents\phD\skin surface\Paper2\Friction\Figures\Deflection model evaluation d10.png]





[bookmark: _Ref443413008]Fig. 2 Analysis of the analytical deflection models. The deflection results of the finite element (FE) model simulations were compared to the results of the analytical models  to  a)  the full range of deflection observed in the simulations, and b) for  mm, focusing on the models with closer match to the ideal fit (dotted line) which indicates a perfect fit between theory and computations

	[bookmark: _Ref443326934][image: D:\PUBLICATIONS\The YEAR 2016\P - Tribology Letters (Fabi's Paper 2)\Sensitivity analysis 1.png]

	[image: D:\PUBLICATIONS\The YEAR 2016\P - Tribology Letters (Fabi's Paper 2)\Sensitivity analysis 2.png]

	[image: D:\PUBLICATIONS\The YEAR 2016\P - Tribology Letters (Fabi's Paper 2)\Sensitivity analysis 3.png]





[bookmark: _Ref445995134]Fig. 3 Fitting of the sensitivity analysis results to those of the analytical models for the calculation of half width, and deflection, with variation of the flat material stiffness, indenter radius  and imposed displacement
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