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Supplementary Information (SI) file

S.1 Criteria for Positive Recurrence and Exponential Ergodicity with
Application to Examples 4.2 and 4.5

S.1.1 Foster-Lyapunov Conditions for Positive Recurrence and Exponential
Ergodicity

Here we recall fairly general conditions for positive recurrence and exponential ergodicity of
a continuous-time Markov chain. Such conditions are well known and are usually referred to
as Foster-Lyapunov-type conditions. We also apply these to the Markov chains in Examples
4.2 and 4.5, in subsections S.1.2 and S.1.3.

Theorem S.1. Let X be an irreducible continuous-time Markov chain with state space X
and infinitesimal generator Q. Suppose V : X — Ry is norm-like, that is {x € X : V(x) <
a} is compact S for each a € Ry. Further assume that for some ¢ > 0, d > 0 and a compact
set C,

QV(z) < —c+dlo(x), forallze X. (S.1)

Then, X is non-explosive and positive recurrent, and has a unique stationary distribution
7. If instead of (S.1), we have that for some ¢ >0 and d' > 0,

QV(z) < —dV(z)+d, foralzekX, (S.2)

then (S.1) automatically holds and the consequences stated above hold, and in addition, the
stationary distribution satisfies

(V) =) mV(x) < oo,
zeX
and there is 0 < B < oo and 0 < 8 < 1 such that for allt >0 and x € X,

D Py (t) = myl < [|Pra(t) = wllvr < B(V(2) + 18", (S.3)
yeX

Since X is a Markov chain, X is finite or countable, and we endow it with the usual discrete topology
consisting of all subsets of X.



where Py, (t) = P[X(t) = y| X (0) = z] and

1Pre(t) = wllvir = sup | D> (Pry(t) —my)g(y)] -
lgI<V+1 yEX

Remark S.1. When the second inequality in (S.3) holds, we say that the Markov chain is
exponentially ergodic in the (V + 1)-norm.

Proof. We will verify the sufficient conditions for each of non-explosion, positive recurrence
and exponential ergodicity given in Meyn & Tweedie [1]. Note that X is a Borel right-
process under the definition in Sharpe [2]. In addition, since the state space is discrete,
each compact set is finite and therefore petite.

For m € Z, if @y, is the infinitesimal generator for the Markov chain X killed upon exit
from O,, = {x € X : V() < m} 7, then Q,,V(x) < QV(x) for x € Oy,. It then follows
from (S.1) that conditions (CDO) and (CD2) (with f = 1) in [1] hold with @, in place of
Sy, there. By Theorem 2.1 and Theorem 4.2 in [1], the Markov chain is non-explosive and
positive recurrent, and it has a unique stationary distribution .

On the other hand, if (S.2) holds, then (S.1) holds, using the norm like property of V.
Furthermore, (S.2) implies that conditions (CDO0), (CD2) (with f = V + 1) and (CD3)
in [1] hold with @, in place of 47, there. By Theorem 2.1, Theorem 4.2 and Theorem 6.1
in [1], the Markov chain is non-explosive and positive recurrent, with a unique stationary
distribution 7 such that 7(V) < oo, and it is exponentially ergodic in the (V' + 1)-norm,
that is the second inequality in (S.3) holds for all ¢ > 0 and = € &X. For fixed ¢ > 0 and
x € X, setting g(y) = sgn(Pyy(t) — my), for y € X, we have that |[g| <1 <V 41, and

Z | Pay(t) — my| = Z(Pry(t) —7y)9(Y)| < [|Poe(t) — 7l[v41,

yeX yeX

yielding the first inequality in (S.3). O

S.1.2 Application to Example 4.2

For Example 4.2, we first show that the Markov chain is irreducible. For this, consider
x° = (0,0, Eiot, 0) and any fixed state x = (x1, 2, r3, Etor — 23) : 0 < 23 < Eyor. Starting at
x°, by having reaction @ fire 1 + Etot — 23 + x2 times in succession, then having reaction
@, immediately followed by reaction @, fire zo times in succession and then reaction @
fire Etot — x3 times, without any other reactions firing, we see that the Markov chain can
transition with positive probability from x° to x. Since each reaction is reversible, it also
follows that the Markov chain can transition from x to x° with positive probability. Thus,
the Markov chain is irreducible.

Next we will introduce a norm-like function V' and show that (S.1) holds. For each z € X,
let

V(z) = 22 4+ (2B — 1)b + 1)xg + ba?,

"Upon exit from Oy, the killed process goes to a cemetery state A, in X\ Oy, where V(A,,) = min{V (z) :
z € X\ On}.



where

2
b 1+ (/<65 + koEios + /‘CBEtot) + (2H5+K68—;?552Et0t) (S 4)
KoEtot (2Etot — 1) ' .
Notice that b > 0 since Eo; > 1. Then, for each a € Ry, {x € X : V(x) < a} consists of
finitely many states, and for any x € X,

QV(z) = ZT]'(:C)'(V(%LU]')—V(%))

= mzazs- ((z1 — 1)+ blza + 1)%) — (2F + bz}))
rawa - (@1 + 1P+ b(ws — 1) — (o2 + bad)
+raza - (2Bt — )b+ 1)(22 + 1) + b(za — 1)%) = (2Bt — 1)b + 1)z2 + bai))
+kazaxs - ((2E ot — 1)b+ 1) (w2 — 1) + b(za + 1)%) — ((2E 4ot — 1)b + 1)aa + ba3))
+ks5 - ((x1 + 1)2 - m?) + kex1 - ((z1 — 1)2 - 33%)
= riz1xs - (=221 + 1+ 0224 + 1)) + kowa - (221 + 1+ b(—224 + 1))
+r3za - (((2Etor — )b+ 1) + b(—2z4 + 1))
+razoxs - (—((2Eot — 1)b+ 1) + b(224 + 1))
+rs - (221 + 1) + Kewr - (=221 + 1)
= —(2k173 + 2Ks) - x? + (265 + k6 + K1 (1 + b)xs + 2bk1T3x4 + 2K2T4) - T1
+ka(—20E ot xs + 2bx3wa + (20 — 1)23) - 2
+k5 + (k2(1 + b) + K3(2bEror + 1))z4 — 2b(K2 + K3)2]
= —(2Kk1w3 + 2kKs) - 3+ (265 + ke + K1 (1 + b)xs + 2bk1T324 + 2K2T4) * X1
+ra(—2bx3 + (2b — 1)x3) - T2 + K5 + (K2(1 4 b) + K3(20Ei0r + 1))xa — 2b(ka + K3) 3.

The last equality uses the fact that xs3 = Eyox — z4. For the following, we note that
—2bx3 + (2b — 1)z3 = (—2bz3 + (2b — 1))z < —1 when x3 > 1.

We now consider two cases for QV (x): when z3 = 0 and xz3 > 0. For the first case, when
x3 = 0, we have x4 = Eio; and

QV(z) = —2k6 - 25 + (265 + K6 + 2k2Fi0t) - 1 + ks + (k2 (1 + D) + k3)Eror — 2bkaEZ .
As a quadratic function, the last expression is bounded above by

(2K5 + ke + 2K2E01)?
8/£6

braEot (1 — 2E¢ot) + (k5 + KaEtot + K3Etot) + = —1,

since b is chosen as in (S.4). For the second case when z3 € {1,...,Eiy}, we have

QV(x) < —2kg- a:% + (265 + kg + K1(1 + b)zg + 2bK1 2314 + 2K2T4) - X1
—K4 T2 + Ky + (K,Q(l + b) —+ Hg(QbEtOt + 1))1‘4 — 2()(/{2 + 163)56421

2
< 92?4 g2t + (2&5 + ke + k1(1 + b)xg + 2bkix324 + 2n2x4>
2\“’?6
—K4 -T2 + Ky + (Hg(l + b) + Hg(QbEtot + 1))1‘4 — 2b(/€2 + /413).7}121
< kg :L‘% IR (2%5 + Kg + Hl(l + b)Etot + Qb/’ilE%ot =+ 2K2Et0t)2

4/66
+K5 + (Hz(l + b) + H3(2bEt0t + 1))Et0t7

where we have used the fact that 2ab < a? + b? for the second inequality and the last
expression will be less than or equal to —1 whenever x; or z9 is sufficiently large.



Let C = {x € X : QV(z) > —1}. Then, by the above, C' consists of finitely many
points, which implies that C' is a compact set. Then, (S.1) holds with ¢ = 1 and d =
14+ max,cc QV(x) V0. It follows by Theorem S.1 that the Markov chain in Example 4.2 is
non-explosive and positive recurrent, and has a unique stationary distribution 7.

S.1.3 Application to Example 4.5

For Example 4.5, we first check that the Markov chain is irreducible. For this, consider
= (0,D4ot,0) and any fixed state x = (x1,x9,23) : 0 < z1 + 2 < Dyot. Starting at
x°, by having reaction @ fire x3 times, then reaction @ fire Diot — x2 times, and finally,
reaction @ fire 1 times, without any other reactions firing, we see that the Markov chain
can transition from z° to x with positive probability. For the reverse transition, by having
reaction @ fire x3 times, then reaction @ fire z1 times, and finally, reaction @ fire Dot — 2
times, we see that the Markov chain can transition from z to x° with positive probability.
Thus, the Markov chain is irreducible.
Next we will introduce a norm-like function V' and show that (S.2) holds. For each z € X,
let
V(x) = zs.

Then {z € X : V(z) < a} = {z € Z3 : 21 + 22 < Dio, 23 < a} consists of finitely many
states for each a € R4, and for any = € X,

6
QV(x) = Z V(z +vj) — ZT

= Tl( )0+ Tao(z )'0+T3(1‘)'0+T4( ) -0+ Kza2 - 1+ Kgaz3 - (—1)
< —KgaT3 + K5aDtot = _C/V(l') + d,,

where ¢ = kg, and d’ = k5,. Therefore, we conclude by Theorem S.1 that the Markov chain
in Example 4.5 is non-explosive and positive recurrent with a unique stationary distribution
7 such that m(V') < oo, and it is exponentially ergodic in the (V + 1)-norm.

S.2 Derivation of Markov chain transition directions, v;
S.2.1 Example 4.2

The set of reactions associated to the chemical reaction system in Fig. 3(a) is given by
z ::{(v;,vf><v;,v;><v§,v§><w;,vz> (v;;v;)(vg,v6>} where (v, v)), (vy,v5),
(v ,v]) are deﬁned as in Example 4.1, and v; = (0,1,1,0)7, v = (0,0,0,1)T, vy =vd =
(0,0,0,0)7, v =v5 = (1,0,0,0)T. Then, the potentlal tran81t10ns of the Markov chain are
in six poss1ble directions, v; = vj —wv; for j =1,..,6, where v; = —vy = (-1,0,—1,1)7T,
v3 = —vy = (0,1,1,-1)T, and v5 = —vg = (1,0,0,0)7.

S.2.2 Example 4.3

The set of five reactions associated to the chemical reaction system in Fig. 4(a) is given
by # = {(vr,v]), (vg,03), (v, 05), (v, o), (v, o)), where vy = vy = (1,0,0,0)%,
v = vy = vy =(0,1,0,0)7, v =v; =vs =(0,0,1,0)T, v = v = (0, 0,0,1) Then

the potential transitions of the Markov chain are in five possible directions, v; = v’



1,...,5, where v; = (—1,1,0,0), v = (0,—1,0,1)", v3 = (~1,0,1,0)T, vy = (0,0,—1,1)7
and vy = (0,—1,1,0)7.

S.3 A generalization of Theorem 3.3

Here, we provide a more general version of Theorem 3.3. The simpler form given as Theorem
3.3 in the main text was used there because it is more straightforward to state and the
conditions are easier to verify. However, the more general version of the theorem provided
in this section can be useful in some cases, such as Example 4.3 (see Section S.3.2).

The generalization relies on the idea that grouping of vectors can be more general than
what is described in (3.12), and so we introduce the following assumption.

Assumption S.1. Consider a collection of distinct vectors vy,...,v, in Z%\ {0} and a
matriz A € Z™*¢ with non-zero rows. Suppose that there exists a partition 8 {G',... G*}
of {1,...,n} and an associated bijection o : {1,...,n} — {1,...,n} such that for py := 0
and 1 < k < s, with py := Z?:l |G*|, we have o(q) € GF for pp_1 +1 < q < pg, and
whenever pp_1 +2 < q < pi, we also have for each 1 < i < m that either (Aje,vy(g)) is
equal to (Aje, Vy(q—1)) or it is 0.

Theorem S.2. Consider a non-empty set X C Zi, suppose that Assumption S.1 holds
and consider two collections of non-negative functions on X, T = (Yq,...,T,) and T =
(T1,...,Ty), such that (3.3) holds and the associated continuous-time Markov chains do
not explode in finite time. Further suppose that both of the following conditions hold:

(1) For each 1 < j < n, the vector Av; has entries in {—1,0,1} only.

(ii) For eachx € X,1<i<m andy € 0;(Ka+z)NX we have that for each 1 <k <'s,
Z T;(y) < Z T;(x), where Gf’_ = {j € G* | (Aie,vj) = —1},
JEGH™ jeGh—
and
Z Ti(y) > Z T;(z), where Gf’+ = {j € G*| (Aja,vj) = 1}.
jeGht jeGh T
Then, for each pair x°,x° € X such that x° <4 I°, there exists a Qrobabivlity space (Q, F,P)
with two continuous-time Markov chains X = {X(t), t > 0} and X = {X(t), t > 0} defined

there, each having state space X C Zi, with infinitesimal generators (Q and @), associated
with Y and T respectively, with initial conditions X (0) = x° and X (0) = &° and such that:

P | X(t) <4 X(t) for every t > 0] = 1. (S.5)

Remark S.2. Under Assumption S.1, for a given 1 < k < s and 1 < ¢ < m, at most one
of Gf’_ and Gf’+ is non-empty. If Gf’_ # (), then Gf’_ ={0(q) | pr—1+1 < q < ¢"} where
q" = max{q|pr-1+1 < q¢ < p, and (Ajs, Vs(g)) = —1}. On the other hand, if Gf’+ # (), then
GPY = {o(q)|pr-1+1 < ¢ < ¢*} where ¢* = max{g|ps_1+1 < q < pj, and (Ais, vy()) = 1}.
Furthermore, in either case, for ¢* < ¢ < py, we have (Aje, Vg(q)) = 0.

8In particular, {G*,...,G*} is a finite collection of non-empty disjoint sets of distinct numbers, the union
of which is {1,...,n}.



The proof for Theorem S.2 can be found in Section S.3.1. With Theorem S.2 in place,
we can extend Theorems 3.4 and 3.5 by adding an additional alternative condition (iv):
Assumption S.1 holds, and conditions (i) and (7i) in Theorem S.2 are satisfied. If this is
satisfied instead of one of (i) — (i7i) in Theorems 3.4 and 3.5, then the conclusions of these
theorems about (mean) first passage times and stationary distributions will still hold.

S.3.1 Proof of Theorem S.2

We initially assume that sup,cy T;(z) < oo and sup,¢y ’Y“j () < oo for every 1 < j < n,
and let A > 0 such that (5.2) holds. We shall relax these assumptions later. Further suppose
that Assumption S.1 and condition (i) of Theorem S.2 both hold. For x € X, define I*(z),
Ig(a:), Wy, I*(2), féf(x) and Uy in the same manner as in the proof of Theorem 3.3 (see
(5.32) — (5.34)), with {G* |1 <k < s}, {pr |0 < k < s} and o as in Assumption S.1. Our
proof of Theorem S.2 has some elements that are the same as those for the proof of Theorem
3.3. However, some additional elements are needed. We give the details for completeness.
As for Theorem 3.3, ¥, (+,-) and U A(+, -) are well-defined as X-valued functions.

Lemma S.1. Suppose that x,y € X are such that © <4 y and the following hold: whenever
y € 0i(Ka+z)NX for some 1 <i<m, we have that for each 1 <k < s,

Yo Tiw) < D Ti(x),  where GPT ={j € GF | (Aie,vj) =1}, (S6)

jeGh— jeGh™

and
Z T;(y) > Z T;(xz), where Gf’+ ={j € G" | (Aja,vj) = 1}. (S.7)

P P
JjEG; JjE€G;

Then, for each u € [0,1]:
Ua(z,u) <a Uiy, u). (S.8)

Proof. First, we note that ¥y, U, have the following properties: for every u € [0,1], 1 <
k<s,jeGk,

if ¥y(z,u) = x + vj, then ‘iu(y,u) e{y+uv:LeGYu{y}, (S.9)

since If,l(j)(:r),lvk,l(@ (y) C [B=L B2) for £ € G*. Similarly,

if Uy(y,u) =1y +v;, then Uy (z,u) € {x+v: £ € G} U {z}. (S.10)

Furthermore, for 1 < k <s,1<i<m,j€ Gf’+, if desz Yg(y) > ZKGGI_H Yo(z),
then ' '

Uy (z,u) = x + v; implies that \T/A(y,u) =y + vy for some /€ Gf’+, (S.11)
since under the condition, we have Uglpkilﬂlg”(x) - Ug;pkilﬂfg(y) where ¢* = max{q|pr_1+

1 < q < py and (Aje, v,(g)) = 1} and, by Assumption S.1, Gf’Jr ={0(q)|pr—1+1<q<q*}.
Similarly, for 1 < k<s,1<i<m,j€ Gf’_, if ZﬁeG’?’" Tg(y) < deG@,_ Yy(x), then

Uy (y,u) =y + vj implies that ¥y (z,u) = 4+ v, for some / € Gf’_. (S.12)



We also have that, for 1 <k < s and j € G¥, x <4 y + v; if and only if
(Aje,y — ) + (Aje,vj) >0, for every 1 <i <m. (S.13)
Similarly, z + v; <4 y if and only if
(Aie,y — x) — (Aja, v5) >0, for every 1 <1i < m. (S.14)
Furthermore, for 1 <k < s and j,¢ € GF, x + vy <4y + v; if and only if
(Aje,y — ) + (Aje,vj —vg) >0, for every 1 <i < m. (S.15)

To prove (S.8), we first consider the situation where y € int(K4 + ) = {w € R? | Az <
Aw}. Then, for each 1 <4 < m, (Aje,y — ) > 0 and since A € Z™*? and y — = € Z¢, we
have (Aje,y — 2) > 1. This implies that for each 1 < k < s and j € G*,

(Aje,y — ) + (Aie, vj) > 14 (Aje,v5) >0, for every 1 < i < m, (S.16)

since (Aje,v;) € {—1,0,1} by condition (i) of Theorem S.2. Similarly, for each 1 < k <'s
and j € GF,

(Aje,y — ) — (Aje,vj) > 1 — (Aje,v5) >0, for every 1 <1i <m. (S.17)
In addition, for 1 < k < s and j,¢ € G¥,
(Aje,y — ) + (Aie,vj —vg) > 14 (Aje,v; —vg) >0, forevery 1 <i<m, (S.18)

since, by Assumption S.1, if (Aje,vj) # 0, then either (Ao, vy) = (Aje,vj) Or (Aje,vy) = 0.
It follows from (S.16) — (S.18) that if y € int(K4 + x) N &, then for any 1 < k& < s and
g, b e Gk

T=AY+v, x+v;<ay and =+ v, <4 Y+ ;. (S.19)

We also have, by assumption, that z <4 y. It follows that if y € int(K4 + ) N X, then
{z,2 +v |0 € G} <a {y,y+vj|j€GF}for 1 <k <s and consequently (S.8) holds for
all u € [0, 1].

Now, we turn to the other situation where y € 9;(K4 + x) N X for some 1 < ¢ < m. Then
K, = {i| (Ais,y) = (Aje,x),1 < i < m} is non-empty. Let u € [0,1]. We consider two
cases.

Case 1: \TIA(y,u) =y +v; for some 1 < j < n.

Fix such an index j. Consider the unique 1 < k < s such that j € G*. Then, by (S.10),
either W (z,u) = x + vy for some £ € G¥, or Wy (z,u) = .

a) Suppose W (x,u) =z + vy for some £ € G¥. Observe that for every i ¢ Ky, (Aje,y —
x) > 0 and as for (S.18), (Aje, (y +vj) — (x + ve)) > 0, while for i € K, (Aja, (y +
vj) — (& +vp)) = (Aje, V) — (Aje, vg). For each i € K,

i) if (Aje,v;) = —1 and (Aje,vy) = 0, then j € Gf’_ and ¢ ¢ G?’_. By (S.6),
we would then have > _ .- T,(y) < > rect— Lr(z), which would imply by
(S.12) that ¥y(z,u) = = + v, for some r € Gf’_. Since we are assuming that

Uy (z,u) = x+ v, and we know the vectors vy, ..., v, are distinct, we obtain that
t=rc G,’f’_. This contradicts ¢ ¢ Gf’_.



ii) if (Aje,vj) = 0 and (Aje,v¢) = 1, then j ¢ Gf’+ and ¢ € Gf’+. By (S.7), we
would then have ZrGGf’* T, (y) > ZrGGf** T, (z), which would imply by (S.11)
that j € Gf’+. This contradicts j ¢ Gf’+.

iii) in all the other cases, that is when

(<Ai°7 vj)? <Ai07 Uf)) € {(17 0)7 (07 _1)7 (17 1)7 (07 0)7 (_17 _1)}7
we have (Aje, (v +v;) — (x +v,)) > 0.

Combining the above for case a), we see that (Aje, (y +vj) — (v + v¢)) > 0 for each
1 < i <'m, which implies that ¥y (z,u) =z + v 4 y+v; = Va(y,u).

b) Suppose ¥y (z,u) = x. We claim that y + v; € K4 + x. To see this, observe that for
every i ¢ Ky, (Aie,y — ) > 0 and as for (S.16), (A, (y + vj) — ) > 0, while for
i€ Ky, (Ao, (y+v5) —x) = (Aie,vj) € {—1,0,1}. For each i € K, if (Aje,v;) = —1,
which means j € Gf’_, then by (S.6) we would have }_,_ .- To(y) < > ek Ye(z),

which would imply by (S.12) that Uy(z,u) = z + v, for some ¢ € Gf’f, but this
contradicts the assumption that Wy (z,u) = z. So we must have (Aj;q,v;) > 0 and
hence (Aje, (y + v;) —x) = 0 for all i € K. Thus, y +v; € K4+ and so Ux(z,u) =
<4y +v;=Va(y,u).

Case 2: @A(y, u) = y. Again, we consider two subcases.
a) If ¥y(z,u) =z, then (S.8) holds, because = <4 y.

b) If ¥y(z,u) = « + v; for some 1 < j < n, we claim that y € K4 + « + v; for the
corresponding value of j. To see this, fix the value of j for which W¥y(z,u) = z + vj,
let 1 < k < s be such that j € G*, and observe that for every i ¢ K, (Aie,y —2) >0
and as for (S.17), (Aje,y — (z + v;)) > 0, while for i € Ky, (Aje,y — (x +vj)) =
—(Aie,v;) € {—1,0,1}. For each i € Ky, if (Ajs,v;) = 1, which means j € GF',
then by (S.7), we would have ZeeG‘;** To(y) > Zmaf* T¢(x), which would imply by

(S.11) that Wy (y,u) = y + v, for some £ € Gf’+, but this contradicts the assumption
that Wy (y,u) = y. So we must have (Aje,v;) < 0 and hence (Aje,y — (z +v;)) > 0 for
all i € K. Thus, we have y € Kx+x+v; and then V) (z,u) = 24+v; <4 y = Va(y, u).

0

In order to prove Theorem S.2, from here on we can follow a similar procedure to the
one used in the proof of Theorem 3.1 after Lemma 5.1 was proved there. For the case
where (5.1) holds, we define two discrete-time processes, Y = (Y;)r>0 and ¥ = (Y3 )0, by
defining Y := z°, Yy = z°, and for k > 0,

Vi1 := Ur(Ye, Ugs1), Vier1 == Ua(Vi, Upta), (S.20)

and define X and X using these and an independent Poisson process N as in (5.13). For
the case where (5.1) does not hold, we can use a truncation procedure similar to that for
Theorem 3.1. In both cases, we use Lemma S.1 instead of Lemma 5.1.



S.3.2 Two other A matrices for Example 4.3

Let
-1 0 0 0
A=10 0 -1 0f. (S.21)
0O -1 -1 0

For z € X, consider infinitesimal transition rates Ti(x), To(x), T3(x), T4(z) and Ts(z)
defined as for Yi(z), To(z), Ys(x), T4(z) and Ys(x) in (4.7), but with &; in place of k;
where £; = Ky, for ¢ = 1,2,3,4, and k5 < k5. Suppose that ko > k4. Now, let us verify
that the assumptions of Theorem S.2 hold. Condition (i) holds since Av; = (1,0, —1)%,
Avg = (0,0, 1), Avg = (1,-1,-1)T, Avy = (0,1,1)T and Avs = (0,—1,0)T. Assumption
S.1 holds with G' = {3,1}, G? = {4,2}, G3 = {5} and o(1) = 3, 0(2) = 1, 0(3) = 4,
o(4) = 2, 0(5) = 5. To verify that condition (i7) of Theorem S.2 holds, fix z € X and
first consider y € 01(Ka + ) N X, where O1(Ka+2)NAX = {w € X |z = wy,x3 >
w3, T2 + T3 > wo + w3, x4 < wy}. Given that (Aje,v1) = (Ate,v3) = 1, we need to check
that Y1 (z)+T3(z) < T1(y)+Ts(y). Sincey € 1 (Ka4z)NX, then Y1 (z) = kiz) = K1y1 =
Fiyr = T1(y) and Ys(x) = ks, = kay1 = Kay1 = T3(y), and so the desired inequality holds
with equality. Secondly, consider y € 02(K4q4 +2)NAX ={w € X | x; > wy,r3 = w3, x2 >
wa, x4 < wy}. Given that (Age,v3) = (Aze,v5) = —1 and (Age,v4) = 1, we need to check
that Ts(z) > Ta(y), Ta(x) < Ta(y) and Ys(z) > Ts(y). Since y € 0o(Ka + ) N A,
then Ys(z) = kg1 > kgyr = Rayr = T3(y), Ta(z) = kazs = Kays = Fays = Tu(y)
and Ys5(x) = Ksxa > Ksya > Rsy2 = Y5(y), and so the desired inequality holds. Lastly,
consider y € 03(Ka+2)NX ={w € X |x1 > wy,r3 > w3, T2 + T3 = wo + w3, Tg < w4}
Given that (Aje,v1) = (Ale,v3) = —1 and (Aje,v2) = (Ate,v4) = 1, we need to check
that Yi(z) + Ts(z) > Ti(y) + T3(y) and To(z) + Ya(z) < Ta(y) + Tua(y). For y €
03(K a4+ 2) N X, since kg > kg was assumed, we have that To(z) + T4(x2 = Koy + K4L3 =
(K2 — Ka)wo + Ka(@2 + 3) < (K2 — Ka)y2 + Ka(y2 + y3) = Rayz + Rays = T2(y) + Ta(y) and
Ti(z) = kiz1 > kiy1 = Ryl = T1(y), Ys(z) = k3z1 > k3yr = ksyr = Y3(y). Thus, the
conditions of Theorem S.2 are satisfied and so the conclusion of that theorem holds.

Let I' = {(0,0,0,S¢0t)}. This is an increasing set in X with respect to the relation
<a. Let T(0,0,0,8.0)s respectively T(070’0,St0t) be the first time that the Markov chain X,

respectively X, reaches the set I'. Then, by the generalization of Theorem 3.4, if X(0) =
X(0) = (Stot,0,0,0), we have that T(O,O,O,Stot) <st T(0,0,0,8000) It follows that increasing ks
will increase the mean first passage time from (Siot,0,0,0) to (0,0,0,Sior) when ko > kg
(See Figure S.1). Indeed, when ko > Ky, it takes a longer time to get to (0, 0,0, Sio) from
(Stot, 0,0, 0) if reaction (5) is added to the system without that reaction.

On the other hand, suppose

-1 0 0 O
A=|0 -1 0 O

0 -1 -1 0
and infinitesimal transition rates Ti(x), T2(z), Y3(z), T4(z) and Ts(x) are defined as for
Ti(x),Ya(z), Ts(x),T4(x) and T5(x) in (4.7), but with £; in place of k; where k; = k;, for
1=1,2,3,4, k5 > K5, and ko < k4. We can verify that the assumptions of Theorem S.2 hold,
as follows. Condition (i) holds since Av; = (1, -1, —1)7, Avy = (0,1,1)7, Avs = (1,0, —-1)T,
Avg = (0,0,1)T and Avs = (0,1,0)7. Assumption S.1 holds with G' = {1,3}, G? = {2,4},
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Figure S.1: A typical coupled realization of sample paths for Example 4.3. Here S;,; = 20,
K1 = k1 = 30, kg = Ry = 50, k3 = Rz = 10, Ky = Ry = 10, k5 = 1000 and K5 = 10. Both processes
X and X start at (Stot, 0,0,0). As shown in Section S.3.2, for these parameters, we have, almost
surely, X (t) <4 X(t) for every ¢t > 0 where the matrix A is given in (S.21). A coupled realization
using the algorithm described in Section S.4 is plotted to illustrate this result. In particular, we see
in this sample that X1 () > X (t), Xa(t) + Xs(t) > Xo(t) + X3(t) and Xs(t) > X3(t) for all times ¢.
Moreover, the first passage time to (0,0,0, Stot) for X (which is equivalent to the first time to get
to the state where Xy = Siot) is larger than for X. Since this first passage time result is true for all
coupled samples, we can conclude that the mean first passage time from (Stot, 0,0, 0) to (0,0, 0, Stot)
is larger for X than for X.

G3 = {5} and o(1) =1, 0(2) = 3, 0(3) = 2, 0(4) = 4, 0(5) = 5. To verify that condition
(17) of Theorem S.2 holds, let z € X, and first consider y € 01(Ka + x) N X, where
NEsg+2)NX ={w € X |x1 = wy,x2 > wa, T2 + 3 > wo + ws, x4 < wy}. Given that
(Ale,v1) = (Aa,v3) = 1, we need to check that T1(z) + YTs(x) < Ti(y) + Ts(y). Since
y € 0(Kgq+x)NX, then Ti(z) = kix1 = K1y1 = Fiy1 = Tl(y) and T3(x) = kgx] =
K3yl = R3y1 = T3(y), and so the desired inequality holds with equality. Secondly, consider
ye h(Ka+z)NX ={we X|x1 > wi,re = wo,x2 + 3 > wo + w3, x4 < wy}. Given
that (Age,v2) = (Age,vs5) = 1 and (Age,v1) = —1, we need to check that Y;(x) > Tl(y),
To(x) §V'vf2(y) and T5(z) < Ts(y). Since y € D2(Ka+2)NX, then T1(z) = k121 2 K1y =
Ryt = T1(y), To(x) = koo = Koys = Roys = To(y) and Ts(z) = Ksx2 = Ksyz < Ksyz =
T5(y), and so the desired inequality holds. Lastly, consider y € 93(K4 +2)N&X = {w €
X |z > wy,xe > wo, 0 + 23 = we + w3, x4 < wy}. Given that (Aje,v1) = (Aje,v3) = —1
and (Aje,v2) = (A1e,v4) = 1, we need to check that Yi(z) + T3(z) > Ti(y) + Ts(y)
and To(z) + Yyu(z) < Ta(y) + Ta(y). For y € d5(K4 + ) N X, since kg < kg4, we have
that T1(£C> + Tg(x) = (/ﬁ:l + H3)(L‘1 > (Iﬂ + /ﬁ;g)yl = (/?31 + /?;3)y1 = Tl(y) + Tg(y) and
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To(z) + Ya(x) = Kowa + Kaws = (K1 — K2)T3 + Ko(22 + 23) < (K4 — K2)ys + Ka(y2 +y3) =
Roya + Rays = Yao(y) + Y4(y). Thus, the conditions of Theorem S.2 are satisfied. In
particular, we can conclude when ko < kg4, that it takes less time to get to (0,0,0, Stot)
from (Stot, 0,0, 0) if reaction (5) is added to the system without that reaction®.

S.4 An algorithm for coupled stochastic simulation

We now provide an algorithm for stochastic simulation of the coupled continuous-time
Markov chains X and X under the conditions of Theorems 3.1, 3.2, 3.3 or S.2, when the
transitions rates are bounded on the state space, i.e., when (5.1) holds.

Algorithm: Stochastic simulation for coupled continuous-time Markov chains X
and X.
Data: Integer n > 1, real T > 0, set X C Zi, vectors vy, ..., v, in Z%\ {0}, 2°,#° in
X, functions T = (Y4,...,7,) and Y= (’fl, e ’fn) and integer
a € {1,2,3,4} to indicate which theorem is invoked (3.1, 3.2, 3.3 or S.2).

Result: Sample of initial time and subsequent potential jump times Ty, 11, ..., TN
and associated states X (1), X(T1),...,X(Tn) and X (Tp), X(T1),

9
9] 9]

..., X(Tx) for the continuous-time Markov chains X and X in the time
interval [0, 7.
A < 1+ nmax {supmeX > =1 (@), supger D7y Y](:c)} ;
K + 0;
Ty <+ 0;
while T < 7T do
Tk 1 < Tk+ Exponential (A);
K+ K+1;
end
Yo, Yo < 2°, 8%
X(Tp), X (Tp) + 2°,&°;
N+ K —1;
if N > 1 then
for k<~ 0to N —1do
U <+ Uniform(|0,1]);
Yit1, Yk+1 < TransitionDTMC(T, \, Yy, U, a),
TransitionDTMC(T, \, Y, U, a);
X (Th+1), X (Th41) < Vi, Yeys
end
end

The random variables 77, ..., Ty are called potential jump times because it could be that
X(Ty) = X (Tpy1) or X(T}) = X(Tjp1) for some 0 < k < N — 1. Letting Ty 41 := T, the
trajectories of X are given by X (t) = X (T}) for T, <t < T41, 0 < k < N, and similarly
for the trajectories of X.

9The system without reaction @ can be obtained from the system with reaction @ by setting x5 = 0.
While strictly speaking a zero rate constant is not within our definition of mass action kinetics, our theory
does cover propensity functions with such a zero rate constant.
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The function TransitionDTMC can be found below. This function is meant to replicate
@) (x,u) in (5.4) for the case of Theorems 3.1 and 3.2, and ¥y (x,u) in (5.34) for the case
of Theorems 3.3 and S.2.

Function TransitionDTMC(Y, A\, z, u,a)
Data: Integer n > 1, set X C Z‘i, vectors vy, ..., v, in Z4\ {0}.
Input: Function T = (Yy,...,T,), A > 0,2 € X,u € [0, 1]. Integer
a € {1,2,3,4} to indicate which theorem is invoked (3.1, 3.2, 3.3 or S.2).
For the case of Theorem 3.3 or S.2, include partition {G*,...,G*} and
bijection o.
Output: State x +v € X.
v <+ 0;
if a € {1,2} then // The case of Theorem 3.1 or 3.2.
for j <+ 1 tondo
if%§u<%+rj7(z)then
U — vy
end

end
end
else // The case of Theorem 3.3 or S.2.
po < 0;
for k+ 1 to s do
Pk Pe—1 + |GF;
for ¢ + pr_1+ 1 to p; do
ep Dk q—1 Yoo (@) Ph— q Yoo ()
if == +Ze:pk,1+1 o Su< P "’Zzzpk,lﬂ 5 — then

V4= VUg(

Q)
end

end
end
end
return z+v

Remark S.3. The above algorithm can be adapted to provide simultaneous stochastic
simulation for X and X when transition rates are not bounded on the state space, by
applying the algorithm on a sequence of bounded sets, which expand to the whole state
space. This employs a sequence of successively defined stopping times 79 = 0, 7, = inf{t >
Ti—1 | X(t) ¢ Cypor )v((t) ¢ Cp}, ¢ = 1,2,..., where the Cy are compact, Cy C Cyyq for
¢=1,2,... and UX,Cy = X. The simulation of the pair (X, X)(t) for 7p <t < 741 uses
the above algorithm on Cy for £ =1,2,....
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