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S1 Irreducibility hypothesis

We now present the irreducibility hypothesis for a CTMC. The Markov chain, or equivalently its matrix
Q, needs to be irreducible in order for P(s) to be constant at any time ¢ > 0. @ is irreducible if and
only if it leads to a single communicating class of states (Norris, 1998). In other words, for any states s
and u there exists an integer n > 0 such that the probability of going from a state s to a state u in n
switches is strictly positive, or equivalently, the probability of going from a state s to a state u after a
time ¢ > 0 is strictly positive (Norris, 1998). Proposition 2.59 in Liggett (2010) can be used to prove the
existence of a stationary probability distribution, but it requires the chain to be recurrent in addition to
it being irreducible. In fact, the irreducible chain considered is also recurrent, meaning that all its states
are recurrent.

For an irreducible chain, Proposition 2.52 in Liggett (2010) states that a state is recurrent if and only
if all states are recurrent. Moreover, if the chain is not recurrent it is transient, which would imply that
the expected amount of time spent in u of a chain starting at s, denoted with G(s,u), is finite for all
s,u € {1,2,...,n}. Hence, if by contradiction the chain was not recurrent, then, for a finite number of

states, for any s, we would have ) G(s,u) < co. But this cannot be true since

t t
;G(s,u)z 2 tliglo/o py(s,u)dt:tli)rgo/o ;py(s,u)dt:tli)rgot:oo.

Thus, we are guaranteed existence and uniqueness of a stationary probability distribution and therefore
we can compute 7. We note that having sets of classes that do not communicate would lead to a set of
disconnected models rather than a single one, which could be studied separately using the methods that

follow.

S2 Method to compute the initial probability distribution

Here, we propose a method to compute the initial probability distribution 7 (Ross, 2014), assumed to
be the stationary probability distribution of the Markov chain considered. The irreducibility assumption
presented in Supplementary Information Section S1 guarantees the existence and uniqueness of 7.

For @ regular, 7 is a solution of the corresponding chemical master equation (Kuntz et al, 2021). In
other words, we aim to find 7 such that

mQ =0,

where

“A1 Api2 Mipis - A
A2pa1 —A2 Agpas ... A2pan
Q = | Asp31 Asps2 —A3 ... A3pan

Anpnl )\nan AnpnB *>\n



We now compute an expression for a vector w = [wy,ws, w3, .. .,wy|T # 0 such that Q" w = 0. The kernel
of QT is not {0} since, by definition, the rows of @ are linearly dependent. Moreover, the irreducibility
hypothesis guarantees that the dimension of the kernel is exactly one.

We can use inverse power method to find such eigenvector with zero eigenvalue (Ford, 2014). In

particular, we obtain that for all states s =1,2,...,n,

)\sws = Z )\upuswu'
uF#s

For all s,u =1,2,...,n, u # s, As > 0 and ps, > 0 are non-negative coefficients. Hence, if there exists
ws > 0 then all the entries of w must be non-negative. Therefore, by defining Q := 25:17...,71 ws and

ps = w; /), we must have that p, € [0, 1], for all states s = 1,2,...,n.

S3 Networks with parameters

Figure S1 shows the full networks with parameters presented as examples. All the parameters are fixed,
except the set of rates A = [\, Ag, ..., A,] which are often multiplied by a factor of 10 (or integers from
1 to 10) to obtain comparisons between data collection scenarios. The parameters are chosen to reflect
the motion of molecular motors along microtubules since the movement is often captured in kymographs,
which are intrinsically one-dimensional (see Figure 1A). The time step is fixed to be At = 0.3. Moreover,
Maday et al (2014) estimate the velocities of molecular motors to reach the order of 1000, thus we define
vp = 2000 and v = —1500, and we set all stationary and pausing state velocities to zero. Finally, the
noise is fixed to o = 50, approximately an order of magnitude lower than the maximal exact increment

magnitude, vp At = 600.

S4 Up-to-one-switch approximation for the probability

distribution function of a noisy location increment

Here, we compute explicitly all the results obtained in Section 3.1. The up-to-one-switch approximation
of a single location increment is provided as a Python code in the function approx_pdf_-up_to_1_switch in
the file functions.py.
We now cousider the up-to-one-switch approximation for the probability density function (PDF) of
Ay, defined as
Pi(Ay) =P(Ay |W =0)P(W =0) + P(Ay | W = HP(W > 1). (S1)

We make progress by further by conditioning each term in Equation (S1) on the state at the start of the

interval, denoted as S7. Namely, for W = 0, we see that

P(Ay|W =0)P(W =0) = iP(Ay |W =0,51 =s)P(W =0]5; = s)P(S1 = s),

s=1

where P(S; = s) = py is given by the equilibrium assumption (Equation (2)). For W = 0, the amount of

time spent in the first state is, trivially, given by At (see Figure 5 zero-switch case). Therefore we obtain

P(W =0]|S1 = s) = exp (—A;At).
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Fig. S1 Examples of n-state models with specified networks and parameters. A two-state, three-state, four-
state and six-state model are presented. F' stands for forward state, B for backward state, SL for stationary state with long
average permanence, and SS for stationary state with short average permanence, PF' for pause in forward movement and
PB for pause in backward movement. Velocities and values of the transition matrix P = (p;;) are fixed, while the switching
rates \ are varied for testing purposes, but their ratios are fixed. Moreover, we fix At = 0.3 and o = 50.

To compute P(Ay | W = 1)P(W > 1), we condition on both the first state and the second state visited

within the interval, S; and Sy (see one-switch case in Figure 5). This yields

P(Ay|W = DP(W > 1) = > P(Ay[W = 1,51 = 51,55 = 52)
sads
X P(W > 1|51 = 51,52 = s2)
X P(Sy = s2| 51 = s1)P(S1 = s1).



By definition, P(S; = s2|S1 = s1) = ps;s, (Equation (1)), by the equilibrium assumption P(S; = s1) =
ps, (Equation (2)), and we obtain

P(W > 1[51 =s1,8 =s2) =P(W > 1[51 = s1) =1 — exp (— A, Al)

by considering that at least one switch occurs if 7 < At.

S4.1 Computing P(Ay|W =0,51 = s)

For W = 0 and given the initial state of the interval S;, we note that
(Az|W =0,51 = s) = v;At.

Therefore,
P(Az|W =0,51 = s) = §y,at(Ax),

where J,_a; denotes the Dirac delta function centered at vsAt. Adding the noise Ae ~ N(0,20?%), we

obtain
P(Ay |W = 0,51 = 5) = far(w,at,202) (DY),

where far(y,At,202) denotes the PDF of a normal distribution with mean v,At and variance 202.

S4.2 Computing ]P)(W =1 | Sl = 81, Sz = 82)

For t; € (0, At], we define
F31732(t1) = P(Tl < tl,Tl > 0,7‘2 > At — T1 |Sl = 81,52 = 82).

Then
Fii 55 (t)

Fsl 382 (At) .
We can compute Fy, ,, integrating the joint distribution fs, s, (71, 72) for 74 € (0,¢] and 72 > At — 7y,
thus

GSl,Sz(tl) = ]P(Tl <t |0 <n < At,TQ > At—Tl,Sl = 81752 = 82) =

F51$S2(t1) = P(Tl < tl,Tl > O,TQ > At—Tl |Sl = 51,52 = 82)

t1 [e%e]
= / </ f51782(7-177-2)d7-2> dTl.
0 At—T1

Note that Fy, 5,(At) = P(W = 1|51 = 51,52 = s2). The joint distribution of two independent random

variables is the product of the two distributions, and we note that f,(7) = A\;e~**, which yields

f51752 (7—17 TQ) = fS1 (Tl)f32 (7—2) = /\81 exp (_>‘817—1) )‘82 CeXp (_/\527—2) .

By substitution, we obtain

t o0
Fs, s,(t1) = /0 </ Asy €xXD (—Ag, T1) As, €XP (— A5, T2) de) dry,

At—Tl

thus,
Asy €xp (—Ag, At)t if As; = Asy,
Foo(t) = 4 Ay, exp (—As, At)

—Asy + As,

(eXp ((_)‘51 + )‘Sz)t) - 1) if )‘81 7é )‘82'



It follows that ;

At
Gonsal =9 exp (<A +A)t) — 1
exp ((—As; + As,)AL) — 1
Finally, we note that P(W = 1|51 = s1,52 = s2) = Fl, s, (At).

i Aoy = Aaas

if Ny, # As,-

S4.3 Computing P(Az |W = 1,851 = 51,52 = s2)

For fixed S1 = s1, S; = s2 and a time 71 spent in state S; during the time interval considered, we get
(Az |W =1,51 = 81,52 = $3) = vg, 71 + s, (At — 71).

We define
h51>52 (’7’1) =g, T1 =+ Vsy (At — Tl).

We note that hg, s,(t) is monotonically increasing if vs, — vg, > 0, and decreasing if vs, — vs, < 0.
If vs, = vs,, then the velocity is constant for the whole interval; thus the exact location increment is
known Az = hs, ,(At) and

]P)(Ay | W = 1, Sl = 81, SQ = 82) = P(Ay | W = 07 Sl = 81) = fN(vslAt,QJZ)(Ay).
Otherwise, the exact increment Ax is determined by the time of the switch, and we compute

d
Gsi,s0(t1) =P | W =1,5=51,5 =s2) = aGsl,@(tl)
1
) At
- exp ((—As; + As,)t) — 1
_)\s >\52
N (S WES W L

lf )\31 == >\827

if A, # As,-

Since hg, s, : R — R is a monotonic function and Az = hs, ,,(t), the density function of Ax is

§31,SQ(A93) =P(Az|W =1,8, = 51,52 = 52)

d
_ —1 —1
- 981,52 (h‘sl,sz (ALL’)) d(AZC) hsl,SQ (AJ?) :

Hence, we compute t in terms of Ax as

Az — v, At
t=h', (Az) = i
: Vg, — Vsy
and its derivative d )
— h' (Az)= —.
Q(Ag) e (B0 =

Hence,
d 1 1

< Az)| = ——
a(ag) o 0| = o]



S4.4 Computing P(Ay |W = 1,51 = 81,52 = s2)
Now, we incorporate noise
Forsa(Ay) ==P(Ay|W = 1,81 = 51,5 = s2)

/ s1,5: (AT) far(0,202) (Ay — Ax)d(Ax),

where
a4 = Qsy 55 = min{h51,52 (0), hsy s, (At)},

b=bs, s, = max{h51,52 (0), hs, s, (At)},

and

1 1(A 1 Ae)?
TN @202 (Ae) i= 5= exp (‘ 2 (2(2 ) " 2oy P (‘(4(3) '

First, we consider the case As; # As,. Then,

_)‘81 + )‘52 exp ((_)‘51 + )‘52) 51 So (A{L‘))

~S SQA =
Ty ) (8 W wy .

To obtain fs, 4, (Ay) we integrate over Az. We note that

' 2 _ Az=b
/ exp (—c(Az)? + rAz + 7)d(Az) = 2\‘/;exp (fl +f> [erf (%g\xfr)] ’
’ ¢ ¢ Az=a

where erf is the error function, and write

- 2cAx —r\ 270
o < (2=
2\/E Azr=a

Here, a and b are as previously defined,
1

el
while, r, # and k vary depending on the states s1, so and on Ay:

_)\81 + ASQ

81 US2

T =Ts, 5, (AY) 1= 2cAy +

Ao Ty
S2 b

|US1 — Usa

TA = 1,32 (Ay) C(Ay)2 =+
and

r2 N
X, + As, exp (% + r)

k=k .
2‘1}81 - Usz‘ €Xp ((_/\51 + Asz)At) -1

S$1,82 7

If A\s; = A5, then
1
51,8 A T AL
9172( x) |1}51 ’1)32|At

and we note that here g, s,(Ax) is the length of the interval [a,b], as previously defined. Thus

Gs1,s5 (AI) = fu(a,b) (A‘T)v

where fy, ,, denotes the PDF of a uniform distribution in the interval [a, b].



Therefore,

~ b 1 A’y—b
fo1,8:(Ay) = / Jut(a,p)(DT) far(0,202) (Ay — Az)d(Ax) = 5 / —[N(0,202) (w)dw,

—a JAy—a

where fiyqp) = 1/(b — a) is the PDF of the uniform distribution in [a,b] and the change of variable
W = Ay — Az. Hence,

~ 1
fs1752 (Ay) = m (FN(O,2U2)(Ay - CL) - FN(O,202)(Ay - b)) ;

where Fyr(g,202) represents the CDF of the normal distribution with mean p = 0 and variance 52 =202,

defined as )
w—
Fynipo(w) == |1 +erf )
N (1) 2 { . (6\@ )]

We note that fS1,82 (Ay) for Ay = A2 can also be obtained by taking the limit for Ay — Ay — 0 of the
function computed for Ay # Xs.

S4.5 Error of the up-to-one-switch approximation

Figure S2 shows the error of the up-to-one-switch approximation, P;(Ay) — P(Ay), for the four-state

model and the six-state model.

S5 Up-to-two-switch approximation for the probability
distribution function of a noisy location increment

Here, we compute explicitly all the results obtained in Section 3.2. The up-to-two-switch approximation

of a single location increment is provided as a Python code in the function approz_pdf-up_to_2_switch in

the file functions.py.
We now consider the up-to-two-switch approximation for the PDF of Ay defined as

Py(Ay) i=P(Ay | W = 0)P(W = 0) + P(Ay| W = DP(W = 1) + P(Ay | W = 2)P(W > 2).

We have already computed P(Ay |W = 0)P(W = 0) and P(Ay|W = 1) by conditioning on the states
attained, therefore we need to compute P(W = 1) and P(Ay | W = 2)P(W > 2).
We note that
P(W >2)=1-P(W =0) — P(W = 1),

which also holds after conditioning on the states attained. And in particular,

P(W >2|51 =s51,5 =s2,53=53)=1—-P(W=0|51=51) —P(W =185 =51,5 =s2) (S2)

where P(W = 0|51 = s1) and P(W =1|S; = s1, 52 = s2) have been computed in the previous section.
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Fig. S2 The error of the approximation P;(Ay), defined as P1(Ay) — P(Ay) where P(Ay) is the empirical PDF for Ay
is shown. The left plots are obtained from a four-state model while the right ones from a six-state model. The top plots
are obtained using the parameters as specified in the Supplementary Information Figure S1, while the bottom ones use the
same parameters except the rates which are multiplied by 10.

Moreover, as in the one-switch case, we need to condition on the states. For two switches, we have

three subsequent states to consider

P(Ay|W = 2)P(W >

where P(S3
]P(Sl = 81)

2)=> > 3 P(Ay|W =25 =s1,5 = 5,5 = s3)

s1 so#£s1 s3#£sa
X P(W > 2|51 = 51,5 = s2,53 = s3)
x P(S5 = 53|51
X P(Sy = 52|51

51,99 = 82)

51)P(S1 = s1),

before, we start by computing P(W = 2|5, = s1,S2 = s9,53 = s3).

= 53|51 = 51,52 = 52) = P(S3 = 5352 = 82) = Psy,s5, P(S2 = 52|51 = 81) = ps, s, and
= ps,. Hence, we only need to compute P(Ay |W = 2,51 = 51,52 = $2,53 = s3) and, as



S5.1 Computing P(W = 2|S; = s1,S52 = S2,S3 = 83), 83 # 81

Here we compute P(W = 2|5, = 51,52 = $2,53 = s3) when s3 # s1. We consider the case s3 = $1
separately, in Section S5.4. Moreover, we assume that the velocities vs, are all distinct and the rates
As; are all distinct for ¢ = 1,2,3. We denote 7; the time spent in state S; during the At time interval
considered. For W = 2, we need to condition on the three subsequent states attained (S1, S2,.S3) to have
all the necessary information to compute P(W = 2|57 = $1,53 = $2, 53 = s3). The number of switches
isW=2ifandonly if 0 <7 <At,0< 170 <At—7 and 73 > At — 71 — T5.

For t1,ty € (0, At] with to < At — t1, we define

71 < t1, 72 <to, 71 >0,
Fslys2733(t17t2) =P

S1 = 51,52 = 82,53 = 53
0<’7’2§At—7’1,T3>At—T1—T2

:P(O<T1 §t1,0<7'2§t2,7'3 >At*7’1*7’2|51 281,52282,53283),

since to < At —t; < At — 7. We can compute Fy, 5, s, by integrating the joint distribution
fs1,52,85(T1, T2, T3) for 71 € (0,t1] and 72 € (0,t2] and 73 > At — 74 — 72, thus

tl tz o0
Esl,SQ,s;; (tlatQ) = / </ </ fsl,SQ,s;g (7—177_277—3)d7—3) d7_2> dTl-
0 0 At—11—To

The joint distribution of three independent random variables is the product of the three distributions,

and we note that f,(7) = A;e™**7; hence,

f31,32733 (T17T2’T3) = f31 (Tl)f82 (7—2)f$2 (T3)
= As, XD (—As;T1) As, €XD (— A5, 72) Asy €XD (—AgyT3) -

Hence, in the assumption that A, are all distinct, we obtain

exp ((—Asy + Asg)t2) — Lexp ((—As; + Asg)t1) — 1
*)\52 + A% *>\sl + A53 -

Fy, s5.55(t1,12) = Agy As, €xXP (—As, Al)

We define

Gsy 59,55 (t1,t2) =P (7'1 <t,m <ty

0<’7’1<At70<7'2<At—T1,T3>At—T1—T2,>

S1 = 81,52 = 52,53 = s3
which can be computed as

FS1782783 (tlv t2)

G ty,t0) = ,
SI’SZ’SS( ! 2) ]P(0<T1 SAt,O<T2 SAthl,T:; >At*7’1*7’2|51 251,52:52753 283)

where
P(O<T1 <AL0O< T SAt_TQ,7-3>At_Tl_7-2|Sl 281752282753283)

At At—71 o)
/ / (/ f81,32,53(7-1a7-277-3)d73) drp | dmy
0 0 At—11—T2

O As A, exp (—As; At) —exp (A5, At)  exp (—As; At) — exp (—As, At)
B _)\52 + )\33 _)\sl + )\52 _)\sl + )\53 '

10



Therefore, simplifying we obtain

eXp (_)‘SsAt) (exp ((_>‘82 + )‘83>t2) _ 1) (exp ((_)‘81 + )‘83)t1) — 1) )

G t1,t2) =
31782753( 1 2) exp (*AslAt)fexp (7)\52At) exp(f)\slAt)fexp(f)\sgAt)
—AspHAsy o —Asy HAsg <_)‘51 + /\53)

Finally, we note that
P(W =2 | 51 = 81, SQ = 82753 = 83) = FSI’S2’S3(At,At).

S5.2 Computing P(Axz |W = 2,S; = 81,52 = s2,S53 = 83), 83 # 81

From the CDF Gy, s, s,(t1,t2) we can obtain the PDF

82
Gs1 50,85 (1, t2) = P(t1,t2 | W = 2,51 = 51,52 = 52,53 = 53) = MG51,52,53(t1,t2).
Simplifying we obtain
N(tl, tg)
Js1,s2,53 (t17 t2) = D 5

where we define D := Dj o + Dy 3+ D3 1,
Di,j = (As(i) - A5(7’))exp (At(As(“ + As(j)))7

and
N(t1’t2> = D1,2 ’ ()‘53 - )\Sl)exp <t1<)‘83 - )‘81)) ’ (>‘S3 - /\52) eXp <t2<)‘83 - )‘82))'
We define

981752753(A"1") = P(A(E | W =225 = 51, Sy = 59,53 = 33) =

At At—tq
:/ (/ P(Al‘|7’1:tl,TQZtQ,W:2,Sl231752282,53283)
0 0

X P(tl,tg | W = 2, Sl = 81, 52 = S9, S3 = S3)dt2)dt1

At At—ty
= / / 0 (vsyt1 + Vs, ta + sy (At — By — t2) — AZ) gs, 55,55 (t1, t2)dEo | dis.
0 0
Now, we use the sifting property of the Dirac delta function: for any continuous function f,
o0
/ 0(x — s)f(s)ds = f(x).
— 00
Since the Dirac delta function is evaluated at

[(7)81 - ’053)151 + vs;sAt - Ax] - [(’053 - v52)t2]ﬂ

11



for vs, # vs,, we use the changes of variable x = x(t1) = (vs, — Vs, )t1 + Vs, At — Az and z = 2(t2) =

(vsg — Vs, )t2, and we obtain

At—tq
/ 0 (’Usltl + Vg, to + Vs, (At — 11 — tg) — AJJ) Gs1,50,83 (tl, tQ)dtQ
0

27N At—t1) - 1
= / 6(.13 - Z) 951782753 (tla > dZ
z=1(0) Usg = Usy / Usg = Usy

We note that 271(0) = 0 and 27} (At — t1) = (At — t1)/(vs, — vs,) and for all t; € [0, At]

27H0) < 27N AL —t1)  if vg, — v, >0,
27H0) > 27 Y (AL —t1) if v, — v, < 0.

Hence, sign (27! (At — t1) — 271(0)) = sign (vs, — vs, ). Moreover, since gs, s,.,s, (1, t2) is only defined for

t; € [0, At] and to € [0, At — t1], we extend its definition to R using the function

Gs1 50,85 (t1,t2) if t1 € [0, At], to € [0, At — 4],

0 otherwise.

‘681782,33 (tl, tg) = {

Hence, we write the integral

Zﬁl(Atftl) 2z 1
/ 0( — 2) gsy,50.55 (tl, > dz
z=1(0) Usg = Vsy ) Usg — Usy

: oo
SIgI (Uss — 7)32) — z
= 6(x - Z) 951,32,53 tla dZ
Vsy — Usy —oo Usg — Usy

1 _ (t T >
= 77 Ysi.,s2, I
|U83 - ’032| ST ’ Usg — Usy
1 j (t1 (v, — Vsg )t + Vs AL — A:c)
$1,52,53 ’ :

- |,U53 —’l)52| —’U52

Vsq

We also see that

(vs, — Vg )t + Vs AL — Ax) 1 <t1 (vs, — Usy )t1 + Vg, AL — Am)
D ) )

Js1,52,53 | t1s ==-N
Vgg — Vsy

Vgy — Us,y
where we define

N(tla t2) = ()‘51 - >‘82) exp (At()\sl + )‘52))()‘83 - Asl)exp (t1<)‘83 - )‘51))()‘53 - )‘52) exp (t2(>‘83 - )‘82))‘

Thus, by substitution we get

s; — Usg )t sz At — A
N <t17 (U( - e JU) - +: . x) = ()‘81 - /\82)()‘83 - /\81)()‘83 - /\Sz)exp (At(Aél + )‘52))
s3 ~ Usy
L — U LA — A
(Uél Uég)tl s U ! x()\sg - )‘52))

Vs — Vsy

- exp (t1 (Asg — Asy) +

=kio3- M(Az) - N(t),

3
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which was written denoting

)\31 + A82) - USs ()‘81 + ASS)At)

Vgy — Usy

Vs
k1»2,3 = _()‘51 - >‘52)(/\S2 - )‘53)()‘83 - )‘81) - €Xp ( 2(

M (Az) := exp (Mm)

Vsy — Vs,
and
N(tl) =exp <<)\ss - >\Sl + W(Ass - )\52)) t1>
S3 S2
—exp (Us1 ()‘53 - )‘52) + Vs, ()‘51 — )‘53) + Vsy ()‘52 — >‘51)t1>
ng — Ug,y
( V1,23 )
=exp | ———11 ),
Vgy — USS
where

V1,2,3 1= Usy ()‘82 - )‘53) T Vs, ()‘53 - >‘81) + v53(>‘81 - )‘82>'

Now, we define and compute the indefinite integral in ¢;

1 i Vg, — Vs, )t1 + Vs, At — Az
I(tl) = 931,52,83 (tla ( L 3) ! 2 ) dtl

th |U33 - U82| Vg3 — Us,

1 k12,3 ~ <
-1 M(Aa:)/ N(t1)dty
"US3 - ’US2‘ D ty

3

_ k1’273M(AI) Vs, — Usg N(tl)
\USB - Usz\ -D V1,23

b (A S, )
D V123 ’

in which the result of the indefinite integral is obtained up to a constant.

We now need to determine area of integration, which depend on Az and on the increasing order
assumed by the three velocities. Hence, we first denote vmin, Vint, Vmax € {Vs;» Vs, , Usg } such that vmi, <
Vint < Umax- INOW, the probability density of Az is non-zero for Az € (Vmin A, VmaxAt).

We denote the domain of integration for t;

A = {tl

and we note that if A is not empty, it is an interval A = [Ep, E1]. Since ¢; € [0, At] then Ey > 0 and
FE, < At. Moreover,

(vs, — Vsy)t1 + Vs, AL — Az

ty € [0, At], —
S2

€ [O,At—tl}},

Usq

Ax — - t1 — vg, At
lo = . (US; is?u) 1 = € [07 At — tl]'
S2 83

gives other conditions on the area of integration:

(Vs, — Vg )t1 + Vs, AL < Az < (g, — Vsy )t + Vs, AL, if 05, > gy, (3)
(Vs; — Vsp )t1 + Vs, AL < Az < (g, — Vg5 )t1 + Vs, AL, if 05, < vg,.
We define
Az — vg, At
a) ;= ———2—,
Vg, — Vs,
and
Az — v, At
by = ——=2—,
Vs, — Usg

13



and we notice that we can write the conditions in Equation (S3) as

) t1 <by ifvg, > v, t1 > a ifvg, > v,
if vg, > Vg, and

t1 > by if g, <wg,, t1 <ay ifvg <ws,,

) t1 > by ifvg, > v, t1 <ay ifvg, > v,
if vg, < Vgy, and

t1 <b if vy, < wgg, t1 > a1 ifvg, <ws,.

We apply the lower boundaries for ¢; to determine Fjy and upper boundaries to determine F7, which

depend on whether Az € [UninAt, VingAt] or Az € [Ving At, VmaxAt]. In particular, we obtain

EO = 07 E]_ = b17 if Ax S UintAt,
if vg, > Vs, > Vgy,

EQ = 07 El =ai, if AJ? Z UintAt,
0
0

Ey = O7 E1 =ai, if Ax < UintAt,
if vg, > Vs, > Vs,
Ey = 07 E]_ = b17 if Az > UintAt,
EO = O7 E1 =ai, if Az S ’UimAt,
EO = b1> E1 = aq, if Ax 2 ’UintAt,

{Eo =ai, B =b1, if Az < vt

if vg, > v, > Vgy,

if ,US:_} > 1)52 > U813
Ey = 0, FE = bl7 if Az > UintAta

Ey=0, E1 =a1, if Az < wvAt,
Ey=0b1, By =ay1, if Az > vAt,
Ey=by, B1 = a1, if Az < viAt,
Ey=0, F1 = a1, if Az > vt

if vy, > Vg, > Vs,

if vg, > vg, > Vs,

In conclusion,
gsl,sz,83 (AI’) = P(AI | W = 2, 81,82, 83) = I(El) — [(Eo)

S5.3 Computing P(Ay | W = 2,85, = s1,S2 = 82,53 = s3), S3 # S1

By writing g explicitly, it can be verified that

981,82,53 (Al‘) = gs(il),s(’iﬂ,s(is) (Am>7

for any 41,142,453 € {1,2,3} all distinct. In other words, once three distinct states (with distinct rates and
velocities) are fixed, the probability distribution of obtaining a Az with two switches does not depend

on the order of the states are attained. Hence, we can compute

For 52,55 (Ay) :==P(Ay |W =2, = 51,52 = 50,53 = s3)
Umax At

R Gs1,52.55 (A7) fr(0,202) (Ay — Ax)d(Ax),
Umin At

by considering the simplest form for

951752753 (Ai) = ISl,SQ-,Ss (El) - ‘[51182,83 (0)7

14



where we fix v5, = Umax, Us; = Vint, Us; = Umin, and rearrange the rates A,, accordingly, and

Az — v At
E1 = bl = &, if Ax S ’UintAt,
Vs, — Usy
Az — v, At
E1 =a; = &, if Az Z UintAt-

Vg, — Vs,

Therefore,

'UintAt
Forvorsa(Ay) = / e () a0 (B — A)d(Ag)
Umin t

Vmax At
+ / A gs1,sz,s3 (A'T)fN(O,2a2)(Ay - Al‘)d(Al‘)
Vint At

Vint At
- / (I(b1) — 1(0)) frto.305) (Ay — Az)d(Aa)

min At

Umax At
[ @) = H0) o on(By — Av)d(aa)
Ving At

Vmax At
- / C10) frr020n) (Ay — Az)d(Aa),

min At

Vint At
[ I a0 (B - Add(A0)
VUmin At

Vmax At
+/ . I(a1) far(0,202)(Ay — Az)d(Ax)
Vint At

=:J0+Jb1 -‘rJal,

1 (Ae)?

_ k1,273M(Ax) sign(vs, — Vs,)
D V1,2,3

-~ V1,23
)= o (123 ),
S S3

o — Vg

where

and

I(ty) N(ty),

~ Asy — Ag
S3 S2
By defining
_ k‘172,3 sign(vSQ — ’053) 1

k- ,
D V1,2,3 20’\/77'

then we write

VUmax At
Jo = / 10} fx0.200)(Ay — Aa)d(A)
VUmin t

v At 2
max ~ — Ay — A
= / _kexp (MAQC) exp (_M) d(Az)
Umin At Vsg — Vs, 4o

AT=vmax At
= ko {erf <2C(Ax) — TO)] ,
2y/c

Az=vmin At
where
o 1
402’
As, — A
rog = TO(Ay) = QCAy + = 5 5
s3 — Usy
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and Jr ,
~ /T T
ko = — F Y exp (70 4
0 2 e P (40 + 0)
k172,3 81gn(v32 — ’033) 1 ’I"(2) R
D V1,23 2 PP\ 4c + 7o
_ ki23sign(vs, —vs,) 1 rd
=D Vi2s iexp @—i—ro .
Similarly,
Vint At
D= [ 00 o (B — Avjd(an)
vminAt
Ving At 2
2 AL — vg At —(Aga — Ag Ay — A
:/ kN (w) exp ((32)Aw> exp (—( Y 3 ?) )d(Aw)
Vmin At Usy — Usg Vsz — Vs, 4o
{ (2c(Ax) — ﬂ Armvmde
= ky, |etf | ———— ,
2\/6 Ar=vmin At
but now \ \
so — s V12,3
ry, = 1o, (AY) := 2cAy + —2 3 4+ ]
' ' Usg = Usy <v52 - USS)(vsl - 'U53>
V1,2,3
=179 + kit ,
(US2 - 1133)(’051 - U33)
N V12,3 Vs At
y, = — c(Ay)? — ok
! (USQ - 1)33)(7)53 - vsl)
P V1,2,3" ’Us3At
=y — 7
('U53 - Usz)(vsz - vsl)
and
\/>
kbl = 2\[exp — —I-Tbl
k123 sign(vs, —v,) 1 8o
=5 ros 5 exp Ie + 7Ty, |-
Finally,
Vmax At
Jui= [ Ha) oz (A — Aa)d(a0)
Vint At
v At 2
max A VAN 5 —(Aga — Ag Ay—A
:/ EN (37112> exp <(32)Ax) exp (—( i 5 z) >d(Am)
Ving At Vs — Vs, Vs — Usy 4o
20(AT) — 1g, \ ] ST
=k, |exf| ———— ,
Qﬁ Ax=vint At
but now \ \
sy T As V1,23
= Ay) = 2cA 2 3 ]
’r‘a1 Tal( y) cAy + ’USS — ’[)52 (,USQ — vs3)(v51 — 11_)52)
V1,2,3

:7"0—|—

bl

(’052 - USs)(U51 - vsz)

” o V1,2,3 * Vs, At
Fa, = P, (Ay) := — c(Ay)? — ~ -

ay ‘11( y) ( y) (U52 - 083)(1]81 - USQ)
V1,23 g, At

('U52 - 1)53)(1)31 - US2)’

:’]“0—
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and )
7. \/771' 7na A
ko, i= NG exp 4—01 + T,

k12,3 sign(vs, — vs,) 1 2o
=D o 5 exp e +Ta, |-

S5.4 Computing P(W = 2| Sy = s1,S52 = s2,S3 = s3) for s3 = s;
Here, we compute P(W = 2|5; = s1, 52 = $2,53 = s1). Since S35 = 51, we only need to define a function

of to € (O, At}

Egl,kgmsl(tg) = P(TQ < tQ,O <7 < At,O <19 < Athl,T:g > Athl 77’2|Sl = 81,32 = 52,53 = 81)

:]PJ(OSTQ§t2,0<7'1SAt*TQ,Tg>At*7’1*7’2|51:Sl,SQZSQ,S:g:Sl)

t2 At—T1o [e'e]
:/ / (/ f91782731(7—1)7.277—3)d7—3> dm | dm
0 0 At—11—T2

= 22 O 8B (0, — )Mt (A, — Auta) — 1)

— (s = Atz = Dexp ((hs, = Asy)ta) = 1)),
in the assumption \s, # Ag,. Therefore, in the previous notation we obtain

G81,82,81(t2> = P(TQ <ts | 0< 7 < At,O <1 < At — T1,7T3 > At — T — 7'2,51 = 81,52 = 82,53 = 81)
— F81732,31 (t2)
F51732751 (At)
_ ()‘81 - )‘SQ)At<eXp (<>‘81 - )‘Sz)tQ) - 1) - (()‘81 - )‘52)t2 — 1) €Xp (()‘51 - >‘82)t2) —1
exp (s, — Asy)AL) — 1 — (A, — Ag, )AL '

Finally,

P(W =151 = 51,52 = 52,53 = 81) = Fi, 55,5, (A)
o )\51)\32 €Xp (_)‘51At)
()‘81 - )‘52)2

(exp ((>‘31 - /\82)At) —-1- (>‘S1 - >‘32)At)~

S5.5 Computing P(Axz |W = 2, S, = $1,S52 = 82,53 = s3) for s3 = s;

From the CDF Gy, s, s, (t2) we can obtain the PDF

d
Gs1,50,81 (t2) = P(ta | W = 2,81 = 51,52 = 52,53 = 51) = dTQGsl,sz,sl(tz)

- (/\sl - )\SQ)Q(At - t2) €xp ((Am - )\32)152)
oexp (Mg, — Asy)AL) — 1 — (A, — A, AL

Now, we approach the problem similarly to Section S4.3.
We define
Ry 59,81 (t2) = Vg, ta + vg, (AL — t2).
We note that hs, s,,s; : R = R is a monotonic function in ¢ and Az = hy, 4, s, (f2). Thus the PDF of
Az is
Jsy.50.51 (Az) =P(Ax |W = 2,51 = 51,52 = s2,55 = 51)

d
= Goy.0.8, (R A —hnt A
961,62,«51 (hsl,SQ,sl( 33)) d(AiL’) h51752731( l‘) ?
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where

Az —vg, At
-1 s
h51,52,81 (A.’L‘) = Vs, — (0151 )
and its derivative is q )
— !t Ar) = ———.
d(Ax) 81’82’81( 7) Vs, — Vs,

Hence,

(/\81 — >\S2)2 . —(Aﬂ? — ’U32At) . exp ((/\81 — )\32)(A$ — UslAt)/(Usz — vsl))
Vs, — Vs, | Usy = Usy exp ((As; — Asy )AL) — 1 — (As, — Ag,)AL

Gs1,52,51 (AT) =

S5.6 Computing P(Ay | W = 2,5; = s1,S2 = 82,53 = s3) for s3 = s1

By convoluting with the PDF for Ae we now incorporate noise

f51752,51 (Ay) = P(Ay | W= 1751 = 81, SZ = 52753 = 31)
b
= .(781,52781 (Ax)fN(O,Qaz)(Ay - Ax)d(A‘r)v

a

where
a = a31732781 = min{h51732731 (0)’ h’31,327$1 (At)}7
b=bs, sy, = max{hg, s,.5,(0), s, 5,5 (AL},
and ) A )2
€
Ae) := — .
fN(o,zaz)( €) 20/ exp < 102 )
We obtain
~ b
Fs1,50,8, (DY) = k:/ (—vs, At 4+ Ax) exp (—c(Ax)? + rAz 4 7#)d(Az)
a
—ke9 [ 2 2cAzx —7r . Aw=b
= —— |Vme (2¢(—vs, At) + r)erf () - QﬁeAx“_‘A“)}
4¢3/2 2 2\/E Az=aqa
2 2cAx — ar=b
=k [ﬁek(Qc(—vSQAt) + r)erf (c v 7‘) - QﬁeAx(’“—CA'I)} )
2\/6 Az=a
where
_ L
c = ect
As; — A
=7Tg o (AY) 1= 2cA s =
7= Ty 50, (AY) 1= 2c U
~ ~ >\s - )\s
P oy (B) = —e(Ay)? + o o, [ A,
S2 S1
]% _ IAC — ()‘81 — >‘52)2 SigD(’USz B USI)
SRS 00 /Tvs, — Vs, |2 exp (Mg, — sy )AE) — 1 — (g, — A, )AL
and .
—ke”
k' = ]{151782751 = W
o2e" (Mg, — Asy)? —sign(vs, — Vs, )

\/Elvsz — Usy |2 exp ((Asl - )‘Sz)At) -1- (/\81 - >‘S2)At'
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S5.7 Comparison of the error of the up-to-one-switch approximation with

the error of the up-to-two-switch approximation

Figure S3 shows a comparison of the up-to-one-switch approximation error, P;(Ay) — P(Ay), with the
up-to-two-switch approximation error, P;(Ay) — P(Ay), for the two-state model and the three-state
model.

Figure S4 shows a comparison between the empirical distributions for P(Ay|W = 2) and P(Ay|W >
2), using the rates 10 for X specified in Supplementary Information Figure S1, for the two-state model
(from Figure 2A) and three-state model (from Figure 2B). Comparing the two panel suggests that
the approximation used (P(Ay|W > 2) ~ P(Ay|W = 2)) is less accurate for the two-state model
in this parameter regime, compared to the three-state model. And this causes the up-to-two-switch
approximation to be more accurate for the three-state model (panel F in Figure 7) than for the two-state

model in (panel E in Figure 7) for frequent switching,.

S6 Up-to-one-switch approximation for the probability
distribution function of a set of noisy subsequent location

increments

In this section, we extend the results obtained in Section 3.1 to compute an approximation for the PDF
a set of N noisy subsequent location increments P(Ay, ). Here, we compute explicitly all the results
obtained in Section 3.2. The up-to-two-switch approximation of a single location increment is provided
as a Python code in the function approz_pdf_track_up_to_1_switch in the file functions.py.

The PDF P(Ayy ) is the joint distribution of a set of subsequent location increments, and it can be

rewritten in terms of conditional distributions

P(Ayy) = P(Ay)P(Ay2 [ Ay, ) - - P(Ayn -1 [ Ayn o)P(Ayn [ Ayy 1),

where we note that, for an increment Ay, the PDF P(Ay) is its marginal distribution, approximated in
Section 3.1 and Section 3.2. We obtain that for any N > 2 we can approximate the joint distribution of
a set of subsequent location increments using a recursive method. We denote Sf the i-th state attained
and W7 the number of switches the during the j-th measured interval of the track (as in Figure 8).

We compute an iterative formula for P(Ayy | Ay _;) that involves the approximations for
P(Ayn | S{v = S{V)7 P(WN =0 S{v = S{V)7 ]P)(WN >1 |S{v = Si\])v P(S{V = 811\7 | Ayn_1),
using P(Ayn—1 | Ayy_,) and

P(Ayn—1|Sy =571, POWN "t =0|S) ),
PWNE > 1SV =5, P(SY =5 [Ayy ).

We note that, for N = 2, P(Ayn_1 | Ayy_5) is the marginal PDF, for which we have computed approx-
imations. For simplicity, we use the up-to-one-switch approximation presented in Section 3.1 which we

denote by P;, however, the result could be extended to incorporate more switches.
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Fig. S3 The error of the approximation P;(Ay), defined as Pi(Ay) — P(Ay) where P(Ay) is the empirical PDF for Ay,
is compared with the error of the approximation P;(Ay), defined as P;(Ay) — P(Ay). The panels at the top are obtained
using the parameters as specified in the Supplementary Information Figure S1, while the panels in the middle and at the
bottom are obtained with the same parameters except the rates which are multiplied by 5 and 10, respectively.

Using the state at the beginning of the N-th interval S¥V, we write

P(Ayn | Ayy_1) = > P(Ayn|SY =57, Ayy_)P(S) = s\ | Ayy_y).

N_
sy =1
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Fig. S4 Comparison of the empirical distributions for P(Ay|W = 2) and P(Ay|W > 2), using the rates 10X for X specified
in Supplementary Information Figure S1, for the two-state model (from Figure 2A) and three-state model (from Figure 2B).

In the exact increments form, we have
P(Azy | SN = sV, Axy_1) =P(Azy | SN = sV),

which follows from the Markov property of the continuous-time process, and holds since the information
on Axy given by the previous increments Ax_; is fully expressed by the final state at the end of the
(N — 1)-th interval which corresponds to the one at the beginning of the N-th interval S. In case of

the noisy increments, we use the approximation
P(Ayn |87 = 51, Ayy_1) = P(Ayn [ ST = s7), (S4)

which is not exact since the previous increments contain additional information on the noise ey _1. Hence,

we obtain

P(Ayn [Ayn—1,...,Ayz, Ayr) & Z P(Ayn | ST = s P(S) = 57 | Ayn_y).
N1

81:

We obtain P(SY = s | Ay, _,) by using the state at the beginning of the previous interval S !,

(51 _31 | Ayyn_1) Z P(S 5{V|S{V7 —51 L Ayy_ )P (S{\F —51 1|AZJN 1)-

s1 =1

Here, we note that the state S{V -1 given Axy_1 only depends on the the increment Axy_1; thus we

obtain the property

P(SN = sV | SN =N Axy ) =P(SY =5V | SN = V1 Axy ),
which again follows from the Markov property of the continuous-time process, and it holds since the state
S{V ~1 given Az y_; only depends on the the increment Az _;. For the noisy increment Ay we use the
approximation (similar to Equation (S4))

P(S1 =51 |SN 1—31 -t JAyy_) = (51 =951 |SN 1—31 -t s Ayn-1), (S5)
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to write

n

Y P =Y ST = T Ayn1)P(SY T Ayy_y)

N—1_
1 =1

P(Sy =57 | Ayy_4)

%

_ Zn: P(Ayn-1, 57 = s |SN t=sp !
T POy ST =80 1)

S1

)P(S{\FI = 31 ! | Ayn_1),

where the equality is obtained by definition of conditional probability. The denominator

P(Ayn_1| SN~ = s¥1) will be simplified later. Moreover, using Bayes’ theorem, we write

(S{\P —51 1‘AyN 2)
(Ayzv 1 Ayy_)

P(S{V_l = 31 ‘AyN 2)
P(Ayn-1]|Ayyn_s) ’

P(S{Vﬂ = 31 ! |Ayyn_q) = (AZ/N71|S{V71 = 51 ! JAyy_o)

=P(Ayn—1|S7 =57

where the second equality is obtained using the property in Equation (S4) (at the (IV — 1)-th step). By

substitution, and, by simplifying P(Ayy_1 | S ! = sV 1), we obtain

P(S{\F —31 1|A1/N 2)
P(Ayn-1|Ayn_o)

P(S{V—ﬁ | Ayn_1) Z P(Ayn-1,5 1 =51 |SN L= 1 1)

sV-1=1

1

Here, the numerator and denominator of the fractions are computed at the (N — 1)-th induction step.
Finally, we need to compute P(Ayy_1, S = sV | SV~! = sN=1) by conditioning on the number of
switches during the (N — 1)-th interval, W~ =1 and we use the definition of conditional probability to

obtain

P(Ayn—1, 87 =Y [S{T =071 = ) PAyya | SY =1, 87 =57 LW = w)
w=0
S6
CP(SY = s | SYY = L W = ) 0
x PWNL = | SN = V71,
We use the up-to-one-switch approximation and get
P(Ayn—1,5) = sy [S) !t =511
~ Pi(Ayn-1,57 —S{V|5N =) h)
P(Ayn_1 | SN = sV, SN-1 = N1 whN-1
(Byn-1]5; ! ) if sV :s{\l*l, (S7)

x P(WN=1 =0 SNt = N1y,
P(Ayn—1 |Sl =s ,SN_l = sf[_l,I/VN_1 =1)

if sV £ N1
xB(SY = sV | SN = sV RN > s =N, T T

since if WN=1 =0, then SV = SY~! which gives a unitary probability of keeping the same state

P(SN = sV | SVt =Nt w1 =0)=1

)
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while if WN=1 = 1, then we obtain S = S5’ ' # SI¥~! and in the usual notation we have rewritten
P(SY =5y |87 T=sy LWV =1) =P(S) T =57 ST =80 ).

S6.1 Error of the up-to-one-switch approximation for the probability
distribution function of two noisy subsequent location increments
Figure S5 compares the error of the up-to-one-switch approximation for the PDF of two noisy subsequent

location increments, defined as |P;(Ayy, Ays) — P(Ay1, Ays)|, with the error for the approximation
consisting of the product of the marginals, defined as |Py(Ay1)Pi(Aya) — P(Ay1, Ays)|.

S6.2 Extension to the up-to-two-switch approximation

The maximum number of switches considered in the approximation for the PDF of a set of noisy subse-
quent location increments can be increased by modifying Equation (S7) conditioning on a higher amount

of states from Equation (S6). Using an up-to-two-switch approximation we write

P(Ayl\/—lasl =951 |SN P = J1V_) P(Ayn- 1|51 =51 7SN T = ) (S{VZS{”S{V_l:Si\T_l)
P(Ayn_1 | SN = sV, SNt = N1 WwhN-1 =)
xP(SY =57 | ST =5 LW =0)
X BWN1 = 0|S{V — s 8Nl = S;H)

N—
1
N
51

+P(Ayn_1 | SN =N SN = VL W =)
RSy =501 = AT W =)
x PWN=L =188 = sV, gN-1 = V-1
—|—]P’(AyN,1|S{V=s{V,SN71:siV71 WN =2)
x P(SN = sV | SN = sVt W1 = 2)

x PWNL > 2| 8N = sV GVt = N1y,
Finally, this can be written as

P(Ayn-1,57 = sy IS P=s1h
~ P(Ayn_1 | SNt =Nt w1 =)
XP(I —S{V 1)
xPWN-1=0| SNt =1
+ P(Ayn— 1|SN l—sl,SN 1—51 “LwhNTl =)
X P(SY 1 = 5N | SN = sV

x PWN=t = 1|51 =5V gVt =571
n
+ 0> PAyn | ST =8, s = s SN T = s T W T = )
sév_l 1
#SN 1

?551
X]P)(SN l N|SN 1 Sé\f 1)
X PWNTE > 25371 = s 71 SVt = 571

xP(Sy =y TS T =51 ),
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| P1(Ayy, Ayz) — P(Ayi, Ays)| | Pi(Ay1) Pi(Ayz) — P(Ayi, Ays)|

750 750
10°° 10-5
500 500
: 20 .
Two-state N 10
0
model
95 )
107 "0 1077
~500 —500
—750 10-s 750 10-8

=500 500 =500 500

| P (Ayr, Ayo) — P(Ayy, Ays)| | P (Ayy) P (Ays) — P(Ayy, Ays)|
750 w0 )
10- 10-°
500 500
25
oo P 10-6
0
—250 107 —250 10-7
—500 —500
=750 10-8 =750 10-%
500
| P1(Ay1, Ayz) — P(Ayi, Ays)| |P1(Ay1) Pi(Ayz) — P(Ayy, Ays)|
750 750
107° 10-5
500 500
Pr—
250 250 .
Three-state \\ // 10 10
model 0 0
~250 107 —250 10-7
~500 —500
—750 1078 =750 108

=500

=500

| P1(Ay1, Ayz) — P(Ayi, Ays)| |P1(Ay1) Pi(Ayz) — P(Ayy, Ays)|

750

10-° 10-°
500

. 25| .

w20 10°¢
0

1077 =250 107
~500

1078 10°%

Four-state

model
—500
|P1 Ay, AJz P(Ay, AJz ‘PI Ayy) Pi(Ays) —
750 750
10-° 10-5
50 500
. . 20 .
Six-state 10 10
0
model
—250 =250 .
1077 10-7
'\ /
\@/ ~500 ~500
—750 10-8  —T50 10-8

—500 500 =500 500

Fig. S5 The absolute value of the error of the approximation of the joint PDF P;(Ay1, Ay2), defined as Pi(Ay1, Ayz) —
P(Ay1, Ay2) where P(Ayi, Ayz) is the empirical PDF for [Ayi, Ays], is compared with the absolute value of the error of
the approximation obtained as the product of the marginals P; (Ay1)P1(Ay2), defined as Pi(Ay1)P1(Ay2) — P(Ay1, Ayz).
The panels at the top are obtained using the parameters as specified in the Supplementary Information Figure S1.
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for which we can compute all of the terms.

S7 Comparison to the Fokker-Planck equation

The model presented corresponds to the Fokker-Planck equation (or Forward-Kolmogorov equation) in
the case with no diffusion (Gardiner, 2009). In particular, the evolution of the probability density function
for the exact particle location p(z,t;s) in state s € {1,2,...,n} and at location z at time ¢ > 0 and is

described by the following equation

p(z,t;s) | Op(r,tys) .
En + Vg O = uzd qusp<x7 t; u)’

where ¢, is the transition rate from state u to state s, and vy is the velocity in state s. We note that the
probability density function for the exact particle location over time is obtained by adding the probability

densities over all possible states

p(z,t) == Zp(a:, t;s).
s=1
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