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S1 Irreducibility hypothesis

We now present the irreducibility hypothesis for a CTMC. The Markov chain, or equivalently its matrix
Q, needs to be irreducible in order for P(s) to be constant at any time t ≥ 0. Q is irreducible if and
only if it leads to a single communicating class of states (Norris, 1998). In other words, for any states s

and u there exists an integer n ≥ 0 such that the probability of going from a state s to a state u in n

switches is strictly positive, or equivalently, the probability of going from a state s to a state u after a
time t > 0 is strictly positive (Norris, 1998). Proposition 2.59 in Liggett (2010) can be used to prove the
existence of a stationary probability distribution, but it requires the chain to be recurrent in addition to
it being irreducible. In fact, the irreducible chain considered is also recurrent, meaning that all its states
are recurrent.

For an irreducible chain, Proposition 2.52 in Liggett (2010) states that a state is recurrent if and only
if all states are recurrent. Moreover, if the chain is not recurrent it is transient, which would imply that
the expected amount of time spent in u of a chain starting at s, denoted with G(s, u), is finite for all
s, u ∈ {1, 2, . . . , n}. Hence, if by contradiction the chain was not recurrent, then, for a finite number of
states, for any s, we would have

∑
u G(s, u) < ∞. But this cannot be true since

∑
u

G(s, u) =
∑

u

lim
t→∞

∫ t

0
py(s, u)dt = lim

t→∞

∫ t

0

∑
u

py(s, u)dt = lim
t→∞

t = ∞.

Thus, we are guaranteed existence and uniqueness of a stationary probability distribution and therefore
we can compute π. We note that having sets of classes that do not communicate would lead to a set of
disconnected models rather than a single one, which could be studied separately using the methods that
follow.

S2 Method to compute the initial probability distribution

Here, we propose a method to compute the initial probability distribution π (Ross, 2014), assumed to
be the stationary probability distribution of the Markov chain considered. The irreducibility assumption
presented in Supplementary Information Section S1 guarantees the existence and uniqueness of π.

For Q regular, π is a solution of the corresponding chemical master equation (Kuntz et al, 2021). In
other words, we aim to find π such that

πQ = 0,

where

Q =



−λ1 λ1p12 λ1p13 . . . λ1p1n

λ2p21 −λ2 λ2p23 . . . λ2p2n

λ3p31 λ3p32 −λ3 . . . λ3p3n

...
...

...
. . .

...
λnpn1 λnpn2 λnpn3 . . . −λn


.
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We now compute an expression for a vector ω = [ω1, ω2, ω3, . . . , ωn]T ̸= 0 such that QT ω = 0. The kernel
of QT is not {0} since, by definition, the rows of Q are linearly dependent. Moreover, the irreducibility
hypothesis guarantees that the dimension of the kernel is exactly one.

We can use inverse power method to find such eigenvector with zero eigenvalue (Ford, 2014). In
particular, we obtain that for all states s = 1, 2, . . . , n,

λsωs =
∑
u ̸=s

λupusωu.

For all s, u = 1, 2, . . . , n, u ̸= s, λs > 0 and psu ≥ 0 are non-negative coefficients. Hence, if there exists
ωs > 0 then all the entries of ω must be non-negative. Therefore, by defining Ω :=

∑
s=1,...,n ωs and

ps := ωi/Ω, we must have that ps ∈ [0, 1], for all states s = 1, 2, . . . , n.

S3 Networks with parameters

Figure S1 shows the full networks with parameters presented as examples. All the parameters are fixed,
except the set of rates λ = [λ1, λ2, . . . , λn] which are often multiplied by a factor of 10 (or integers from
1 to 10) to obtain comparisons between data collection scenarios. The parameters are chosen to reflect
the motion of molecular motors along microtubules since the movement is often captured in kymographs,
which are intrinsically one-dimensional (see Figure 1A). The time step is fixed to be ∆t = 0.3. Moreover,
Maday et al (2014) estimate the velocities of molecular motors to reach the order of 1000, thus we define
vF = 2000 and vB = −1500, and we set all stationary and pausing state velocities to zero. Finally, the
noise is fixed to σ = 50, approximately an order of magnitude lower than the maximal exact increment
magnitude, vF ∆t = 600.

S4 Up-to-one-switch approximation for the probability
distribution function of a noisy location increment

Here, we compute explicitly all the results obtained in Section 3.1. The up-to-one-switch approximation
of a single location increment is provided as a Python code in the function approx pdf up to 1 switch in
the file functions.py.

We now consider the up-to-one-switch approximation for the probability density function (PDF) of
∆y, defined as

P1(∆y) := P(∆y | W = 0)P(W = 0) + P(∆y | W = 1)P(W ≥ 1). (S1)

We make progress by further by conditioning each term in Equation (S1) on the state at the start of the
interval, denoted as S1. Namely, for W = 0, we see that

P(∆y | W = 0)P(W = 0) =
n∑

s=1
P(∆y | W = 0, S1 = s)P(W = 0 | S1 = s)P(S1 = s),

where P(S1 = s) = ps is given by the equilibrium assumption (Equation (2)). For W = 0, the amount of
time spent in the first state is, trivially, given by ∆t (see Figure 5 zero-switch case). Therefore we obtain

P(W = 0 | S1 = s) = exp (−λs∆t).
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Two-state model Three-state model

Four-state model Six-state model

Fig. S1 Examples of n-state models with specified networks and parameters. A two-state, three-state, four-
state and six-state model are presented. F stands for forward state, B for backward state, SL for stationary state with long
average permanence, and SS for stationary state with short average permanence, PF for pause in forward movement and
PB for pause in backward movement. Velocities and values of the transition matrix P = (pij) are fixed, while the switching
rates λ are varied for testing purposes, but their ratios are fixed. Moreover, we fix ∆t = 0.3 and σ = 50.

To compute P(∆y | W = 1)P(W ≥ 1), we condition on both the first state and the second state visited
within the interval, S1 and S2 (see one-switch case in Figure 5). This yields

P(∆y | W = 1)P(W ≥ 1) =
∑
s1

s2 ̸=s1

P(∆y | W = 1, S1 = s1, S2 = s2)

× P(W ≥ 1 | S1 = s1, S2 = s2)

× P(S2 = s2 | S1 = s1)P(S1 = s1).
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By definition, P(S2 = s2 | S1 = s1) = ps1s2 (Equation (1)), by the equilibrium assumption P(S1 = s1) =
ps1 (Equation (2)), and we obtain

P(W ≥ 1 | S1 = s1, S2 = s2) = P(W ≥ 1 | S1 = s1) = 1 − exp (−λs1∆t)

by considering that at least one switch occurs if τ1 < ∆t.

S4.1 Computing P(∆y | W = 0, S1 = s)

For W = 0 and given the initial state of the interval S1, we note that

(∆x | W = 0, S1 = s) = vs∆t.

Therefore,
P(∆x | W = 0, S1 = s) = δvs∆t(∆x),

where δvs∆t denotes the Dirac delta function centered at vs∆t. Adding the noise ∆ϵ ∼ N (0, 2σ2), we
obtain

P(∆y | W = 0, S1 = s) = fN (vs∆t,2σ2)(∆y),

where fN (vs∆t,2σ2) denotes the PDF of a normal distribution with mean vs∆t and variance 2σ2.

S4.2 Computing P(W = 1 | S1 = s1, S2 = s2)

For t1 ∈ (0, ∆t], we define

Fs1,s2(t1) := P(τ1 ≤ t1, τ1 > 0, τ2 > ∆t − τ1 | S1 = s1, S2 = s2).

Then
Gs1,s2(t1) := P(τ1 ≤ t1 | 0 ≤ τ1 ≤ ∆t, τ2 > ∆t − τ1, S1 = s1, S2 = s2) = Fs1,s2(t)

Fs1,s2(∆t) .

We can compute Fs1,s2 integrating the joint distribution fs1,s2(τ1, τ2) for τ1 ∈ (0, t] and τ2 > ∆t − τ1,
thus

Fs1,s2(t1) := P(τ1 ≤ t1, τ1 > 0, τ2 > ∆t − τ1 | S1 = s1, S2 = s2)

=
∫ t1

0

(∫ ∞

∆t−τ1

fs1,s2(τ1, τ2)dτ2

)
dτ1.

Note that Fs1,s2(∆t) = P(W = 1 | S1 = s1, S2 = s2). The joint distribution of two independent random
variables is the product of the two distributions, and we note that fs(τ) = λse−λst, which yields

fs1,s2(τ1, τ2) = fs1(τ1)fs2(τ2) = λs1 exp (−λs1τ1) λs2 exp (−λs2τ2) .

By substitution, we obtain

Fs1,s2(t1) =
∫ t

0

(∫ ∞

∆t−τ1

λs1 exp (−λs1τ1) λs2 exp (−λs2τ2) dτ2

)
dτ1,

thus,

Fs1,s2(t) =


λs1 exp (−λs1∆t) t if λs1 = λs2 ,

λs1 exp (−λs2∆t)
−λs1 + λs2

(exp ((−λs1 + λs2)t) − 1) if λs1 ̸= λs2 .
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It follows that

Gs1,s2(t) =


t

∆t
if λs1 = λs2 ,

exp ((−λs1 + λs2)t) − 1
exp ((−λs1 + λs2)∆t) − 1 if λs1 ̸= λs2 .

Finally, we note that P(W = 1 | S1 = s1, S2 = s2) = Fs1,s2(∆t).

S4.3 Computing P(∆x | W = 1, S1 = s1, S2 = s2)

For fixed S1 = s1, S2 = s2 and a time τ1 spent in state S1 during the time interval considered, we get

(∆x | W = 1, S1 = s1, S2 = s2) = vs1τ1 + vs2(∆t − τ1).

We define
hs1,s2(τ1) := vs1τ1 + vs2(∆t − τ1).

We note that hs1,s2(t) is monotonically increasing if vs1 − vs2 > 0, and decreasing if vs1 − vs2 < 0.
If vs1 = vs2 , then the velocity is constant for the whole interval; thus the exact location increment is

known ∆x = hs1,s2(∆t) and

P(∆y | W = 1, S1 = s1, S2 = s2) = P(∆y | W = 0, S1 = s1) = fN (vs1 ∆t,2σ2)(∆y).

Otherwise, the exact increment ∆x is determined by the time of the switch, and we compute

gs1,s2(t1) := P(t1 | W = 1, S1 = s1, S2 = s2) = d
dt

Gs1,s2(t1)

=


1

∆t
if λs1 = λs2 ,

(−λs1 + λs2) exp ((−λs1 + λs2)t) − 1
exp ((−λs1 + λs2)∆t) − 1 if λs1 ̸= λs2 .

Since hs1,s2 : R → R is a monotonic function and ∆x = hs1,s2(t), the density function of ∆x is

g̃s1,s2(∆x) = P(∆x | W = 1, S1 = s1, S2 = s2)

= gs1,s2

(
h−1

s1,s2
(∆x)

) ∣∣∣∣ d
d(∆x)h−1

s1,s2
(∆x)

∣∣∣∣ .
Hence, we compute t in terms of ∆x as

t = h−1
s1,s2

(∆x) = ∆x − vs2∆t

vs1 − vs2

and its derivative
d

d(∆x)h−1
s1,s2

(∆x) = 1
vs1 − vs2

.

Hence, ∣∣∣∣ d
d(∆x)h−1

s1,s2
(∆x)

∣∣∣∣ = 1
|vs1 − vs2 |

.

6



S4.4 Computing P(∆y | W = 1, S1 = s1, S2 = s2)

Now, we incorporate noise

f̃s1,s2(∆y) := P(∆y | W = 1, S1 = s1, S2 = s2)

=
∫ b

a

g̃s1,s2(∆x)fN (0,2σ2)(∆y − ∆x)d(∆x),

where
a = as1,s2 := min{hs1,s2(0), hs1,s2(∆t)},

b = bs1,s2 := max{hs1,s2(0), hs1,s2(∆t)},

and
fN (0,2σ2)(∆ϵ) := 1√

2σ
√

2π
exp

(
−1

2
(∆ϵ)2

2σ2

)
= 1

2σ
√

π
exp

(
− (∆ϵ)2

4σ2

)
.

First, we consider the case λs1 ̸= λs2 . Then,

g̃s1,s2(∆x) = −λs1 + λs2

|vs1 − vs2 |
exp

(
(−λs1 + λs2)h−1

s1,s2
(∆x)

)
− 1

exp ((−λs1 + λs2)∆t) − 1 .

To obtain f̃s1,s2(∆y) we integrate over ∆x. We note that

∫ b

a

exp
(
−c(∆x)2 + r∆x + r̂

)
d(∆x) =

√
π

2
√

c
exp

(
r2

4c
+ r̂

)[
erf
(

2c∆x − r

2
√

c

)]∆x=b

∆x=a

,

where erf is the error function, and write

f̃s1,s2(∆y) = k

[
erf
(

2c∆x − r

2
√

c

)]∆x=b

∆x=a

.

Here, a and b are as previously defined,
c := 1

4σ2 ,

while, r, r̂ and k vary depending on the states s1, s2 and on ∆y:

r = rs1,s2(∆y) := 2c∆y + −λs1 + λs2

vs1 − vs2

,

r̂ = r̂s1,s2(∆y) := −c(∆y)2 + −λs1 + λs2

|vs1 − vs2 |
|vs2 |∆t,

and

k = ks1,s2 := −λs1 + λs2

2|vs1 − vs2 |

exp
(

r2

4c + r̂
)

exp ((−λs1 + λs2)∆t) − 1 .

If λs1 = λs2 , then
g̃s1,s2(∆x) = 1

|vs1 − vs2 |∆t
,

and we note that here g̃s1,s2(∆x) is the length of the interval [a, b], as previously defined. Thus

g̃s1,s2(∆x) = fU(a,b)(∆x),

where fU(a,b) denotes the PDF of a uniform distribution in the interval [a, b].
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Therefore,

f̃s1,s2(∆y) =
∫ b

a

fU(a,b)(∆x)fN (0,2σ2)(∆y − ∆x)d(∆x) = 1
b − a

∫ ∆y−b

∆y−a

−fN (0,2σ2)(w)dw,

where fU(a,b) = 1/(b − a) is the PDF of the uniform distribution in [a, b] and the change of variable
W = ∆y − ∆x. Hence,

f̃s1,s2(∆y) = 1
b − a

(
FN (0,2σ2)(∆y − a) − FN (0,2σ2)(∆y − b)

)
,

where FN (0,2σ2) represents the CDF of the normal distribution with mean µ = 0 and variance σ̂2 = 2σ2,
defined as

FN (µ,σ̂)(w) = 1
2

[
1 + erf

(
w − µ

σ̂
√

2

)]
.

We note that f̃s1,s2(∆y) for λ1 = λ2 can also be obtained by taking the limit for λ1 − λ2 → 0 of the
function computed for λ1 ̸= λ2.

S4.5 Error of the up-to-one-switch approximation

Figure S2 shows the error of the up-to-one-switch approximation, P1(∆y) − P (∆y), for the four-state
model and the six-state model.

S5 Up-to-two-switch approximation for the probability
distribution function of a noisy location increment

Here, we compute explicitly all the results obtained in Section 3.2. The up-to-two-switch approximation
of a single location increment is provided as a Python code in the function approx pdf up to 2 switch in
the file functions.py.

We now consider the up-to-two-switch approximation for the PDF of ∆y defined as

P2(∆y) := P(∆y | W = 0)P(W = 0) + P(∆y | W = 1)P(W = 1) + P(∆y | W = 2)P(W ≥ 2).

We have already computed P(∆y | W = 0)P(W = 0) and P(∆y | W = 1) by conditioning on the states
attained, therefore we need to compute P(W = 1) and P(∆y | W = 2)P(W ≥ 2).

We note that
P(W ≥ 2) = 1 − P(W = 0) − P(W = 1),

which also holds after conditioning on the states attained. And in particular,

P(W ≥ 2 | S1 = s1, S2 = s2, S3 = s3) = 1 − P(W = 0 | S1 = s1) − P(W = 1 | S1 = s1, S2 = s2) (S2)

= P(W ≥ 2 | S1 = s1, S2 = s2),

where P(W = 0 | S1 = s1) and P(W = 1 | S1 = s1, S2 = s2) have been computed in the previous section.
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- Four-state model Six-state model

λ

10λ

Fig. S2 The error of the approximation P1(∆y), defined as P1(∆y) − P (∆y) where P (∆y) is the empirical PDF for ∆y
is shown. The left plots are obtained from a four-state model while the right ones from a six-state model. The top plots
are obtained using the parameters as specified in the Supplementary Information Figure S1, while the bottom ones use the
same parameters except the rates which are multiplied by 10.

Moreover, as in the one-switch case, we need to condition on the states. For two switches, we have
three subsequent states to consider

P(∆y | W = 2)P(W ≥ 2) =
∑
s1

∑
s2 ̸=s1

∑
s3 ̸=s2

P(∆y | W = 2, S1 = s1, S2 = s2, S3 = s3)

× P(W ≥ 2 | S1 = s1, S2 = s2, S3 = s3)

× P(S3 = s3 | S1 = s1, S2 = s2)

× P(S2 = s2 | S1 = s1)P(S1 = s1),

where P(S3 = s3 | S1 = s1, S2 = s2) = P(S3 = s3 | S2 = s2) = ps2,s3 , P(S2 = s2 | S1 = s1) = ps1,s2 and
P(S1 = s1) = ps1 . Hence, we only need to compute P(∆y | W = 2, S1 = s1, S2 = s2, S3 = s3) and, as
before, we start by computing P(W = 2 | S1 = s1, S2 = s2, S3 = s3).
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S5.1 Computing P(W = 2 | S1 = s1, S2 = s2, S3 = s3), s3 ̸= s1

Here we compute P(W = 2 | S1 = s1, S2 = s2, S3 = s3) when s3 ̸= s1. We consider the case s3 = s1

separately, in Section S5.4. Moreover, we assume that the velocities vsi are all distinct and the rates
λsi are all distinct for i = 1, 2, 3. We denote τi the time spent in state Si during the ∆t time interval
considered. For W = 2, we need to condition on the three subsequent states attained (S1, S2, S3) to have
all the necessary information to compute P(W = 2 | S1 = s1, S2 = s2, S3 = s3). The number of switches
is W = 2 if and only if 0 < τ1 ≤ ∆t, 0 < τ2 ≤ ∆t − τ1 and τ3 ≥ ∆t − τ1 − τ2.

For t1, t2 ∈ (0, ∆t] with t2 ≤ ∆t − t1, we define

Fs1,s2,s3(t1, t2) := P

(
τ1 ≤ t1, τ2 ≤ t2, τ1 > 0,

0 < τ2 ≤ ∆t − τ1, τ3 > ∆t − τ1 − τ2

∣∣∣∣∣S1 = s1, S2 = s2, S3 = s3

)
= P(0 < τ1 ≤ t1, 0 < τ2 ≤ t2, τ3 > ∆t − τ1 − τ2 | S1 = s1, S2 = s2, S3 = s3),

since t2 ≤ ∆t − t1 ≤ ∆t − τ1. We can compute Fs1,s2,s3 by integrating the joint distribution
fs1,s2,s3(τ1, τ2, τ3) for τ1 ∈ (0, t1] and τ2 ∈ (0, t2] and τ3 > ∆t − τ1 − τ2, thus

Fs1,s2,s3(t1, t2) :=
∫ t1

0

(∫ t2

0

(∫ ∞

∆t−τ1−τ2

fs1,s2,s3(τ1, τ2, τ3)dτ3

)
dτ2

)
dτ1.

The joint distribution of three independent random variables is the product of the three distributions,
and we note that fs(τ) = λse−λsτ ; hence,

fs1,s2,s3(τ1, τ2, τ3) = fs1(τ1)fs2(τ2)fs2(τ3)

= λs1 exp (−λs1τ1) λs2 exp (−λs2τ2) λs3 exp (−λs3τ3) .

Hence, in the assumption that λsi are all distinct, we obtain

Fs1,s2,s3(t1, t2) = λs1λs2 exp (−λs3∆t) exp ((−λs2 + λs3)t2) − 1
−λs2 + λs3

exp ((−λs1 + λs3)t1) − 1
−λs1 + λs3

.

We define

Gs1,s2,s3(t1, t2) := P

(
τ1 ≤ t1, τ2 ≤ t2

∣∣∣∣∣ 0 < τ1 ≤ ∆t, 0 < τ2 ≤ ∆t − τ1, τ3 > ∆t − τ1 − τ2,

S1 = s1, S2 = s2, S3 = s3

)
,

which can be computed as

Gs1,s2,s3(t1, t2) := Fs1,s2,s3(t1, t2)
P (0 < τ1 ≤ ∆t, 0 < τ2 ≤ ∆t − τ1, τ3 > ∆t − τ1 − τ2 | S1 = s1, S2 = s2, S3 = s3) ,

where
P(0 < τ1 ≤ ∆t, 0 < τ1 ≤ ∆t − τ2, τ3 > ∆t − τ1 − τ2 | S1 = s1, S2 = s2, S3 = s3)

=
∫ ∆t

0

(∫ ∆t−τ1

0

(∫ ∞

∆t−τ1−τ2

fs1,s2,s3(τ1, τ2, τ3)dτ3

)
dτ2

)
dτ1

= λs1λs2

−λs2 + λs3

(
exp (−λs1∆t) − exp (−λs2∆t)

−λs1 + λs2

− exp (−λs1∆t) − exp (−λs3∆t)
−λs1 + λs3

)
.
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Therefore, simplifying we obtain

Gs1,s2,s3(t1, t2) = exp (−λs3∆t) (exp ((−λs2 + λs3)t2) − 1) (exp ((−λs1 + λs3)t1) − 1)(
exp (−λs1 ∆t)−exp (−λs2 ∆t)

−λs1 +λs2
− exp (−λs1 ∆t)−exp (−λs3 ∆t)

−λs1 +λs3

)
(−λs1 + λs3)

.

Finally, we note that

P(W = 2 | S1 = s1, S2 = s2, S3 = s3) = Fs1,s2,s3(∆t, ∆t).

S5.2 Computing P(∆x | W = 2, S1 = s1, S2 = s2, S3 = s3), s3 ̸= s1

From the CDF Gs1,s2,s3(t1, t2) we can obtain the PDF

gs1,s2,s3(t1, t2) := P(t1, t2 | W = 2, S1 = s1, S2 = s2, S3 = s3) = ∂2

∂t1∂t2
Gs1,s2,s3(t1, t2).

Simplifying we obtain
gs1,s2,s3(t1, t2) := N(t1, t2)

D
,

where we define D := D1,2 + D2,3 + D3,1,

Di,j := (λs(i) − λs(j)) exp (∆t(λs(i) + λs(j))),

and
N(t1, t2) := D1,2 · (λs3 − λs1) exp (t1(λs3 − λs1)) · (λs3 − λs2) exp (t2(λs3 − λs2)).

We define

g̃s1,s2,s3(∆x) := P(∆x | W = 2, S1 = s1, S2 = s2, S3 = s3) =

=
∫ ∆t

0
(
∫ ∆t−t1

0
P(∆x | τ1 = t1, τ2 = t2, W = 2, S1 = s1, S2 = s2, S3 = s3)

× P(t1, t2 | W = 2, S1 = s1, S2 = s2, S3 = s3)dt2)dt1

=
∫ ∆t

0

(∫ ∆t−t1

0
δ (vs1t1 + vs2t2 + vs3(∆t − t1 − t2) − ∆x) gs1,s2,s3(t1, t2)dt2

)
dt1.

Now, we use the sifting property of the Dirac delta function: for any continuous function f ,∫ ∞

−∞
δ(x − s)f(s)ds = f(x).

Since the Dirac delta function is evaluated at

[(vs1 − vs3)t1 + vs3∆t − ∆x] − [(vs3 − vs2)t2],
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for vs3 ̸= vs2 , we use the changes of variable x = x(t1) := (vs1 − vs3)t1 + vs3∆t − ∆x and z = z(t2) :=
(vs3 − vs2)t2, and we obtain

∫ ∆t−t1

0
δ (vs1t1 + vs2t2 + vs3(∆t − t1 − t2) − ∆x) gs1,s2,s3(t1, t2)dt2

=
∫ z−1(∆t−t1)

z−1(0)
δ(x − z) gs1,s2,s3

(
t1,

z

vs3 − vs2

)
1

vs3 − vs2

dz.

We note that z−1(0) = 0 and z−1(∆t − t1) = (∆t − t1)/(vs3 − vs2) and for all t1 ∈ [0, ∆t]

{
z−1(0) ≤ z−1(∆t − t1) if vs3 − vs2 > 0,

z−1(0) ≥ z−1(∆t − t1) if vs3 − vs2 < 0.

Hence, sign
(
z−1(∆t − t1) − z−1(0)

)
= sign (vs3 − vs2). Moreover, since gs1,s2,s3(t1, t2) is only defined for

t1 ∈ [0, ∆t] and t2 ∈ [0, ∆t − t1], we extend its definition to R using the function

ḡs1,s2,s3(t1, t2) :=
{

gs1,s2,s3(t1, t2) if t1 ∈ [0, ∆t], t2 ∈ [0, ∆t − t1],

0 otherwise.

Hence, we write the integral

∫ z−1(∆t−t1)

z−1(0)
δ(x − z) gs1,s2,s3

(
t1,

z

vs3 − vs2

)
1

vs3 − vs2

dz

= sign (vs3 − vs2)
vs3 − vs2

∫ ∞

−∞
δ(x − z) ḡs1,s2,s3

(
t1,

z

vs3 − vs2

)
dz

= 1
|vs3 − vs2 |

ḡs1,s2,s3

(
t1,

x

vs3 − vs2

)
= 1

|vs3 − vs2 |
ḡs1,s2,s3

(
t1,

(vs1 − vs3)t1 + vs3∆t − ∆x

vs3 − vs2

)
.

We also see that

gs1,s2,s3

(
t1,

(vs1 − vs3)t1 + vs3∆t − ∆x

vs3 − vs2

)
= 1

D
· N

(
t1,

(vs1 − vs3)t1 + vs3∆t − ∆x

vs3 − vs2

)
,

where we define

N(t1, t2) := (λs1 − λs2) exp (∆t(λs1 + λs2))(λs3 − λs1) exp (t1(λs3 − λs1))(λs3 − λs2) exp (t2(λs3 − λs2)).

Thus, by substitution we get

N

(
t1,

(vs1 − vs3)t1 + vs3∆t − ∆x

vs3 − vs2

)
= (λs1 − λs2)(λs3 − λs1)(λs3 − λs2) exp (∆t(λs1 + λs2))

· exp
(

t1(λs3 − λs1) + (vs1 − vs3)t1 + vs3∆t − ∆x

vs3 − vs2

(λs3 − λs2)
)

= k1,2,3 · M̃(∆x) · Ñ(t1),
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which was written denoting

k1,2,3 := −(λs1 − λs2)(λs2 − λs3)(λs3 − λs1) · exp
(

vs2(λs1 + λs2) − vs3(λs1 + λs3)
vs2 − vs3

∆t

)
,

M̃(∆x) := exp
(

−(λs3 − λs2)
vs3 − vs2

∆x

)
,

and
Ñ(t1) := exp

((
λs3 − λs1 + (vs1 − vs3)

vs3 − vs2

(λs3 − λs2)
)

t1

)
= exp

(
vs1(λs3 − λs2) + vs2(λs1 − λs3) + vs3(λs2 − λs1)

vs3 − vs2

t1

)
= exp

(
ν1,2,3

vs2 − vs3

t1

)
,

where
ν1,2,3 := vs1(λs2 − λs3) + vs2(λs3 − λs1) + vs3(λs1 − λs2).

Now, we define and compute the indefinite integral in t1

I(t1) :=
∫

t1

1
|vs3 − vs2 |

ḡs1,s2,s3

(
t1,

(vs1 − vs3)t1 + vs3∆t − ∆x

vs3 − vs2

)
dt1

= 1
|vs3 − vs2 |

k1,2,3

D
M̃(∆x)

∫
t1

Ñ(t1)dt1

= k1,2,3M̃(∆x)
|vs3 − vs2 | · D

vs2 − vs3

ν1,2,3
Ñ(t1)

= k1,2,3M̃(∆x)
D

sign(vs2 − vs3)
ν1,2,3

Ñ(t1),

in which the result of the indefinite integral is obtained up to a constant.
We now need to determine area of integration, which depend on ∆x and on the increasing order

assumed by the three velocities. Hence, we first denote vmin, vint, vmax ∈ {vs1 , vs2 , vs3} such that vmin <

vint < vmax. Now, the probability density of ∆x is non-zero for ∆x ∈ (vmin∆t, vmax∆t).
We denote the domain of integration for t1

A :=
{

t1

∣∣∣∣ t1 ∈ [0, ∆t], (vs1 − vs3)t1 + vs3∆t − ∆x

vs3 − vs2

∈ [0, ∆t − t1]
}

,

and we note that if A is not empty, it is an interval A = [E0, E1]. Since t1 ∈ [0, ∆t] then E0 ≥ 0 and
E1 ≤ ∆t. Moreover,

t2 = ∆x − (vs1 − vs3)t1 − vs3∆t

vs2 − vs3

∈ [0, ∆t − t1].

gives other conditions on the area of integration:

{
(vs1 − vs3)t1 + vs3∆t ≤ ∆x ≤ (vs1 − vs2)t1 + vs2∆t, if vs2 > vs3 ,

(vs1 − vs2)t1 + vs2∆t ≤ ∆x ≤ (vs1 − vs3)t1 + vs3∆t, if vs2 < vs3 .
(S3)

We define
a1 := ∆x − vs2∆t

vs1 − vs2

,

and
b1 := ∆x − vs3∆t

vs1 − vs3

,
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and we notice that we can write the conditions in Equation (S3) as


if vs2 > vs3 ,

{
t1 ≤ b1 if vs1 > vs3 ,

t1 ≥ b1 if vs1 < vs3 ,
and

{
t1 ≥ a1 if vs1 > vs2 ,

t1 ≤ a1 if vs1 < vs2 ,

if vs2 < vs3 ,

{
t1 ≥ b1 if vs1 > vs3 ,

t1 ≤ b1 if vs1 < vs3 ,
and

{
t1 ≤ a1 if vs1 > vs2 ,

t1 ≥ a1 if vs1 < vs2 .

We apply the lower boundaries for t1 to determine E0 and upper boundaries to determine E1, which
depend on whether ∆x ∈ [vmin∆t, vint∆t] or ∆x ∈ [vint∆t, vmax∆t]. In particular, we obtain



if vs2 > vs1 > vs3 ,

{
E0 = 0, E1 = b1, if ∆x ≤ vint∆t,

E0 = 0, E1 = a1, if ∆x ≥ vint∆t,

if vs3 > vs1 > vs2 ,

{
E0 = 0, E1 = a1, if ∆x ≤ vint∆t,

E0 = 0, E1 = b1, if ∆x ≥ vint∆t,

if vs1 > vs2 > vs3 ,

{
E0 = 0, E1 = a1, if ∆x ≤ vint∆t,

E0 = b1, E1 = a1, if ∆x ≥ vint∆t,

if vs3 > vs2 > vs1 ,

{
E0 = a1, E1 = b1, if ∆x ≤ vint∆t,

E0 = 0, E1 = b1, if ∆x ≥ vint∆t,

if vs1 > vs3 > vs2 ,

{
E0 = 0, E1 = a1, if ∆x ≤ vint∆t,

E0 = b1, E1 = a1, if ∆x ≥ vint∆t,

if vs2 > vs3 > vs1 ,

{
E0 = b1, E1 = a1, if ∆x ≤ vint∆t,

E0 = 0, E1 = a1, if ∆x ≥ vint∆t.

In conclusion,
g̃s1,s2,s3(∆x) := P(∆x | W = 2, s1, s2, s3) = I(E1) − I(E0).

S5.3 Computing P(∆y | W = 2, S1 = s1, S2 = s2, S3 = s3), s3 ̸= s1

By writing g̃ explicitly, it can be verified that

g̃s1,s2,s3(∆x) = g̃s(i1),s(i2),s(i3)(∆x),

for any i1, i2, i3 ∈ {1, 2, 3} all distinct. In other words, once three distinct states (with distinct rates and
velocities) are fixed, the probability distribution of obtaining a ∆x with two switches does not depend
on the order of the states are attained. Hence, we can compute

f̃s1,s2,s3(∆y) := P(∆y | W = 2, S1 = s1, S2 = s2, S3 = s3)

=
∫ vmax∆t

vmin∆t

g̃s1,s2,s3(∆x)fN (0,2σ2)(∆y − ∆x)d(∆x),

by considering the simplest form for

g̃s1,s2,s3(∆x) = Is1,s2,s3(E1) − Is1,s2,s3(0),
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where we fix vs2 = vmax, vs1 = vint, vs3 = vmin, and rearrange the rates λsi accordingly, and


E1 = b1 = ∆x − vs3∆t

vs1 − vs3

, if ∆x ≤ vint∆t,

E1 = a1 = ∆x − vs2∆t

vs1 − vs2

, if ∆x ≥ vint∆t.

Therefore,

f̃s1,s2,s3(∆y) =
∫ vint∆t

vmin∆t

g̃s1,s2,s3(∆x)fN (0,2σ2)(∆y − ∆x)d(∆x)

+
∫ vmax∆t

vint∆t

g̃s1,s2,s3(∆x)fN (0,2σ2)(∆y − ∆x)d(∆x)

=
∫ vint∆t

vmin∆t

(I(b1) − I(0))fN (0,2σ2)(∆y − ∆x)d(∆x)

+
∫ vmax∆t

vint∆t

(I(a1) − I(0))fN (0,2σ2)(∆y − ∆x)d(∆x)

=
∫ vmax∆t

vmin∆t

−I(0)fN (0,2σ2)(∆y − ∆x)d(∆x),

+
∫ vint∆t

vmin∆t

I(b1)fN (0,2σ2)(∆y − ∆x)d(∆x)

+
∫ vmax∆t

vint∆t

I(a1)fN (0,2σ2)(∆y − ∆x)d(∆x)

= : J0 + Jb1 + Ja1 ,

where
fN (0,2σ2)(∆ϵ) := 1

2σ
√

π
exp

(
− (∆ϵ)2

4σ2

)
,

and
I(t1) = k1,2,3M̃(∆x)

D

sign(vs2 − vs3)
ν1,2,3

Ñ(t1),

Ñ(t1) = exp
(

ν1,2,3

vs2 − vs3

t1

)
,

M̃(∆x) = exp
(

λs2 − λs3

vs3 − vs2

∆x

)
.

By defining
k̃ := k1,2,3

D

sign(vs2 − vs3)
ν1,2,3

1
2σ

√
π

,

then we write

J0 :=
∫ vmax∆t

vmin∆t

−I(0)fN (0,2σ2)(∆y − ∆x)d(∆x)

=
∫ vmax∆t

vmin∆t

−k̃ exp
(

λs2 − λs3

vs3 − vs2

∆x

)
exp

(
− (∆y − ∆x)2

4σ2

)
d(∆x)

= k0

[
erf
(

2c(∆x) − r0

2
√

c

)]∆x=vmax∆t

∆x=vmin∆t

,

where
c := 1

4σ2 ,

r0 = r0(∆y) := 2c∆y + λs2 − λs3

vs3 − vs2

,
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r̂0 = r̂0(∆y) := −c(∆y)2,

and
k0 := − k̃

√
π

2
√

c
exp

(
r2

0
4c

+ r̂0

)
= − k1,2,3

D

sign(vs2 − vs3)
ν1,2,3

1
2 exp

(
r2

0
4c

+ r̂0

)
= k1,2,3

D

sign(vs3 − vs2)
ν1,2,3

1
2 exp

(
r2

0
4c

+ r̂0

)
.

Similarly,

Jb1 :=
∫ vint∆t

vmin∆t

I(b1)fN (0,2σ2)(∆y − ∆x)d(∆x)

=
∫ vint∆t

vmin∆t

k̃Ñ

(
∆x − vs3∆t

vs1 − vs3

)
exp

(
−(λs3 − λs2)

vs3 − vs2

∆x

)
exp

(
− (∆y − ∆x)2

4σ2

)
d(∆x)

= kb1

[
erf
(

2c(∆x) − rb1

2
√

c

)]∆x=vint∆t

∆x=vmin∆t

,

but now
rb1 = rb1(∆y) := 2c∆y + λs2 − λs3

vs3 − vs2

+ ν1,2,3

(vs2 − vs3)(vs1 − vs3)

= r0 + ν1,2,3

(vs2 − vs3)(vs1 − vs3) ,

r̂b1 := − c(∆y)2 − ν1,2,3 · vs3∆t

(vs2 − vs3)(vs3 − vs1)

= r̂0 − ν1,2,3 · vs3∆t

(vs3 − vs2)(vs3 − vs1) ,

and

kb1 := k̃

√
π

2
√

c
exp

(
r2

b1

4c
+ r̂b1

)

= k1,2,3

D

sign(vs2 − vs3)
ν1,2,3

1
2 exp

(
r2

b1

4c
+ r̂b1

)
.

Finally,

Ja1 :=
∫ vmax∆t

vint∆t

I(a1)fN (0,2σ2)(∆y − ∆x)d(∆x)

=
∫ vmax∆t

vint∆t

k̃Ñ

(
∆x − vs2∆t

vs1 − vs2

)
exp

(
−(λs3 − λs2)

vs3 − vs2

∆x

)
exp

(
− (∆y − ∆x)2

4σ2

)
d(∆x)

= ka1

[
erf
(

2c(∆x) − ra1

2
√

c

)]∆x=vmax∆t

∆x=vint∆t

,

but now
ra1 = ra1(∆y) := 2c∆y + λs2 − λs3

vs3 − vs2

+ ν1,2,3

(vs2 − vs3)(vs1 − vs2)

= r0 + ν1,2,3

(vs2 − vs3)(vs1 − vs2) ,

r̂a1 = r̂a1(∆y) := − c(∆y)2 − ν1,2,3 · vs2∆t

(vs2 − vs3)(vs1 − vs2)

= r̂0 − ν1,2,3 · vs2∆t

(vs2 − vs3)(vs1 − vs2) ,
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and
ka1 := k̃

√
π

2
√

c
exp

(
r2

a1

4c
+ r̂a1

)
= k1,2,3

D

sign(vs2 − vs3)
ν1,2,3

1
2 exp

(
r2

a1

4c
+ r̂a1

)
.

S5.4 Computing P(W = 2 | S1 = s1, S2 = s2, S3 = s3) for s3 = s1

Here, we compute P(W = 2 | S1 = s1, S2 = s2, S3 = s1). Since S3 = S1, we only need to define a function
of t2 ∈ (0, ∆t]

Fs1,s2,s1(t2) := P(τ2 ≤ t2, 0 < τ1 ≤ ∆t, 0 < τ2 ≤ ∆t − τ1, τ3 > ∆t − τ1 − τ2 | S1 = s1, S2 = s2, S3 = s1)

= P(0 ≤ τ2 ≤ t2, 0 < τ1 ≤ ∆t − τ2, τ3 > ∆t − τ1 − τ2 | S1 = s1, S2 = s2, S3 = s1)

=
∫ t2

0

(∫ ∆t−τ2

0

(∫ ∞

∆t−τ1−τ2

fs1,s2,s1(τ1, τ2, τ3)dτ3

)
dτ1

)
dτ2

= λs1λs2 exp (−λs1∆t)
(λs1 − λs2)2

(
((λs1 − λs2)∆t(exp ((λs1 − λs2)t2) − 1))

− ((λs1 − λs2)t2 − 1) exp ((λs1 − λs2)t2) − 1
)

,

in the assumption λs1 ̸= λs2 . Therefore, in the previous notation we obtain

Gs1,s2,s1(t2) := P(τ2 ≤ t2 | 0 < τ1 ≤ ∆t, 0 < τ2 ≤ ∆t − τ1, τ3 > ∆t − τ1 − τ2, S1 = s1, S2 = s2, S3 = s1)

= Fs1,s2,s1(t2)
Fs1,s2,s1(∆t)

= (λs1 − λs2)∆t(exp ((λs1 − λs2)t2) − 1) − ((λs1 − λs2)t2 − 1) exp ((λs1 − λs2)t2) − 1
exp ((λs1 − λs2)∆t) − 1 − (λs1 − λs2)∆t

.

Finally,

P(W = 1 | S1 = s1, S2 = s2, S3 = s1) = Fs1,s2,s1(∆t)

= λs1λs2 exp (−λs1∆t)
(λs1 − λs2)2 (exp ((λs1 − λs2)∆t) − 1 − (λs1 − λs2)∆t).

S5.5 Computing P(∆x | W = 2, S1 = s1, S2 = s2, S3 = s3) for s3 = s1

From the CDF Gs1,s2,s1(t2) we can obtain the PDF

gs1,s2,s1(t2) := P(t2 | W = 2, S1 = s1, S2 = s2, S3 = s1) = d
dt2

Gs1,s2,s1(t2)

= (λs1 − λs2)2(∆t − t2) exp ((λs1 − λs2)t2)
exp ((λs1 − λs2)∆t) − 1 − (λs1 − λs2)∆t

.

Now, we approach the problem similarly to Section S4.3.
We define

hs1,s2,s1(t2) := vs2t2 + vs1(∆t − t2).

We note that hs1,s2,s1 : R → R is a monotonic function in t2 and ∆x = hs1,s2,s1(t2). Thus the PDF of
∆x is

g̃s1,s2,s1(∆x) = P(∆x | W = 2, S1 = s1, S2 = s2, S3 = s1)

= gs1,s2,s1

(
h−1

s1,s2,s1
(∆x)

) ∣∣∣∣ d
d(∆x)h−1

s1,s2,s1
(∆x)

∣∣∣∣ ,
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where
h−1

s1,s2,s1
(∆x) = ∆x − vs1∆t

vs2 − vs1

,

and its derivative is
d

d(∆x)h−1
s1,s2,s1

(∆x) = 1
vs2 − vs1

.

Hence,

g̃s1,s2,s1(∆x) = (λs1 − λs2)2

|vs2 − vs1 |
· −(∆x − vs2∆t)

vs2 − vs1

· exp ((λs1 − λs2)(∆x − vs1∆t)/(vs2 − vs1))
exp ((λs1 − λs2)∆t) − 1 − (λs1 − λs2)∆t

.

S5.6 Computing P(∆y | W = 2, S1 = s1, S2 = s2, S3 = s3) for s3 = s1

By convoluting with the PDF for ∆ϵ we now incorporate noise

f̃s1,s2,s1(∆y) := P(∆y | W = 1, S1 = s1, S2 = s2, S3 = s1)

=
∫ b

a

g̃s1,s2,s1(∆x)fN (0,2σ2)(∆y − ∆x)d(∆x),

where
a = as1,s2,s1 := min{hs1,s2,s1(0), hs1,s2,s1(∆t)},

b = bs1,s2,s1 := max{hs1,s2,s1(0), hs1,s2,s1(∆t)},

and
fN (0,2σ2)(∆ϵ) := 1

2σ
√

π
exp

(
− (∆ϵ)2

4σ2

)
.

We obtain

f̃s1,s2,s1(∆y) = k̂

∫ b

a

(−vs2∆t + ∆x) exp (−c(∆x)2 + r∆x + r̂)d(∆x)

= −k̂eg

4c3/2

[√
πe

r2
4c (2c(−vs2∆t) + r)erf

(
2c∆x − r

2
√

c

)
− 2

√
ce∆x(r−c∆x)

]∆x=b

∆x=a

= k

[√
πe

r2
4c (2c(−vs2∆t) + r)erf

(
2c∆x − r

2
√

c

)
− 2

√
ce∆x(r−c∆x)

]∆x=b

∆x=a

,

where
c := 1

4σ2 ,

r = rs1,s2,s1(∆y) := 2c∆y + λs1 − λs2

vs2 − vs1

,

r̂ = r̂s1,s2,s1(∆y) := −c(∆y)2 + λs1 − λs2

|vs2 − vs1 |
|vs1 |∆t,

k̂ = k̂s1,s2,s1 := (λs1 − λs2)2

2σ
√

π|vs2 − vs1 |2
sign(vs2 − vs1)

exp ((λs1 − λs2)∆t) − 1 − (λs1 − λs2)∆t
,

and

k = ks1,s2,s1 := −k̂er̂

4c3/2

= σ2er̂(λs1 − λs2)2
√

π|vs2 − vs1 |2
−sign(vs2 − vs1)

exp ((λs1 − λs2)∆t) − 1 − (λs1 − λs2)∆t
.
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S5.7 Comparison of the error of the up-to-one-switch approximation with
the error of the up-to-two-switch approximation

Figure S3 shows a comparison of the up-to-one-switch approximation error, P1(∆y) − P (∆y), with the
up-to-two-switch approximation error, P1(∆y) − P (∆y), for the two-state model and the three-state
model.

Figure S4 shows a comparison between the empirical distributions for P(∆y|W = 2) and P(∆y|W >

2), using the rates 10λ for λ specified in Supplementary Information Figure S1, for the two-state model
(from Figure 2A) and three-state model (from Figure 2B). Comparing the two panel suggests that
the approximation used (P(∆y | W > 2) ≈ P(∆y | W = 2)) is less accurate for the two-state model
in this parameter regime, compared to the three-state model. And this causes the up-to-two-switch
approximation to be more accurate for the three-state model (panel F in Figure 7) than for the two-state
model in (panel E in Figure 7) for frequent switching.

S6 Up-to-one-switch approximation for the probability
distribution function of a set of noisy subsequent location
increments

In this section, we extend the results obtained in Section 3.1 to compute an approximation for the PDF
a set of N noisy subsequent location increments P(∆yN ). Here, we compute explicitly all the results
obtained in Section 3.2. The up-to-two-switch approximation of a single location increment is provided
as a Python code in the function approx pdf track up to 1 switch in the file functions.py.

The PDF P(∆yN ) is the joint distribution of a set of subsequent location increments, and it can be
rewritten in terms of conditional distributions

P(∆yN ) = P(∆y1)P(∆y2 | ∆y1) · · ·P(∆yN−1 | ∆yN−2)P(∆yN | ∆yN−1),

where we note that, for an increment ∆y, the PDF P(∆y) is its marginal distribution, approximated in
Section 3.1 and Section 3.2. We obtain that for any N ≥ 2 we can approximate the joint distribution of
a set of subsequent location increments using a recursive method. We denote Sj

i the i-th state attained
and W j the number of switches the during the j-th measured interval of the track (as in Figure 8).

We compute an iterative formula for P(∆yN | ∆yN−1) that involves the approximations for

P(∆yN | SN
1 = sN

1 ), P(W N = 0 | SN
1 = sN

1 ), P(W N ≥ 1 | SN
1 = sN

1 ), P(SN
1 = sN

1 | ∆yN−1),

using P(∆yN−1 | ∆yN−2) and

P(∆yN−1 | SN−1
1 = sN−1

1 ), P(W N−1 = 0 | SN−1
1 ),

P(W N−1 ≥ 1 | SN−1
1 = sN−1

1 ), P(SN−1
1 = sN−1

1 | ∆yN−2).

We note that, for N = 2, P(∆yN−1 | ∆yN−2) is the marginal PDF, for which we have computed approx-
imations. For simplicity, we use the up-to-one-switch approximation presented in Section 3.1 which we
denote by P1, however, the result could be extended to incorporate more switches.
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- Two-state model Three-state model

λ

5λ

10λ

Fig. S3 The error of the approximation P1(∆y), defined as P1(∆y) − P (∆y) where P (∆y) is the empirical PDF for ∆y,
is compared with the error of the approximation P1(∆y), defined as P1(∆y) − P (∆y). The panels at the top are obtained
using the parameters as specified in the Supplementary Information Figure S1, while the panels in the middle and at the
bottom are obtained with the same parameters except the rates which are multiplied by 5 and 10, respectively.

Using the state at the beginning of the N -th interval SN
1 , we write

P(∆yN | ∆yN−1) =
n∑

sN
1 =1

P(∆yN | SN
1 = sN

1 , ∆yN−1)P(SN
1 = sN

1 | ∆yN−1).

20



Two-state model Three-state model

Fig. S4 Comparison of the empirical distributions for P(∆y|W = 2) and P(∆y|W > 2), using the rates 10λ for λ specified
in Supplementary Information Figure S1, for the two-state model (from Figure 2A) and three-state model (from Figure 2B).

In the exact increments form, we have

P(∆xN | SN
1 = sN

1 , ∆xN−1) = P(∆xN | SN
1 = sN

1 ),

which follows from the Markov property of the continuous-time process, and holds since the information
on ∆xN given by the previous increments ∆xN−1 is fully expressed by the final state at the end of the
(N − 1)-th interval which corresponds to the one at the beginning of the N -th interval SN

1 . In case of
the noisy increments, we use the approximation

P(∆yN | SN
1 = sN

1 , ∆yN−1) ≈ P(∆yN | SN
1 = sN

1 ), (S4)

which is not exact since the previous increments contain additional information on the noise ϵN−1. Hence,
we obtain

P(∆yN | ∆yN−1, . . . , ∆y2, ∆y1) ≈
n∑

sN
1 =1

P(∆yN | SN
1 = sN

1 )P(SN
1 = sN

1 | ∆yN−1).

We obtain P(SN
1 = sN

1 | ∆yN−1) by using the state at the beginning of the previous interval SN−1
1 ,

P(SN
1 = sN

1 | ∆yN−1) =
n∑

sN−1
1 =1

P(SN
1 = sN

1 | SN−1
1 = sN−1

1 , ∆yN−1)P(SN−1
1 = sN−1

1 | ∆yN−1).

Here, we note that the state SN−1
1 given ∆xN−1 only depends on the the increment ∆xN−1; thus we

obtain the property

P(SN
1 = sN

1 | SN−1
1 = sN−1

1 , ∆xN−1) = P(SN
1 = sN

1 | SN−1
1 = sN−1

1 , ∆xN−1),

which again follows from the Markov property of the continuous-time process, and it holds since the state
SN−1

1 given ∆xN−1 only depends on the the increment ∆xN−1. For the noisy increment ∆y we use the
approximation (similar to Equation (S4))

P(SN
1 = sN

1 | SN−1
1 = sN−1

1 , ∆yN−1) ≈ P(SN
1 = sN

1 | SN−1
1 = sN−1

1 , ∆yN−1), (S5)
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to write

P(SN
1 = sN

1 | ∆yN−1) ≈
n∑

sN−1
1 =1

P(SN
1 = sN

1 | SN−1
1 = sN−1

1 , ∆yN−1)P(SN−1
1 | ∆yN−1)

=
n∑

sN−1
1 =1

P(∆yN−1, SN
1 = sN

1 | SN−1
1 = sN−1

1 )
P(∆yN−1 | SN−1

1 = sN−1
1 )

P(SN−1
1 = sN−1

1 | ∆yN−1),

where the equality is obtained by definition of conditional probability. The denominator
P(∆yN−1 | SN−1

1 = sN−1
1 ) will be simplified later. Moreover, using Bayes’ theorem, we write

P(SN−1
1 = sN−1

1 | ∆yN−1) = P(∆yN−1 | SN−1
1 = sN−1

1 , ∆yN−2)
P(SN−1

1 = sN−1
1 | ∆yN−2)

P(∆yN−1 | ∆yN−2)

= P(∆yN−1 | SN−1
1 = sN−1

1 )
P(SN−1

1 = sN−1
1 | ∆yN−2)

P(∆yN−1 | ∆yN−2) ,

where the second equality is obtained using the property in Equation (S4) (at the (N − 1)-th step). By
substitution, and, by simplifying P(∆yN−1 | SN−1

1 = sN−1
1 ), we obtain

P(SN
1 = sN

1 | ∆yN−1) ≈
n∑

sN−1
1 =1

P(∆yN−1, SN
1 = sN

1 | SN−1
1 = sN−1

1 )
P(SN−1

1 = sN−1
1 | ∆yN−2)

P(∆yN−1 | ∆yN−2) .

Here, the numerator and denominator of the fractions are computed at the (N − 1)-th induction step.
Finally, we need to compute P(∆yN−1, SN

1 = sN
1 | SN−1

1 = sN−1
1 ) by conditioning on the number of

switches during the (N − 1)-th interval, W N−1, and we use the definition of conditional probability to
obtain

P(∆yN−1, SN
1 = sN

1 | SN−1
1 = sN−1

1 ) =
∞∑

w=0
P(∆yN−1 | SN

1 = sN
1 , SN−1

1 = sN−1
1 , W N−1 = w)

× P(SN
1 = sN

1 | SN−1
1 = sN−1

1 , W N−1 = w)

× P(W N−1 = w | SN−1
1 = sN−1

1 ).

(S6)

We use the up-to-one-switch approximation and get

P(∆yN−1, SN
1 = sN

1 | SN−1
1 = sN−1

1 )

≈ P1(∆yN−1, SN
1 = sN

1 | SN−1
1 = sN−1

1 )

=



P(∆yN−1 | SN
1 = sN

1 , SN−1
1 = sN−1

1 , W N−1 = 0)

× P(W N−1 = 0 | SN−1
1 = sN−1

1 ),
if sN

1 = sN−1
1 ,

P(∆yN−1 | SN
1 = sN

1 , SN−1
1 = sN−1

1 , W N−1 = 1)

× P(SN−1
2 = sN

1 | SN−1
1 = sN−1

1 )P(W N−1 ≥ 1 | SN−1
1 = sN−1

1 ),
if sN

1 ̸= sN−1
1 ,

(S7)

since if W N−1 = 0, then SN
1 = SN−1

1 which gives a unitary probability of keeping the same state

P(SN
1 = sN

1 | SN−1
1 = sN−1

1 , W N−1 = 0) = 1,
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while if W N−1 = 1, then we obtain SN
1 = SN−1

2 ̸= SN−1
1 and in the usual notation we have rewritten

P(SN
1 = sN

1 | SN−1
1 = sN−1

1 , W N−1 = 1) = P(SN−1
2 = sN

1 | SN−1
1 = sN−1

1 ).

S6.1 Error of the up-to-one-switch approximation for the probability
distribution function of two noisy subsequent location increments

Figure S5 compares the error of the up-to-one-switch approximation for the PDF of two noisy subsequent
location increments, defined as |P1(∆y1, ∆y2) − P (∆y1, ∆y2)|, with the error for the approximation
consisting of the product of the marginals, defined as |P1(∆y1)P1(∆y2) − P (∆y1, ∆y2)|.

S6.2 Extension to the up-to-two-switch approximation

The maximum number of switches considered in the approximation for the PDF of a set of noisy subse-
quent location increments can be increased by modifying Equation (S7) conditioning on a higher amount
of states from Equation (S6). Using an up-to-two-switch approximation we write

P(∆yN−1, SN
1 = sN

1 | SN−1
1 = sN−1

1 ) = P(∆yN−1 | SN
1 = sN

1 , SN−1
1 = sN−1

1 )P(SN
1 = sN

1 | SN−1
1 = sN−1

1 )

≈ P(∆yN−1 | SN
1 = sN

1 , SN−1
1 = sN−1

1 , W N−1 = 0)

× P(SN
1 = sN

1 | SN−1
1 = sN−1

1 , W N−1 = 0)

× P(W N−1 = 0 | SN
1 = sN

1 , SN−1
1 = sN−1

1 )

+ P(∆yN−1 | SN−1
1 = sN

1 , SN−1
1 = sN−1

1 , W N−1 = 1)

× P(SN
1 = sN

1 | SN−1
1 = sN−1

1 , W N−1 = 1)

× P(W N−1 = 1 | SN
1 = sN

1 , SN−1
1 = sN−1

1 )

+ P(∆yN−1 | SN
1 = sN

1 , SN−1
1 = sN−1

1 , W N−1 = 2)

× P(SN
1 = sN

1 | SN−1
1 = sN−1

1 , W N−1 = 2)

× P(W N−1 ≥ 2 | SN
1 = sN

1 , SN−1
1 = sN−1

1 ).

Finally, this can be written as

P(∆yN−1, SN
1 = sN

1 | SN−1
1 = sN−1

1 )

≈ P(∆yN−1 | SN−1
1 = sN−1

1 , W N−1 = 0)

× P(sN
1 = sN−1

1 )

× P(W N−1 = 0 | SN−1
1 = sN−1

1 )

+ P(∆yN−1 | SN−1
2 = sN

1 , SN−1
1 = sN−1

1 , W N−1 = 1)

× P(SN−1
2 = sN

1 | SN−1
1 = sN−1

1 )

× P(W N−1 = 1 | SN−1
2 = sN

1 , SN−1
1 = sN−1

1 )

+
n∑

sN−1
2 =1

sN−1
2 ̸=sN−1

1
sN−1

2 ̸=sN
1

P(∆yN−1 | SN−1
3 = sN

1 , SN−1
2 = sN−1

2 , SN−1
1 = sN−1

1 , W N−1 = 2)

× P(SN−1
3 = sN

1 | SN−1
2 = sN−1

2 )

× P(W N−1 ≥ 2 | SN−1
2 = sN−1

2 , SN−1
1 = sN−1

1 )

× P(SN−1
2 = sN−1

2 | SN−1
1 = sN−1

1 ),
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Two-state
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10λ
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Fig. S5 The absolute value of the error of the approximation of the joint PDF P1(∆y1, ∆y2), defined as P1(∆y1, ∆y2) −
P (∆y1, ∆y2) where P (∆y1, ∆y2) is the empirical PDF for [∆y1, ∆y2], is compared with the absolute value of the error of
the approximation obtained as the product of the marginals P1(∆y1)P1(∆y2), defined as P1(∆y1)P1(∆y2) − P (∆y1, ∆y2).
The panels at the top are obtained using the parameters as specified in the Supplementary Information Figure S1.
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for which we can compute all of the terms.

S7 Comparison to the Fokker-Planck equation

The model presented corresponds to the Fokker-Planck equation (or Forward-Kolmogorov equation) in
the case with no diffusion (Gardiner, 2009). In particular, the evolution of the probability density function
for the exact particle location p(x, t; s) in state s ∈ {1, 2, . . . , n} and at location x at time t ≥ 0 and is
described by the following equation

∂p(x, t; s)
∂t

+ vs
∂p(x, t; s)

∂x
=

n∑
u=1

qusp(x, t; u),

where qus is the transition rate from state u to state s, and vs is the velocity in state s. We note that the
probability density function for the exact particle location over time is obtained by adding the probability
densities over all possible states

p(x, t) :=
n∑

s=1
p(x, t; s).
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