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1 Additional details on the GEE example of Section 4.1
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where @7 =: 4%, A; = :é\diag (77 (Xfi?im) , (XT alﬂ)) i = diag (W (X1i) 5, w (Ximi))
and ﬁ (61’; Xgi, UZ) = diag ((51l/§T\ (Xlgi, Uli) g ey (Sml/ﬂ' m2is Un”))

The following proposition shows that IAL (u) and 2‘@ (u) are consistent
estimators for f (u) I, (u) and f (u) Zrpo (u).

Proposition 3 Under the assumptions of Theorems 3-4 and if ‘QAS—¢‘ =

op (1),

H =0, (1), then

T (w) = f (w) o ()] | = 05 (1),

Hfﬁ# () — f () Zrpo (u H =0, (1).

The Raphson-Newton algorithm is based on the local estimating equations
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and Zhu (2005)),
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and the inequalities should be interpreted componentwise.

2 Additional examples and Monte Carlo
2.1 Robust quasi-likelihood estimation

The first additional example considers quasi-likelihood estimation of a varying
coefficients model, and extends the approach of Cantoni and Ronchetti (2001)
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by proposing a general class of IPW based local Mallows quasi-likelihood es-
timators. In this example the robust loss function (, (-) is

(xTa))
G (X)) =~ [ v (Vot)w (X) dt — G,y (Yo (XTa (U)) |
where
v(Y,t)=Var @) 20 (r (Y1), v(Y,t) =0,

7 (+) is the inverse link function, r (Y,t) = Var (t)fl/2 (Y —t) is the Pearson
residual, ¢ (-) is a robust function and G, () is a correction factor used to
achieve Fisher consistency.

Let

G (Yin (XTa(0))) = E [v (Yn (X7 (U)o (X7 (U) w (X))

where 1’ (-) = 0n(-) /Oa. Calculations similar to those given in Cantoni and
Ronchetti (2001) show that
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where s, (X,U) = dlog f (Y|X,U) /0« and f (Y| X, U) is the conditional den-
sity of the response Y.
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where @17 = @} The following proposition shows that I ¢ (u) and Eﬁg (u) are

consistent estimators for f(u) It (u) and f (u) Xrco (w).
Proposition 4 Under the assumptions of Theorems 1 and 2 in the main paper
| Pe ) = £ ) Teo ()] | = 0 (1),

| 5 (@) = 1 () Seco ()| = 0, 1

~—

2.2 Robust nonlinear regression estimation

The second additional example considers estimation of a possibly nonlinear
varying coefficients regression model

Y =n(X,a0U)) +e,

where the unobservable error € is an i.i.d. random variable from a zero mean
symmetric distribution independent of X and U. In this example the robust
loss function ¢, () is

Co Yin(X,a(U))) = p(Y =n(X,a(U)))w(X),
where p (-) is a robust function. Some calculations show that
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whereg; =Y; —n (X;,a (U;)) is the regression residual and & (-) = @1z (+). The
following proposition shows that I'c (u) and X% (u) are consistent estimators
for f(u) Lo (u) and f(w) Zreo (w).

Proposition 5 Under the assumptions of Theorems 1 and 2 in the main paper
P )= £ () o )| = 0 (1),

|5 @) = £ (@) Zro ()| = 0, (1

~—

2.3 Monte Carlo

In the varying coefficients Poisson regression example, the covariates X; and
Xy are jointly normally distributed with mean zero, unit variances and corre-
lation coefficient set to 0.3, the covariate U is independent of X and uniformly
distributed between 0 and 1, and ag (U) = [sin (7U/2) , cos (xU)]". The selec-
tion probabilities are specified as

exp (710 + Y120 X2 + 730U) ()

™ X 7Uv = )
X2, U) 1+ exp (10 + 7120 X2 + 730U)

with [710,720,’}/30]T =[1,1.5, O.3]T, which implies that the average percentage
of missing is about 35%. We consider four cases: the first one (case 0) has no
outliers and no missing values; the other three cases, respectively, cases CO,
C1 and C2) have no outliers but missing values and two contaminated data
with missing values, where

(C1) Xy; ~ N (10,1), X5 ~ N (10,1), (5)
(C2)Y; =30 and Xy; ~ N (10,1), (j=1,...,5)
that is in (C1) the first five elements of the covariates X; are outliers, whereas
in (C2) the first five elements of both the responses and the covariates are
outliers.

The computation of az is carried out using the Newton-Raphson algorithm
on the local estimating equations (first order conditions)

Tlli 7?()?U) {w (t) exp (XiT2aWi> [X,» W /h} w(Xi) =

G (Vi exp (XTGWH)) } K (U~ w) = © 3" s (fiu) =0, (6)
=1

where t; = Y; — exp (X?&Wi) / exp (XiTEWZ-/Q),
Gl (Yi,exp (X[ aW;)) = {c[Pr (Vi > jo; + 1) — Pr(Y; < jui)] + (7)

Pt =) = P = sy ess (K0 ) [ o T
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and j1; = exp (XZ-TaWi)—ceXp (Xl-TaWi/Q), Joi = €xp (XZ-TaWi)—i—ceXp (XZ-TaWi/Q).
Note also that

Te(w) = igﬁ(}(i;(jl) {C [Pr (Yi :/711‘) + Pr (Yi :321-)} + exp <Xszal%) X

[PY(Yizju—l) —PI"<Yi=A'1i —Pr (5/1‘2521'—1)4-

~ XTa12 ~ -
Pr (Y = Jai) | +exp< o )Pr (i< gjzil)} x
(
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exp ( HX00E ) X3 (X,) K (U - )

2
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" ; T XZ“U) z Z l exp (XiT;ﬁ)

[exp (2X?61;) Pr (311 —-1<Y; < 321‘ - 1) + (exp (XiT?il;) — 2exp (zxfalg)) X
Pr (;11 <Y; < Jjai — 1) +exp (2X/]a17) Pr (511 +1<Y; < 321)} X

Ta ~
exp <X22a17r) X220 (X)) Ky, (U —u) —

®2
L3 L e (7)) K 0|

and j1; = exp (XTa1z)—cexp (Xfaﬁm),}% = exp (X[ @17)+cexp (X[ a17/2).
As in the Monte Carlo section in the main paper, the robust function ¢ (-) is
specified as the Huber function v, () with tuning constant ¢ = 1.2, the weight
function w (+) is

)= (157 x ) 2) 0

where M and S are robust location-scatter estimators such covarianceas the
minimum determinant estimator (MCD) and the kernel function used is the
Epanechnikov one. The bandwidth h is selected by the same robust cross-
validation procedure used in the main paper, in which in the first step for a

given h, t_; = zﬁﬁl /2% (t] , u) /n = 0 and in the second step the robust band-

width is chosen as h = argming Y-, 6;Cy ( _ ) /7 (Xa;,U;) , that is, in this ex-
ample % is the minimizer of the robust quasi deviance. The selection probabili-
ties (4) are estimated using either a robust parametric logit or a nonparametric
estimator using the same weight function w () as that used in (8). The band-
width b for the nonparametric estimator is chosen using another robust cross-
validation procedure where b = argming . [0; — T—; (Xa2;, U;)|w (X2;) and
7_i (X9, U;) is a robust leave one out kernel estimator.
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Table 3 reports the mean absolute bias (B) - defined in the main paper, and
standard deviation (SD) of six different estimators: the robust local complete
case estimator @yp. (-) which is based on (6) without the estimated selection
probabilities 7 (X2;, U;), the IPW local robust estimator @iz, (-) with logit
estimation of 7 (Xy;, U;), the IPW robust local estimator @ijzny (-) with non-
parametric estimation of 7 (Xo;,U;) (k = 1,2,3) and their nonrobust analogs
computed with the Huber function set to ¢ = oo and no Fisher correction term
c, ().

Table 3 approx here.

Inference is based on the statistic maxi<;<s W (u;) (with s = 5) for the hy-

pothesis -
me o) = L ] o

where u; = [0.1,0.3,0.5,0.7,0.9] (i.e. for j =1 uy = 0.1 and likewise for j =
2,3,4,5), o (u;) = sin (mu;/2) = [0.156,0.453,0.707,0.891, 0.987], cvag (uj) =
cos (mu;) = [0.951,0.587,0,0.587,0.951], a! is the parametric estimator de-
fined in (12) in the main paper and v € R index the departure from the null
hypothesis (corresponding to v = 0). The upper 10% and 5% critical values
of the nonstandard distribution given in Proposition 2 are [5.070,6.631] for
n = 200 and [4.907,6.416] for n = 500. Table 4 reports the finite sample
size at the 0.10 and 0.05 nominal level of max;<;j<s W (u;) based on the six
estimators used in Table 3 under no missing observations and no contami-
nation (case 0), no contamination (case CO0) and contamination (Case c¢2):
maxi<;<s Weo (1) is based on the robust local complete case estimator @i, (-),
maxi<;<s Wzp (u;) is based on the IPW robust local estimator with robust
logit estimation of the selection probabilities and maxi<j<s Wanp (u;) is based
on the IPW robust local estimator with robust nonparametric estimation of
the selection probabilities.

Table 4 approx. here

Figure 3 shows the contour plots of the size adjusted finite sample power
curves for the test of H, over the grid v x v = [-1,-0.75,...,0,...0.75,1] x
[-1,-0.75,...,0,...0.75, 1] at the contour level of 0.45 for the CO and C2 cases.
Smaller contour plots indicate higher finite sample power.

Figure 3 approx. here

In the nonlinear varying coefficients regression, the relation between the
response variable Y and the covariates X = [X7, XQ}T and U is

Y =exp (X1a10 (U) + Xoagg (U)) + ¢,

where X; and X5 are jointly normally distributed with mean zero, unit vari-
ances and correlation coefficients between X7 and X set to 0.3, U is indepen-
dent of X and uniformly distributed between 0 and 0.6, ¢ is a standard normal
independent of X and U and aq (U) = [sin (27U) , exp (—U)]”. The selection
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probabilities 7 (Xs;,U;) are the same as those used in the previous example
and so are the (C1) and (C2) contamination of the data. The estimators for
ag () are computed using the same Huber function and weight function w (-)
as those used in the previous example, and the Newton-Raphson algorithm on
the local estimating equations (first order conditions)

1 — di z a Xi
, Z m¢c (€;) exp (Xz‘TaWi) {XZ- (Ui —u) /h} )

i=1

w (X;) Ky (Ui —u) =0,

where &; = Y; — exp (XiTZiW). Note also that

5 R
7 (X, Up) P (2X 1) X% (X3) K (Us — u)

/\A o~ A.zln (S,L T~ ) ) ®2 o
S (u) = e (&) nzi% o U [exp (X[a17) Xiw (X;)] T Kn (Us — ).

Table 5 reports the bias (B) and standard deviation (SD) of the same six
different local estimators @y« () used in Table 3 with bandwidths h and b
chosen using the same robust cross validation method as that used in the
previous example.

Table 5 approx. here

For inference the same hypothesis as that given in (9) with u; = [0.1,0.2,0.3,0.4,0.5],
a1 (uj) = sin (2mu;) = [0.587,0.951,0.951,0.587,0], ago (u;) = exp (—u;) =
[0.904,0.818,0.740, 0.670, 0.606] and @ is the parametric estimator defined
in (10) in the main paper. Table 4 reports the finite sample size at the 0.10
and 0.05 nominal level of maxi<;<s W (u;) based on the six local estimators
used in Table 4 under no missing observations and no contamination (case 0),

no contamination (case C0) and contamination (case C2).

Table 6 approx. here
Figure 4 shows the contour plots of the size adjusted finite sample power
curves for the test of H, over the grid v x v = [-1,-0.75,...,0,...0.75,1] x
[-1,-0.75,...,0,...0.75, 1] at the contour level of 0.45.

Figure 4 approx. here

3 Additional empirical application

In this additional empirical application, the same damaged carrots data set of
Phelps (1982) is used (see also McCullagh and Nelder (1989) and Cantoni and
Ronchetti (2001)). The data is available in the R package Robustbase and
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is characterized by an outlier (namely observation 14) but no missing values.
The following binomial varying coefficients model with logit link

I <%) = 10 (U) +X10&20 (U) +X2a30 (U)

is fitted to the carrots data, where Y represent the number of damaged carrots,
X, and X5 are two indicator variables taking the value of 1 if corresponding to
blocks 1 or 2 and U is the logarithm of the dose of insecticide. The unknown
varying coefficients are estimated using the same Huber function with ¢ = 1.2
used in the previous two examples and the Newton-Raphson algorithm on the
local estimating equations

i n 1][}(: (E) S; €Xp (XzT?in) Xz w N
”Z{W(a>1/2 <(1+exp (xFaw,))” [Xi <Ui‘“>/h]> o

=1

, exp (XZ-TZZWZ-) o
G (Y“ 1+ exp (XTaw;) K (Ui =u) =0, 10)

where w (+) is as that given in (8), X; = [1, X2, X34],

- 1 exp (XiTaWi)
ti = \1/2 }/2 — 5 T~ )
V; (@) 1+ exp (Xi aWi)

8i

V(@) = exp (XZ-TZL\Wi) $; — exp (XZ-TaWi) / (1 + exp (XiTZiWi))
= 1+ exp (XTaW;) ’

o [y e (XTaw)

“\""1+exp (XiTaWi)

oxp (X W) e v

(1 + exp (XZTaWZ)) Vi (a)l/z [Pr (]u <Y <o — 1) —Pr(j1; <Yi < joi —1)| x
P (XiTaWi) [ X;

(1+exp (XTaw;))* [ Xi (Ui =)

> ={c[Pr(Y: > jo; + 1) = Pr(Y; < jui)] +

}W(Xi),

jii = exp (X[ aW;) / (1 + X[ aw;) — ¢V, @2,
joi = exp (XTaW;) / (1 + XTaWs) + eV @)'/?
and Y; ~ Bin (si —1,exp (Xl-TZiWi)).

Figure 5 shows the three varying coefficients, denoted @; (j = 1,2, 3), which
are estimated using both the robust local estimating equations given in (10)
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and the nonrobust local estimating equations!, together with the associated
95% confidence intervals.

Figure 5 approx. here

The first estimated coefficient (intercept) shows the direct effect of the log
dose of the insecticide on the number of damaged carrots and is, as ex-
pected, a decreasing function of it. The other two estimated varying coef-
ficients represent the differential effect of the insecticide on blocks 1 and 2
with respect to block 3. The effect of the insecticide on the second estimated
varying coefficient is ambiguous as it is first an increasing and then a de-
creasing function of it, whereas the third estimated varying coefficient appears
to be an non decreasing function of the insecticide. In terms of the mean

effect (i.e. a; = S°1", @; (U;) /n for j = 1,2,3) the nonrobust estimation pro-
cedure has {&71, Qa, &73] = [—2.1870.5')3,0.97]T7 whereas the robust one has
__ __ _ 4T

[&1,&2,&3} = [—2.10,0.54,0.91]T. The overall quasi deviance and robust

quasi deviance, which can be used as a measure of fit of the model, are respec-
tively 78.34 and 45.55. These results are interesting because they show that the
proposed varying coefficients specification of the model has a better fit com-
pared to that obtained by the parametric specification used by Cantoni and
Ronchetti (2001). For inference, the null hypotheses of joint constancy of the
three varying coefficients Hy : [0y (u;) — a0, o2 (uj) — oo, a3 (uj) — ago]T =
07 and of individual constancy of each of the varying coefficients Hy : [, (u;) — ao) =
0 (k=1,2,3) are tested using the max<,<5 W, (u;) statistic evaluated at the
five points ua, us, u7, ug and ui1. The sample values of maxi<;<s We (u;)
for the null hypotheses of joint and individual constancy of the three vary-
ing coefficients are, respectively, 11.23, 5.98, 6.84 and 7.23 with corresponding
p-values of 0.035, 0.044, 0.032 and 0.027. Thus the null hypotheses of joint
and individual constancy of the varying coefficients are rejected at the 0.05
significance level.

4 Proofs
Assume that

either

1 The nonrobust local estimating equations are:

1 LR Si exp (XiTZiWi) X;
n ; Vi (@) <(1 + exp (XiTZE)I/VZ-))2 [Xl (Us — ) /h]> X
=0,

Ky (Ui — )

where 4; = Y; — s; exp (XZ.TZJ:WZ-), see for example Cai, Fan and Li (2000).
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A1l (i) the function ((-) is continuous for all v € U and has the first two
derivatives (; (-) (j = 1,2) a.s. , (ii) the function 7 () is twice continuously
differentiable a.s., (iii) there exists a unique o (U) such that
E(Co (Y, (X, 00 (U)) — G (V1 (X, (U)|U =] < 0 for all u € U ,
(iv) supyey || H (@2 — ao)|| = 0p (1),

A2 () B [supjeec [Con (Y. (Xo00 (U) + ) — Coa (Y. (Xoa (U)][|U = u] =
o (1) for all u € U, (ii)

E | sup |[|¢u1 (Y, (X, a0 (U) +£)) = Cu1 (Y0 (X, a0 (U))) —

l€li<e
G2 (Y, (X, a0 (U))) [l |U = u] = o(e)

as e — 0 for all u € U,
A3 () B [Car (V. (X, 00 (0) |0 = ] = 0, i) B [Con (¥, (X, 0 (U))** |U = u]

is continuous and positive definite (iii) E || o1 (Y, 7 (X, ao (U)) U = u|**? <
oo in a neighborhood of u for some 8 > 0 (iv) E [z (Y, 7 (X, a (U))) |U = u]
is continuous and nonsingular for all u € U,
or

A1’ (i) the function p (-) is continuous for all u € U and has the first derivative

w1 (+) a.s. , (ii) the function 7 (-) is twice continuously differentiable a.s.,
iii) there exists a unique ag (U) such that E [u, (Y,n (X, a0 (U))) |U = u] =

0 for all uw € U, (iv) sup, ey || H (@€ — ao)|| = 0p (1),

A2 () B [supyeyc. nor (Y. (X0 (U) + ) — pran (Vo (K. (U))[1U = u] =
o(1) for all u € U, (ii)

E | sup [pe (Y1 (X, 00 (U) + ) n' (X, (a0 (U) +€)) =

lEl<e
o (Yo (X, a0 (U))) 0 (X, 0 (U) = preon (Y, (X, 00 (U))) €l U = u] = 0 (e)

ase — 0 forall u e U,
A3 (i) E [(uw (Y, 1 (X, 00 (D)) (X, 00 (U))®?|U = u]| is continuous and

positive definite, (i) E || (Y, 1 (X, a0 (U)) 7 (X, 00 (U)) |U = ul*TF <
oo in a neighborhood of u for some 5 > 0 (iii) E [pe1 (Y, n (X, ao (0))) |U = 4]
is continuous and nonsingular for all u € U,
and
A4 (i) U has bounded support U, its density f(:) is continuous at u and
f(u) >0 for all w e U, (ii) oo (-) has continuous second derivative at u,
A5 (i) the kernel function K (-) is a probability density function on a bounded
support and

/K(v)dv:l, /|v|3K(v)dv<oo, /UQK(U)de<OO,

(ii) the bandwidth satisfies h — 0 and nh — oo as n — oo,



Robust estimation and inference 13

A6 either (i) m(X2,U,~) is a parametric model for 7 (Xo,U) where v € I' C
R! such that infx, i 7 (X2,U,7) > 0 for all v € I" and there exists ayy € I’
such that 7 (X2,U,v) = 7 (X2,U), (ii) Esup,cr |07 (X2,U,7) /87”6
oo for some & > 2 and the robust estimator n'/2 |5 — 0| = O, (1),
or (iii) X3 has bounded support Xs, infx, y 7 (X2,U) > 0 and 7 (X2, U)
is twice continuously differentiable with bounded derivatives, (iv) L (-) is
a bounded vth order (v > 2) kernel function and the bandwidth b satisfies
nb>F2+1) 5 00 and nhb?’ — 0.

A7 The preliminary estimator aZ (u) for * = M orZ satisfies

|H @ - ao)ll = 0, (k2 + (nh) ™),

A8 either (i) m (X, U, ~) is a parametric model for 7 (X, U) where v € I' C R!
such that infy, y 7 (X,U,v) > 0 for all v € I and there exists a 79 € I’
such that (X, U,v) = 7 (X,U), (ii) Esup,cr |07 (X,U,7) Jov]° < oo
for some § > 2 and the robust estimator 7 has the following (bounded)
influence function

1 n
n'/2 (5 = y0) = —/Z i (70) + 0p (1) (11)

or (iii) X has bounded support X, infx y 7 (X,U) > 0 and « (X, U) is
twice continuously differentiable with bounded derivatives, (iv) L (-) is a
bounded vth order (v > 2) kernel function and the bandwidth b satisfies
nb?*+1) - 00 and nhb?’ — 0.

Assumptions A1(i), A1’(i), A2 and A2’ are relatively mild smoothness con-
ditions that are satisfied by many robust estimators including Huber’s p and
¥ functions. Assumptions A1(iii) and A1(iii)’ are standard identification con-
ditions on the existence of a unique minimum and a unique solution for each
u € calU, respectively. Al(iii) implies that the solution to (3) in the main
paper is unique. Assumptions Al(iv) and A1’(iv) are high level assumptions
that can be replaced by more primitive conditions on the loss function, the
estimating equations and/or the parameter space of g (+), say A. For exam-
ple if {, (-) is convex, the so-called convexity lemma (Pollard 1991) coupled
with A1(iii) implies Al(iv). Alternatively, regularity conditions on A such as
Npj (6,4, Ly (P)) < oo - where N| (-) is the bracketing number of A with re-
spect to the Lj (P) norm - could be used. Assumptions A3(i) and A1’(iii)
are local Fisher consistency conditions. They are satisfied for example when
¢1(+) is an odd real valued function and the distribution of the data is sym-
metric around zero, or when the unobservable errors in regression models are
independent of the covariates and are symmetrically distributed around zero
(Bianco, Gracia Ben and Yohai 2005). Alternatively a correction term has to
be included, see for example Cantoni and Ronchetti (2001) and Boente, He
and Zhou (2006). A3(ii)-(iv), A3’(ii)—(iii), A4 and A5 are standard in the non-
parametric and semiparametric estimation literature. Assumption A6 imposes
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standard smoothness conditions on the two selection probability specifications
and regularity conditions on their estimators. Assumption A7 requires that
the preliminary M or Z estimators have the same convergence rate as that
of non a standard nonparametric estimator. Finally Assumption A8 is used
for Theorem 5. For an example of the influence function (11), see Bianco and
Yohai (1996).

Proof (Proof of Theorem 1) Let 7; denote either 7 (Xo;, U;, %) or T (Xa;, Uy, );
note for 7; estimated parametrically, A6(ii), Jensen inequality and the law of
large numbers imply that

1 n
<pl/d | Z
<n (n E sup

i=1 7€l

om i
o0

s\ 1/6
)=o)

H OT;
sup || =—
ip oy

hence by mean value expansion

S5 = ol =0, (w5) 0, (w7272 =0, 1.

sup |7; — m;| < sup sup
i i ~yel

For 7; estimated nonparametrically, A6(iii)-(iv) and the results of Masry (1996)
imply that

sup |7 — mi| = op (1),

u,xr2
therefore in either cases

sup |m; —mi| = 0p (1). (12)

By A1l and A3(i), it follows that 0 = >""_; §;Cu1i (@) Kp, (U; — ) /7, is satisfied
with probability approaching 1. Then by (12)

h 1/2 n Y
0= <> ; %Clwi (6) Ky (Ui - U) =

n

()

Op(l):T1+T2+Op(1).

n ~

-
=1 ?

Let & = — (0% (u) /Ou?) (U; — w)? /2 + (@ (u) — ao (u)) W; and note that for

|Ui — u| < h and AL(iv) sup|y, _y|<n Gl = op (1), thus by A2

n= (1) o @) +

i=1 "

Cowi (a0 (U)) & + [Cmﬂ‘ (ao (Us) + gz) — Crwi (a0 (Uy))

—Cowi (0o (U5)) Ez:| } Ky, (Uy —u) =Ti + The + Ths.

3y %Qm (@) Kn (Ui —uw)+ ) (7” f) 0iCrwi (@) Kn (Ui —u) | +
i=1 "
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Since

1/2 n ) 200 (u )
= (£)" 355 [t P
Cowi (Oéo (Uz))] (6 - ao) Wz] Ky (Ui - U) )

iterated expectations and a standard kernel calculation show that

E [i@” (a0 (1)) 8;‘732(“) (U — )P Kn (U — )| = [ () 12 Bﬂ x
ol () 220
B St o @) 50 @ =] = £ | L 12 w1 ).

By A2 for E. = {||§]| <e,i=1,...,n}
S;lp |Ths]| < S;lp [1C1wi (o0 (Us) + &) — Crwi (a0 (Us)) — Gawi (a0 (Us)) &

()%

i=1

h 1/2 n
E T < —
preml] <o () X

i=1

i
2R, (U —
- n (U; — )

; (14)

(ii'Kh (Uz — u)

T

=o0(1)

for & — 0ase — 0. As fA € E. with probability approaching 1, it follows
that |Ths|| = o, (1). For T, if 7; is estimated parametrically then ||T3|| =
0, (n='/?), whereas for ; estimated nonparametrically

Tz = Z Z&Clm (@) Kp (Ui — u) (i n:,izibf(&) V) +0,(1)

i=1 j=1

and E ((r —8) Ly (V —v)) = 0, var (Ty) = C/nbk2+1 — 0, hence ||Tz| =
op (1). By (13) and (14) the conclusion follows by the continuous mapping
theorem noting that for

~ AT (U)K (Ui—u)  ~

; nVar (dT ¢, (ao (U)) Kp (U —u)) "~ ; Zin,

where (., (ao (Ui)) Kn (Ui — ), = Crui (0 (Us)) Kn (Ui — u)=E [Cui (0 (Us)) K (Ui — )],
A3(iii) implies that

1 - - EKy (U —w)** =0
; 7l (War (d7 ¢, (00 (U)) K, (U — )2 (nh)?/? K ( u)| " —

as nh — oo, hence the Lyapunov central limit theorem is satisfied and

(%) v Z D i o @ K (U =) S N (0.7 ) [ 201 0 50 ).

n V21 V22
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Proof (Proof of Theorem 2) Note that

Z C2wz Z %sz Oéo Kh (U u) +
Z % {C%z (Oéo (Ui) + @) — Qawip (Uz)} Kn (Ui —u) +op (1) =
i=1 "

T3+ Ty + 0p (1)
where & = — (0%ap (u) Jou?) (U; — u)? /2 + (@ — ag) W; and
3

sup
|U;—u|<h

~0, (h2 + (nh)_1/2> (15)

by A7. As in the proof of Theorem 1

Tg—nf(u){ ! ”“}@FCO(U) _

V11 V12

and || Ty|| = o, (n). Note also that

Z il_clw' (@) Ky (Ui —u) = Z i—%ﬁm (o0 (U3) Ko (Ui — ) +

Z = Gauwi (a0 (U3)) &K (Ui — u) + Z [Clm (Oéo Ui) + SAZ) — Qi (a0 (Us)) —

11z zlz

Cowi (a0 (U3)) E] Kn (Ui —u) = Ts + T + T

As in the proof of Theorem 1

T6:—nf(u)h22[ :|®Fg()(u)823’32(u)+nf(u)|: ! UH] ® Ico (u) ¥

V11 V12

V12
V13

{h?&g_—aéz)] +0p(n),
[Clwz (ao Us) + EZ) — Crwi (a0 (Us)) — Cawi (o (U, ))fz} Ky (Ui —u)

)

17| <

~

&i

Op (Tl

)
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by A7 and (15). A simple rearrangement of the above expressions yields

1/2 1 _ 1/2 a; —ay -
Tlh |: a2 — ag):| B (’I”Lh) [h(ag — ag):|
0

C2w1 (Y;an(sza‘))Kh (U u)] X

(Z)Z/Q i %g (Yo (X5,3)) K (Us —u) =

[h%z—aﬂiz)] B {f(u) |:’011 ZE] ® I'co (U)}_1 X <Z>1/2

oy [ ro Zoet s [ ] ra
[h?alz_—a;g] + sz; %CM (a0 (Uy) Kn (Ui —u) | +0p (h2 + (nh)*l/Q) -

[f - {f (u) [1 gg} ® o <u>}1 f (u) “1 Zi;] o <u>] Jhoa

{r | ]er <u>}_1 - ) s (2] & rw Poo ),

V11 V12 V13

(Z>/Z 0 i a0 (U) Ko (U~ )

+ o, (B2 + (nh) %),

that is

e[ N Lrw ) e rem)

2 200 (1 1/2 n _
[— (nh)"? £ (u) % {””] ® I (u) 88722() + (h> > ‘53 Crot (0 (UD)) K (Us —

0p (h2 + (nh)_l/Q)
and the conclusion follows as in Theorem 1.

Proof (Proof of Theorem 3) By A1’ and A3’(i) it follows that

n

i
> =i (@) 17 (@) Ko (Ui =) =0

=1
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is satisfied with probability approaching 1. Then by (12)

o(h)l/ziijum() (@ K (U — ) =

(Z)/ [_z_j j—u( ), @) K (U; —u) +

" (=T SR
Z ( 2 ) bittesi (@) m; (@) K (U; — )
i—1 i

:T8+T9+Op(1).

Let & = — (0% (u) /Ou?) (U; — u)? /2 + (@ — ag) Wy; as in the proof of The-

orem 1 Sup|y, _y(<p Gl = 0p (1), hence by Al’(iv) and A2’
h 1/2 n 5
1= (B) 750 2 s oo () o W) +

Hiwi (oo (;]1)) &+ [um (ao (Us) + 5) ;i (Oéo U;) + 67) — pwi (a0 (Us))
—1wi (o (Us)) 5} } Ky (Ui —u) = Tg1 + Tsp + Tis.

The same arguments as those used in the proof of Theorem 1 show that
|Ts;]| = op (1) (j =2,3) and by the Lyapunov central limit theorem

T %5 N (0, £ (u) {”20 ”21} ® Zruo (u)> .

V21 V22
The conclusion follows by the continuous mapping theorem and simple algebra.

Proof (Proof of Theorem 4) The proof is similar to that of Theorem 2, hence
omitted.

Proof (Proof of Theorem 5) We first consider the case where 7; is estimated
nonparametrically. Recall that 71; — m; = Z?Zl Wy (5JY — 7rj), where

Yio1 0 Lo (V; = Vi) w (X))
21 Lo (Vi = Vi) w (X5)

are robust kernel weights, V; = [X] Ui]T and Ly (-) = L (-/b) /b**1. Then

N 1 (0, §YY, — E(8YYi|X,,U; N
nl/Q(M?fPPW Mo):nl/gZ( o —MO) 1/22< ( | )>(7Ti_7Ti)+

i TG 7Tz

wji =

(5YY|XM, U)

3
E — 7'('1 E 119_77
n1/2 T
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and
5YY E 5YY\X1,UZ n
Tor = — 1/22( ( )Z V) +op (1),
o=~ 30 (0 — ) £

v

1 <« - Y;|X;,, Uj Yi| X, U;
WZ((SZY_TQ Zwﬂ( 2 ) El ‘ 2 ))+Op(1):T931 + Toso.
=1

Uy T

Note that Tyo is a degenerate second order U statistic with zero mean and
variance of order O (1/nb*™!), and E (Tp32) = 0 and Var (Tpsz) = ¢/nb ™ —
0 hence |T932| = 0p (1) Thus

~ 1 - (S Y YXZNU’L
n2 (i — o) /z( )- 1/22 (67 — ) ZEE T

i
and the first conclusion follows by the standard central limit theorem, not-

ing that E (Ty,)’ = E (E (Y|XU)? /77) + B (0? (X,U) /7) — 12, B (Tom?) =

E (E (Y|X,U) /71') —E (E (Y]X, U)2> and Cov (Toy, Toz1) = —F (E (Y|X,U)? /7r>+
E (E Y|X, U)2>. For 7, estimated parametrically

n'/? (Arpw — o) = ; — i) +

§YY; 1 <
3 (M B ) 30

(B (YilXi,, Ui) — po) + 0p (1)

(5-YYi 5y Y@m
(Z <YX1,U») LSO Y IR 1125y +

U

1
nl/2
1
nl/2
1
nl/2
1
nlt/2

( (}/Z|X2177U) PJO +0p ZTIOJa

lM3 ||M: £M:HM:

where 7; = 7 (X;,,U;,7) and 7 is the mean value. Thus the conclusion follows
by the law of large numbers and the standard central limit theorem, noting
that by iterated expectations

8YY, (E(Y|X.,U) 0 _
Cov (Tho1,Ti02) = E ( ——F ( X, 0) 7;) M~ () Tieo (70))
T T oy

=FE <E(Y|X, U)E (E(YLTXU);;T) M~ (o) e (’70))
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and Cov (T1p1, Tho3) = 0 and Cov (Tyoz2, T103) = 0 by a direct calculation. For

nt/2 (ANE — po) with 7; estimated nonparametrically, note that

1/2 (~NP 1 5YY 1 & 6 R
n'/? (Apr — Ho) = 1/2 + i Z; o (n ( Xy, @ (Uy)) —n (X4, a0 (Uy))) +
Ly 53/ - _
/2 Z =— (m — ) (1 (X3, & (U3) = (Xi, a0 (U3))) +
i=1 (2aN3
Ly Y 1 & oY
n1/2 Z a ?7, 17 (XHQO (U7)) + m Z %zﬂ-l (Trl B Wl)

Then for Ti12

|Th12| < sup ’77 (Xiaao (Uy) +§Az) —n(Xi, ag (Uz))‘
Xi,Ee

by continuous mapping theorem, where E. = {||&]| < ¢,i —1 ey} EAZ =
— (0% (U. )/8U2) (U; U;)? /2+(@@ (U;) — ao (U;)) W; and &€ E fore — 0.

Similarly |Ti13| = op (1 ), whereas by iterated expectations E [(1 — &) /m;) ' (X5, a0 (Us))]

0 and Var (Ti14) = C/nb*** — 0, hence |T114| = o, (1); for Th15

Ty = % ZZ 6, — ) 5 5y n(Xl;raT(;b(klil)J)t(Lbj()V Vi) | 0, (1)

i=1 j=1
with E(T115) = 0 and Var (T115) = C/nbf2tt — 0, hence |Ti15] = o, (1).
Thus nt/? (GNE — po) = n'/? (a¥dy — 1) +0p (1) and the conclusion follows.
Finally
1 (Y 1 5YY -
n!2 (5 5 — o) :/;< - n (X, o (Us > 1/2 %, _
1 n
7/2( (Xi, a0 (Ui)) — po) +
i=1
1 « 5y ~
7/2 = | (0 (Xi,a(Uh) = n(Xi, a0 (U2)) +
i=1 v
1 & 6 - N
i > =— (m = m) (n(X3, & (Ui) = (Xi, 00 (Ui)) + 0p (1
i=1 1

Then it is easy to see that |Th24] = 0, (1) and

53/ am

Tioel < s ’ (X<, U A.)_ (X, ‘,
| msl_;gg n( Xi, o0 (Us) + & ) —n(Xi, a0 ( 72 07T

’yGI‘

hence n'/? (i n — o) = n'/? (ifpy, — po) +0p (1) and the conclusion follows
immediately.

H 1/2(

P(1)7
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Proof (Proof of Proposition 1) By the results of Theorems 1-4 and the contin-
uous mapping theorem

~ vz
(nh)*/? (Ra;:r (u) — 70 (u)) LYY (7 (), (Rsr;’b ()~ 7’?(0 g“) T (u)™ STRT)> :
u
hence the conclusion follows by standard results on quadratic forms in nonzero

mean asymptotically normal random vectors. The second conclusion follows
immediately under the assumption that (nh)l/ %y (1) = 0.

Proof (Proof of Proposition 2) Ounly the case where ET% = aX (u) is considered
in the proof, as the other cases can be dealt with in the same way. Note that for
any 1 < j # k < s by iterated expectations and a standard kernel calculation

Cov ((nh)'"* (@7 (u5) = ag (7)) , ()" (G2 (ui) = a0 (wi)) ) =

B8 (£ ) 135 (09) " S50 (00" Ki (05 = 5) (s )

S (f (’U,k) ngé (uk)>_1T:| _
-1
S (£ ) g () S22 (O) [ K (U = ) K (U = ) £ (0) U

(5 (g w) ) .

and

/Kh(U—uj)Kh(U—uk)f(U)dUz/K(v)K(v+uj;uk>f(uj+hv)dv:

/ u‘ukK(U)K(’U+UjhUk)f(Uj+hv)d’U+
|U‘<4l147

/|>uj_uk K(U)K(v—i- et ;uk)f(uj+hv)dv<

2h

sup K (w)|sup|f ()] [ [K (@) do+ s K (@)]sup]f )] [ K (0] do

uj—up Uj—Ug
[w]> =55 |v| 2 —557—

= T5o + 151,

where w = v + (u; — uk) /h > (uj — ug) /2h and sup|. |5y, —uy) 26 [K ()], for
- =wv or w, and Ty, To; — 0 as h — 0 by A5(i), hence

Cou ((nh)* (@21 (uy) = a0 (), ()" (@3 (ua) = ao (wr) ) = 0 (1).
Therefore by the Cramer-Wold device and the continuous mapping theorem
Raz! (u1) — 7o (ua) v (u1)
(nh)"/? : 4N o | diag [RS0¢o (u1) STRT, ..., RS0 (us) STRY]

Ra;]:/[ (us) — 7o (us) v (us)

b
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where

v -1 yw v -1 .
0 (uy) = I (ug) X% (u) Ieg (uy) 5 j =18

and the conclusion follows again by the continuous mapping theorem.

Proof (Proof of Proposition 8) Note that

n

D= 232 2 (G (30 (X)) — G (i (K0 (1)) o (05— 1) -

K2

n

>3 (6 2) (@ i (3882)) — o (¥ (X0 1) B (0 = 0

= Ty + Tos.

For Ty, a second order Taylor expansion about 6% with Lagrange remainder
&; shows that

ﬂ\o’

T 1 &
Ty = nh (alﬁ —ap ( oh Z [Cowi (a0 (U)) +

(Cows (o (Us) +&;) — §2m‘060 (Ui))] Ky (Ui — u) (@1% — ao (u)) 40, (1) =

it (@ = 0 (1)) 3~ 2o (20 (0) K (U = ) (@25 — a0 (1) + 0, (1) =

nh “~ x
i=1

nh (@ — ao ()" f (u) To (u) (@ — ag (u) + 0, (1),

where the first equality follows by 77, i (y (ah) /(nh)*? = 0 and the
second by the same arguments as those used in the proof of Theorem 1. The
conclusion follows by a standard result in probability theory stating that if

v ~ N (0, £2), then, for any real symmetric matrix @, v'Qu ~ Zjdm;(”) AixG (1),
where the \’s are the eigenvalue of Q2 (here 2 = I (u)~" Yrco (w) Ieo (u)™ Y f(u
and Q = f (u) I'to (u)). For Tog, note that |Tos| < sup |7; — m;| [Thaz| = 0p (1) O, (1) =
op (1) by (12), hence D = Tss + 0, (1) and the conclusion follows.
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Proof (Proof of Proposition 4) Let /' (X 'a (U;)) :=1n' (a (U;)), sa (Xi, U;) ==
s (a (Us)); by HB— 50” =0, (1), ‘5— (;5‘ =0, (1)

T, (u) = on a1z)" Vi (0, Bo) ™t T (85, X,.Us) s (=)
! ( 2 Y0 @1m))) K (U =) + 0, (1)
S Z” Vi (0, Bo) " %01 (8;, X;.U;) s (4r7) x
. ( AT (¥ = (@1z))) Kn (Us = ) +
= Z’? Vi (1, Bo) " (A (8, X:.U;) — H(6i7Xi.Ui)) s (@17) %

%w (A;”z (Yi = (@17) ) Kn (Ui = w) 40, (1) = Toa + T + 0, (1)..

For T24
Ty = % Z 1’ (oo (Ui))T Vi (1, Bo) " I (8:, X:.U) s (o (Uy)) X (16)
%w (4772 % (00 (U))) Ko (U —w) +

n Z [ ( )+ 51) Vi (0, B0) " 1T (5, X:.U3) s (ao (U;) + a) X

%w (Ai_l/Q ( -n (Oéo( )+&>)) -1 (ap (Ui))T V; (77,50)71 2; %
0

T (5 X200 20 (0) 550 (A7 (5 =m0 (W) | K (05 =) 4.0, (1) =

Tos1 + Toaz + 0, (1),

and
E{I?ﬁg 1 (o (U;) + &) Vi (0, Bo) ™ 201 (85, Xi.U3) 5 (g (Us) + &) X
O (72— n a0 (U + €0)) — 1 (00 (0T Vi, o)™ 2%

IT (51, X0 U2) s 00 (U) 0 (4772 (% = (e (U»))ﬂ K (Us =)

0 (nlh) +o(1)

"
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hence Var (Thz) = 0 (1) and || Toas|| = 0, (1) since & € [|&] < & with prob-
ability approaching 1. For Ts5, (12) and an expansion similar to that used in
(16) show that

[ To5| < sup Hﬁ (6, X;.U;) — IT (6;, X,;.Uy) {Hizn (a0 (U Vi (m, Bo) ™" $2is (ag (U;)) x
‘ i=1

(S%qp (A;1/2 (Y; —n (ao (Ui)))) Ky (Ui —u)|| +
Z Z Sl (77 Ui+ &) Vi (n, Bo) " s (a0 (Us) + &) %
%w (A;1/2 (m_n(ao (Ul)-i-fz)))H gij }

=0p (1) (Op (1) + 0, (1)) = 0, (1),

hence by the triangle inequalityHIAL (u) — f (uw) I'uo (u)H =0,(1).

Similar arguments can be used to show that 2‘@ (u) = Zrp (u) + 0, (1),
where

i [( @=)" Vi (n,80)"" QZ-H((Z-,XZ-,UZ-)) X

i=1

w(Al 1/2 (Y (X alﬂ))):|®2Kh (Ui—u)_

3\’—‘

[ 277 alﬂ' V; (77’60)71 -QZH ((si,Xl', Ui) X
P (Ai_l/Q (Yz -n (X;T/dh?))) Ky (Ui — u)} 2 +op (1) =

Tos + Tor + 0, (1),

and that ||Tos — f (u) Xrpo (w)|| = 0p (1), ||T27]| = o0p (1), hence by the triangle
e[Sy (1) () S (0] = o 1)

~—
~—

Proof (Proof of proposition 5) Let v (r (Y;,n (X[ o (U;)))) :
V(e (Uh), sa(Xi,Ui) = s(a(Uy)), 7' (XFaUs)) = o' (a(U;)) and & =
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?im — Q) (Uz) By (12)
Powy= 230 20 P10l 0) (o0 (U9) X720 () K (U — ) +

=TV (ao (U)?
1 <A 5, P (Ozo (U;) + gz)
ngm{

g (@ &) [ (@ +6) x| -

Y (oo (Ui))
V (ag (U3)*?
Tog + Thg.

5 (a0 (Uh)) [ (a0 (U3)) Xi]®2} w (X;) Kp (Ui —u) + 0, (1) =

By a standard kernel calculation ||Tbs — f (u) I¢o (u)|| = op (1), whereas for
|U; — u| < h a Taylor expansion and the results of Masry (1996) show that

SUD|y, —u|<h Gl = op (1). Note that by A2(i) and iterated expectations
1 ” su 9% —w(aO(Ui)—'_gi)s oo (U; ) [ (o (U; ) X% —
n; E{|§ HI;E T V(a(Uz))1/2 ( 0( 1)+€z) [77 ( 0( z)+£t) z]
¥ (a0 (Us) s (a (U; o (U)) X]%% | w (X3) K (U; — }<
V (00 (U) 2 (a0 (Ua)) [ (e (U)) X (Xi) K (Ui —u)|| p <
0(1) 3" B Ky (U~ w)] = o)
and
di | ¥ (a0 (Ui) +&) / 2
E< su — | ——>*5s(ap (U; i ag (U; ) X; —
{”&lr; | V@) (a0 (Ui) + &) [ (a0 (Us) + &) X
¥ (00 (U1) (o ol
V (o0 (U (a0 (Ui)) [ (a0 (U)) Xi] ] (Xi) K (Ui — u) }
o (nlh> +o0(1)

hence Var (Tag9) = o (1) and || Tagl|| = o0, (1) since G e |I€:]| < e with probability
approaching 1, so by the triangle inequality Hfg (w) — f (u) I'to (u)H =0, (1).
For E%C (u) by (12)
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Note that by a mean value expansion

Y (alﬁ ’ ¥ (040 (Ul) + é\Z) /
— 7 (a17) X;w (X;) = n (a0 (Ui) + &) Xiw (X;) =
V (@z)"? 1% (ao ) +§)1/2 ( 0 )
Y (ao (U; . Ny L0 Y(wW)+E) | s
V(ao U’i)i 1/277 ( 0 (Uz))Xz (Xz) JF; aglj V(ao (Uz) +Ei)1/2n ( O(Uz) f) fwa
hence
16 W (a0 (U e
fo = n ; 7?:2 { <V(a0 (ZUi)l)W e () e (Xl)> ’

k NoE N !
(Z i <V¢ (o0 (U) + gz1)/2 7' (o (Ui>)> Xiw (X3) fij) } Ky (Ui —u) +0p (1)

j=1 9Eij
= T301 + T302 + T303 + 0p (1) .

By a standard kernel calculation
P (r (a0 (U)))
T301 —f(u)E{ V (a0 (U) 2 a
and by the law of large numbers
Ui) + &)
X;
Vimul<h Z| <8£< )+&)" e Hg)) ! )>
op (1) Op (1),

whereas by the Cauchy-Schwarz inequality

1 T303]] < 2|Uis_1§‘)gh (n ;
1 n[6 0 (a0 (U)+E)
(”Z W?aéj< V (a0 (U:) + &)

op (1) Op (1),

| T502]| < sup

Z

3

®2 1/2
/(Ozo (UZ))sz (Xz) Kh (UZ —u))

2 1/2
Kh (U1 - U))

G (a0 (Uy))
TV (g (U)

' (a0 (U;) + &)) Xiw (X;)
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thus by the triangle inequality ||T50 — f (u) I'co (u)|| = 0p (1) . The same argu-
ment and the continuous mapping theorem imply that
®2
} =0p (1) ’

hence by the triangle inequality Hf‘; (u) — f (u) Xrco (u)H =0, (1).

Y (ag (U))
V (n(ao (U)))

T31 — {f(u) E

751 (a0 (U)) Xw (X) U = u

Proof (Proof of Proposition 6) Let n(X;, o (U;)) :=n (a (U;)); by (12)

T (u)

1 o= §; 9y (a17)®*
G n o G2 () K (U =)+ 0, (1)

and by the same arguments used in Proposition 5

L&~ 6, 0n@ )@2 On (a0 (U)) **

52_:7? w(X;) Kp (Ui —u) — f(u) E T oa wX)NU=u|||=0,(1).
Let f: =n(X;,a(U;)) —n (X, a0 (U;)) and note that by the continuity of 7 (+)
and consistency of a1z

sup & < Sup I (Xs, @ (Us)) = 0 (Xi, a0 (Us))] = 0p (1),

hence, noting that v’ (g;) = v’ (si + f:), it follows by the triangle inequality
and the law of large numbers that

@) -BW )< |7 )= B @23 sup I (ci+ ) — o 6] = 0 (1),

=1 |§7|<E

hence HIA} (u) — f (uw) Ico (U)H Similarly for 2%4 (u), continuity of 1 (-)* and
7 () in a neighborhood of &; implies that

e -5 (o0 < et £ o0+ 1S

= 0p (1)7

(51' + 51)2 - (Ei)2

T oo =op (1),

o ; a1z o & -
%Z 0; |:377( ) (X)Kh(U u):| _f(u)E|:1677(‘XO(U))w(X)|U:u:|

hence by the triangle inequality HEC (w) /7 — f(u) Zrco (u)H =0,(1).
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Table 3 Bias (B) and standard deviation (SD) for robust and nonrobust estimators in the

Poisson regression example

n 200 500 200 500 200 500 200 500
B SD B SD B SD B SD B SD B SD B SD B SD
0NR) 0B COVE) Co®
Ellc 120  .459 .081 .227 126 .478 .092 .251 .204  .509 128 .307 206 .522 124 .310
Ay1%7p - - — — 182 513 111 .313 185  .524 114 .314
Ty 120 - - - - 185 518  .114 .319 185 528  .116 .317
Elzc 117  .440 078 .218 123 467 .081 .235 196 .504 119 .313 199 517 121 314
1omp - - - - 175 510 105 .317 185 519 .107 .320
alﬁnp — — - — 179 515 106 .321 192 521 107 .322
C1(VR) c1® C2(VR) C2®)
Ellc 259  .720 226 .616 208 .530 129 .306 310 .787 274 707 210 .535 131 .315
Ay17p 268 .733 239 .627 188 .534 120 .311 333 .816 287 721 .193  .542 117 .320
Q) 120p 271 738 246 .634 185 539 .123 .315 356 .844 296 .736 190 548 .121 .322
Tyoe 257 723 221 610 202 527 120 .310 202 764 280 .701 203 537 .125 310
leﬁp 265 .730 237 .618 .188 .533 110 .313 299 773 295 712 .191  .519 118 311
T igmny 269 .741 245 629 194 539 111 .316 301 .776 299 .724 194 522 120 .315

(N R) nonrobust, estimation , (R) robust estimation

Table 4 Finite sample size for robust and nonrobust tests in the Poisson regression example

n 200 500 200 500
o(NR) o(R)
max; Weo (uJ) .104 .058 .108 .055 115 .060 .110 .061
n Co(NE) Co(R)
max; Weo (uj) 114 .060 .112  .059 116 .065 .110 .061
max, Wﬁp (u]) 112 .056 .108  .055 114 .058  .108  .056
max; Wap, (uj) 115 .058 113 .056 .116 .060 112 .058
J p \Uj
C2(NR) C2(B)
max; Weo (u]) 166 .100 .165 .088 118 .070  .114  .060
max; Wz, (uj) 179 .099 175 .095 115 .060  .109  .055
max; Wzp,p (uj) 181 110 .171 099 117 063 .110  .060

(N R) nonrobust, estimation , (R) robust estimation
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Table 5 Bias (B) and standard deviation (SD) for robusr and nonrobust estimators in the
nonlinear regression example

200 500 200 500 200 500 200 500
n B SD B SD B SD B SD B SD B SD B SD B SD

0NR) 0B COVE) Co®
fllc .094 .409 .080 .201 101 418 .089 .221 104 .436 094 .234 .106  .450 097 241
A117p - - - 094 445 081 .242 096 .458 .080 .250
Ty 120 - - - .096 .449 .084 .250 098 459 .083 .254
Elzc .088 .401 072 197 .095 .407 .082 .215 .094  .420 072 .218 .068 .430 068 .220
oy - - - 087 427 .070 .224 088 .435 .071 .228
alﬁnp — - — .088 .431 072 .321 .090 .438 073 .232

C1(VR) c1® C2(VR) C2(®)
fuc 136 .522 .130  .441 108 .434 .098 .264 201 .634 190 .627 .110  .440 .096 .266
Ay17p 153  .554 147 .448 .096 .438 .081 .270 213 .637 194 .628 .101  .446 .085 .281
@y 17np 153 553 .148 .454 099 446 .087 .275 218 .638 .199 .630 108 451 .089 .286
Tyoe 125 501 .123 427 008 422 078 .246 170 584 165 574 105 431 .081 .248
612% 131 511 126 .431 .089 .426 .073 .255 181 .591 169  .581 .090 .435 .071 .2563
G 133 515 129 435 090 430 .075 .260 185 595  .170 .584 092 441 .074 .259

(N R) nonrobust, estimation , (R) robust estimation

Table 6 Finite sample size for robust and nonrobust tests in the nonlinear regression ex-

ample
n 200 500 200 500
o(VR) o(®)
max; Weo (uj) .108  .057 .105 .053 112 .060  .107  .057
Co(NE) Cco(®
maxj Weo (uj) .110 .063 .108 .058 114 .066  .109  .060
max; Wz, (uj) .108 .058 .106 .056 111 .060 105 .057
max; W, (uj) .110  .060 .108 .059 106 .063 .108  .059
J p \Uj
C2(NR) C2(®
max; Weo (u;) 155 095 .150  .091 119 .068 112 .072
max; Wap, (uj) .168  .109  .160 .103 109 .061  .106  .058
max; Wanp (u5) 174 110 .168 102 112 .065  .107  .060

(N R) nonrobust, estimation , (R) robust estimation
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case (C0), (NR) case (C0), (R)
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Fig. 3 Finite sample adjusted power for the test statistic max;<;j<s W (u;); solid lines
indicate max;<j<s Wzp (u;), dashed lines indicate max;<;j<s Wzpp (u;) and dot dashed
lines indicate max;<;j<s Weo (uj) for the Poisson regression example
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case (C0), (NR) case (C0), (R)

case (C2), (NR) case (C2), (R)

Fig. 4 Finite sample adjusted power for the test statistic max;<;j<s W (u;); solid lines
indicate max;<j<s Wzp (u;), dashed lines indicate max;<;j<s Wzpp (u;) and dot dashed
lines indicate max;<;j<s Weo (u;) for the nonlinear regression example
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Fig. 5 Estimated varying coefficients for the damaged carrot data. The solid line represents
the robust local estimator with 95% confidence interval (dashed lines). The dot dashed line
represents the nonrobust local estimator with 95% confidence interval (long dashed lines).



