TEST manuscript No.
(will be inserted by the editor)

Supplementary Material: Bandwidth selection for statistical
matching and prediction

Inés Barbeito - Ricardo Cao - Stefan Sperlich

Received: date / Accepted: date

Contents

LI__Proof of the results in Section I: The bandwidth selection method| . . . . ... ........ .. 1
2 Proof of the results presented in the Appendix| . . . . ... ... ... . ... ... 41
3 Additional material for the application 1n Sectiond] . . . ... ... 123

1 Proof of the results in Section 1: The bandwidth selection method
1.1 Closed-expression for the criterion functions

Theorem 1 If assumption (Al) from the paper holds, x is an interior point of the support of
X, (Xi,...,Xy) an i.i.d. sample, and f(x) # O, then the MSE, of iy, can be expressed as

MSE,(h) = %(Kh xqx)? (%) + f(lx)z

where px(z) = (07(2) + (m(z) = m(x))?) f(2), x(2) = (m(z) —m(x)) f () and 6> (x) := Var (Y| X = x)
stands for the volatility function.
Similarly, if fgx (x) # O, then the smoothed bootstrap version of the MSE,(h) is

[(Kn)?# pa] (x), )

S

2 n
MSE; () = ﬁ %Z(K) X (R # K] (r= )+ [(K) ¢ Prgy] ()
8x =

n—1 R 2
+ nf'*gzx ()C) (Kh * qx.,gx) ()C), (2)

Inés Barbeito - Ricardo Cao

Research group MODES, Department of Mathematics, Faculty of Computer Science, Universidade da
Coruila, Campus de Elviiia, 15071, A Coruiia, Spain

Tel.: +34 881011301

E-mail: ines.barbeito@udc.es, rcao@udc.es

Stefan Sperlich

Geneva School of Economics and Management, Université de Genéve, Bd du Pont d’Arve 40, CH-1211
Geneve.

E-mail: stefan.sperlich@unige.ch



2 Inés Barbeito et al.

where py ¢ (z) = ( o (2) + (gy (2) — rigy (x))?) Fox (2), Grgy (2) = (rigy (2) —Fitgy (X))zfgx (z)
and 1o (K) = [PK(0)dt, 63 (2) = g (2) 2, (2), g (0) = i Ko G X

Z?:l Koy (Z _Xi) '
Proof Consider the following expression:
- 2
MSE(h) =E [ (" (x) — m(x))’] = (BIA1])? + Var{a)), 3)

where A = m)'" (x) —m(x). Focusing first on the bias term:

E[A)] = %(x) i}E[Kh(x_Xi)(n_m(X))]
= ﬁE[Kh(fol)(Yl —m(x))]
. ﬁm (K (x—X1) (Y1 —m(x)) | X1]]
_ ﬁm[@(ﬁxl)(mm X)) = m(x))]
1
- mE[Kh(x—Xﬂ(m(X 1) —m(x))]
/ Ki(x—y) (m(y) — m(x)) £(y) dy
1
-5 = [B-Dabdy = i K] ), “)

where ¢y (z) = (m(z) —m(x)) f(z). On the other hand,

Var|[A)] = ,ﬂf% ¥ Var[Ki(—X) (0 ~m(2)]

= V=X (= ()]
= e K= X020 = o))
— e (B =X (0 ~ () )

The first term of (@) turns out to be:

E [Ky(x—X))* (Y1 —m(x))*] =E [E [K(x— X1)* (V) = m(x))* | X, ]]
=E [Ki(x—X1)’E [(Y1 = m(x))* | X]]
=E [Ki(x—X))* [Var(Y1 — m(x) | X;)
+ (B[ —m(x) [%])]]
=E[Ky(x—X;)?
[Vartr 1%0) + (m(x1) = m(x))?] |
= [ Kile=3)? (60) + (my) = m()?) £ dy
= [(Kn)?* ps] (x), ©)
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where py(z) = (6%(z) + (m(z) —m(x))?) f(z). Collecting terms (4) and @ and plugging
them into (3), and then plugging (@) and (@) into (@), the first part of Theorem I]is proven.

For the proving @) for the bootstrap analogue, consider the following expression:

MSE; () =B [ (™" (x) — il (1)7] = (B [A}))* + Var AT,

> NW

where A} = iy " *(x) — ritg, (x). Focusing on the bootstrap version of the bias term,

where g (z) =

l n

B ] = s 3 (K- X007~ )
- fg:(x) B (Ko=) Y ()]
= LB X0 0 ) ]
= g K XDE D 1] - )
= g e X0 () Y ()
= o [ ) =Y 9) e )
1

/ Ky (x—)qxg(y)dy =

[Kh* dxg] (x),

1
- ng(X) fgx( )

(bW (2) — BYW (x)) foy (2). On the other hand,

N Var Ky X (Y — Y (x
ol & X0 = )

— nfgxl(X) Var* [ (= X)Xy —rhévxw(x))}
1

- nfgx (x)2

Var*[A]] =

E* [Kn(x = X7)? (Y] =g (x))?]

ETADE (B [Kn(x—X7) (7 =¥ ())])”.
8x

)

®)

(C))
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The first term of (9) turns out to be:

E* [Kn(x —X7)2 (Y7 — by (x))?]

=E* [E* [Ki(x = X{)? (Y] — iy (x))* | X7]]

=E* [Ky(x—X7)*E* (¥ — Ay (x )? 1X7]]

—E* [Kh(x—Xl) [Var (v =Y () | X7) + (B [r7 —lW (x) |X]) H
—E* [Kh(x 2[Var (¥ |X7) (ANW(Xl) ANW(x))zﬂ

=B [Ki(r—X7)? [07206) + (Y () — it ()]

=B [Ki(x = X7)? [ 62, (X0) + ghpa(K) + (Y () — i ()]

= [ Kile=3)? (63, 0) + ghma() + (0 () =iy (%) e )y
= ga(K) [ Kilr— 3y (3)dy

[ Knlx =3 (63, 0)+ (Y ) = f¥ (1)2) f () by

= @i/m(x—ng (y*Xi)der/Kh(x*y)zﬁx,g(y)dy

_ gima(K)
n

_ gyHa(K)
n

™M= T

Il
-

[(K)? Koy ] (=X + [ Kix = prgl) dy

[(Kn)? # Koy ] (x = Xi) + [(Kn) # Prg] (%), (10)

~-

i=1

where prg(y) = (65, (v) + (ritgy (v) = ritgy! (x))?) foy (v) and p2(K) = [ K (1) dr.
Collecting terms (8)) and (I0), and plugging them into (9), and then plugging (8) and (9)
into (7), Theorem|T]is proven.

Proposition 1 [f F is the distribution function of the target population and iy, the estimated
regression function. Then, an upper bound for expression (6) in the paper is given by

E [( [ i)~ m) a <x>)2

On the other hand, the average prediction error is given by

<E [/ (i () —m(x))? dFy (x)} .

A

o X (1 i (1))

m g

E = / o’ (x)dF (x) + E { / (u(x) — m(x))? dFy (x)} .

(12)
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Proof On the one hand, consider Jensen’s inequality and the convex function y(z) = z°.

Then,

/. (g (x) —m(x))* dFi (x) = E |:V/(’7A’lh (X" —m (X])>|(X?7Y10) .... (Xgo,yr%)}

> W(E {mh (Xl)fm(Xl)‘(XO,yo) ,,,,, (x5 Y?O)D

ngy

= ([ 0t i) ar (x))z.

Then, expression (TT) holds.
On the other hand, the average prediction error introduced in Definition 1 in the paper
can be expressed as:

L3 0 ()’

m iz

= B[ (1~ ()] =B [(r! = m (x}) +m (x}) — s (x]))’]
= A1 +Ay +2A3,

E

where
A= E[( =m(x)))"].
Ao =B [(m (x}) —in (x1))’].
As = B[ —m (1)) - (m () s ()]

Term A does not depend on 4. In fact,

Ay =E [E [(Yll —m(x!))’

) =Bl (7))

1
—E[c?(X})] = / o (x) dFi (x).
Moreover, carrying on with further computations in term A:

Ay =E [(m (X) = (Xll)ﬂ

AAAAA

-F [(m <X11) R (X11)> ‘ (]E {Yll }Xf} 7’"()(11))] =0,

as a consequence of {Yll }Xl} =m (X]). Then, expression holds.
1
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Theorem 2 Assume (Al) from the paper; let {(X?,Y),..., (X2 ,Y2)} be a simple random

ng o’ ng
sample coming from the source population, and {X oo X, } a simple random sample com-
ing from the target population. Then the MASE predlctlon error is

1o 2 )
MASEs 0 )= 10 3 s | (13 ) [Roedy| 0 [y o 09
where ¢3(2) = (m(2) ~ m())£2(2) and p2(y) = (630) + (m(y) ~ m(x))?) £°(y). Similardy
. 1 U 1 1 ) 2
/\/IASEIW(I(h)7;J_:1f?x(x})2 <1_%).{Kh*q§} } (X;)
2
s [y | o)+ 200 [ 1 o . (14

where o, (v) = (63 o (v) + (tgy () = iy (x))2 ) F, () and @2, (2) = (g (2) iy (6)) 9 (2), and 63, (2) =
Eiy Ky (= X0) (1)

113,y (2) = 1figy (2) with fiy, g, (2) = Y7 Ky (X0
—1 Koy (2—4;

Proof The target is to work out an explicit expression for the prediction error MASE, given
by:

MASE g 00 = - 3 [Bo [ ) )] -
=

1 & 1

:;lj; Vary [fﬂ(xl)th (X! = X0) (10 — m(x1))
ng 2

+< nofo ZKh Y0~ m(x1)) > _
o & [V (e 1)

1M

=— ) VargA 1]+ Z Eo [ AO) (15)

Qs j=
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Focusing now on the second term of (I3):

5| -
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Il
_
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S
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=

=

5| -

2
B [Kn(X] - X) )(YP—m(X.}))])
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Il

S
—

2
v Eo [Eo [Kn(X] = X7) (1) —m(X])) |X?]])

R
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N

~.
Il
_

2
Eo [Kn(X} —X7) (Eo [YPXH_’”(X}))])

1
J

=
—

g

2
r Eo [Kn(X] —XP) (m (Xlo)m(le))]>

~
=
>

~.
Il
_

=
—
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=
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Il
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=
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2
<=

2

3|
T.

—

where ¢0(z) = (m(z) —m(x)) f°(z). On the other hand,

1 ny 1 ni
— Y Varg|AY = — Y V. K ( X!
nl}; aro[ 1] n Z, Wo[ fo Xl Z h m( ,))

1 Zl[nofozXl Varo [Kn(X! - X0) (70 — m(x1)]
]

_n:mjluw(;lg;)zm o [Kn(Xj = XP)P (v = m(x}))*] -

(Bo [Ki(X] = X0) (P = m(x}))])’] (a7



8 Inés Barbeito et al.

The first term of (T7) turns out to be:

Eo [Kn(X] = XD)* (¥ — (le))z]
=Ko [Eo [Kn(X] —X7)*(¥) —m(X}))* | X{]]

=Ko [Ku(X] —X{)?Eo [(¥ —m(X]))* |X}]]

Kn(X) = X0)? [Varo (v = m(x}) 1X0) + (Eo [v — m(x}) [ x7])’]]

= [(Kh)z*p?q] (X)), (18)

where p{(y) = (05 (v) + (m(y) —m(x))*) fO(v).

Collecting terms (I6) and (I8 and plugging them into (I7), and then plugging (I6) and
(T7) into (T3), the first part of Theorem 2] holds.

For proving the second part, the aim is to compute a closed-form expression for the
bootstrap version of the MASE:

i 8x J
1 < 14 O0% * 0% 2
- y [VarO[A] |+ (Ej [4%]) }
j=1
1 ny 1 ni
=— Y Varj|AY] + ; Z E [AY]) (19)

nlj
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Focusing now on the second term of (T9):

j=1
2
BRI o N o 0oy y 00 _ oW (]
m j1<nofgox< 1) 2 B KX =X (07 =gy <X,>>])
2
1 & 1
"k (fﬂ(x;)E3 (KX =X —mNW<X,>)]>
2
1 M 1 i T i . )
m A (fgx<x;>E° 5 (Ko =X 0 = (X)) X7 H)
2
_i v 1 * 1_ 0% ANW
7n1 Jj=1 (fo*(x})EO [Kh(X‘I i )( [ |X ] Mex (XI))]>
2
Ly ! *\ (#; * ~
‘m“( o (X! >E° (K] —X07) (g (%2 >m?f<x}>>])
np 2
:n% ( § =) (g ) =ity (X)) Fo ()dy>
1 ]nl Xl 2
_ Lo
? (W/Kh(xj y)qx}jg(y)dy)
2
1 X 1 X
:’“j—1<l9x(x}) iy, o) )) ’ 0)

where §2(z) = (7)Y (z) — md}" (x)) f2, (z). On the other hand,

= e X 70 g (B0 (KX = X020 =gl (X)) =

(B[R] = XD (0P =t (X))’ 1)

8X
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The first term of (1)) turns out to be:

g [Kn (X} =X (07" — Y (x}))]

= 5 [B [Kn(X] — XD (" — gy (X]))? [X7*] ]
= B [Kn(X] — XD Eg (7 — gy (X]))* [X7*] ]
=Ej [Kn(X] = X{*)* [Varg (V) — iy (X]) 1X7%)
+ (B [P -yt () 1x0])|

gX J

I
S *
—_

Kn(X} = X0V [Varg (v |X0°) + (s () =¥ (x 1))

o KX = X002 o2 (x) + Gl () =l (x)))?] ]

A’X J

8x J

— [ K] =) (8340) + o) + Y () — kY (X)))2) 75 ()
= Gua(K) [ Ky(X] =377, (0)dy
[ KX =9 (6 40) + (Y () = e (X)))2) 75, ()

2 K noy
= L’fo( )Z/Kh(le — ) Kgy (v = X7) dy
i=1

+ [ K} 3785 ) dy

— B (K (X} — X7 |63, (X0) + ghpa(K) + (i (x0) =¥ (x)))7]

2 K) o
= 2D 3 (R Ki) 06] - X7) + Ky 6D, @)
i—1 J

where p, (v) = (63, + (R () = #¥¥ ()?) 79, ().

Collecting terms (20) and (22)) and plugging them into (21)), and then plugging (20) and
(1) into (19), Theorem 2] holds.

Corollary 1 If K is a Gaussian kernel, then expression ([I4) can be rewritten as follows:

no 2

X Kie K (X] =X7) - (1 =g (X])) |
=

IR ny—1
MASE* h)=— = | —
m/17Xl( ) ny j; fg()(X})2 [ n

(23)

| —
=
)
*
;’:N
>
+
oa
Zi
HMO

1} —x2)- [7 — gy (X] [(Kn)? = K] (X] —X0) | .

Proof Carrying on with computations in expression (I4), we have:

1 X

q,(‘c),gx (@)= (’hgx (2) *’”hgx( = Z < Y *mgx( )%Kgx (ZXiO)>

o ; i= i=1

ZKQ'X Y _mgx( ))
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Then,

2
(K, | 0D =Ksdy ()7

1 & R
= Kh*%ngx ('_Xio)'(yio_mgx(x}))
-1

o

o N R

2
1 % R
= 0 ZTKh * Ky (le 7Xi0) ’ (YzO 7mgx(le))
L =

24

On the other hand, using that 6&@( (z) := 1ing gy (2) — gy (2)?, Where iy g, (2) is defined as iy g, (z) =
2:21 Koy (ZiXiO)(Y'O)k

i

, then:
):;21 Koy (z— Xio)

ﬁg.gx (@)= [ A&gx (2) + (rirgy (z) — gy (x))z} flgx (2)

= 1200 () =2y (i () 4y () (9= 1 L Koo~ X))

R 1 o N 1 o
= 2ig() Y Koy (2= XY 4 gy (0 Y Ko (v X7)
i=1 i=1
1 &

= % ; Koy (2 7Xi0) {(YIO)Z — gy (x)Y[-O + gy (x)z] .

Therefore, straightforward calculations lead to:

1 &
(K< 5 3y (X)) = 0 30 (R e O] = X)- [(1)7 = 2 )80 i ()]
1 QO
= Y (K Ky (X} = X7) - (V0 gy (X)) 25)

no 5 !

Finally, collecting expressions (24) and (23] and plugging them in expression (T4), Corollary[T]is concluded.

1.2 Asymptotic theory
1.2.1 Asymptotic expression for the criterion functions

Lemma 1 Under regularity conditions (B1)-(B4) from the paper, the function MISE* can
be expressed as

MISE®(h) = R(O’Z) / Y(x)dx+ w / Bx)dx+O(h) + 6 (ﬁ) .6

n no

m’xm”x O/X m/x2 /x2
PO ()fé())c)(f)()+4 <;0g)02 )

The asymptotic version of expression (@) is given by:

] f(x) and y(x) = M'

fox)

AMISE®(h) = % / y(x)dx+§u2(1()2 / B (x)dx. 27
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Proof Using a Taylor expansion and a change of variable, we obtain:

B| [ (o >—m<x>>2dF1<x>]

2

- / e ZKh —m(x)):| dF; (x)
2

/ fo(lx Y Ki (e x0) im(x))] 4 ()
[t v | B ) 0|

i=1

[z

il(h (x—x?) (v —m(x))} ) ] dFi(x)

/fo {%Var Ky (x—X; )(Y —m(x))]

(Z]E K (x ) ] dFy (x)
] 70 x)2 noVar Kh (Ylo
i (]E [Ki (x—X0) (Y0 = m(x } dF (x
- / fo(lx)zm (K (x— X0) (Y2 — m(x))] dFi (x)
+/F—7m (r=7) (1= m()])* dFi )

no/fo E[Ki (x=X0)° (11 = m(x)’]
—(E[K, (X—Xl) (¥ = m(x))])*] dFi ()
+/ﬂ)# (E [y (x = X0) (Y0 —m(x))]) dFi (x)

/ e Kh ) (Ylo—m(x))z} dF; (x)

(28)

e l/ﬂ) ) 0 m)]) a0
/fo E[K; (x—X7)* (v - m(x))” |X{] | 4 (x
e 1/f0 E [Ky (x—XP) (¥? = m(x)) [X0]])* dFi(x)

no/fo X E[ (¥ = m()” 1x7)] a1 ()
M 1/f0 E [Ky (x—X0) (E[¥? |X?] - m(x))])* dF (x)
,m/fo P (Var (10 - (o) 10)

+(E 1) —m(x >|X1]) )] dF ()

a— 1/f0 E [Ky (x—X0) (m(X0) —m(x))])” dFi(x)
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nm/ﬂ E K (x=X7)* (Var (v 1X0) + (B [¥ [X7] — m(x))*) | dFi (5
+ 2 [ fox)z (E Ky (v X0) (m(X0) ~m()])? dFi (2

- / e B [Ki (x—x0)? (02(xX0) + (m(x?) — m(x))*)] dF (v
TR / ot (E K (5= X0) o) = () ario)

e | (S0 ) (o20e0) + (m(x)) m(x)f)] dR ()

T noh? /fo (x)2 h

e | o o (2t XO) o)) ) ano
=i | o /% < i )2 (020)+m(y) =m(0))?) () dydF ()
n,foh;/ ) ( = ) fo(y)dy>2dF1 (x)

:ﬂ/w/’{ 0 (02 (e hu) o+ m+ hu) = m()?)

1
fo(x+hu)dudF1(x)+no /W

</K m(x+ hu) — ))fo()c—i-hu)du)2 dFi(x). (29)

Let us denote y(y) = (m(y) —m(x) () f%(y). Then, y(x) = 0;y/(x) =m' () f(y) + (m(y) -
m(x)) (f°) ) ¥ (y) =m '( )10 ()+2m' (v) (1°) () + (m(y) —=m(x)) (#°)" (7). Using Tay-

lor expansion:

/K(u)l//(x—&—hu)du: /K a’u—i—h/,uK Yy (x)du
+ / PR ()Y (x) du+ - / B (x)du+ O (h)

= T (W (K) + O(h),
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which leads to:

nofl /fo (/ (x-i—hu)du)zdFl(x)

“‘ ot ¥ PR PAR () + 00)
_ ("0—1)h41 " ()m” (x) (f°)" (x)
= Tzﬂz(K)z/ m'" (x)> + )

4m' ()2 (£°)' (x)?
A G0

On the other hand, denote ¢ (y) =
and using Taylor expansion:

%Lh/ﬁ/K(u)2¢(x+hu)dudFl (x)
(x)f (x)dx+ﬁ< 0>

FH(x)dx+ o(hd).

[02(y) + (m(y) —m(x))?] °(y). Then, ¢ (x) = 0> (x) f°(x)

N noh fO
_R(K) [o*(x )fl( ) h
- noh / 1O(x) > +ﬁ<n0) Gh

Assembling terms (30) and (3I), and inserting them in expression (29), we have that Lemma

[ holds.
Lemma 2 (Technical result) Consider a sequence of bandwidths cny v 5,c > 0 and the

function MISE®(h), given in (26)) it turns out:
o 2() £l
- 45 1 [0 (0)f (%)
MiSE® (eng ') = R(Kng*Pe ! [ T4 ax
(en") =R et [ S50
445

Nl o 3 (1) )

)

m" (x)? +

wa(K)? [

4m' ()2 () (x)? L) dc =6/
+ fo(x)z :|f ( )d +ﬁ( 0 )7

so that

o2

nliinwn4/5MISE“( “/5) :R(K)c’l/ (fl)(x)dx
* m' (x)m” (x) (£°) (x
+Z'LL2(K)2/ X)2+4 ® f(g())c;f) &
m (x)z fﬂ) 1
RO K

(x)
0
m// (
(%) (x)2

P

(32)

Then,

lim nO/ hM[SE“ = C0- (33)
ny—ree
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Proof Given that hyyjsga is the value which minimizes the function MISE, then

e/ MISE® (co-ny %) = n/ MISE® (hyisie) o € N, (34)

which implies that

2 X 1 X
R(K)cal/%(];)()dx

4 . ’ " 0/ 1(\2 IrN2
<o 2/ o A m" (x) (f°) (x) | 4m'(x)* (£°) ()7 |
— (K d
PR T ey T e O
> lim supny> MISE® (hyprsia) (35)
no oo
Bringing together expressions (26) and (35), we can conclude that:
. 1/5 -
Indeed,
lim supng/SMISE“ (hpisge)
np—oo
1/5 4 ,
(”0 hM:SEa) . 4m’ (x)m” (x) (£°)" (%)
i 2 12
> tim sup | (i o2
4m' (02 (£°) (%]
+ 02 [ (x)dx|,
and together with expression (33) lead to conclude that
(”(1)/5 hMISEa) ) 4’ (x)m" (x) (°)' (x)
. 2 (N2
> tim sup | A (K)? [ g
4m' (02 (£°) (0%
+ 0P [ (x)dx|,

being k a real positive number, which implies that:
4
lim sup (n(l)/s hM[SEa) <k<& lim sup (n(l)/s hM[SEa) <k.
ng— ng—

By means of similar calculations, we can prove that lim inf n(l)/ shMISEa > (. As a matter of
ng—eo

fact,

. 4/5 a .
a) >
n})lgnwsupno MISE® (hysga) > n%)linwsup

R(K) [0 ()
| =F& "X]’

/
ny'~ hyisea
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which implies, together with expression (33)), that

lim supa,, = lim su
nyp—ree p "0 np—roe p

ny'~ hyisee

Given that a,, is a positive sequence and using expression @, we can conclude that

.. e 1/5
lim mfno/ hpisgas > 0.
np—roo

From both limit conditions, we can state that there exist two numbers L,U €¢ RT,L < U,
satisfying:
L< n(l)/thISEa < U, for almost all ny € N. 37
Using expressions (26)) and (37), we obtain:

ny* MISE® (hysrsie)

_ TETR
_ R(K) (n(l)/ShMISE”) l/crz(X)f1 (x) dx+ (”0 MISE ) 1o (K)?

()" () (1)’ () 4 (02 (£°)' (4
70 ee

4 —
+ ﬁ ((n(l)/ShMISE“> h[2l41SEa> + ﬁ (n(J l/ShMISE“

1/5 4
=R(K) (né/ShM,SEa)fl/ 62%)(]:)()6)51“' (”0 hZISEa)

m”(x)z +

g A m" () (°) () | Am' ()2 (£°) (0]
m'(x)”+ 09 + 02 ]f (x)dx
+ 6 (Ryspa) + 6 (ng 2 5) . (38)

Consider a subsequence of
{nl/ShMISE“ } ; (39
0 noeN

which converges to a real number / (which is positive as a consequence of expression (37)).
Furthermore, expression @ assures that the corresponding subsequence of

{ng/ S MISE® (hM,SEa)} :
npeN

converges to

R(K)z*‘/idz(x)f1 (x)dx+§u2(1()2/

4m' (x)m" (x) (fo)/ (x)
0

" 2
fO(x) m (x) + f (x) (40)
4m’ (x)? (0 "(x)? _
+(;ng)2)()} ) dxt 0 (Wysee) + 6 (ng ™).
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Moreover, expression (33) guarantees that

2

RK),' [ de 41

c y A ()m" (x) () (x) | 4m' (%) (%) (x)?
G maK)? [ {92+ 70) M PR

2(x) L (x 4 m' (x)m" (x X

S R ECO)(J;)( )dx+lzu2(l()2/ ()2 4 ) fé(;)(f") (x)

m/ X 2 0/ X 2
+—4 (;0((5)2) (x) }fl(x)dx. (42)

As a consequence of ¢ being a strict absolute minimum (in ¢ > 0) of the second addend of
expression (32), the previous inequality can only be satisfied when [ = co. This reasoning
establishes that ¢ is the unique adherent point of the sequence given in @) Accordingly,
considering expression (Bl]), the proof is concluded.

Up to now, we have obtained an asymptotic result concerning a first order bandwidth
which minimizes MISE“. From now on, we investigate the second order term further.

Lemma 3 (Technical result) Consider the sequence of functions defined below and L,U
satisfying expression (37).

Ty (2) := MISE“(zng '),z > 0,m0 € N,

and

:=arg min I (z).
Yno gLﬁzﬁU no (2)
It turns out that the relation among these two functions and expression (26)) is as follows:
~1/5
hyisgs = Yaghy ', for almost all ng € N. (43)

Proof Expression (26) guarantees the existence of L,U verifying expression (37). In addi-
tion, the continuity of the kernel function K assures the continuity of MISE®(h). Therefore,
it exists a point, namely 7,,, within the interval [L,U], in which the function I, attains its
minimum, whether it is unique or not.

Nevertheless, given that inequalities in expression (37) are fulfilled, any minimizer of
I, is attained within the interval [L,U]. Indeed, it it were not the case, there would exist a
minimizer zo outside [L, U] verifying

I (20) <Tpy(2),V2 >0, (44)
and therefore,

MISE®(zong %) < MISE®(h),¥h > 0, (45)

so that zg 1, /5 would be a minimizer of MISE“, but it would not satisfy inequalities given
in (37) for that particular ng € N. Finally, the equivalence between expressions (#4) and {3)
provides (@3)), and the proof is concluded.
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In particular, the function I, satisfies

o (0)f' (v)
fox)

m//(x)z +

Ly (2) = R(K)ny /%! / dx

4 —4/5
+ (k) [
am (x 2 fO ! X 2
L

If we define the function A, such that

4m' (x)m" (x) (f°)' (x)
fox)

] FHdrt 0 Eng®) + 0 (2ng®°) 2> 0

An(2) := 13T (2),2> 0,

then,
_ 62 (X)fl (X) Z4 " 4m/(x)m”(x) (fo)l (x)
M) = R(K) [ TGt ()P [ | 0?4 S
4’ (x)2 (£°) (x)2 B
+(;0((x)2)()] f ) dx+ 0 (25 2> 0.
If we restrict to those z within the interval [L, U], then
[ f ), p 4m’ (x)m" (x) (£°)' (x)
Auy(@) = RK) [ T e ()2 [ {2 L
aml (2 (1) (32 y
‘f’w fl(x)derﬁ (I’loz 5) ;
uniformly in z € [L,U].
Define now the function
. BNERCTRO P ne g A " () (1) ()
Q)= R [ S e Tk [ | o+ =22
4 ()2 (£°) (x)2
+W} fH(x)dx, (46)
then we have,
sup [Ay(z)—T(z)| =0 (n52/5) . 47

L<z<U

Denote, for the sake of brevity,

m' (x)m" (x) (f°)' (x m' (x)2 (£9) (x)?
a:= %#2(1()2/ m"(x)2+4 & fé(;)(f) ( )+4 (;0((){)2) %) }fl(x)dx
= (K [ [ @70+ 200 00 (1) 0] ' 0 (#°00) " an
,_ o’ (x)f'(x) .
b.—R(K)/ R
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Then, T(z) = bz~' +z*a. Due to the fact that the kernel K is a nonnegative function and
JK(u)du =1, then R(K) > 0 and u(K) > 0. Moreover, assume that K is bounded and
Ju*K(u)du < o, R(K) and u,(K) are finite numbers. In addition, assume that the density
function, f9, is at least one time differentiable and its first derivative is bounded and contin-
uous in point x. As for the regression function m, assume it is two times differentiable and its
first and second derivatives are bounded and continuous in point x. Then, we can conclude
thata > 0 and b > 0.

Lemma 4 (Technical result) Consider T the function defined in ({#6)), it turns out that T
attains a strict relative minimum in

20:= (4ba>1/5. (48)
Furthermore, fix 8 > 0 a real number,
T(z0+8)—T(z0) > 6az} 8> (49)
If 8 < zo, then we have
T(z0—8) —T(z0) > 6az3 8> —4az > (50)

Proof Function T is differentiable in (0, o) and its derivative is given by:
T'(z) =4az’ +bz 2 Vz> 0.

It is straightforward to see that z is the unique point in (0, +o0) where T is zero. Moreover,
T’ takes negative values within the interval (0,z9) and positive values within the interval
(20, 4o0). Then, T is strictly decreasing in (0,zo) and strictly increasing in (zg,+o°), leading

to (@8).

Now, to prove expression , fix 6 > 0 and consider

T(z20+8)—T(z0) =b(z0+8) '+ (20+8)*a—bzy' —az]
=b(z0+8) ' +a(zy+487+68%F+48%20+8%) —bzy' —azf
=b((20+8) " —z!) +a(48+682+48 2+ 8%
—a(485+68°3+48%20+8%) — b5 ((z0+8)z0) "
=58(4azy—b(z5+8z0) ") +6a8’z5+4a8z +ad*
> §(4azy—bzy?) +6a8°z +4a 8z +ad?
> 6a8°2.

Analogously, in order to prove expression , consider § < zp and,

T(z0—8) —T(z0) =b(z0— 8) '+ (20— 8)*a—bzy ' —az;
=b(z0—8)"' +a(zy—48z+68°z5—48%z0+ 8% —bzal —az}
=b((20—8)""'— 2" ) +a(-482)+68* 5 — 4820+ &%)
—a(—487+682%-48°20+ 8% —b5((z0—8)z0) "
=8(—4az)+b(z5—8z0) ") +6a8’z5—4a8z +ad’
> §(—4azgy+bzy?)+6a8%—4a8z+adt
> 64825 —4a8%z.

These two last inequalities prove expressions (#9) and (50).
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Remark 1 The minimizer of T, zg is precisely co. Indeed, T happens to be the dominant part
of Ay, whose minimization is (under certain conditions) equivalent to the minimization of
MISE“.

Theorem 3 Under regularity conditions (B1)-(B3) from the paper, the bandwidth selector
which minimizes the function MISE® has the following asymptotic expression:

R(K 2(x) f1 (x X)) dx 1/5, _
= (LRI o 57

Proof (Proof of Theorem First, assume that zo € (L,U). Indeed, if zo ¢ (L,U), we would
consider a wider interval which would fulfill that condition. Furthermore, expression (]1_7[)
guarantees the existence of some constant C > 0 such that

sup }Ano (z) — T(Z)| < Cn(;z/s7 for almost all ny € N. (52)
L<z<U

Consider the following sequence of real positive numbers,

1/2 _
8= (CCa)") gt ng P omg € N, (53)
Using expression ([@9), we have
T(20+ &) — T(20) > 6az3 82, = 3Cny > Wy € N. (54)

On the other hand, given that 5,,0 < 70, for almost all natural n,
T(z0 — 8,) — T (20) > 6az} 5”20 —4az 5,130
—3Cny > =203 5% (2a) " 2n 305, (55)
As a consequence,
T (20— 8,) — T(20) > 2Cny >, for almost all ny € N. (56)

Providing that z is an interior point of the interval [L, U] and {J,, } tends to zero as ny tends
to oo, the sets given below are well defined for almost all ny € N

Apy = [L,20 — 84y | U [20+ 8, U] .
Consider now z € [L,U] and expressions , , , . For almost ng € N, we have
zZ€ [L,ZO - 5,,0] =2<20— Opy = Any(2) +Cn62/5 >T(z) > T(z0— 6ny)
> T(20) +2Cn, % > Ay (20) +Cg ™ = Ay (2) > Any (20).
2€ [204 81, U] = 2> 20481y = Aug (1) +Cy ™" > T(2) > T(20+ 82
> T(20) +3Cng " > Auy(20) +2Cny "> = Ay (2) > Aug (20)-
Consequently,

2 € Any = Ay (2) > Ay (20)-
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Therefore, for all ny € N except for a finite number of them (at most), any minimizer ¥,, of
Ap, (and I,)) verifies ¥, € [L,U]\ Ap,. In other words, |y, — Z()‘ < 8y

According to expression @, for almost all ng € N, every minimizer hysysga of MISE®
satisfies:

‘hMISE“ —Conal/s‘ S 5,,0}1(;1/5 = (C(Za)_l)l/zzal n82/57

for almost all ny € N, which implies expression (57).

Proposition 2 Suppose conditions (Cl), (C2) and (C3) from the paper are fulfilled. Con-
sider a sequence of bandwidths hy, such that }, hf}o < oo for some A > 0 and that ng g —> o0
no

for some 1 < 1 —s~\. Assume (noh)fl/zlog (hfl) —0asny — o0, h — 0and ngh —
oo, Then,

ISE(h) = ISE*(h)+ O (h6)+@’ L +0 e +0 Mi (57
= P P o gh P n(l)/z P n3/2h3/2 s

where ISE(h) = [ (i (x) —m(x))* dF ' (x) and ISE*(h) = [ (it(x) — m(x))* dF" (x).

Proof Under conditions (C1), (C2) and assuming that ng — oo, h — 0 and noh — oo, we
have:

sup |f;?(x) —f0 (x)‘ — 0 almost sure as ng — o,
X

and
1\ /2
sup| L (x) — £°(x)| = Op <h2+n01/2h_1/2 (logﬁ> ) . (58)

Additionally, thanks to results of Mack and Silvermarﬂ we have:

sup |V (x) — m(x)} — 0 almost sure as ny — oo,
J
and
s L
sup [l (x) —m(x)| = Op [ B +ny Ph1/? (logﬁ> . (59)
J

Consider now {&,, } a sequence of random variables defined in the probability space (2,4, P)
such that é,,o >0and <§n0 =0p (ano + bno), where (a,,o) , (bno) are sequences of real positive
numbers. We can show that

& =0p (ano +bno) © Gy =0p (max{ano,bno}) (0
e ay by > max{ay by} = Eny < Sny .
0 0 = 07710 Ang + by~ max{ang, buy }
26, 1o

‘=" apy + by < 2max{an,,bp,} = an + b = max{an 5}
no T Yng 10,bn,

' Mack, Y.P. and Silverman B.W. (1982) Weak and strong uniform consistency of kernel regression esti-
mates Zeitschrift fiir Wahrscheinlichkeitstheorie und Verwandte Gebiete, 61, 405-415.
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It can be shown then that
MISE (h) = MISE“(h) + [/ 2A1AydF! (x)] +E UA% dF! (x)] ,

where

and MISE“(h) is given in (26).

On the one hand, using expression (60), it turns out:

)= | [43ar' ) ’/(ANW(x) ~m(x) W

2
" ()=o) sup 75— £°65) /

) dx

/ A3dF' (x

fo(x

L el

L o))
el )
_/xejfol((xx))zdx<ﬁp (max{hS ;)2 >>
/xejfol((xx))zd (ﬁp (h8+n02h log ))

= Op (®) + Op <n02h2 (log %) ) . (61)

The first addend in expression (]3_'1'[) is negligible in comparison to the second term in ex-
pression (26). Analogously, the second addend in expression (61) becomes insignificant
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compared to the first term in expression (26). In particular,
1/2 2 1/2
< / A3dF! (x)) = <ﬁp (h®*)+Op <n02h2 (log ) )
JJ
172
- (ﬁp <h8+n02h log ))
1\? 2
<ﬁ’p (max {hs ng ~2p2 (log h) }) )
N\ 2 1/2
= Op | max {hg 1y ~2p—2 log %) }
4 -1 1
max < h™,ng h™ g

-
=0p <h4 +n (log h))
=0p (h )+ﬁp(n0‘h <log%>>. (62)

Moreover, thanks to expression (26), we know that

S| =

E [ / A2dR (x)] =0 (ny'h ' +1%). (63)
JI
Applying Markov’s inequality to expression (63), it turns out:
/JA%dFl(x) = Op (ng 0"+ 1Y), (64)
Thus,
2 gl /2 —1p—1, 14\\1/2 —1p—1 3411/2
/JAldF @) = (0 (g h " +14)) ' = 0p (max ng 0 14} 7)

= 0p (max {21202 ) = 0 (ng P02 402)

— Op (ng PH712) + 00 (). (65)
Bringing together expressions (63)) and (62) and using Cauchy-Schwarz inequality, we com-
pute:
12 12
‘/AlAngl(x) <2 </A%dF1 ) </A2dF )
b J

=2 (ﬁ,, (h*)+0p <n51h*1 log%>)
: (ﬁ,, (h?) + Op (ngl/zh*‘/zlog%))

B2 h 1 log -
_ 6 2 h
= 0Op (h >+ﬁp (n(l)ﬂ) + Op (’lo logh)Jr@’p (noh)3/2 . (66)
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The first addend in expression (66) is negligible as compared to the second term in ex-

pression (26). Furthermore, the fourth addend in expression (66) becomes insignificant in
1
log —

comparison to the first term in expression (26)) if —>0ash—0,ng — o

ny h]/2
and ngh — oo.

It remains to be seen what happens with the second and third terms in expression @
We begin with the second one. Given that (n, 'h~! +h*) -noh = 1+ h3ng and the bandwidth
h is of the form n~%, o > 0, then

5 . - 1,1 —4/5 4 —4/5
- If noh”> — ¢, being ¢ a positive real number, then n, hA~" ~ n, and A" ~ny "7,

which implies that  ~ ny '/°, and

72
~1/5

~7/10
B1/2 ("0 ) ny / iy 0
iz~ 12~ 510 o » a8 g = ©o.
1y 1y o

- If noh® — 0, then

h7/2
P

- — 0 n)* K> — 0 noh® — 0,

noh

which is true providing that ngh®> — 0.
— If noh®> — oo, then

W2

12
’1;1074—>0<:>n51/2h*1/2—>0<:>n0h—>oo,

which is true providing that ngh’ — oo,
W2 1
Therefore, — =o | — +h* ).
nl /2 noh
Finally, as for the third addend in (66),

- If ngh® — ¢, being ¢ a positive real number, then

hoo1
—logfwnoé/slogn$/5—>07asn0—>oc.
no h

— If noh® — 0, then
hoo1
—logz 1
nof:hzlogz—>0<:>h2—>0<:>noh9—>0,
noh

which is true providing that # — 0.
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— If ngh® —> oo, then

1

— 10g - log —
o % _ — 0 nogh® —
n# noh3 ’

which is true providing that ngh’ — oo.

h 1 1
Therefore, —log— =0 (— + h4> .
no h noh

Considering this last argument and collecting terms (63)), (62) and (66), expression (37)
is proven.

1.2.2 Asymptotic expressions for the bootstrap criterion functions

Lemma 5 Under regularity conditions (B1)-(B4), the function MISE** is

ax R(K) n h4 D — — — —
MISE® () === Ag+ T oKV B+ Op (Hon7 g7 (67247 +1))
+Op(Pni e %)+ 0p (W' &0 ) + Op (hn' (1487 +477)). (67)

Thus, the dominant part of expression @), namely AMISE®* (h), is given by:

AMIS ”*h—MA # K)*B 68
(h) = noh g+4u2() g (68)

Proof Consider the smoothed bootstrap version of MISE“. We start by computing MISE** (h) :=
E* [ I (Y (x) — ring (x))], which is the theoretical analogous to MASE;:,INW,X' given in 1i
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Using a Taylor expansion and a change of variable, we obtain:

| 00— 0))” ) 0|

ng 2
-5 [[ gy Bt 0o artes

no f(x) 5
:ni% / Ag(lx)zw ZIK,, (x—X2) (12 — g (x)) 2dzi,‘oc)
+<E* l"°1Kh< X (v w»DZI dFy (x)
Z%. 0<1x> [Zm [K (v = X77) (V" — ity ()]
5/ I

+<fm:* (K (x—X0%) (2 Ag(x))]> ] 4 ()

no/fo nOVar Xf)*) (Ylo**'hg( )ﬂ
B e x9w<YP*—ﬁa<>>Dz]dF‘0?
- fo(‘ Var' [Ky (x=X7") (11" ~ g ()] dF{ ()

/fo = o o X?Mﬁ”fmﬂﬂﬂfdﬁﬁﬂ

~ L[ gt [ o) 0 o
(Wm@xmwu%>nwmw
[ i =) (07 =) 4

41/?7—E*V%@7X9y(ﬁ”*mﬁﬂf}W?@)

w1l 2 (B [Ky (x = X07) (Y0 iy ())])° dFy (x)

fO
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:iﬁﬁ=w@ﬂmwwmﬁwf@wfwﬂwﬂw

wmexmwm@mmmVWw

e fO(l) B [Kh (e= X0 B (1 =g () [ x| | aF ()
a br 1 * * * % * N N
! 0no / Fogor (B R lr=207) (B[ X7 g () ])° dF (x)

1 T ) o *
:%/WE [K,, (x—X0%)? (Var® (Y2 — g (x) | X7°)

+ (B [V () [X07))%) ] @B} (@)

non;1 /fo(lx)Z (]E* [Kh (X—X?*) (nAig(X{)*) —Y?lg(x))})z dﬁg] )

_ f@(l) E* [K (v = X0) (Var' (v | x)

+ (]E* Yo | x%] fmg(x)fﬂ dF) (x)

L[ L e [ e ) (g0 - g 0)]) L)

no J fo(x)?
1 1 N N2 /A "
=) 7" (K (r= X7 (62(X0") + & 2 (K)

o+ (1 (X0*) =ty ())° ) | aFy ()

+ % / fO(1 B (B [K (v = XP*) (g (X0*) —1tg ())])” dF) ()

X 0% 2
{ ( Xi ) (62(x%) + & pa(K)

n()h2 fO
o+ (g (XP) = g (1)) | dFy ()
n,f();zl /ﬁ?(lx)2 E* [K <x‘;f)*> (mg(xp*)_mg(x))Dzdﬁ;(x)

W

| 1
" noh? Fox)? / K
+

(620 + 8> HalK) + (g (3) — g ()°) F2 () dydF (x
”,fogj / fo(lxz( ( - )(rfw)mg<x>>f;’<y>dy)2dﬁg<x>
—— (7 007 | K0 (G304 )+ K)o+ ) — g 2)°)

np—1 1
fgx—i-hu dudF()+ P /W

(/ (ue) (g (x + hut) — jo x+ hu) u) ’ dl:“g1 (x). (69)
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Let us denote Wy (y) = (g (y) — riig(x)) fg(y). For the sake of simplicity, we will denote
e (¥) = W x(y) in the following. Then,

—
~
=
o??s
=
=
+
B~
=
/\\
=
=
/\
?Q
\—/
<
=
+
[*)
S)
/—:
=
—
R
S—
A\
<
=

+ail,(v) ()" ) (mg<y) — it (x)) <fg) ),
l[/" (x) = i) ( ;(x)+2mg(x) (fgo)/
w“”(x) <x>fg >+4m’”< ) (ff ) ), and

n

+6ﬁ1§(X)( D) (x) + 4 () ()" ().
Using Taylor expansion:

/K(u)lf/g(x—khu) du
2
_ / () 0y () du+ / wK () W) () du+ % / K () ¥ (x) du

h? " h 4 ~(4)
+3 K () (x x)du+ oo [u'K ()P (x)du

5

+’; / K ()9 () du+ (1)

. h*
= gwé’(x)uz(l() + 55 06 (e (K) + Op (), and

( / K(u)lf/g(x+hu)du)2

4 6
= P WP (K 5 9 (9 () (K (K)

h8
+ 57 Vs (s (K) + Op ()
h4
TV 1K) + Op(hong g8 (g2 g7 + 1))+ Op(hny?g™10),
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where

()7 = (20 0)?

4 (02 (F2) (02 + il () 7O ()it (x) (72) ()
v () —n£‘<ff%w2+8mg<wm” (@Y

-Hm“mgmﬂnW)m

+ 8 ()i () 7 () (F)" (@) + 16 ()2 (72) (x)?
+ 48 ()i (x) (72) () (72)" ()

+ 320 (x)t (x) (F2)" (x) (2) () + 360 () (;

mwww>umeHmuﬂﬁ

)it (x >fg () (7)) )

(x) ’

s (X)f,? (%)

+48m (
W 008 () = ()2 () FO () + il (x

nm

(x )+2m

-2
x_XiO> . nZOK/ (x_XiO>Y'O
1

i=1 8

(70)
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22’51(/ (x—XI.O) 'EK” (x—XlQ) ”)f):K/ (x—X
L=l 8 i=1 8 i=1 8

)

no x— Xio 3
QEK( 8 ))
2
no X — Xto 3
QEK( 8 )
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Carrying on with calculations leads to:

o 1/fo(x z </ ) gl ) )Zdﬁg](x)

=1 1/7]00 — 9 ()2 (K)EL (x)
+0p(hn g7 (g2 +g7 + 1))+ Op(hPny'g7?)
_ 4
= nono lhzﬂz(K)z
" 4m (x (fg) 4rh;,(x)2 (f;?)/()c)2 .
/ mg(x)2+ f°( ) + fo( 2 }f;(x)dx
+Op(hon g7 (872 + g 1))+ Op(HPny g 7). (71)

On the other hand, denote ¢;.«(y) = §¢(y) = [67(y) + &% Ha(K) + (g (y) — 1itg (x))?] 7Y (0)-
Then,

Go(x) = 62 (02 (x) + 8> w2 (K) 2 (),
610 = (62) WA +6, <xﬁ’m+gm<ﬂme

+ 2111 ()1, (0) fO () +1itg (9% (1) () + g ()% () (v
4m0mﬁ<>zmm@m<>w
/) = (62)" M) +2(82) ) (1) 1)+ 620 (72)" )
+ 82 1K) (F2)" () + 2, ()2 70 y)+2mg(y i, () fe (v)
+ 215 (02 (1) () + 27 (), () (7))
g (02 (9) (70)" () + 2 (x) (F0)" () — 20 (3) 72 (3 (x)

—m<wwmmn iy ()i () (f) ()

— 21ty (y)ritg (x) (fg) ), and
@w7(>um@>( 62) () () () +62() (/)" ()

+ 82 (K) (70)" (x) + 2100 ()22 x)+2mg titg (x) 2 (x)

+ 211 (x)” (f)' () + 2sig (o () (2 (x

(x)
— 21 (x) g(x)mg — i x)( ) (x)

2
/
Mg
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where
1 noy

qe nofo ) £ ZK ()"~ Loﬁ?( j LKl

X) i=1

ng 0 ng _X
Z (x X; > ¥k (x Xlo> Yio
i=1 i=1 8

- XiO)YiO

2

Zo <x XO) nZOK(XX"O> ’
i=1 8 i=1 8

8
<"z°K<x-Xf°>>2
i=1 8
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Applying a Taylor expansion:

2
| / K ()26 (x + hut) du = R(K) g (x) + %(ﬁg(x) | / WK () du+ Op (i)
=R(K)e(x)+ Op (WP ny'g ' (1457 +57%)).
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Carrying on with calculations leads to:

ﬁ/ ! /K(u)z(];g(erhu) dudﬁg1 (%)

)2
R(K) [ (6;(x) +8" 12(K)) f¢ (x) _ -
S T et )

D), RK)E 1K) 1)

fx) noh ) f(x)

+0p (hny' (1+¢7 +¢72))

_ R(K) 62(x) fi (x)

a / )
+0p (hny' (147 +872)) +0p (h ' g0y ). (72)

Assembling terms and (72), and inserting them in expression (69), Lemma [5]holds.

dx

_mm/ﬁmﬁm

_noh.

d
noh . x

Proposition 3 Assume conditions (Cl1), (C2), (C3). Suppose, additionally, that ng — oo,

h — 0 and ng h — oo. Consider hy, a sequence of bandwidths such that th,to < oo for some
no

A > 0and that nj hyy — oo for some 1 < 1—s~". Assume further that (ng h)71/2 log (h™!) —
0 as ng —> oo, h — 0 and nyh — oo. Then,

1
ISE* (k) = ISE* (h) + 0p- (h°) + 0, Tioe Y Lo (M2 4oy | 80 73)
= P* P* o0 0g n P* n(])/z P* n8/2h3/2 )

almost sure with respect to P, where
2 p1

ISE*(h) = / (mﬁ,VW*(x)—mg(x))zdﬁ;(x), and ISE®* (h) = / (" (x) — g (x)) " dFy ().

Proof Given that ng — oo, h — 0 and ngh — oo, we have:

sup ’ 72 (x) - fg,) (x)| —> 0 in bootstrap probability as ng —s oo, (74)
X
and
. 1\ /2
mﬂﬁ%@—ﬁ@ﬂ:@whhwoiﬂﬂo%ﬁ> . (75)
X
Moreover,
sup |ﬁth W (x) — g (x)‘ — 0 in bootstrap probability as ny — oo, (76)
J
and
s 1\ 12
sup |rity ™ * (x) — ring (x)| = Op- <h2+n5 P12 <1og ﬁ) ) . (77)
J

Focusing now on MISE*(h), it is straightforward that

MISE* (h) = MISE™* (h) + E* [ / 2A7 A3 dE, (x)] +E* [ / (A3)° dF;, (x)] ,
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where

*_‘fﬁ,*(x)img(x)f}?*() 1 XYY
A= R = i L X0 ),
3= (W (x) — g (x w

Az = (1" (x) — g (x)) 0

and MISE“*(h) is given in . On the one hand, using expression as well as (C1)-(C3),
it turns out:

fs2atie = | [ @ arie

e o R0 - R2)
= /](mQ’W (x) — rig(x)) Tx)gfgl (x)dx

A,
<SuP|mNW* (x) = rﬁg(x)|281jlp|f}?*(x)_f£(x)}2 fg()dx

xeJ on (x)2

1/2 4
_ (x) l/2 1/2 log
xGJfO x)2
Je (X - 1
= xejfg( Op+ (max{ 12, 1/2( gz

—_

)))
)

J7)
)

= Op+ (h®) + Op- <n02h log ) (78)

(x) | max 1/2 -1/2
Jos ity (ﬁ” ( (oe

fo(x

= xe]fg( dx | Op+ <max{ 2h log )
fe @)

=/, fg dx | Op | h® +ny2h? log

The first addend in expression (]B[) is negligible in comparison to the second term in ex-
pression (67). Analogously, the second addend in expression (78) becomes insignificant
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compared to the first term in expression (67). In particular,

. 1/2 2
()"~ (ororon (o)
N\ 2 1/2
= | Op h8+n62h_2 (logﬁ)
(o)
N2 1/2
= Op+ max{hs,nazh_2 (logﬁ> }

1/2

= Op+ (max{h“,nallf1 (log%) })
4, —15-1 1

= Op+ (h4) + Op+ (nglh_] <log%)) .
Moreover, thanks to expression @I), we have
E [/, (A7) dF; (x)} =0 (ng "' i),
Applying Markov’s inequality to expression (80), it turns out:

/, (A1) dF)(x) = Op. ("0~ +1*).

1/2
( [y ngl(x)) = (0 (1 )" = G (max (g 1))

= Op+ (max{nal/Zh*I/z’hZ}) — Op (n51/2h71/2+h2)

— Ope (na1/2h_1/2> T Op (hz)

(79)

(80)

81

(82)
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Bringing together expressions (82)) and (79) and using Cauchy-Schwarz inequality, we com-
pute:

1/2

<2 (/, (AD)? dﬁgl(x)>1/2 (/J(A;)z dﬁgl(x)) &)
1

=2 (ﬁp (h*) + Op- (ngllf1 log ﬂ))

. (ﬁp (1) + Op- <nal/2h_1/zlog%>>

W2 hoo1
= % 6 k —_— % —_— —
=0p (h)-l—ﬁp (n(l)/2>+ﬁp (nologh)

h
—n. (84)
(

’/AlAzngl (x)
J

The first addend in expression (83) is negligible as compared to the second term in ex-
pression (67). Furthermore, the fourth addend in expression (83)) becomes insignificant in
comparison to the first term in expression (67) if

1
log —
g,
n(l)/ 212 '
as h — 0, ng — o0 and ny h — oo. It remains to be seen what happens with the second and
third addends in expression . We begin with the second one. Given that (”6 Ip=14 h4) .
noh = 1+ hng and the bandwidth £ is of the form n=%, & > 0, then

- If noh® — ¢, being ¢ a positive real number, then nalh’1 ~ ”(;4/5 and It ~ ”84/5’

which implies that & ~ n, 1/ 5, and

72

~1/5 o

n1/2 (”o ) ny 7/10 iy

2" 2~ 50 o 0, asng — co.
Ty 1y

)

— If ngh® — 0, then

W2
12
ny

T_>O<:>I’l

noh

0P — 0.5 noh® — 0,

which is true providing that ngh®> — 0.
— If ngh® — oo, then

/’l7/2

/2
% — 0 ny Ph P 506 ngh — oo,

which is true providing that ngh® — o,
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W2 1
Therefore, h = 0 (— + h4) .
1y no h

Finally, as for the third addend in (83),

- If n0h5 — ¢, being ¢ a positive real number, then

h 1 -
—log —- ~nO6/510gn(l)/5 — 0, as ng — oo.
no h

- If noh® — 0, then

% g )
no Sh 1
u:hzlogz —0& h — 0& nogh’ — 0,

noh
which is true providing that & — 0.
= If ngh® — e, then
h 1 1
Z oo — 2
0 og h_ log Y
h noh3

— 0 & noh® — oo,

which is true providing that ngh’ — oo.

h 1 1
Therefore, —log—- =0 | — + W),
no h noh

Considering this last reasoning and collecting terms (82), (79) and (83), expression (73)
is proven.

Theorem 4 Consider hysga, its bootstrap version, hyygpa, and haygsga, which are the min-
imizers of expressions (26), (67) and (68), respectively. Under regularity conditions (BI)-
(B4) and assuming that g is of order nal 2 it holds that

* - Ry spa — hyisga _
Myisga — hmisee = Op (no 7/10) , and MZTWME =0p ("o 1/2) . (85)

Proof Consider hyisga, its bootstrap version, /1y ¢za, and hapsga, which are the minimizers
. . .. . !
of expressions lb ) lb and 1@} respectively. Hence, it is obvious that AMISE®* (I /654 ) =

0 as well as MISE? (hmisea) = 0. Moreover, applying Taylor expansion to MIS a! (h,T,”SEu)
towards the point hysga, leads to:

MISE™ (Iyyspa) = MISE® (hygisga) — AMISE® (hapisee)
+ (hpyprspe — hyisga) - M1 SE" (hmisge) +
1
+ 5 (ygisga — hmisea)’

-MISE®" (hyrsga), (86)
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where hysga is an intermediate value between hy;;gp. and hygsga. As a consequence of
expression (86), it follows that:

e — hagispe = — MISE (hsie) — AMISE? (hapsee)
MISES MISE MIS ax (hMISEa)

~(I+o0p(1))

_ MISE™ (hpmise) — AMISE® (hamisie)
MISE®™" (hapmisea)

“(1+o0p(1))
_ AMISE® (hamisge) — AMISE® (hawsee)
AMISE®™" (hapsga)
-(1+o0p(1)). &7

Thanks to expressions (12) and (35) in the paper, we have:

" R(K
AMISEa (l’lAM[SEa) - #A—F:;hiM[SEu IJ,Z(K)ZB

no hf\MlSE“
ng** - [R(K)A+3 1w (K)*B], (88)

and,

AMISE™ (hppiisee) — AMISE® (hanisee)

_R&E) (Ag —A) + Mipspa 12 (K)* (Bg — B)

- no hfoISE“
= —ny* [R(K) (Ag —A) +a(K)? (By — B)]
=1y ny* - [R(K) + 1m2(K)?] (89)

~11/10
—ng "L [R(K) + 1K) -
Considering now expressions (35) in the paper and (88) above, it turns out:

AMISE™" (hapsisge) = AMISE™" (hapgisge) — AMISEY (hapgisge)
+ AMISE®" (hpppisee)
— AMISE (hapisea) + Op (ng o/ 10) . (90)

Therefore, combining expressions (87) and (90),

T  AMISE®™ (hayisge) —AMISE® (hayisie)
MISE® MISE® = AMISE? (hAMISEa)

“(I40p(1)).

Finally, collecting terms (89) and (90), and plugging them into (87) leads to proof the result
in Theorem 4
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2 Proof of the results presented in the Appendix

Lemma 6 Consider the expressions for Ag and A from the paper. Then,

+Ay, 1)

Vislisri

ko
Ag —A= ZaiC[si]
i=1

where kg =6, a1 = 1,ap = —1,a3 = l,as. = —l,a5s = —2,a6 = =2, V| (x) = 70x)’ v (x) =

1
T ) = T v = LR, vy = LU

fox)? fox)?

f10) %2 (x) O =0
Vo) = g =0 b =0 6=26=065=1,l=01=0,=0,r;=0,
rs=0,r5=0,re=0,[s1] =1, [s2] =0, [s3] =0, [s4] =0, [s5] =0, [s6] =0and A} = O (ron,).
with

Fomg = / (o) = £2(x) dx+ / (P20 = £2) - (B e(r) — () dx  (92)
o) = 12()) - (62 (0) fy (x) — 0% (x)f (x)) dx
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Proof Our aim is to obtain upper bounds for Ag —A. On the one hand,

) pe
_/ﬁwﬂm—&mﬂw _/&mmn@m—ﬁmux
) P02

~2 2x X 2x 2
:/4%<>;éD&(Lﬁﬁ/aghﬁw—ﬂuﬂw

I
/ fog)z 2 (%) —fo(x)] dx

o[ (s a
+/ (fgo(x) —fo(x)) . (6;()()]2,1 (x)— Gz(x)fl(x)) dx>

=S / flf? (6200

fO( ) fO
+/f0 [ (x) df/ fO )= O(x)] dx

+/wm<ﬂm«%mﬁw—&wﬂwmﬁ

2x ~
= [589 (6200 -2 ax+ [ % (710 - o) e

e 70
W) 0 ol an
Tt B
(/@()ﬁm)
+f (hw W70 -0 ) )

(93)
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Furthermore,

0 [ B ) [HRW ]
P | R W P | R PP

1@ [ -8 B @ 0)]
P P )2

1) [0 ) W) (R0 - @]
P | Pw? P?

o ([ U200 -r0) ax+ [ (209 -1°0)
(g (x) = P (x)) dx)

o ([ (2= s [ (07 - 107)
(9 ) — B () d)

) L) ¥(x) ¢ 4
:'/f (x) [%’g(x)_%(x)} dx—'/f ( )'112( ) [fg(x)—fo(x)] dx

) (
"x) T(x) P2 (x
_/]{;((x))3 [qllzg(x)_qllz(x” dx_'/f ;0)5:35( ) [fg(’)(x)z_fo(x)z} dx

) . T(xX)¥(x) ¢ 4
— [ 5 s -] ax— [ LRV (720 - 0] a

VX)W (x) s
_2./f ](‘0)(x)13( ) [P ¢ (x) — Wi (x)] dx



44 Inés Barbeito et al.

—2 [ LR (o) - ) an
ﬁ(/(f}?(x)—fo Ydxt [ (7200~ W) (Bel) %(x)}dx)

()~ ¥ ()’ dx)

[ (07 = £0P) - (9,0~ 9500) i) o)

In the following remark (expression (93)) is collected the proof used in last equality of (94).

Remark 2 Let ‘f’g be the estimator of ¥. Then:
- = () (B ) = (B -+ W+ 8 (B )
=2 [ —w] 4o ((B-w)").

'112—(‘1’22+'1’2'1’2+l1'2) (% —%)
= (B -H+B+ B -+ ¥+ (% - )
=3B+ B+ (B-1) +B(Hh-1) (B-1)

=397 [ -]+ 0 (B —w) "+ (B+9) - (8- ).

= (% + W%+ + W) - (B - )

(B -8+ +(BB-%)+ B+
(B -—%)+%)- (BB
= (4
4
+(

+

W+ (95 - 95) + 9 (9 - 97) + 95 (B - 1)) - (B h)
w5 (9] + 0 (- 9)°
b)) (B —97) + (B —) - (B -9).

W= (B o+ By B - (B - B)

= (%' %) +¥%

+ (B 'f'4)+'f'24+‘f’24+(%'1’2 Y+ ) - (B —B)
= (B -9)+4B + B (B-B)+ B (B -9)) (B-%)

[0 ]+ 0 (s ) (85 ) (0 )

ke
+0((B-%) (B -1)).
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Then,

-9 =0 ['Pz—'f’zhﬁ((‘i’z—'f'z)z),

-9 =39 [ — W]
+0((B—8)" +(B+w)- (B-)),

B - = a5 [ — ) 0 (B —) + (B - ) - (9 - 99) )
+0/((4— %) (95 %)), and

95 -5 —awy [ -] + 0 (B ) - (B ) + (B —))
+0((B-%)- (% -95)).

Combining expressions (94) and (93), Lemmal(6]is concluded.

95)

(96)

o7)

(98)

Lemma 7 Given the expressions for Eg and B (from the paper), then I§g — B consists of a

sum of 60 terms similar to those in expression (@) Specifically,

+Bla

Viiliri

Bg —B= ZaiC[é‘]
i=7

99)

where ki = 66. The functions v(x), and the values of r, £, a and [s] are collected in Tables

Additionally, term By is of order O (r17,,0) with ry ,, being also given in the tables.



Inés Barbeito et al.

i Vi) O 16 [n] a
; ({0) (?jé‘);)m &) o l1lil
g (/) <x>z,fe;<(i)),:; (0 () o lolol s
0 () (X)zflf(j():)t;(/X) (1) ¥ o L1110l _s
10 z (x?;O(Sz (x)lz 1 {ofol 4
. | m’(x)zf; 0(2)(2%’) (x) o Lol il s
R (X)zrfl (" @n [y T | | g
13 () (x)?jf(‘)((z;n’ ()% (@) o 1ol s
m' (x)? x)2f (x
JEEN EemnDDE
o)
6 fl(X)?;'(tf)Z%’(X) o lolol
7 /! (X)]fzé”(%)f’l (jC) o o2 2
IO nnnE
o | Foma o T T[]
0 /! (")J’Zf(i’;l ¥ () o Lol |
21 s W”;(E’(‘i)(f ) @) o |11 -4
SEC ComnnpE
o | Loeralo T T[]
24 ! l(x)mﬂf(ox()ngo ) & o |1]o]| 4
x)m (x x) (f0) (x)?
zz f () (i‘;’(g)){(f) ) (1) Z Z _112
27 'ﬂ/(x)w;:(fg)sfo ) @) 1 jolol| 4

Table 1: Values of v;(x), r;, ¢;, a; and [s]; in expression 1@} ie{7,...,27}.
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< S — — o =) S — o — — o
Ny o o — o =) — o o — o
B S S S) S) o o S S) S o S
—
=
o)
— —_ ol
= — = = —
= 131 I PR e = = = = | =
= —~ |2 |= = P~ e I e
= < < a3 = S — - ~
= 5~ ~ ~ = ~ <) S
~— — — [ = T —~ N
o | | | E|n w..S < < < [ —~[= <+ | —~|n —e | B« =
— SNEREN = I e [ N N RN Ea PN RN ewl psN = = ]
Ko DRSS el 1) =N S B S = = === 2 == = | a3
— e N N = [ RS A Z ¥ )l e N Bl Na> Ko a2 BN e e N>
= o | —~le Sle ol L~ =) =) <o | —|e =) w..O IOZONVJO
| R o N = S~ ~| ~| ~| =N ~ A~ | = |
2 = B Na¥ =
SN = k < = = o = «
3 = [~ & = S = —~| | =
= Ay IR — = —~ Z| S =
= = ) = = < =T ~ —
= = ~— = ~ T~ v — S
= =~ = — =
B =N =Y B =
NaJ
=N
] o =) — I o < T © o~ ) o =) — Q A < " © o~
Q Q ) ) 3 3 5 o A B 5 ) 53 < < < < < < <

47},

Table 2: Values of v;(x), r;, £;, a; and [s;] in expression , i€{28,..
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i G LT G [ n [ a
| Wemede T
49 (° )’ (?Szl’;)gx)f ) 0| 1|2 -4
50 () (x}zgix)f ') 0o 1]0]| -4
| ® (x/) " Q;)Of;gj) @ ool ] e
| (x)2?0<&))gq O | o lolol o
53 () (') ’O)A fE)x();f'z ) 1 |o]o]| -8
) @ )W)
Sl SmDnhE
fOx)?
56 (%) (x}sz &) ololol| 32
5| ) (x)z.%((j; (%) @ 1 lolo| 4
s () (f)lfz()glc)(:)zf'(X) o lolal 4
s | ) (x)z(f?(xg);)fl WU | o Lol s
o | B0 () fgx(w; (x)ﬂ(f“) @ o o] s
o | Tt [y Ty o] i
6 () (f,);?j)?w‘/ (x) Clolol s
63 ( )’Ogijg)gx)f i) o |1 |1] s
6 (') <?25;2x>f‘(jc> o l1lol
65 q/'(x)l‘"l(x}écégg (%) 0o 1] 24
o | ) (x)T;((i;gf @O o ol ol 3

Table 3: Values of v;(x), r;, £;, a; and [s;] in expression l@) i€ {48,...

661
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Proof Focusing now on expression B, — B,

Be—B= [ [y i) —m' 2 ()] dn

[ @) (79) @Al o ) () s )],
4 ) AR ¢
A () PR @R () @AW |
v A 2 &
where
B i= [ [ (P A )~ (P f )]
@) () WA @ wm () (1) 0 ()
B> —4/ £ £ fg()f) £ - fO(X) dx, and

@2 (7)) W) 02 () (02 )
B; ::4/ § fo() 2 § (f0(>x)2 ] dx.

(100)

We will focus on term B in the first place. Carrying on with calculations, considering ex-

pression (93], it leads to:

Byi= [ [P~ (07 f ()] d
_ / i, (02 () dox— / ' (02 £ (x) dx
:/m” )2 (7, Al — 1)+ f(x dx—/m" ()2 f" (x) dx
:/f(xm 2_m (x)? dx+/m fg() fH(x)] dx
:/'f( dx+/m —f'(x)] dx
2 ( e ()= f1(x)) dx

|—|\/|—||—|

(101)
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Furthermore, considering expressions (93)), (96) and (97), it turns out:

"

o[ fomi [a%g({ () @ e () <x>] N

8
fgx)? FO)?
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o @) @ W) ®
4 [ £ o' @) | 2 fgo(x; - lfo((x)g ]dx

0

1 X m// X ! X A
2 [LOMOL 0y o)

1 X m” X X ! X

+2/f ( ) (f)oq(llx()4) (fo) ( ) [f;)(x)47f0(x)4} dx
1 X m” X X ' X

pa [LRIMOROED O o o) in
Ya)m'" (x) s 00 "

—2 [ L [0 (1) () 0 (1) 9] s
Loom' (x / ! / !

—a [ TR [0 () 0090 (1) ] s
1 X m// X A AN

v [ LR [0 () 002 - 10 (1) 0] a
1 xX)m (X X / X 2
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S B0 () () o
+8 fo(x) 7)1 @)]

74/f X)?O(x fg),(x)*(fo),(x)} dx
4[5 : x)m 0 —#() - (70) (0] dx

s fL x)m LE x(;;) (1) )
+4/f1(x);10(§;);}’1 ()C) |:(f:g)l (x)Z_ (fO)l (x)Z] dx
fom’ @)
w4 [y

1 X mN X X 0 l X 2
_lsz ® (}):;v(m)%f) W (o) 000

/¢ () = f°(x)] dx

(1,00~ 9(0) - (72) (7]

o [ L) g )] )] a

P
o L ) (%);’ )~ )] d
o [ LB (0" (10" o)
2/f X)mfga)(z e 2 )i (0]
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oy [ L ) )0 o) o0 ax
_ /f1<x>;10”(%>2% (x) () - () @] o
4 /fl <x>m;§2)<jo>’ )[4/, 9]0
s /fl(X)m"();z;I(’;(;) (%) @) 7900 - £°00)] d
e 1<x>m"<);20q&<;) U O 0y (9 (12 0] av
+4/f1(x)m;((f()x§{ ) 6 [1.4(x) — P (x)] dx
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Plugging expression (T02)) in (T0T) leads to the following expression for B:
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We now move on to achieve a deeper insight of term B, considering expressions (93)), (96),

and (98), it follows that:
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Computing further calculations with the first term in expression (T04) using (93)), (96), (97)
and (98), we have:
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The first addend in expression (T03), using (©3), (96), (97) and (98), happens to be:
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Working out calculations with the first term in expression (T06) leads to:
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Plugging expression (T09) in (T06), the first addend in expression (T03) happens to be:
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The second term in expression (T03)) turns out to be:
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Carrying on with calculations considering the first term in expression (ITI]) leads to:

8 [ oags [Be) () 08007 0= 900 (1) (001" 9] a

—s [ ;f?éj;l [(79) 191,072 )~ (1) (% (0" 0]

+8 [ i [ () = #10) - () 0950700 s
T <x}§{:))5’ O 11012 ) 40 0] i

b8 [ RO ((9) @ - () ) etfico] a

va [ L)L) [(lia’,g( ) () - By (7)) do

!’

%/“@?”K@ww—mﬂﬁ>ﬁ%“

’

48 [ B0 008 = (%) ) (10~ () - 9] o

| W (8.0 10) 200

vs (j;;) (91,00~ #(0) - (10~ #100) -2 0]
+8 [ D900 -9 @) - (D) 0 - (1) ) 0] o
8 [ s [(F 0 - %) () 007 - () )
(lplg(x) lf'l(x)) fg(x)} dx

3
=g [ HOD T (71— p1(9)]

+8/ ; ['Pl,g(x)—'ﬂ(x)} dx

+s/ (" [(#16(x) % () - () — 1 ()] dx



64

Inés Barbeito et al.

s[5 ;Z RS () [(72) (x)t(f“)’(x)ﬂ dx
+s [ fO'P [

+8/ i
vs [ BT f°)'<x>3)-(q%,g<x>fwx>>

() @~ () ) (F ) ' )| x

(x)°
)( [( (fo),(x)3) (P (x) —qll(x))} dx

() - () dx+8/ ()« 3%)(5 )f()[i’{,g(x)—'f’f(x)} dx
+8 [ w [(#,0) =% ) ()= f' ()] ax

+8 [ b (00~ () ()~ ()| in

+s/ () Y0 =) (Fre(0) = (@) - ()~ £ ()] dx
o8 [HOLL) (0 w() - () 0 - (1) )] e

fO(
v [ 2 [ (30w 0) () 00 - () )
( (x) — 1()c))]al)c
+8/f0 (xx))s [(lplg ) (fg) (x)? (fo)l(x)3)

(lplg( )— ¥ (x ))] dx



Supplementary Material: Bandwidth selection for statistical matching and prediction 65

+8/ ) (=% W) (7)) @ = (1) ?)
(lpl,g() lPl(x)) ( () —f(x ))]dx

_8/'11’<x> (1) (% () 70— £1() dx

PO

b [0 (ﬁ)(;gffl( ) (1,00 91 0] d

s O ]
.y () (?z(qf;)sx)fl ) 0¥ s

o Wt - #0) (10— 9) )

+
Q

—
o

) 0= () @) (0~ 7' 0)

+
Q

—
oy

) 0= (1) ) (40— 9 0)
) (- () ) ar)

+
Q
o?’”

+
Q
—~
&S
SN—
—
~
Kb
(98]
|
—
~
o
SN—
—
=
a3
(5]
N——
—
e
S
2.
~
a3
|
s
=
=
a3
SN—
—
ot
Py
®
Kb
|
s
Py
®
a3
SN—
QU
=
N———

+
Q
s
o
=
\
&
=

+
Q

= &
[ T Y
< e
= =
= =
]
&R
=~ =
= =
= =
N N N N~
— = =
=
oo
o
=
=
|
=
=
=
=
SN—
&
N————

Jr
Q
fa
G
Nad
|
e
©
/N
—
=2
~—_
=
~
o8]
—
~
o
~
&
w
SN—
&
N——

+
Q

(72) 002 (1) ) )

+
Q
e
o
S
=
=
|
&
=
=
=
VS
)
2
SN—
—
=
~—
(98]
|
)
\
o
~ ~ ~
—
=
=
(98]
N—
—
o
pliy
=
=
|
=
Py
=
=
SN—
>
N————

+
Q

+
Q

N T N T N T N T N N N N N N NN

e N s N s s s s e N N N

(P () =) - (fy (%) — £ () dx) . (112)



66 Inés Barbeito et al.

Plugging expression @) in (]'ﬂ_T[) the second addend of expression (T03) turns out ot be:
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Carrying on with calculations with the third addend in expression (T03)), using (93), (96),
and (98), it leads to:
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Working out further calculation with the first term in expression (T14), using (93), ©6), (07)
and (98), it turns out:
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() @) @) (@)~ @) ). a1
The fourth addend in expression @) using (©3), (96), (97) and (98), happens to be:
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The fifth addend in expression @ turns out to be, considering (93)), (96), (97) and (98):
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Working out calculations with the sixth addend in expression (T03), using ©3), (96), (07)
and (98), it leads to:
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Carrying on with calculations with the seventh addend in expression (T03)) following similar
steps as in the previous expressions, it turns out:
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+ [ (70 0 - ) dx). (123)

Finally, following analogous steps as in previous expressions, the eigthth addend in expres-
sion (T03)) happens to be:
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Collecting terms (TT0)-(T24) and plugging them into (T03)), we obtain an expression for term
B; (104), given by:
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Finally, it remains to work out further calculations with term Bz. Considering expression

(©3), it turns out:
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Bringing together terms (T03)), (126) and (127), and afterwards plugging them into (T00),
Lemmal[7)is proven.
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Furthermore, term ry ,, in Lemma[J]is given by:
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(#, (%) - () dx
[ (g0 = H100) - ()~ ¥ () - (L)~ £ () an
[0 0P = (%) 07) - () ¥ () ax
(0 @ = () ) (o) - % @) - (@) 1 ) dv
[0 @ = () @) - (g )~ 91 0)
[0 0= (1) ) (Frg )~ () - (71— 7))
[0 0P = () @0°) - (B~ ) - (¥ — ¥ ()
(0 @7 = () 0 ()~ # ) - (H 00~ H )
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+/ (00— E @) () 0 (1) () ax

(7200 1) - (H (0 - ¥ () d

+ [ (A2 = 02) - (7@ - 7 ) dx+/

+/(‘f’1,g(X)—‘I’1(x))-<(fg) (x)z—(fo) (x )2) n

2

02 = @) dxt [ (70 - 1°0)" a (129)

Remark 3 Consider two random variables 7, £. Thanks to Cauchy-Schwartz inequality, we
have:

E[(n+8)] <2(E[n’] +E[£7). (129)
Similarly, given an additional random variable , it follows that:

E[(n+§+aj)2} <3(E[n} +E[€]+E[Y). (130)

Proof (Proof of Remark |3) Using that 2E[n]E[£] < E[n]2 + ]E[J;}Z, since 0 < (E[n] —
E[¢])? = E[n]’ +E[£]* —2E [n] E[¢]. Then,

0<E[(n+¢)] = [E[n?] +E[£%] +2E[nE]|
E[n’] +E[E*] +E[n°] + E[£7]
2(E[*]+E[E7]).

A I/\
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On the other hand,

0<E[(n+&+()| =E[n?] +E[£} +E[¢7]
+2E[nS]+2E[n¢]+2E[EE]

SE[WZ]JFE[ézHE[Cz} (E[n*] +E[E])
+(E[*]+E[S]) + (B[] +E [¢*])
=3(E[n’] +E[E]).

Corollary 2 Consider a pilot bandwidth g > 0 of exact order ng 1/ 2 then:

R(K) . h* N
MISE“*(h):%Ag+zuz(K)ng+ﬁp (h6n1 ( 72 4 nd +n9/2))
+0p (7 g )+ Op (! (1P o ) ) (131)

Proof From now on, C‘[/]/ ” ‘PY(:) will be denoted just by C and 'I’;”, respectively, for the
sake of brevity, assuming s = 0. We begin by analyzing the expectation of expression (32)

in the paper,
A(’) (X X 4
E|Y, Y;
[#00] = e LB 6 () ]
[ 0 (=X0\ soe| o
:FE_E{K()( . >Y1 X¢
1T x—X? ‘
- (r) 1 00| 10
(K < E[v, ‘XIH
K

)
g <X_X10) mz(Xf))]

1
Tt g
= [K =3 m )£ ) dy = K (o), (132)

where ¢y (1) = my(u) f°(u). Considering now expression (132), we can compute further cal-
culations with expression (32) in the paper. We denote by fli¢(x) := Ki” (x—X?) v —
K}E,r) *@p(x) and & := [ v(x)[li g(x). Then,

€= /v(x) (nongrl Z < )Yw (r) *¢l(x)+K5(fr) *¢4(x)‘f’é(r)> dx
7/ ( uzg(x)+K§ * Py (x) — 4(r)> dx

/ x) Qi g (x) dx+/ Kg *¢/ x)— ‘I’;r)} dx

- iféi b Ve [ e o) ] e )



118 Inés Barbeito et al.

It follows that the MSE of ‘I’< >(x) turns out to be, considering expression (|133)) and taking
into account the fact that E [51] =

E[C?] = Var[C]+E[C] = V"%(EQ]JFE[CF [51] LE[C]?
2 . 2
- E;Eil] * (/ V(o) (K¢« 0u() - (x)) d") ’ (134)

From now on, assume that f0 and its derivatives tend to zero as x — oo and my, and its
derivatives are bounded as x — oo, where x is the point of evaluation. Focusing now on the
second term of expression (134) leads to:

/v(x)Kér) * Op(x)dx = /v(x)/Kg(r) (x—y)¢¢(y)dydx
[ o) [ Klr=3)9 ) dya
= [0 [ve ik () avax

= [o00) [ v O+ oK) dud

= [vio 0ds+ &) [V (@0 ()
+0(gh). (135)

It is straightforward to proof equality (1) just by applying integration by parts to:

11:'/K§r)(x—y)¢4(y)dy
= [k o] [ R el
= '[ZKér_l)(x—yW(y)dy =...= KZKg(x—y)¢g’>(y)dy.

Combining the second term in (T34) and expression (26) in the paper leads to conclude that:

(/v (ka0 -w00) ax) = (£ i) [V 00l 0
+0(¢")°
— & (kP (/' dx)2
s (gﬁ) . (136)
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It remains to carry on with further computations with the first term of expression (T34):

E[S7]

no

= niIE {/ () g (x) dx/"(y)ﬂ1,g(y) dy]
// E[f,4(x)f1,¢(y)] dxdy

- / Jv@veE (& (=X 7~ K 00(0)

: (Kér) (=X ¥ — K« ¢z(y))} dxdy

:nio//v(x)v(y)]E {Kér) (e—xP) K (y—X7) (Yf’f)z] dxdy

_ L ( [v@K <o) dx)z. (137)

no

The second term in (I37) has already been analyzed in (I33)), turning out:

,710 < vk w00 dx>2 - io ( [v@elw dx)z

/v(x)¢§’)(x)dx+ﬁ <‘§Z) . (138)

Finally, it remains to work out further computations with:
= [ v y)IE{Kg (X0 K (y Xl)(Yf”)z] dxdy
= [ [ vevore [ | & X0k - x0) (1) x9) | ana
= [ [vevoe {K,gf) (e~ X0) K (y— X0 E { (YIM)Z‘XIOH dxdy
— o [ [vtovoE [k (xfx?)Ké” (=) mar(x7)]
- / [vve) [k =K -2 mar@) (@) dedray

nog2’+2 // y)/K(r) (§> K (%) ma(2) f2(z) dzdxdy

/21 (2)f°(z) // (z+gu)v(z+gv)K") ()K" (v) dudvdz

nog
= i [ 0 [ 2R O 110
b ur(r)uuz (M) (\2m 0 g
T (/ K ()d) /V (2)°mae(2) f (Z)dz+ﬁ(n0>- (139)

Assume K is a symmetric function. Therefore, K and K" are antisymmetric and symmetric
functions, respectively. Thus, it is easy to proof by integration by parts that:
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- Ifr=0,
/ K(u)du=1, / uK (i) du = 0, / WK (u) du = o (K).
- Ifr=1,
/K’(u)duzo,/uK’(u)duz —1,/u2K’(u)du:0,
/ BK () du = =3 o (K).
- Ifr=2,

/K”(u) du= 0,/uK”(u)du = 0,/u2K,/(u)du =

/u3KN(u)du = 0,/u4KN(u)du =12 (K).

1
In general, [ K" (u)du=(—1)"r!and [ +?K") (u)du= — (—1)" (r+2)'u2(K).
Hence, expression (T39) results in:

*/ ) (2)my(2) f(2) dz
(r) (r+2) 0 84
+;Ouz(K)/v (VU ()ma(2) £ (2)dz+ O (%) (140)

Using expression (T29), our aim is to work out further computations for:

E{[(A —A)+ o (B, —B)r}

5 [(he=A)7] + o[- 8)] + AE[(h-4)- (B,—B)
<2 [(A;-4)’] +8A—;IE (B~ B)"]. (141)

Finally, considering expression (I30), collecting terms (136), (138) and (I39), and after-
wards plugging them into (134), it turns out that, V¢ € {0,1,2},Vr € {0,1,2}:

E(C) = L ma(k)? (/v @l dx>2

S k) [V W0l was [ Vg ax - ([ veooloas) 2

no

2g2 r r T r
s g | K [ KO
[ ¥ v Wm0 £ )
1 ur<’>uu2(’xmx X)dx
e (W) [VOePmaor

+ﬁ(g6) +6’(i(4)). (142)
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In other words, considering expression (T40) instead of (T39):

E[c?) = § (#z(K) [Vwelw) dx>2

2
do | [y ax— ( [ viel wax) }
2
#E (K | [0V a0
no

- / V' (00" (x) dx / v()o” (x) dx}

4
+ﬁ(g6)+ﬁ<g—>,WE{o,l,z},vre{o,Lz}. (143)
1o
Similarly, V¢ € {0,1,2},vr € {0,1,2},
2 4
E[C?] =g Ci+8a+ iCngﬁ(gf’) +ﬁ(g—), (144)
no no no
where
2
Cp = (“ng) | / v ()0 (x) dx) , (145)
Cr = w(K) { / VO V) (x)mag (x) £ (x) dx
- / V' ()0 (x) dx / v()o” (x) dx} , (146)
. 2
Cz:= / v ()20 (x) £ (x) dx — </v(x)¢€(r)(x) dx) . (147)

It is clear that C in (T43)) is a non negative quantity. Let’s focus now on C; in (T46). Assume
that f0 and its derivatives tend to zero as x — oo; my and v and their derivatives are bounded
as x — oo, where x is the point of evaluation. Thus, by applying integration by parts to the
second term in (T46), it turns out:

[¥' @ wax= [V el Ve [Vl xax
_ / V' ()0 (x) dx
=—[v" e (x)}ir:-i- / v ()9, (x) dx
_ / v ()9 (x) dx
= (1Y / v+ (1) oy (x) dx. (148)
Similarly,

[v@el wdx= (=1 [ V@) dx. (149)



122 Inés Barbeito et al.

Hence, expression (T46) can be rewritten as:

Coi= (K | [ VOV ()0
(1 [ gdx [ VO 06 dx}
— (K | [ V0000 a0
- [ s s [ VO 3|

= Cov [v(’) (X0)y0, y(r+2) (XO)YOZ} . (150)

Considering now expressions (T43)) and (T48), it follows that:

Cr e (@/v(ﬁz) (x)m((x)fO(X)dx>2 — (@E [v(r+2) (XO)YOZDZ.

Finally, combining expressions (147) and (T49) leads to:

Cz:= /v(’>(x)2m25(x)fo(x)dx— </v<r> (x)my(x) 0 (x) a’)c)2

— Var {v“) (x°) YW] 7 (151)

turning out that C3 (T47) is, as well, greater than 0.

As a consequence of expressions (143)), (I50) and (T31)), the optimal g will be deter-
mined by the positive or negative sign accompanying term C, in (I50). In particular, denot-
ing by 9(g) :=E [Cz] and considering expressions , and lb expression li

could be rewritten as:

ko 5 A2 ki 5 ) ) k3 5
Zaoﬁiﬁi(é’)'ﬁ‘@ ai ;9i(8)+ Y a3, 0i(g) + Y a3,%i(g)
=1 =1 =1 =1
ko 5 A2 ki ) ky ) k3 )
= Z“o,ﬂr@ Z“I,H'Zlaz,ﬂ';a&i -i(g)
i= i=

i=1 =1
ko 2

= | Y a5+ Aiz
&0 16

4 ~0 82 0 L o
=g"C —C — (3,
g 1+n0 2+n0 3

Lo R, R, 4 g 1
Ya+Ya,+Ya; || (8 CI’,-+—C27,~+—C3’,~)
7 i=1 i=1 no no

=1
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where

ki

)= Z“o; 16B2< alﬁ‘Z%ﬁ'Z“s, C1,i20
i=1 =
k1

)= Zao, 1632 a,l+Za2l+Za3l c3,izo,and
i=1 =

k() ) A2 ki )

Cg:: Z +1632 alz 2021 ZaM Cz,i

i=1

_Mf

[Zao, 1682 ( a%,+2a2,+2a3l>]

-Cov [V (O v (xO)r ]

If C9 > 0, then the optimal pilot bandwidth g of the upper bound for A, — A and B, — B
(expresmons (©T) and (T28), respectively) is as close as 0 as possible. On the other hand
if C0 < 0, then the optimal pilot bandwidth g of the upper bound for A — A and B —B
(expresswns (1) and (128), respectively) happens to be

i=1 i=1

CO 1/2 15
_ (_2C2?> ng 2, (152)

AZ ky
gOPTNargmm [Zao, 1652 (Zau‘FZaszZam)} vi(g)

Moreover, it is straightforward that:

& 72(03)2
Zo; 1632 Z“lz‘*‘zazz‘*‘za%z gOPT)—”o - ny ach

Combining expressions (67) and (T52), Corollary 2] holds.

3 Additional material for the application in Section 4

In the following, Table E|collects the sample sizes ng and n; from the real data application,
while Table|§] contains the bandwidths for each sector, hpoor, 7.
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Studies
CNAE 1 2 3 4 5 6

no, =474 no; =415 np; = 321 no; =92 no, =67 np, =202

B ny ;= 13 niz;= 14 n|>Z:39 I’l]‘Z:23 n]ﬁz:28 nl‘z:97
no,=06592 | ng;=9276 | no,=7479 | no;=>5096 | no;=2134 | ng,=3504
C n,=1712 | n;=2718 | ny;=2222 | n;,=1227 ny; =882 | ny,=2213
np; =43 ny. =67 np; =219 no . = 348 no; =360 no, =419

D n|7Z:5 niz;= 14 n|>z:48 n1>Z:45 n]ﬁz:73 n]‘Z:157
no, = 1491 | ng,=1636 ng; = 609 np; = 350 no, = 186 ng, = 354

E ny . = 145 ny, =174 ny; = 165 ny . =109 ny; =91 ny ;=230
no;=3413 | no,=3148 | no,=1672 | ng, =815 ng, =677 no; =858

F ny .= 88 ny; =115 ny . =338 ny ;= 189 ny, =267 np, =424
no, = 1044 | ng,=2402 | no,=1996 np, = 635 np, = 346 ny, =913

G ny, =618 ny;=1907 | ny,=1623 ny ;=357 ny ;=327 ny; =716
no; = 1156 | no,=2402 | no,=1754 | ng, =629 no, =414 no; =597

H ny, =171 ny; =913 ny . = 640 ny . =196 ny ;=210 ny. =374
ny, =472 np; =653 ng. =455 no. =176 no, =115 no. = 106

I ny, =526 ny; =601 ny ;=372 ny, =63 ny, =157 ny, =117
ng, = 107 np; = 306 np, = 1385 no; =950 | no;=1269 | ng,=2540
J ny; =61 ny; =169 ny . = 850 ny . =321 ny; =522 ny.=1783
ny. =178 no, =278 ng. = 948 ny . =227 ng, =708 np, = 1934
K ny, =115 ny, =227 ny; =916 ny; =352 ny, =786 | nj;=1815
np; =85 np; =85 np, =259 no; =36 no; =65 ng; = 181

L ny; = 66 ny. =173 ny; =225 ny, =53 ny, =88 np, =199
ng, =243 np; = 403 np,=1022 | ng,="791 no, = 1077 | ng,=3123
M ny, =172 ny, =411 ny, = 1273 ny ; = 606 ny, =913 ny, = 2971
no, = 1278 | ng,=2857 | no,= 1627 ng, =412 np; = 349 ngy, =614

N n,=2842 | n;=1390 | n;,=1118 ny; =333 ny; =593 ny, =670
no, =384 | no,=1339 | np,=1223 ng, =373 ng; =457 no, =721
(6] ny, =206 ny, =882 | ni;=1030 | ny, =310 ny, =812 ny ;= 1019
ny, =41 no, = 84 ny, =175 no,, =86 no, =322 np; =985
P ny; =73 ny, =120 ny =281 ny; =183 ny;=1001 | ny,=1239
np ; = 460 np; = 615 np; =709 ng; =223 ng; =551 no, = 1173
Q ny; =631 nyi;=1144 | ny;=2927 ny ;=739 ny,=2752 | n;=1712
no, = 344 np, =569 ng; = 698 np, =208 np, = 163 no; =395

R ny, =188 ny, =327 ny ; = 441 ni;=92 ny, =137 ny, =414
np; = 300 np; =428 no; = 597 np; = 280 no; =173 no; =279

S ny, =242 ni; =354 ny; =546 ny ;= 164 ny; = 266 ny, =425

Table 4: Source sample size (np;) and target sample size (n] ;) in each stratum depending
on level of Studies (1-6) and CNAE group of belonging (B-S).
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Studies
CNAE 1 2 3 4 5 6
B 10.34427 0.05311245 | 0.06555036 | 0.2250906 | 10.32863 11.46244
C 0.7827234 0.1570725 0.2240537 0.379917 1.036544 1.006386
D 10.23072 8.540002 11.09998 10.90716 11.87939 11.15287
E 4.034317 1.54504 3.425392 6.90935 8.561086 9.706537
F 0.1979207 0.1042053 0.1779684 0.7073216 | 2.416007 2.031799
G 10.59052 0.7064822 2.42826 5.206829 5.918734 10.74743
H 1.049699 0.8470396 2.464503 6.063806 6.250508 4.231824
1 7.865014 0.7109818 1.295192 4.747013 3.477528 2.816318
J 6.05535 1.539357 1.665482 0.6700639 | 1.620418 | 0.6657766
K 11.36344 11.8833 12.25746 11.09947 11.41423 6.882228
L 3.848873 1.101402 2.196453 3.877995 7.955811 5.016808
M 2.164264 1.776538 1.112405 1.194964 1.119651 | 0.4577655
N 0.4322325 0.1414672 0.193088 0.2586702 | 0.814847 | 0.4869169
(0] 10.67815 2.554323 11.71623 11.92024 10.88268 11.16583
P 10.27285 3.853947 10.83386 9.703337 8.053916 1.865665
Q 10.0757 4.310891 1.978999 9.339508 7.023242 3.641688
R 11.75589 4.868713 10.85612 10.14804 8.112695 9.912113
S 3.342381 0.8564468 5.826307 2.773484 4.111988 5.707007

Table 5: Bandwidth selector (hppor,z) in each stratum depending on level of Studies (1-6)
and CNAE group of belonging (B-S).
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