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2 Appendiz of Statistical Models and the Benford Hypothesis

Proof of Corollary 1

On the basis of Theorem 1, the distribution function of s(X) may be expressed

as
1

Fyx)y(u) =u+ by Z ordr(u), u € [0,1],
kEZ,k#0
where for simplicity we assume that ¢ = ¢y (k) and ¢ (u) = % Since

for k € N it holds

R(o—k) = R(er) , S(p-k) = =S(pr),

and
R(p—r(u) = R(dr(w)) , S(¢—k(u)) = =S(dr(u)),
it reads
ordk(u) + -k p—k(u) = 2R(prdr(u)).

Hence, it follows

Fo(w) =ut = Y Ripon).  we 01
keN

Moreover, it holds

R(oxdr(u)) = lerdr(u)| cos(arg(prdr(w))) = ol - |on(u)] cos(Px + arg(¢r(u)))
= [kl (¢x (u)] cos(Vx) cos(arg(r(u))) — |pr(u)| sin(Vy) sin(arg(¢r(u))))
= okl (R(n(u)) cos(Pr) — S(dr(u)) sin(d)).

Finally, since

R(gn(u)) = %;ku) | S(on(u)) = _1—%(2”“),

it follows that

R(ondn(u)) = ‘kal (sin(2mku) cos(Ix) + (1 — cos(2mku)) sin(Vy))
= kal (sin(Vy) — sin(dy — 27ku)),

from which the result follows.

Proof of Corollary 2

On the basis of Corollary 1, Fyx) is expressed as a series of differentiable
functions with continuous derivatives on [0, 1], and which converges for each
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€ [0, 1[. Moreover, the derived series

1+2 Z|<py | cos(9y, — 2mku), u € [0,1],
keN

converges uniformly under the assumed condition on the basis of the Weier-
strass M-test (Junghenn, 2015, Theorem 7.3.6), since

|Z|<py | cos(Vy —2mku)| < Z|<py(k;)|-|cos(19k—27rku)| < Z|<py(/€)| < o0.
keN keN keN

Hence, by means of Junghenn (2015, Theorem 7.3.13), we have that Fyx) is
differentiable and

Fixy(u) =142 Z|g0y | cos(Pg — 2mku), w € [0,1].
keN

Proof of Proposition 1

For notational simplicity, we write § = \/‘%U. From the definition of the
characteristic function it holds

o0
; 1 1 2
t) = e2mitlog || ez @1 10
er(®) /_OO V2mo

> 2mwiCt 1 — L (z—p)?
= || ———e 202 dx
5o 2mo

= L (20.2)7ri0t / |x‘27riCte—(z—6)2dx
— 00

S5

(20_2)7ri0t /OO x2ﬂiCt(e—(1—5)2 + 6_(m+5)2)da:.
0
On the basis of Gradshteyn and Ryzhik (2015, Formula 3.462.1), we obtain
o 2 1 1,2 1
| et e = ot (“ B 2»\57) 7
0

where (v) > 0, v € R and U(a, z) is the parabolic cylinder function for
a,z € C. Hence,

02™Cte =36 D (27iCt 4 1)
ey (t) = x
V2r

X (U <27ri0t + % f25> +U <2mCt + = fa))
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Since

V2t iem 17 a 11 22
U Ula,—2z) = M2z - 2
(CL,Z)+ (CL, Z) 1 2+4a27 2 )

where M (a, b, z) is the Kummer confluent hypergeometric function and a, b, z €
C, we also have

2—7riCt 27wiC't —62F 2miC't 1 11
o e T2miCt + )M(wiCt—i— 52).

T (7iCt + 1) 272’ (1)

ey (t) =

By adopting the well-known Legendre duplication formula for the Gamma
function, it holds

TRrCt+1) 1 pricrn (o 1
ST ) 92l (it 4 - )
T(@iCt+1) x mct+y

Moreover, by considering the Kummer’s transformation (Olver et al, 2010,
Formula 13.2.39)
M(a,b,z) = e*M(b—a,b,—z),

M (mCt + = 1 52) M (mCt, % 52>

and the statement follows by substituting these results in formula (1). In
addition, since for ¢ € R it holds

" (2+9)] = iy

the expression of |py ()| follows.

we obtain

Proof of Proposition 2

The characteristic function ¢y follows from the definition and the properties
of the Gamma, function, since

e . 1 1 > .
Oy (t) _ / e2mit log,o x - 22 e T dp — / $2ﬂ10t+a7167wd$
0 0

(a) I(e)
I'(a + 27iCt)
() '

Moreover, on the basis of the formula

‘ a+1b lo—o[

n=0 L+ (a+n)2
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where a € R\ Z7,b € R (Olver et al, 2010, Formula 5.8.3), the expression of
|y (t)] follows.

Proof of Proposition 3

The characteristic function @y follows from the definition and the properties
of the Beta function, since

L. Fla+p6) .- _
_ 27itlog,o @ a—1/1 _ ,\B—-1

D@+ 8) ! sricirat -1
= ™ (1— )" ldzx
K(@)T(B) Jo
_ I'(a+ B)I'(a + 27iCt)
- T(a)T(a+ B+ 2miCt)
Moreover, the expression of |py (t)| follows from the formula for ‘F(lf(z;b)

already adopted in the proof of Proposition 2.

Proof of Proposition 4

We consider the Wright function (Mainardi et al, 2010) given by

-\ 1 k
War2) =2 firar ) *

where a €] — 1,00[, b € C and z € C. The probability density function of X
can be expressed as

1
fx(x) = - W_go(—27%), r e RT.

Thus, the Mellin transform of X is given by

E[XS]=/O W g o(—2~)dx = /0 rTE T YW 0(—2)da.

1
a
On the basis of Mainardi et al (2010, Formula (4.2)), it follows that

* s B (1 49)
/o 2T Wy o(—z)de = T+ 00)’
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where $(0) > —1 and v € [0, 1[. Hence, by taking § = —2 and v = « in the
previous expression, it holds

E[X*] = Fr(é - 5‘))

with R(s) < «. Thus, the expression of ¢y is obtained by letting s = 27iC't.
Moreover, |py (t)| follows by noting that

b

rO+ 0=\ S

Proof of Proposition 5

If V; = 2w log,y|Zi|, we have
- 27'rit logyolz] 1 L — kl:u
ey (t) =Y wipy(t sz 10 kTafZ o da
=1
L 1
— Zwle%rit logy ki / eQﬂ'it logqq|z| *fZ (1' — y‘) dx
- R g g

= oy, () ey, (1), teR.

Proof of Proposition 6

First, since ¢ = cg + ic; with cg and ¢ real vectors of order (N 4 1), on the
basis of the definition of C, we take

as(2): 0=

where v and z are real vectors of order N such that ¢ + v'v + 2'z = 1. In

addition, we note that 1), = w,w},, where w, = wg, + iwyr,y, while wg, =
1 .
<au) and wy,, = <5u> with
cos(2mu) sin(27uw)
Oy, = ) Bu = :
cos(2rNu) sin(2rNu)

Hence, we obtain

9(u) = |(cgwr,u + cwru) + i(cCgwr + cfwr)|?
= (co + vtay, + ztﬂu)2 + (vtﬂu + ztau)2.
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It is well known that Ay ,, is asymptotically equivalent to the score test statistic
under the null hypothesis, i.e. the two statistics coincide except for a stochastic
order op(1) as n — oo. In order to implement the score test statistic, we

consider the unique parameter vector 6 = (Z) of order (2N) (since ¢o depends

on v and z) and we introduce the notation ¢p(u) = log g(u). In such a case, it
follows that

Oty 2 <(co + vtay, + ztb’u)(—% + ) + (VB + ztau)ﬁu)

Co(u) g(u) \(co+v'on +2'Bu) (=3 + Bu) + (v'Bu + 2*aw) o

=0 = o)

Under Hy, the parameter vector 6 reduces to the zero vector or order (2N),
i.e. 6 =0, while ¢y = 1. Hence, we obtain

lo(u) =2 (g:) .

In addition, the Fisher information matrix is given by Iy =
E[fg(s(X))le(s(X))!]. Under Hy, it holds s(X) £ U where U is a Uniform
random variable on [0, 1[. Since

1
Elcos(2mkU) cos(2mjU)] = E[sin(2rkU) sin(2mjU)] = 3 Okjs
and
E[cos(2mkU) sin(2mjU)] =0
for k,j € {1,..., N}, where dy; is the Kronecker delta function, it is easily

assessed that 1Iy reduces to the identity matrix of order (2N). Thus, under
Hj the score test statistic is given by

- (Zfo(s(xi))> 1! (Zéo(S(Xi))>

t
<ZZ—1 as(&-)) (22—1 Oésom)
i1 Bsxo) \ izt Bs(x)

72
- ZN,n

—_

Slw

and the result follows.

Proof of Proposition 7

First, we remark that e2™%(#) = ¢27kiz for | € N, so that it follows e27kis(o7) —
?mhis(o) g2mkis(x) Write Z3, | (X1,...,Xy) and Ry n(X1,..., X,) for Z% |, and
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Ry . Thus, for ZJQ\,JL we obtain

ZJQ\,JL(UXl7 o 0Xn)=2n Z -

2
=2n Z\e2ﬂki8(0)|2 1 i p2mkis(Xi)
n 4

§ 27Tl€IS(X1

= ZJQ\,’H(Xl,...,Xn).

For Ry, we instead have

N N

ZZC 6*6271‘1(](7 j)s(oz) _ Zzh h* 2mi(k—j)s(z) _ —B* Ts(w)h

k=0 j=0 k=0 j=0

where h = (ho, h1,...,hn)" and hy = e?™*3(@) ¢, Tt holds hy = c¢o, while
h*h =1, and therefore h is in turn defined on the parameter space C, i.e. h is
actually a “rotation” of the original parameter vector ¢ in C. In such a case, it
follows that

n

*T. = h*Tyx)h = T,
I?Eag( 1C 5(0X:)C = maXH mach (X:)Cs

since ¢ and h are constrained on the same space C. Therefore, from the
definition of Ry ., it follows that Ry ,(0X1,...,0X,) = Ry n(X1, ..., Xn).
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