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2 Appendix of Statistical Models and the Benford Hypothesis

Proof of Corollary 1

On the basis of Theorem 1, the distribution function of s(X) may be expressed
as

Fs(X)(u) = u+
1

2π

∑
k∈Z,k ̸=0

φkϕk(u), u ∈ [0, 1[,

where for simplicity we assume that φk = φY (k) and ϕk(u) =
1−e−2πiku

ik . Since
for k ∈ N it holds

ℜ(φ−k) = ℜ(φk) , ℑ(φ−k) = −ℑ(φk),

and
ℜ(ϕ−k(u)) = ℜ(ϕk(u)) , ℑ(ϕ−k(u)) = −ℑ(ϕk(u)),

it reads
φkϕk(u) + φ−kϕ−k(u) = 2ℜ(φkϕk(u)).

Hence, it follows

Fs(X)(u) = u+
1

π

∑
k∈N

ℜ(φkϕk(u)), u ∈ [0, 1[.

Moreover, it holds

ℜ(φkϕk(u)) = |φkϕk(u)| cos(arg(φkϕk(u))) = |φk| · |ϕk(u)| cos(ϑk + arg(ϕk(u)))

= |φk| (|ϕk(u)| cos(ϑk) cos(arg(ϕk(u)))− |ϕk(u)| sin(ϑk) sin(arg(ϕk(u))))

= |φk| (ℜ(ϕk(u)) cos(ϑk)−ℑ(ϕk(u)) sin(ϑk)).

Finally, since

ℜ(ϕk(u)) =
sin(2πku)

k
, ℑ(ϕk(u)) = −1− cos(2πku)

k
,

it follows that

ℜ(φkϕk(u)) =
|φk|
k

(sin(2πku) cos(ϑk) + (1− cos(2πku)) sin(ϑk))

=
|φk|
k

(sin(ϑk)− sin(ϑk − 2πku)),

from which the result follows.

Proof of Corollary 2

On the basis of Corollary 1, Fs(X) is expressed as a series of differentiable
functions with continuous derivatives on [0, 1[, and which converges for each
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u ∈ [0, 1[. Moreover, the derived series

1 + 2
∑
k∈N

|φY (k)| cos(ϑk − 2πku), u ∈ [0, 1[,

converges uniformly under the assumed condition on the basis of the Weier-
strass M-test (Junghenn, 2015, Theorem 7.3.6), since

|
∑
k∈N

|φY (k)| cos(ϑk−2πku)| ≤
∑
k∈N

|φY (k)|·|cos(ϑk−2πku)| <
∑
k∈N

|φY (k)| < ∞.

Hence, by means of Junghenn (2015, Theorem 7.3.13), we have that Fs(X) is
differentiable and

F ′
s(X)(u) = 1 + 2

∑
k∈N

|φY (k)| cos(ϑk − 2πku), u ∈ [0, 1[.

Proof of Proposition 1

For notational simplicity, we write δ = µ√
2σ

. From the definition of the

characteristic function it holds

φY (t) =

∫ ∞

−∞
e2πit log10|x| 1√

2πσ
e−

1
2σ2 (x−µ)2dx

=

∫ ∞

−∞
|x|2πiCt 1√

2πσ
e−

1
2σ2 (x−µ)2dx

=
1√
π
(2σ2)πiCt

∫ ∞

−∞
|x|2πiCte−(x−δ)2dx

=
1√
π
(2σ2)πiCt

∫ ∞

0

x2πiCt(e−(x−δ)2 + e−(x+δ)2)dx.

On the basis of Gradshteyn and Ryzhik (2015, Formula 3.462.1), we obtain∫ ∞

0

xυ−1e−(x+γ)2dx = 2−
1
2υe−

1
2γ

2

Γ(υ)U

(
υ − 1

2
,
√
2γ

)
,

where ℜ(υ) > 0, γ ∈ R and U(a, z) is the parabolic cylinder function for
a, z ∈ C. Hence,

φY (t) =
σ2πiCte−

1
2 δ

2

Γ(2πiCt+ 1)√
2π

×

×
(
U

(
2πiCt+

1

2
,
√
2δ

)
+ U

(
2πiCt+

1

2
,−

√
2δ

))
.
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Since

U(a, z) + U(a,−z) =

√
π2−

1
2a+

3
4 e−

1
4 z

2

Γ
(
1
2a+ 3

4

) M

(
a

2
+

1

4
,
1

2
,
z2

2

)
,

whereM(a, b, z) is the Kummer confluent hypergeometric function and a, b, z ∈
C, we also have

φY (t) =
2−πiCtσ2πiCte−δ2Γ(2πiCt+ 1)

Γ (πiCt+ 1)
M

(
πiCt+

1

2
,
1

2
, δ2
)
. (1)

By adopting the well-known Legendre duplication formula for the Gamma
function, it holds

Γ(2πiCt+ 1)

Γ (πiCt+ 1)
=

1√
π
22πiCtΓ

(
πiCt+

1

2

)
.

Moreover, by considering the Kummer’s transformation (Olver et al, 2010,
Formula 13.2.39)

M(a, b, z) = ezM(b− a, b,−z),

we obtain

M

(
πiCt+

1

2
,
1

2
, δ2
)

= eδ
2

M

(
−πiCt,

1

2
,−δ2

)
and the statement follows by substituting these results in formula (1). In
addition, since for c ∈ R it holds∣∣∣∣Γ(1

2
+ ic

)∣∣∣∣ =√ π

cosh(πc)
,

the expression of |φY (t)| follows.

Proof of Proposition 2

The characteristic function φY follows from the definition and the properties
of the Gamma function, since

φY (t) =

∫ ∞

0

e2πit log10 x 1

Γ(α)
xα−1e−xdx =

1

Γ(α)

∫ ∞

0

x2πiCt+α−1e−xdx

=
Γ(α+ 2πiCt)

Γ(α)
.

Moreover, on the basis of the formula∣∣∣∣Γ(a+ ib)

Γ(a)

∣∣∣∣2 =

∞∏
n=0

1

1 + b2

(a+n)2

,
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where a ∈ R \ Z−, b ∈ R (Olver et al, 2010, Formula 5.8.3), the expression of
|φY (t)| follows.

Proof of Proposition 3

The characteristic function φY follows from the definition and the properties
of the Beta function, since

φY (t) =

∫ 1

0

e2πit log10 x Γ(α+ β)

Γ(α)Γ(β)
xα−1(1− x)β−1dx

=
Γ(α+ β)

Γ(α)Γ(β)

∫ 1

0

x2πiCt+α−1(1− x)β−1dx

=
Γ(α+ β)Γ(α+ 2πiCt)

Γ(α)Γ(α+ β + 2πiCt)
.

Moreover, the expression of |φY (t)| follows from the formula for
∣∣∣Γ(a+ib)

Γ(a)

∣∣∣
already adopted in the proof of Proposition 2.

Proof of Proposition 4

We consider the Wright function (Mainardi et al, 2010) given by

Wa,b(z) =

∞∑
k=0

1

k!Γ(ak + b)
zk,

where a ∈] − 1,∞[, b ∈ C and z ∈ C. The probability density function of X
can be expressed as

fX(x) =
1

x
W−α,0(−x−α), x ∈ R+.

Thus, the Mellin transform of X is given by

E[Xs] =

∫ ∞

0

xs−1W−α,0(−x−α)dx =
1

α

∫ ∞

0

x− s
α−1 W−α,0(−x)dx.

On the basis of Mainardi et al (2010, Formula (4.2)), it follows that∫ ∞

0

xδ−1 W−υ,0(−x)dx =
υΓ(1 + δ)

Γ(1 + υδ)
,
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where ℜ(δ) > −1 and υ ∈ [0, 1[. Hence, by taking δ = − s
α and υ = α in the

previous expression, it holds

E[Xs] =
Γ
(
1− s

α

)
Γ(1− s)

with ℜ(s) < α. Thus, the expression of φY is obtained by letting s = 2πiCt.
Moreover, |φY (t)| follows by noting that

|Γ(1 + ib)| =

√
πb

sinh(πb)
.

Proof of Proposition 5

If Vl = 2π log10|Zl|, we have

φY (t) =

L∑
l=1

wlφVl
(t) =

L∑
l=1

wl

∫
R
e2πit log10|x| 1

klσ
fZ

(
x− klµ

klσ

)
dx

=

L∑
l=1

wle
2πit log10 kl

∫
R
e2πit log10|x| 1

σ
fZ

(
x− µ

σ

)
dx

= φY1
(t)φY2

(t), t ∈ R.

Proof of Proposition 6

First, since c = cR + icI with cR and cI real vectors of order (N + 1), on the
basis of the definition of C, we take

cR =

(
c0
v

)
, cI =

(
0
z

)
,

where v and z are real vectors of order N such that c20 + vtv + ztz = 1. In
addition, we note that Tu = wuw

∗
u, where wu = wR,u + iwI,u, while wR,u =(

1
αu

)
and wI,u =

(
0
βu

)
with

αu =

 cos(2πu)
...

cos(2πNu)

 , βu =

 sin(2πu)
...

sin(2πNu)

 .

Hence, we obtain

g(u) = |(ctRwR,u + ctIwI,u) + i(ctRwI,u + ctIwR,u)|2

= (c0 + vtαu + ztβu)
2 + (vtβu + ztαu)

2.



Springer Nature 2021 LATEX template

Appendix of Statistical Models and the Benford Hypothesis 7

It is well known that ΛN,n is asymptotically equivalent to the score test statistic
under the null hypothesis, i.e. the two statistics coincide except for a stochastic
order oP (1) as n → ∞. In order to implement the score test statistic, we

consider the unique parameter vector θ =

(
v
z

)
of order (2N) (since c0 depends

on v and z) and we introduce the notation ℓθ(u) = log g(u). In such a case, it
follows that

.

ℓθ(u) =
∂ℓθ
∂θt

(u) =
2

g(u)

(
(c0 + vtαu + ztβu)(− v

c0
+ αu) + (vtβu + ztαu)βu

(c0 + vtαu + ztβu)(− v
c0

+ βu) + (vtβu + ztαu)αu

)
.

Under H0, the parameter vector θ reduces to the zero vector or order (2N),
i.e. θ = 0, while c0 = 1. Hence, we obtain

.

ℓ0(u) = 2

(
αu

βu

)
.

In addition, the Fisher information matrix is given by Iθ =

E[
.

ℓθ(s(X))
.

ℓθ(s(X))t]. Under H0, it holds s(X)
L
= U where U is a Uniform

random variable on [0, 1[. Since

E[cos(2πkU) cos(2πjU)] = E[sin(2πkU) sin(2πjU)] =
1

2
δkj ,

and
E[cos(2πkU) sin(2πjU)] = 0

for k, j ∈ {1, . . . , N}, where δkj is the Kronecker delta function, it is easily
assessed that 1

2I0 reduces to the identity matrix of order (2N). Thus, under
H0 the score test statistic is given by

1

n

(
n∑

i=1

.

ℓ0(s(Xi))

)t

I−1
0

(
n∑

i=1

.

ℓ0(s(Xi))

)

=
2

n

(∑n
i=1 αs(Xi)∑n
i=1 βs(Xi)

)t(∑n
i=1 αs(Xi)∑n
i=1 βs(Xi)

)
= Z2

N,n

and the result follows.

Proof of Proposition 7

First, we remark that e2πki⟨x⟩ = e2πkix for k ∈ N, so that it follows e2πkis(σx) =
e2πkis(σ)e2πkis(x). Write Z2

N,n(X1, . . . , Xn) and RN,n(X1, . . . , Xn) for Z
2
N,n and



Springer Nature 2021 LATEX template

8 Appendix of Statistical Models and the Benford Hypothesis

RN,n. Thus, for Z
2
N,n we obtain

Z2
N,n(σX1, . . . , σXn) = 2n

N∑
k=1

∣∣∣∣∣ 1n
n∑

i=1

e2πkis(σXi)

∣∣∣∣∣
2

= 2n

N∑
k=1

|e2πkis(σ)|2
∣∣∣∣∣ 1n

n∑
i=1

e2πkis(Xi)

∣∣∣∣∣
2

= 2n

N∑
k=1

∣∣∣∣∣ 1n
n∑

i=1

e2πkis(Xi)

∣∣∣∣∣
2

= Z2
N,n(X1, . . . , Xn).

For RN,n, we instead have

g(s(σx)) =

N∑
k=0

N∑
j=0

ckc
∗
je

2πi(k−j)s(σx) =

N∑
k=0

N∑
j=0

hkh
∗
je

2πi(k−j)s(x) = h∗Ts(x)h,

where h = (h0, h1, . . . , hN )T and hk = e2πiks(σ)ck. It holds h0 = c0, while
h∗h = 1, and therefore h is in turn defined on the parameter space C, i.e. h is
actually a “rotation” of the original parameter vector c in C. In such a case, it
follows that

max
c∈C

n∏
i=1

c∗Ts(σXi)c = max
h∈C

n∏
i=1

h∗Ts(Xi)h = max
c∈C

n∏
i=1

c∗Ts(Xi)c,

since c and h are constrained on the same space C. Therefore, from the
definition of RN,n, it follows that RN,n(σX1, . . . , σXn) = RN,n(X1, . . . , Xn).
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