Appendix D: 
[bookmark: _GoBack]Proof the HJB equation concavity:
The Hamilton-Jacobi-Bellman (HJB) equation for the problem of third scenario is:
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Assume:


The Hessian matrix of the retailer's profit function according to derivative of (D.1) with respect to  and yields:
=
Therefore, it should be:
i. 
ii. 
iii. 
iv. 

The Hessian matrix of the manufacturer's profit function according to derivative of (D.2) with respect to  yields:

Therefore, it should be:
v. 

vi. 

We test the correctness of the numerical example presented in the article with the aforementioned conditions:
i. -1.6* G <0
ii. 0.96* G ^2>0
iii. -0.624* G ^2<0
iv. 0.8* G<0
v. -0.54 G<0
vi. 0.76 G>0
As you know, G is a positive number. Based on this, the convexity conditions of the retailer's and producer's profit functions are established according to the presented numerical example. As shown, the presented numerical example satisfies the condition of concaveness of retailer's and manufacturer's profit functions.
The concave condition of the objective function of other scenarios can be proved in the same way.


