Appendix S4:  Age distributions 

As part of the main paper, seven different families of age distributions are considered. In the sequel these families are described by their density functions . Partially, also the hazard function  is given. 


A: Normal distribution 

   with  and .


B: Lognormal distribution 

    with  as above and .

Note that  and   do not denote the mean and the standard deviation of this distribution. They refer to the mean and the standard deviation of .  


C: Weibull distribution 

    with


D: Polygon densities  

A polygon density is characterized by a sequence of fixed age values  and free parameters . Below  and above   the density is equal to 0.  At age  the density is proportional to . Between two adjacent age values the value of the density is determined by simple interpolation. 

As the density has to be normed to integrate up to 1, one of the free parameters can be fixed in advance.  


E: Logspline densities  

Log spline densities has been introduced by Kooperberg & Stone (1991).  It is assumed that the logarithm of the density can be expressed as a restricted cubic spline function. A restricted cubic spline requires to specify fixed age values  (so called knots). The function is linear before the first knot and after the last knot, and it corresponds to a polynomic function of degree 3 between adjacent knots. In addition, the function has continuous first and second derivatives. A restricted cubic spline function can be described by  free parameters . Details can be found in the Stata reference manual for the mkspline command, which is used for the implementation. 

F: Gompertz distribution 

A Gompertz distribution is characterized by the hazard function 

   

and the density function 

   with .

The parameter  > 0 expresses how fast the force of mortality increases with age, and the parameter  describes the force of mortality at age 0.  

Since we have to fit a truncated Gompertz distribution to adult individuals, estimation of  requires an extrapolation beyond the available age range, which leads to numerical instabilities when maximizing the likelihood. We hence use a reparametrization in which  is replaced 
with   such that  refers to the force of mortality at a prespecified age . We recommend choosing   as a value close to the expected mean age in order to maximize the numerical stability. 


G: Gompertz-Makeham distribution 

A Gompertz-Makeham distribution is characterized by the hazard function 

   

and the density function 

   with 

The parameters and  can be interpreted similar to the case of the Gompertz distribution. The parameter  describes an additional, age independent level of mortality. We make use of the same reparameterization as for the Gompertz distribution. 


A general remark on reporting estimated age distributions

In the main manuscript, we report only distributional characteristics of the estimated age distributions, in particular the mean and the standard deviation. In general, it is advisable to also report the parameter estimates. These often allow to directly compute further characteristics. For example, in the case of a log normal distribution, the parameter estimates of  and  allow directly to compute  -percentiles using the formula . Parameter estimates for any fitted age distribution can be found in Supplementary Appendix S6. 
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