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1 Proof of Theorem 1

Denote eeekm1 = βββk
m − βββk, eeekm2 = yyy∗m −X∗

mβββk
m − rrrkm (m = 1, 2, · · · ,M) and

Dk =

M∑
m=1

[
η−1

∥∥uuuk
m − uuu∗

m

∥∥2
2
+ η−1

∥∥vvvkm − vvv∗m
∥∥2
2
+ η

∥∥βββk
m − βββ∗

m

∥∥2
2
+ η

∥∥X∗
m

(
βββk
m − βββ∗

m

)∥∥2
2

]
.

Next, we prove that the sequence
{
Dk, k = 1, 2, · · ·

}
is decreasing.

Firstly, according to the assumption imposed in Theorem 1, (βββ∗, rrr∗m,βββ∗
m,uuu∗

m, vvv∗m)

is a saddle point of L0 (βββ,rrrm,βββm,uuum, vvvm) , and the following inequality holds at any

iteration k,

L0 (βββ
∗, rrr∗m,βββ∗

m,uuu∗
m, vvv∗m) ≤ L0

(
βββk+1, rrrk+1

m ,βββk+1
m ,uuu∗

m, vvv∗m
)
.

By using the facts that βββ∗
m = βββ∗ and rrr∗m = yyy∗m − X∗

mβββ∗
m, this inequality can be

rewritten as

M∑
m=1

ρτ (rrr
∗
m) ≤

M∑
m=1

ρτ
(
rrrk+1
m

)
+

M∑
m=1

uuu∗T
m eeek+1

m1 +

M∑
m=1

vvv∗Tm eeek+1
m2 . (1)

Secondly, from the optimality of βββk+1 and βββk+1
m (m = 1, 2, · · · ,M) (see the

subproblems (11) and (13) in the main article), we can get

M∑
m=1

[
uuuk
m + η

(
βββk
m − βββk+1

)]
= 000p, (2)

and

uuuk
m + η

(
βββk+1
m − βββk+1

)
−X∗T

m vvvkm − ηX∗T
m

(
yyy∗m −X∗

mβββk+1
m − rrrk+1

m

)
= 000p. (3)
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By substituting the equations (14)-(15) in the main article into (2)-(3), we obtain

M∑
m=1

[
uuuk+1
m − η

(
βββk+1
m − βββk

m

)]
= 000p and uuuk+1

m −XXXwT
m vvvk+1

m = 000p. (4)

Besides, by the convexity of the check loss function ρτ (·) and the optimality of rrrk+1
m ,

we have

000n∗
m
∈ ∂ρτ

(
rrrk+1
m

)
− vvvkm − η

(
yyy∗m −X∗

mβββk
m − rrrk+1

m

)
. (5)

From (5), we can see that optimizing the subproblem (12) in the main article is

equivalent to solving

rrrk+1
m = argmin

rrrm

{
ρτ (rrrm)−

[
vvvk+1
m + ηX∗

m

(
βββk+1
m − βββk

m

)]T
rrrm

}
.

Then we have

M∑
m=1

ρτ
(
rrrk+1
m

)
−

M∑
m=1

[
vvvk+1
m + ηX∗

m

(
βββk+1
m − βββk

m

)]T
rrrk+1
m

≤
M∑

m=1

ρτ (rrr
∗
m)−

M∑
m=1

[
vvvk+1
m + ηX∗

m

(
βββk+1
m − βββk

m

)]T
rrr∗m.

(6)

Multiplying the two equations in (4) by
(
βββk+1 − βββ∗) and (βββk+1

m − βββ∗
m

)
, respectively,

we can get
M∑

m=1

[
uuuk+1
m − η

(
βββk+1
m − βββk

m

)]T (
βββk+1 − βββ∗) = 0, (7)

and
M∑

m=1

(
uuuk+1
m −X∗T

m vvvk+1
m

)T (
βββk+1
m − βββ∗

m

)
= 0. (8)
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Through adding (7) and (8) to the inequality (6), we obtain

M∑
m=1

ρτ
(
rrrk+1
m

)
≤

M∑
m=1

ρτ (rrr
∗
m)−

M∑
m=1

[
vvvk+1
m + ηX∗

m

(
βββk+1
m − βββk

m

)]T
rrr∗m

+

M∑
m=1

[
vvvk+1
m + ηX∗

m

(
βββk+1
m − βββk

m

)]T
rrrk+1
m

+

M∑
m=1

[
uuuk+1
m − η

(
βββk+1
m − βββk

m

)]T (
βββk+1 − βββ∗)

−
M∑

m=1

(
uuuk+1
m −X∗T

m vvvk+1
m

)T (
βββk+1
m − βββ∗

m

)
.

(9)

Rearranging (9), we have

M∑
m=1

ρτ
(
rrrk+1
m

)
≤

M∑
m=1

ρτ (rrr
∗
m)−

M∑
m=1

(
uuuk+1
m

)T [(
βββk+1
m − βββk+1

)
− (βββ∗

m − βββ∗)
]

−
M∑

m=1

(
vvvk+1
m

)T [
(X∗

mβββ∗
m + rrr∗m)−

(
X∗

mβββk+1
m + rrrk+1

m

)]
+

M∑
m=1

η
[
X∗

m

(
βββk+1
m − βββk

m

)]T (
rrrk+1
m − rrr∗m

)
−

M∑
m=1

η
(
βββk+1
m − βββk

m

)T (
βββk+1 − βββ∗) .

(10)

By applying the facts that βββ∗
m = βββ∗ and rrr∗m = yyy∗m − X∗

mβββ∗
m, and the definitions of

eeek+1
m1 and eeek+1

m2 , we can rewrite (10) as

M∑
m=1

ρτ
(
rrrk+1
m

)
≤

M∑
m=1

ρτ (rrr
∗
m)−

M∑
m=1

(
uuuk+1
m

)T
eeek+1
m1 −

M∑
m=1

(
vvvk+1
m

)T
eeek+1
m2

+

M∑
m=1

η
[
X∗

m

(
βββk+1
m − βββk

m

)]T (
rrrk+1
m − rrr∗m

)
−

M∑
m=1

η
(
βββk+1
m − βββk

m

)T (
βββk+1 − βββ∗) .

(11)
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Besides, noting that
(
rrrk+1
m − rrr∗m

)
and

(
βββk+1 − βββ∗) are respectively equal to[

−eeek+1
m2 −X∗

m

(
βββk+1
m − βββ∗

m

)]
and

[
−eeek+1

m1 +
(
βββk+1
m − βββ∗

m

)]
, the inequality (11) can be

further rewritten as

M∑
m=1

ρτ
(
rrrk+1
m

)
≤

M∑
m=1

ρτ (rrr
∗
m)−

M∑
m=1

(
uuuk+1
m

)T
eeek+1
m1 −

M∑
m=1

(
vvvk+1
m

)T
eeek+1
m2

+

M∑
m=1

η
[
X∗

m

(
βββk+1
m − βββk

m

)]T [−eeek+1
m2 −X∗

m

(
βββk+1
m − βββ∗

m

)]
+

M∑
m=1

η
(
βββk+1
m − βββk

m

)T [
eeek+1
m1 −

(
βββk+1
m − βββ∗

m

)]
.

(12)

Combining (1) and (12), we get

M∑
m=1

(
uuuk+1
m − uuu∗

m

)T
eeek+1
m1 +

M∑
m=1

(
vvvk+1
m − vvv∗m

)T
eeek+1
m2

≤
M∑

m=1

η
[
X∗

m

(
βββk+1
m − βββk

m

)]T [−eeek+1
m2 −X∗

m

(
βββk+1
m − βββ∗

m

)]
+

M∑
m=1

η
(
βββk+1
m − βββk

m

)T [
eeek+1
m1 −

(
βββk+1
m − βββ∗

m

)]
.

(13)

On the other hand, by the definition of Dk, we have

Dk+1 −Dk =− η
M∑

m=1

∥∥eeek+1
m1

∥∥2
2
+ 2

M∑
m=1

(
uuuk+1
m − uuu∗

m

)T
eeek+1
m1

− η
M∑

m=1

∥∥eeek+1
m2

∥∥2
2
+ 2

M∑
m=1

(
vvvk+1
m − vvv∗m

)T
eeek+1
m2

− η
M∑

m=1

∥∥βββk+1
m − βββk

m

∥∥2
2
+ 2

M∑
m=1

(
βββk+1
m − βββk

m

)T (
βββk+1
m − βββ∗

m

)
− η

M∑
m=1

∥∥X∗
m

(
βββk+1
m − βββk

m

)∥∥2
2
+ 2

M∑
m=1

[
X∗

m

(
βββk+1
m − βββk

m

)]T [
X∗

m

(
βββk+1
m − βββ∗

m

)]
.

5



By substituting (13) into the above equation, we get

Dk+1 −Dk ≤− η
M∑

m=1

[
∥eeek+1

m1 ∥22 + ∥eeek+1
m2 ∥22 + ∥βββk+1

m − βββk
m∥22 + ∥X∗

m

(
βββk+1
m − βββk

m

)
∥22
]

+

M∑
m=1

η
(
βββk+1
m − βββk

m

)T
eeek+1
m1 −

M∑
m=1

η
[
X∗

m

(
βββk+1
m − βββk

m

)]T
eeek+1
m2

≤− η
M∑

m=1

[
∥eeek+1

m1 ∥22 + ∥eeek+1
m2 ∥22 + ∥βββk+1

m − βββk
m∥22 + ∥X∗

m

(
βββk+1
m − βββk

m

)
∥22
]
,

(14)

where the second inequality is obtained by using (4) and the fact that

M∑
m=1

η
(
βββk+1
m − βββk

m

)T
eeek+1
m1 −

M∑
m=1

η
[
X∗

m

(
βββk+1
m − βββk

m

)]T
eeek+1
m2

=

M∑
m=1

(
βββk+1
m − βββk

m

)T [(
uuuk+1
m −X∗T

m vvvk+1
m

)
−
(
uuuk
m −X∗T

m vvvkm
)]

= 0.

The inequality (14) implies that Dk is decreasing with respect to k. Meanwhile,

we have Dk ≥ 0 by its definition. Therefore, the sequence
{
Dk, k = 1, 2, · · ·

}
must be

convergent and hence we have eeek+1
m1 = βββk+1

m − βββk+1 → 000p, eee
k+1
m2 = yyy∗m − X∗

mβββk+1
m −

rrrk+1
m → 000n∗

m
, βββk+1

m → βββk
m and X∗

mβββk+1
m → X∗

mβββk
m. That is to say, there must exist β̃ββ

∗
m,

β̃ββ
∗
and r̃rr∗m, such that βββk+1

m → β̃ββ
∗
m, X∗

mβββk+1
m → X∗

mβ̃ββ
∗
m, βββk+1 → β̃ββ

∗
and rrrk+1

m → r̃rr∗m. In

addition, β̃ββ
∗
m− β̃ββ

∗
= 000p and yyy∗m−X∗

mβ̃ββ
∗
m− r̃rr∗m = 000n∗

m
hold, which means

(
β̃ββ
∗
, r̃rr∗m, β̃ββ

∗
m

)
is a feasible solution to the problem (10) in the main article. Besides, from the fact

that Dk+1 ≤ D0, we know that both βββk+1
m and X∗

mβββk+1
m are bounded. Then from the

inequality (12), we finally obtain

lim
k→∞

M∑
m=1

ρτ
(
rrrk+1
m

)
=

M∑
m=1

ρτ (r̃rr
∗
m) =

M∑
m=1

ρτ (rrr
∗
m) ,
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and hence
(
β̃ββ
∗
, r̃rr∗m, β̃ββ

∗
m

)
is actually an optimal solution to (10) in the main article.

2 Proof of Theorem 2

2.1 Proof for the IPW-renewable estimator’s consistency

We prove this consistency by using the induction technique. In the implementation

of IPW-renewable, if a consistent initial estimator is not available, we set the initial

value of the algorithm as the solution to Qn∗
1
(βββ) = 000p, from which the obtained

estimator β̂ββ
(1)

is
√

n∗
1-consistent for βββ0 (He et al. 2023), as this local estimation process

does not involve any approximation. Next, we assume that the estimators β̂ββ
(m)

(m =

1, 2, · · · ,M − 1,M ≥ 1) are consistent, and prove that β̂ββ
(M)

is also consistent.

From the algorithm details of IPW-renewable given in Algorithm 2 in the main

article, we know that β̂ββ
(M)

is obtained by solving

Qn∗
M
(βββ) +

M−1∑
m=1

∇Qn∗
m

(
β̂ββ
(m)
)(

βββ − β̂ββ
(M−1)

)
= 000p.

That is, we have

Qn∗
M

(
β̂ββ
(M)
)
+

M−1∑
m=1

∇Qn∗
m

(
β̂ββ
(m)
)(

β̂ββ
(M)

− β̂ββ
(M−1)

)
= 000p. (15)

On the other hand, by utilizing the fact that E [Q (βββ0)] = 000p, the Law of Large Num-

bers and Assumption 1(c), which implies that n∗
1 → ∞ and further n∗ =

∑M
m=1 n

∗
m →

∞ under our setup of the initial value for the algorithm, we can obtain

1

n∗Qn∗
M
(βββ0) +

1

n∗

[
−

M−1∑
m=1

∇Qn∗
m

(
β̂ββ
(m)
)](

β̂ββ
(M−1)

− βββ0

)
= op (1) . (16)
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Combining (15) and (16), we then have

1

n∗

[
Qn∗

M
(βββ0)−Qn∗

M

(
β̂ββ
(M)
)]

+
1

n∗

[
−

M−1∑
m=1

∇Qn∗
m

(
β̂ββ
(m)
)](

β̂ββ
(M)

− βββ0

)
= op (1) .

(17)

Besides, by taking the first-order Taylor expansion for Qn∗
M

(
β̂ββ
(M)
)
at βββ0, we have

Qn∗
M

(
β̂ββ
(M)
)
−Qn∗

M
(βββ0) =

[
∇Qn∗

M
(ξξξM )−∇Qn∗

M
(βββ0) +∇Qn∗

M
(βββ0)

](
β̂ββ
(M)

− βββ0

)
,

where

∥∥∇Qn∗
M
(ξξξM )−∇Qn∗

M
(βββ0)

∥∥
2
≤ CM ∥ξξξM − βββ0∥2 ≤ CM

∥∥∥∥β̂ββ(M)
− βββ0

∥∥∥∥
2

,

under Assumption 1(b), which ensures the Lipschitz continuity of the Hessian matrix

∇Qn∗
M
(βββ). Here ξξξM lies between β̂ββ

(M)
and βββ0, and CM is a constant bounded by the

local sample size n∗
M . Then we have

Qn∗
M

(
β̂ββ
(M)
)
−Qn∗

M
(βββ0) = ∇Qn∗

M
(βββ0)

(
β̂ββ
(M)

− βββ0

)
+Op

(
n∗
M

∥∥∥∥β̂ββ(M)
− βββ0

∥∥∥∥2
2

)
.

(18)

Combining (17) and (18), we obtain

1

n∗

[
−

M−1∑
m=1

∇Qn∗
m

(
β̂ββ
(m)
)
−∇Qn∗

M
(βββ0)

](
β̂ββ
(M)

− βββ0

)
+Op

(
n∗
M

n∗

∥∥∥∥β̂ββ(M)
− βββ0

∥∥∥∥2
2

)
= op(1),

(19)

which then implies

∥∥∥∥β̂ββ(M)
− βββ0

∥∥∥∥
2

= op(1). This completes the proof for the consis-

tency.
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2.2 Proof for the IPW-renewable estimator’s asymptotic

normality

Firstly, by taking the first-order Taylor expansion for Qn∗
1
(βββ0) at β̂ββ

(1)
, we have

Qn∗
1
(βββ0) = −∇Qn∗

1

(
β̂ββ
(1)
)(

β̂ββ
(1)

− βββ0

)
+Op

(
n∗
1

∥∥∥∥β̂ββ(1)
− βββ0

∥∥∥∥2
2

)
,

where we utilized the fact that Qn∗
1

(
β̂ββ
(1)
)

= 000p. Besides, by combining (15) and (18),

we have

Qn∗
m
(θθθ0) =

−m−1∑
j=1

∇Qn∗
j

(
β̂ββ
(j)
)
−∇Qn∗

m
(βββ0)

(β̂ββ(m)
− βββ0

)

+

m−1∑
j=1

∇Qn∗
j

(
β̂ββ
(j)
)(β̂ββ(m−1)

− βββ0

)
+Op

(
n∗
m

∥∥∥∥β̂ββ(m)
− βββ0

∥∥∥∥) ,

holding for m ≥ 2. Cumulating Qn∗
m
(θθθ0)’s by m, we then obtain

M∑
m=1

Qn∗
m
(θθθ0) =

[
−

M−1∑
m=1

∇Qn∗
m

(
β̂ββ
(M)
)
−∇Qn∗

M
(βββ0)

](
β̂ββ
(M)

− βββ0

)
+Op

(
M∑

m=1

n∗
m

∥∥∥∥β̂ββ(m)
− βββ0

∥∥∥∥2
2

)

=

[
−

M∑
m=1

∇Qn∗
m
(βββ0)

](
β̂ββ
(M)

− βββ0

)
+Op

(
M∑

m=1

n∗
m

∥∥∥∥β̂ββ(m)
− βββ0

∥∥∥∥2
2

)
,

(20)

and further

1

n∗

M∑
m=1

Qn∗
m
(βββ0) =

1

n∗

[
−

M∑
m=1

∇Qn∗
m
(βββ0)

](
β̂ββ
(M)

− βββ0

)
+Op

(
1

n∗

M∑
m=1

n∗
m

∥∥∥∥β̂ββ(m)
− βββ0

∥∥∥∥2
2

)
.

(21)
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Note that all the estimators β̂ββ
(m)

’s (m ≥ 1) are consistent, and thus (21) implies

that the term 1
n∗

[
−
∑M

m=1 ∇Qn∗
m
(βββ0)

](
β̂ββ
(M)

− βββ0

)
is asymptotically equivalent to

1
n∗

∑M
m=1 Qn∗

m
(βββ0). On the other hand, by the Central Limit Theorem we have

1√
n∗

M∑
m=1

Qn∗
m
(βββ0) →d N

(
000p, E

(
Q (βββ0)Q

T (βββ0)
))

,

and by the Law of Large Numbers we have

1

n∗

[
M∑

m=1

∇Qn∗
m
(βββ0)

]
→ ∇Q (βββ0) . (22)

And the asymptotic normality follows.
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